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Abstract

A finite element method in the spectral domain is proposed for solving wave scattering problems
with moving boundaries or, more generally, deformed domains. First, the original problem is
rewritten as an equivalent weak formulation set in a fixed domain. Next, this formulation is
approximated as a simpler weak form based on asymptotic expansions when the amplitude of the
movements or the deformations is small. Fourier series expansions of some geometrical quantities
under the assumption that the movement is periodic, and of the solution are next introduced to
obtain a coupled multi-harmonic frequency domain formulation. Standard finite element methods
can then be applied to solve the resulting problem and a block diagonal preconditioner is proposed
to accelerate the Krylov subspace solution of the linear system for high frequency problems. The
efficiency of the resulting method is demonstrated on a radar sensing application for the automotive
industry.

Keywords: Micro-Doppler effect, High frequency scattering, Moving boundaries, Wave equation,
Multi-harmonic resolution, Finite element method, Electromagnetics.

Résumé

Nous proposons une méthode de résolution par éléments finis et en domaine spectral de probleémes
de diffraction d’ondes au sein de domaines dont les frontiéres se déforment au cours du temps. Le
probléme original est exprimé sous forme faible, puis approché par une formulation simplifiée basée
sur des développements asymptotiques valides lorsque ’amplitude des déformations est faible. Nous
introduisons alors des développements en séries de Fourier de certaines grandeurs géométriques,
ainsi que de la solution dans le cas de mouvements périodiques. Cela permet ainsi d’obtenir
une formulation multi-harmoniques couplée du probléme de diffraction initial. Une méthode de
résolution standard par éléments finis associée a un solveur itératif, est alors appliquée afin de
résoudre le systéeme résultant, de type Helmholtz. En vue d’accélérer la solution du systeme
linéaire, définie sur des sous-espaces de Krylov, nous proposons un préconditionneur diagonal
par bloc, indispensable a la convergence de la méthode pour les problemes hautes fréquences.
L’efficacité de la méthode présentée est enfin illustrée a travers une application a la détection radar
pour l'industrie automobile.

Mots-clés: Effet micro-Doppler, Diffusion haute fréquence, Frontiéres mobiles, Equation des on-
des, Résolution multi-harmonique, Méthode des éléments finis, Electromagnétisme.
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Introduction (en frangais)

Dans le cadre des phénomenes de propagation d’ondes, 'effet Doppler module la fréquence du
signal réfléchi par un obstacle en déplacement par rapport a la source. Les dispositifs radar
utilisent cette signature fréquentielle afin de détecter des cibles mobiles et de caractériser leurs
déplacements. Ces équipements sont ainsi devenus incontournables dans les industries navales
et aéronautiques, et occupent une place de plus en plus importante dans le secteur automobile,
notamment dans les systemes de sécurité, d’aide a la conduite et des voitures autonomes. Au
cours des dernieres décennies, le développement de transmetteurs hautes fréquences a d’ailleurs
été largement mis & profit pour la détection radar de cibles en mouvement non uniforme. A titre
d’exemple, les bandes de fréquences 24-24.5 GHz et 61-61.5 GHz (bandes ISM) sont courantes pour
de nombreuses applications, et la bande 77-81 GHz est a présent abondement utilisée par I'industrie
automobile. Des fréquences encore supérieures (THz) seront d’ailleurs atteintes dans un futur
proche. En effet, ’avantage crucial des radars hautes fréquences réside dans leur sensibilité accrue
aux micro-mouvements d’obstacles constitués de nombreuses parties mobiles, ce qui est a l’origine
de Peffet micro-Doppler exploité actuellement dans de nombreuses applications (identification de
cibles telles que les drones, dénombrement de passants, détection sans contact de signes vitaux,
...). 11 est habituellement calculé a posteriori au moyen de techniques de traitement de signaux.
Cependant, afin de disposer d’un outil prédictif permettant la modélisation de ce phénomene,
il est nécessaire de considérer le modele physique sous-jacent, qui conduit dans la pratique a la
résolution d’'un probleme de propagation d’ondes en fonction du temps, dans un environnement
complexe et composé de plusieurs matériaux diélectriques interagissant fortement avec ’'onde émise.
Il est notoirement difficile, pour ces problémes, d’obtenir des solutions explicites et par conséquent,
la modélisation mathématique naturelle implique un systéme d’équations aux dérivées partielles
(EDP) dans les domaines temporel et fréquentiel, qui doit étre résolu numériquement de maniere
efficace. Si la résolution de l'effet Doppler avec cibles mobiles, formulé dans un cadre d’EDP, a
déja fait I'objet d’une certaine attention de la part des mathématiciens et des ingénieurs, il est
toutefois a noter que la modélisation par EDP et la résolution numérique de I’effet micro-Doppler
n’ont jusqu’a présent pas été abordées dans la littérature.

C’est précisément la question traitée dans cette thése, menée en collaboration avec la société
IEE spécialisée dans le développement de capteurs électromagnétiques pour 'industrie automobile.
Dans ce contexte, nous proposons une contribution au développement du dispositif radar VitaSense
de IEE, congu pour détecter des occupants d’une voiture. VitaSense est un radar a ondes continues
émettant un champ de fréquence constante, ce qui rend naturel de considérer les problemes de
propagation d’ondes sous-jacents en régime harmonique. Nous avons donc choisi de nous concen-
trer sur le domaine fréquentiel plutot que temporel, ou les coflits de calcul seraient probablement
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considérables en raison du nombre important de pas de temps a choisir dans le régime de hautes
fréquences 109 — 10! GHz. De plus, travailler en domaine spectral permet d’exploiter les récents
développements de solveurs rapides pour les équations de Helmholtz & hauts nombres d’ondes.
Nous proposons dans cette thése une approche numérique multi-harmonique originale pour ré-
soudre les problemes de propagation d’ondes dans un domaine spatial mobile par la méthode des
éléments finis, connue pour étre flexible dans le traitement de configurations complexes.

Détection radar de la présence de passagers

Le radar VitaSense (Figure 1a) est intégré dans la garniture de toit du véhicule et détecte I’éventuelle
présence d’un passager sur le siége arriere apres que le contact ait été coupé. Ce systéme vise a ap-
porter une solution au probleme du nombre croissant d’enfants et de bébés laissés par inadvertance
dans une voiture exposée au soleil, dont I’habitacle peut rapidement atteindre une température
critique. Aux Etats-Unis, 39 enfants meurent ainsi en moyenne chaque année d’un coup de chaleur,
et davantage souffrent de handicaps dus & des lésions organiques ou cérébrales. [81].

(a) (b)

Figure 1: Radar VitaSense (gauche). Unité de commande électronique (droite).

Face a la multitude de situations rencontrées (pluie, obscurité, ...), de nombreuses technologies
ont été testées telles que les capteurs basés sur le siege, les capteurs thermiques ou encore les sys-
temes optiques. Cependant, chacun d’entre eux présente des points faibles en termes de détection,
et ce méme dans des situations courantes. En effet, les systemes basés sur une caméra 2D ne
fonctionnent pas dans l’obscurité ou si le champ de vision est bloqué. Les caméras infrarouges ne
sont pas fiables lorsque l'intérieur de la voiture est déja chaud. Les cellules piézoélectriques sont
certes tres sensibles aux battements de coeur, mais aussi aux vibrations (pluie, ...) et les capteurs
a ultrasons ne parviennent pas a détecter de facon fiable un nouveau-né endormi. Comme les
ondes électromagnétiques (EM) peuvent traverser les parasols et les vétements, 'appareil en ques-
tion fonctionne indépendamment des conditions de luminosité et des courants d’air. Les mouve-
ments respiratoires peuvent alors étre clairement distingués d’un éventuel bruit de fond. L’objectif
de détection des passagers dans une voiture suggere I'utilisation de configurations radar pseudo-
monostatiques voire monostatiques ou le récepteur est positionné dans le voisinage immédiat de
I’émetteur. La distance relativement courte par rapport a la cible, ainsi que la nécessité de détecter



une déformation de cette derniére en fonction du temps ne sont pas compatibles avec les radars
a impulsions. D’autre part, comme la détermination précise de la distance a la cible n’est pas
requise, le choix d’'un radar a ondes continues modulées en fréquence n’est pas nécessaire. Ceci
justifie donc le choix des radars a ondes continues, qui sont peu coliteux et simples a mettre en
place.

Pour illustrer ce processus, nous reportons en Figure 2a le signal réfléchi en présence d’une
déformation du domaine, et sur la Figure 2b son spectre. Ces données ont été mesurées expéri-
mentalement par IEE en situation réelle, et sont disponibles dans [74]. Le signal présente des
variations presque sinusoidales de période environ une seconde, ce qui correspond a l'ordre de
grandeur d’une respiration humaine. Ceci est cohérent avec la modulation de fréquence visible
sur la Figure 2b, ou 'on observe plusieurs contributions symmeétriquement réparties autour de
la fréquence d’émission, régulierement espacées par la fréquence de respiration, et d’amplitudes
décroissantes.

Amplitude
Amplitude

0 2 4 6 8 10 -8 -6 -4 -2 0 2 4 6 8
Time (s) Frequency shift (s™)

(a) (b)

Figure 2: Signal radar réfléchi (gauche). Spectre associé (droite).

Signature de ’effet micro-Doppler

Le radar considéré est a la fois capable d’émettre un signal sinusoidal continu u! de fréquence
constante v et de mesurer un signal réfléchi u". Le signal émis est partiellement réfléchi par
la cible dont le mouvement, de vitesse radiale c'?'8* (le long de I'axe défini par 'antenne et le
diffuseur), modifie la fréquence initiale conformément a

AT 4 Ctarget

Vr = Vg cAir _ ctarget |’

ot ¢ est la vitesse de la lumiere dans le vide, et v, la fréquence du signal réfléchi. Il s’agit
la de l'effet Doppler. Ainsi, lorsque la cible se rapproche de 'antenne émettrice on a v, > vy,
et 1 < v lorsqu’elle s’en éloigne. Pour les mouvements non relativistes, la fréquence Doppler
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vp correspondant au mouvement de la cible est donnée par la différence entre les fréquences des
signaux émis et recus, pour laquelle nous avons 'approximation suivante

target target

c

c
vp = U — Up = 2u¢ i 2ug

r _ ctarget ~ cRir
Pour notre cas particulier, le mouvement radial ¢(¢) de la cible est produit par une respiration,
ce qui en fait une fonction non linéaire du temps décrivant le mouvement relatif des parties de la
cible. Comme établi dans [32], cette modulation de fréquence peut étre approché en remplacant
ct318et par la vitesse instantanée de la cible, ce qui conduit &

Afin d’esquisser la structure générale du champ d’ondes total dans le cas d’un mouvement £ borné
et de faible amplitude, considérons les composantes radiales ul (x,t) et ul(z,t) de u! et u’ re-
spectivement, le long de 'axe x comme le montre la Figure 3. Sans perte de généralité, nous

Figure 3: Champ incident et champ réfléchi par I'obstacle mobile.

supposons que le champ incident dans la direction radiale, émis a ’origine, est donné comme un
signal sinusoidal

ul (x,t) = sin(wy (t — Ci)),

avec une pulsation wy := 2wy, et que la cible, située a une distance L > 0 du radar, réfléchit
parfaitement ’onde incidente. Pour cette situation et en ’absence de mouvement de la cible, le
champ réfléchi s’écrit directement

W (2,1) = — sin(wr (t - ZLCa; “"”)). (1)

A présent, laissons la cible occuper ses positions successives en remplacant formellement L par
la formulation de ¢ dans (1). Ceci correspond a la méthode quasi-stationnaire [88]. Pour notre
application, il est raisonnable de considérer un mouvement sinusoidal £(t) = L(1 4 esin(wyt)) de
faible pulsation w, et d’amplitude relative ¢ < 1, ce qui donne



2L(1 + esin(wypt)) — x>)

Call‘

ub(z,t) = —sin(ws <t -

)
. . or— . _
= -G ezwfteloincaif 2 : ezgwgtJj( 2Lf¢‘-’f)
cAir
Jj=—00

2L—x

o ) et N iwrtjwry ((2Lews
= —-GXle cair Z e f (4 J*] ,

Calr

j=—o0

ou J; désigne la j—ieme fonction de Bessel de premiere espece définie pour j € Z et € R par

N o
Jj(@) = Z mlI'(m+j + 1) (2> ’

m=0

en fixant I'(-) comme la fonction spéciale Gamma. Le spectre de ul, montré dans (2) consiste en
un peigne de Dirac centré sur la fréquence d’émission v¢, avec des pics également espacés de vy et
d’amplitudes décroissant rapidement pour j suffisamment grand. En effet, la multiplication de la
norme de J;(z) par un polynéme en j > 0 de degré arbitraire n € N donne

(i) +(2m+5) In(%) ci (%)

e _ ~ .
7" J(x)‘ Z mT(m+j+1) |jj—c gt m!l(m+ 7+ 1)

meN

La somme est absolument convergente, donc bornée, et j — J;(z) est a décroissance rapide pour
x fixé. De plus, une propriété directe des fonctions de Bessel est que |J;| = |J_;|. Par conséquent,
nous obtenons le méme résultat pour |J_;|(z). Ce comportement est cohérent avec la structure
globale du champ d’ondes mesurée expérimentalement sur la figure 2b. Cette observation fon-
damentale a été le point de départ de notre étude. Enfin, I'analyse de cette modulation permet
de retrouver les propriétés géométriques de la cible a partir de son spectre, qui peut donc étre
considéré comme une signature et ainsi étre utilisé comme méthode de reconnaissance.

Plan de la thése

Le manuscrit est organisé de la fagon suivante.

Dans le Chapitre 1, nous précisons le contexte industriel ayant motivé cette étude et intro-
duisons plus en détails les observations fondamentales sur lesquelles notre méthode se base. Enfin,
nous exposons les principaux objets physiques qui sous-tendent la description mathématique du
probléme, a savoir I’équation des ondes pour le potentiel scalaire électrique.

Nous analysons ensuite dans le Chapitre 2 le probléeme de propagation d’ondes dans le cas
unidimensionel, qui a fait 'objet d’une publication en 2020 dans la revue Wave Motion [47]. Nous
y exposons une premiere version de la méthode multi-harmonique développée dans ce travail, puis
établissons quelques notations et définissons les idées principales. En particulier, nous transformons
d’abord I’équation d’onde a coefficients constants en domaine mobile en une nouvelle équation
d’onde en domaine fixe mais avec coefficients variables, induits par le changement de métrique
associé. Puisque nous étudions un probleme micro-Doppler caractérisé par des oscillations de
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faibles fréquences et amplitudes, nous développons la solution sous forme de série de Fourier centrée
autour de la fréquence d’émission, et modulée par la perturbation basse fréquence générée par le
mouvement de la cible. Cette approche résulte alors en un systéme couplé d’équations de Helmholtz
pour les nombres d’onde associés au développement en série de la solution, que nous résolvons avec
une méthode par éléments finis de Lagrange. Finalement, 'approche est généralisée a des frontieres
dont les déformations ne sont pas explicitement prescrites.

Le Chapitre 3 est axé sur une refonte de la méthode multi-harmoniques par éléments finis
présentée au Chapitre 2 afin de traiter de situations plus complexes, en dimensions deux et trois,
et incluant notamment des géométries sophistiquées ainsi que différents matériaux. Concrétement,
nous récrivons pour un domaine fixe la formulation faible du probléme au moyen d’un champ vec-
toriel qui peut étre également évalué localement par la méthode des éléments finis. En inversant
de la sorte les deux premieéres étapes de la méthode par rapport au Chapitre 2, nous gagnons en
flexibilité pour des géométries complexes avec conditions aux bords spécifiques. Une implémenta-
tion par éléments finis est ensuite développée pour le systéme couplé obtenu, puis nous exploitons
la structure particuliere du systeme linéaire correspondant afin de proposer un solveur itératif pré-
conditionné efficace. Quelques résultats numériques illustrent le comportement de ’approche et
ses principales caractéristiques. Cette partie de la these a été publiée en 2022 dans la revue STAM
Journal on Scientific Computing [49].

Finalement, nous proposons dans le Chapitre 4 une application de la méthode a des situations
réalistes basées sur des géométries détaillées. De nombreuses configurations sont testées, en faisant
varier des parametres tels que la position des antennes et des récepteurs, 'orientation des passagers
et la modulation de leurs respirations. Nous discutons alors la pertinence de certaines de ces
configurations dans le cadre de la détection de la présence de passagers.



Introduction

In the framework of wave scattering problems, the Doppler effect [25, 52] characterizes the property
that the motion of a target modulates the frequency of the reflected signal initially emitted by a
source. For motions with uniform velocity, the Doppler frequency shift can be easily obtained
[23] while for more general movements it is estimated by combining simple models and signal
processing techniques [19, 20, 25, 27, 53, 67, 70]. During the last years, the radar detection of non
uniformly moving scatterers was applied to a wide variety of problems because of the availability
of newly designed high-frequency sensors and devices. For example, the two radar frequency
ranges 24-24.5 GHz and 61-61.5 GHz (ISM bands) are now standard in many applications, and
the new 77-81 GHz band is being used for applications in the automotive industry. Furthermore,
the THz frequency range will be used in the coming years (e.g. at the frequency 140 GHz). A
crucial advantage of high-frequency radar sensing is its sensitivity to micro movements of obstacles
involving several moving parts, which results in the micro-Doppler effect [25] used nowadays in
many applications [3, 17, 20, 27, 46]. In [27], the authors consider the micro-Doppler effect, and
derive explicit analytical formulas for elementary micro-motions, which are then used on real radar
data problems, while other works treat randomly moving scatterers [72]. This phenomenon is used
with great success from drone detection [17] or the analysis of pedestrian movement [20, 27, 46]
to the modeling of the effect of the rotation of helicopter rotor blades on the radar signature of
the aircraft [3]. In the automotive industry, micro-Doppler sensing has recently been applied with
success [36, 53, 62, 67] to the contactless detection of vital signs, in particular for the breathing
of children left alone on the back seat of overheating cars. Difficult challenges are related to this
kind of application as for example the analysis of random body movements or vehicle vibrations
[36, 53, 67, 69, 70, 77] that can be classified thanks to their radar signature by deep learning
techniques [16, 17, 29]. In the development life cycle of these new sensors, a full realistic simulation
of the high frequency scenarios is therefore needed. The goal of this thesis is to design a suitable
numerical modelling for this problem and to propose efficient computational solutions.

In practice, the physical model leads to solving a time-dependent wave propagation problem
in a complex environment (here the interior of a car) with a complex geometry made up of sev-
eral dielectric materials strongly interacting with the high frequency emitted wave. Moreover, the
moving targets, such as a child located on the back seat of the car, can have nontrivial shapes,
consist of different materials, and often show small amplitude displacements which usually hap-
pen at frequencies several orders of magnitude below the frequencies of the emitter. Difficulties
appear in higher dimensional cases as closed form solutions are hard to derive for more complex
boundary motions. Therefore, the natural mathematical modelling involves a system of partial
differential equations (PDEs) both in time and frequency domain, which needs to be efficiently
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solved numerically.

The solution of moving target problems formulated in a PDE framework has already received
some attention from both the mathematical and engineering sides. Among them, analytical ap-
proaches for solving wave-like problems with simple motions have been developed e.g. for rotating
obstacles [22, 28, 33, 87| or vibrating objects [24, 28, 57, 70]. Moreover, numerical approxima-
tion schemes based e.g. on FDTD [57, 93, 94] or fast integral equation solvers [92] have also been
developed. More theoretical contributions essentially linked to one-dimensional moving boundary
problems have been considered as well, e.g. by FOKAS and his co-authors [42] to recast the prob-
lem as a Volterra integral equation in a fixed domain, or by CHRISTOV and CHRISTOV [32] for an
asymptotic multiple-scale analysis of the Doppler effect in a half-space. To the best of the authors’
knowledge, however, numerically solving the micro-Doppler PDE modeling problem has not been
considered in the literature until now.

This is precisely the issue addressed in this thesis, which was conducted within the interna-
tional company IEE, specialized in the development of electromagnetic sensors for the automotive
industry. In this context, we propose a contribution to the development of IEE’s VitaSense radar-
based device which is dedicated to the detection of occupants in a car. The VitaSense design is
based on continuous wave radars (CW radars), constantly emitting a fixed frequency field, which
makes it natural to consider the underlying wave propagation problems in harmonic regimes. We
thus chose to focus on the frequency domain rather than the time domain, where the computa-
tional costs would likely be considerable due to the number of time steps to be considered in the
high frequency regime of interest (10° — 10! GHz). Moreover, working in the spectral domain
allows to exploit recent advances in fast solvers for high-frequency Helmholtz equations, for which
various fast direct and iterative algorithms [66, 79] have been proposed. In order to develop a
frequency domain solver to tackle micro-Doppler problems, we propose in this thesis an original
multi-harmonic numerical approach to solve wave propagation problems with moving or deforming
boundaries by the finite element method [38], which is known to be flexible to handle two- and
three-dimensional complex engineering configurations, including complex materials and shapes.
This approach, based on the expansion of the unknown in the Fourier domain, can be linked to the
so-called harmonic balance method [14, 21, 55, 56, 61, 71, 90]. In addition, this choice allows to
consider in the future an algorithmic adaptation of efficient high-order finite element solvers based
on domain decomposition [13, 37, 39, 85], where only a local resolution of the problem around the
moving obstacle could be resolved.

Thesis outline

The manuscript is organised as follows.

In Chapter 1, we first present the industrial motivations behind this work and introduce the
fundamental observation on which our method is based. Next, we introduce the main physical
concepts required for this study and establish the link between the physical description of the
wave scattering problem and its mathematical formulation, from which we develop the proposed
method.

We analyze in Chapter 2 the wave scattering problem in the one-dimensional case, which
corresponds to an article published in 2020 in Wave Motion [47]. We outline a first version of
the multi-harmonic method developed in this work, set some notations and define the main ideas.
In particular, we first transform the constant coefficients wave equation in the moving domain as



a new wave-like equation in a fixed domain but with variable coefficients related to the metric
change (a similar approach was used for quasi-static electromagnetic models in [56]). Since we
are studying the micro-Doppler problem (small amplitude and low frequency oscillations of the
scatterer) for a high frequency radar, we can then expand the solution as a time Fourier series
centered around the radar frequency and modulated by the low frequency perturbation induced by
the scatterer movement. For small amplitude movements, the variable coefficients wave equation
can be simplified thanks to the small amplitude, and the series expansion can be truncated to
keep a finite number of discrete frequency components related to the small amplitude variations.
The resulting approach then yields a coupled system of Helmholtz equations for the wave numbers
defined by the discrete frequency components kept by the approximation. For larger amplitude
movements, a similar analysis can be developed based on adding more Fourier modes since the
frequency coupling is stronger, resulting in a larger system of coupled Helmholtz equations with
variable coefficients. Then, we illustrate the validity of the method through numerical computations
and comparisons to brute force methods, and generalise it to general boundary motions which are
not explicitly prescribed.

In Chapter 3, we redesign the multi-harmonic finite element method presented in Chapter 2
to tackle more complicated engineering problems with complex geometries and inhomogeneous
media, in two and three spatial dimensions. More precisely, after stating the problem we derive an
approximate multi-harmonic Helmholtz-type weak coupled formulation well-adapted to the finite
element method. To this end, we rewrite the moving target problem written in weak form for a fixed
domain by means of a mapping that can be computed by the finite element method. This way of
proceeding reverses these two steps compared to Chapter 2, significantly improving the adaptability
of the method for complex geometries. Since the resulting weak formulation in the fixed domain
remains complicated to solve, we propose an approximation of this formulation by a simplified
weak form for small deformations. To justify this approximation, we derive some asymptotic error
estimates of the bilinear forms according to the small deformation parameter setting. Then, the
coupled multi-harmonic Helmholtz-type system is derived from the approximate weak formulation.
Considering the time Fourier series expansions of the geometrical quantities (e.g. the Jacobian
tensor) for periodic movements and the unknown wavefield, we obtain an approximate truncated
finite system of coupled weak form Helmholtz equations at different equally spaced frequencies.
The finite element implementation is next developed for the coupled system, and an efficient
preconditioned solver that exploits the structure and properties of the resulting linear system
is proposed. Finally, we present the application of the resulting method to a two-dimensional
problem of the detection of a breathing baby placed on the rear seat of a car. Some numerical
results illustrate the behavior of the approach and its main features. This part of the thesis has
been published in 2022 in STAM Journal on Scientific Computing [49].

Chapter 4 is devoted to the application of the developed method to realistic situations in-
volving highly detailed geometries and different materials. Many configurations are considered,
including varying the position of the moving target, its motion, or the position of the transmitting
antenna. The relevance of certain configurations for the effectiveness of the car occupant detection
is discussed, based on the results obtained.

Finally, in a general conclusion, we outline the work done and the obtained results. The
conclusion of the manuscript also includes research perspectives that could follow from this thesis.
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1.1. Motivations

1.1 Motivations

1.1.1 VitaSense continuous waves radar

Radar is an indispensable piece of equipment in the naval and aeronautical industries, but it
is also becoming increasingly important in the automotive industry, particularly in the field of
safety sensing systems, driver assistance and autonomous cars. This is the context of this work
where we present an original numerical method to solve scattering problems in presence of moving
boundaries. More precisely, we propose to focus on the VitaSense device of IEE, which has made
important contributions in the design of sensors for the automotive, security and health sectors.
VitaSense is a small (about 8cm length) radio frequency based sensor (see Figure 1.1a), integrated
behind the headliner of the vehicle, that detects the presence of a passenger on the rear seat after
the ignition has been switched off. Once the presence of a living being is detected, the driver
can be warned. It aims to provide a solution to the problem of the increasing number of children
and babies inadvertently left inside a car exposed to the sun (Forgotten Baby Syndrome), whose
interior can quickly reach a critical temperature. In the US, 39 children die of vehicular heatstroke
on average each year and more suffer disabilities due to organ or brain damage [81].

—

(a) (b)

Figure 1.1: Left: VitaSense device. Right: VitaSense electronic control unit (ECU).

Many technologies have been investigated in response to the multitude of situations encoun-
tered such as detection through the sunshade of a rearward-facing child seat. For instance, let us
mention seat-based or thermal sensors, or even optical systems. But each of them shows certain
weaknesses regarding child detection in certain normal circumstances. Indeed, 2D camera based
systems do not work in the dark or if the field of view is blocked. Infrared cameras become un-
reliable when the car interior is already hot. Piezoelectric foils are very sensitive to heartbeats,
but also to vibrations (rain, ...) and ultrasonic sensors cannot detect a sleeping newborn. Since
electromagnetic (EM) waves can penetrate through sunshades and clothing, the device works in-
dependently from light conditions and air currents. The breathing motions can then be clearly
distinguished from background noise.

The objective of passenger detection in a car suggests the use of pseudo-monostatic or even
monostatic radar configurations where the receiver is positioned in the immediate neighborhood
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of the transmitter. The relatively short distance to the target, as well as the need to detect a time
dependent deformation of the latter is not compatible with pulse radars. On the other hand, since
the precise determination of the distance to the target is not required, the choice of a frequency
modulated continuous waves radar (FMCW) is not necessary. We therefore consider the option of
CW radars, which are inexpensive and simple to set up. The VitaSense sensing unit (see Figure
1.1b) emits signals in the 60 GHz ISM band and works with a very low transmission power of
4mW, leading to a specific energy absorption rate more than 20 times below that of a cell phone
(typically between 500 and 1000mW). The receiver measures the field scattered by the breathing
motion of the child’s abdomen while sleeping, or overall body movements when he is awake. The
detection is based on the analysis of the frequency modulation of the field originating from the
spatial deformation of the domain of propagation. Two sensing modes are implemented. The
first one concerns large amplitude movements (displacements, playing baby), allowing immediate
detection. The second one is related to a local almost periodic deformation (typically a breath).
The work presented in the thesis considers this second situation. Furthermore, we point out that
the first VitaSense prototype was transmitting at 24 GHz, and the change to 60 GHz was motivated
by a slight reduction in the volume of the device as well as an increase in the available bandwidth
(gain from 250 MHz to 4 GHz). However, due to the centimetric amplitude of the deformations in
question, this change does not impact the results of our study which was mostly based on the first
version of the device.

To illustrate this process, we report in Figure 1.2a the reflected signal in presence of breathing
motion, and in Figure 1.2b its spectrum. These data have been experimentally measured by IEE
in real situations and are available in [74]. The signal shows almost periodic variations with an
average duration of about one second, which corresponds to a typical human breathing motion.
This is in accordance with the frequency modulation in Figure 1.2b, where we observe a bounded
cluster of peaks around the frequency of emission, regularly spaced by the breathing frequency.

Amplitude
Amplitude

0 2 4 6 8 10 -8 -6 4 2 0 2 4 6 8
Time (s) Frequency shift (s™)

(a) (b)

Figure 1.2: Left: reflected radar signal. Right: corresponding spectrum.
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1.1.2 Micro-Doppler signatures

CW radars are able to both emit a continuous sinusoidal signal u' of constant frequency v; and
to receive a reflected signal u". The transmitted signal is partially scattered by the target, whose
motion of radial velocity c'®° (i.e. along the axis defined by the antenna and the scatterer)
modifies the initial frequency according to

Cair + ctarget
Vr = Vg cair _ qtarget |’
where ¢ is the speed of light in the vacuum, and v, the frequency of the scattered signal. This
is the Doppler effect. Thus, when the target moves closer to the transmitting antenna we have
vy > g, and v < vy when it moves away. For non-relativistic motions, the Doppler frequency

vp corresponding to the target motion is given by the difference between the frequencies of the
transmitted and received signals, which is approximated by

T

target Ctarget
2u

c
vp =V — Vf = 2 e

_ ctarget ~ cir

In our particular case, the radial movement ¢(t) of the target is produced by a breathing, and is
therefore a nonlinear function of time, which describes the local motion of the parts of the target.
It is then shown in [32] that the frequency shift can be approximated by replacing ‘'8t by the
instantaneous velocity of the target, leading to

ol

calI‘

vp & 2u¢

To outline the general structure of the wave field in case of a small amplitude and bounded motion
¢, let us consider the radial components u! (x,t) and v (z,t) of u! and u* respectively, along the
z-axis as shown in Figure 1.3. Without loss of generality, we assume that the incident field along

Figure 1.3: Scattered field by moving target.

the radial direction, emitted at the origin, is given as a sinusoidal signal

ul (z,t) = sin(wy (t = Ci)),

13
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with pulsation w¢ := 27vg, and that the target, located at a distance L > 0 from the radar, is
perfectly reflecting the incident wave. For this situation and without motion of the target, the
reflected field directly writes

W (1) = — sin(wp <t - 21;; "“")). (1.1)

Now we let the target occupy its successive positions according to the motion, i.e. we formally
replace L by the formulation of ¢ in (1.1). This corresponds to the quasi-stationary method [88].
For our applications, it is reasonable to consider a sine motion ¢(t) = L(1 + esin(wyt)) of small
pulsation w, and amplitude € < 1, which yields

2L(1 + esin(wgt)) — :1:>)

Calr

ub(z,t) = —sin(ws (t -

Calr

o0
_ o ) it jiwe 2T djwet 1 —2Lews
= NI e Z e J] ( (12)

j=—o0

o
. 2L— . .
— QM E e%(Wf-i-sz)tJ_j (M) 7
Calr
j=—00

where J; denotes the j-th Bessel function of the first-kind defined for j € Z and x € R by

I
Jj(@) = Z miT'(m+j + 1) (2) 7

m=0

setting I'(-) as the Gamma special function. The spectrum of u!, shown in (1.2) consists of a
Dirac comb centered on the frequency of emission v¢, with peaks equally spaced by v, and of rapid
decaying amplitudes for j sufficiently large. Indeed, the multiplication of the norm of J;(x) by a
polynomial in j > 0 of arbitrary degree n € N gives

B enln(j)+(2m+j)ln(%) ejln(%)

JMJi(x)] = . ~ ; :
175(x) 7% mil(m+j+1) ljlsee o mil(m+j+1)

The sum is absolutely convergent and then bounded, and j +— J;(x) is of fast decay for each fixed
x. Moreover a direct property of Bessel functions is that |J;| = [J_;|. Hence we have the same
result for j + |J_;|(x). This behavior is illustrated in Figure 1.4, and is coherent with the global
structure of the wave field experimentally measured in Figure 1.2b. This initial observation has
been the starting point of our study.

Other analytical formulations for the Doppler frequency case are derived in [78, 80], depending
on the acceleration of the target. However, such explicit descriptions are not satisfactory for our
study. Indeed, we must take into account complex propagation phenomena (multiple reflections
in the passenger compartment, non homogeneous materials, ...) as well as the nature of the
perturbation we wish to report. Moreover, it is not a displacement as such, but the deformation
of the target which is the passenger we want to detect. These local disturbances induce the
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Figure 1.4: Fast decay of J;(x) for fixed x and j — oo.

temporal modulation of the frequency of the received signal (while the transmitted signal keeps a
fixed frequency). This comes from the different radial velocities of the separate movements of the
different parts of the target, and constitutes the micro-Doppler effect.

Its analysis allows to trace the geometrical properties of the target from its spectrum, which
can therefore be seen as a signature, and used as a recognition method. This phenomenon typically
leads to the notion of instantaneous frequency [10]. Generally, a time-frequency representation of
the micro-Doppler effect is performed using spectrograms (see for example Figure 2.14 in Section
2.5). More precisely, by decomposing the modulating signal into short time windows it is possible
to estimate the temporal variation of the frequency of the latter by means of the short time Fourier
transform (STFT), or even wavelet transform, which therefore provides a description of the signal
through the micro-Doppler signature [26, 51]. This approach applies naturally to the study of the
electromagnetic field in the context of a deforming target, and allows to infer the micro movements
of its parts. This is crucial for target identification.

Throughout this thesis, we propose to develop a global approach to compute the full spectrum
of the wave field by means of a coupled system of PDEs, within the framework of a periodic
perturbation of the target. Therefore, we expect to obtain a frequency modulation spreading over
a band on both sides of v¢, with a similar structure as the form illustrated by Figure 1.2b.

1.2 The wave equation for the electric scalar potential
In the following, we specify the physical foundations of the equations in which we are interested.

Let (E,B) be the electromagnetic (EM) field in a domain Q%! C R3, with position vector x =
(x1,22,23)T € Q. We define the electric permittivity o, and the magnetic permeability fioo
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of the medium delimited by Q. In particular, e, quantifies the polarizability of the medium
under the field E, and o is a measure of its magnetization under B. In a source and current free
isotropic medium, Maxwell’s equations [6], which govern the evolution of (E,B), reduce to

Vy-E=0, (1.3)
Vy-B=0, (1.4)

Vi x E = —9,B, (1.5)
Vi X B = l100e0c OB, (1.6)

with the time variable ¢ € R, the gradient operator Vy := (0, , sy, 0x;) ", the scalar product - and
the vector product x. Let us set the Laplacian Ay := (Vx)? = 92, + 02, + 02,. It is well known
that using the identity Vx X Vx X E = V4 (Vx-E) —AxE in (1.5) and (1.6), and the divergence free
conditions (1.3) and (1.4) yield the vector wave equations for both the electric and magnetic fields,
with wave velocity defined as ¢y := 1/|/ficcEoc. However, a useful alternative representation of
the EM vector field can be derived from the scalar electric potential 1) defined from electrostatics
as

E = -V (1.7)

Indeed, (1.4) implies that we can define a magnetic vector potential A such that
B=Vx xA. (1.8)

Then, injecting (1.8) in (1.5) yields Vi x (E 4+ 0;A) = 0. Hence, E + ;A is a gradient defined up
to a constant, which must satisfy the static case (1.7). Then, we have

E=-Viy - 0A,
and using the source free condition (1.3) one obtains
—Ax) — O Vx - A =0.

From the arbitrariness of the determination of the scalar and vector potentials 1 and A, let us
here consider the field configurations corresponding to the Lorenz gauge. In anticipation of further
extensions to inhomogeneous media, let us consider in particular the generalised Lorenz gauge [31]

Vs - Co0A = — oo’ b = %’Oaﬂb.

o
This leads to the following equation in source free region
2
O2p — "2V, - £0oVxth) = 0. (1.9)
€0

This corresponds to the homogeneous scalar wave equation for the electric potential studied in this
work. For our purposes, the characteristic size of the domain is much larger than the emitted wave-
length. Hence, we assume that the source free condition (1.3) is not violated and then we consider
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the approximation stating that (1.10) governs the EM field (E, B), scattered in the propagation
domain Q' and emitted by an antenna located on its boundary 9Q%*. In the following chapter,
we analyze the one dimensional wave scattering problem with moving boundary in isotropic spatial
domain. In this case, (1.9) can be simplified to

O — 2 Axth = 0. (1.10)

In the rest of the thesis, all the physical quantities will be expressed in the standard MKSA
system and we will thus omit to precise the units for the numerical values.
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2.1. Problem statement and reformulation in a fixred domain

2.1 Problem statement and reformulation in a fixed domain

2.1.1 The initial boundary-value problem

We consider the one dimensional bounded spatial domain reported in Figure 2.1, and defined by
Q(t) = Q4 :=]0,£(t)[, where x denotes the spatial variable.

Figure 2.1: Bounded domain €); with moving boundary /.

As previously, the modeling of the moving boundary is described by the time-dependent func-
tion £(t). In the context of this work, £(t) is supposed to be smooth and bounded. For R} :=]0, oo,
we introduce the unknown total wave field u := u(z,t), for x € Q(¢) and ¢t € R}, solution to the
constant coefficients scalar wave equation

O*u — 2.0%u =0, (2.1)

where ¢ is the constant wave velocity in the medium under consideration. Equation (2.1) corre-
sponds to the one-dimensional formulation of (1.10), and w implicitly refers to the electric scalar
potential ¢ introduced in Chapter 1 and which provides a description of the total EM field. At
the fixed left boundary x = 0 of Q(t), we impose a single-source term A sin(wst), with amplitude
A € R} and angular frequency wr := 27vs > 0. In practice, v; is expected to be very large com-
pared to the frequency content of £(¢). For instance, vy might be in frequency range 10° — 109 for
realistic radar applications, which is our focus in Chapters 3 and 4. The associated inhomogeneous
Dirichlet boundary condition is then set as:

u(0,t) = Asin(wst). (2.2)
On the moving right boundary, we fix a homogeneous Dirichlet boundary condition
u(l(t),t) = 0. (2.3)

Other boundary conditions can also be considered; for instance, in Appendix A we consider the
case of a moving antenna, as also investigated in [32]. For physical applications, we consider the
time origin of the problem as an emission starting at ¢ = 0, and take into account the transient
mode of the excited wave field. Finally, for the sake of well-posedness, we add the two initial
conditions

u(z,0) =0 (2.4)
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and
Opu(z,0) = 0. (2.5)

2.1.2 The case of a motionless boundary

Let us consider the case where the right boundary is fixed, i.e. £(¢t) := L. Then, we get an explicit
form of the solution.

Proposition 2.1. Let us assume that Q0 = Qg :=|0, L[, YVt > 0. We define Kt := wt/Coo; Km =
mm /L and wy, := Cookm, for m € N. We suppose that: wg # wp,, Ym € N. Then, the solution u of
(2.1) is given by: Yx € Qqp, t > 0,

U=Ty+ Y Uy, (2.6)
meN
where A
Uy (2,1) 1= ———— sl L— i ;
Uy (2,1) Sin(srL) sin(k¢(L — x)) sin(wst)
. 2Aks . .
Uy, (x,t) = m Sin(Kp,x) sin (wp,t) .

Proof. The source term of frequency v¢ that continuously emits into the domain at the left boundary
constitutes an initial impulse that excites the eigenmodes of the system at time ¢ = L/co, which
are solutions to the homogeneous wave equation (2.1) with zero boundary conditions.

To separate the different contributions in the global wave field, we decompose u as the sum of
the forced stationary wave coming from the source term and the free stationary waves related to
the eigenmodes of the system. Hence, let us define

Ui = Ty, + Ty, (2.7)

where @, (z,t) = E,,(z) sin(wgt), and E,, is the stationary solution to the Helmholtz equation with
wavenumber k¢ := wf/co in the bounded domain ]0, L[

(6320 + ’%%)El/f = Oa

with boundary conditions E,,(0) = A and E,, (L) = 0. A simple calculation gives @,, as

Uy (x,t) = sin(kg(L — x)) sin(wst). (2.8)

sin(k¢L)

Let us now compute 4,. As a linear combination of stationary waves, the function %, is char-
acterized by independent periodicities either in space and time, leading to the direct computation
of the field u, by the separation of variables. More precisely, considering u, (z,t) = E(z)U(t) into
(2.1), we obtain the following Helmholtz equation

JURES VAN
25 _
—0:F = CTE’

o0
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n |0, L[, with homogeneous Dirichlet boundary conditions and for a constant A € R. Since the
spectrum of the Laplace operator in a bounded domain is discrete, the corresponding solutions

for each eigenvalue A, such that A\, := mmce/L constitute an Hilbert basis {e,,, }men, with
vy (1) = sin("Fx) =: sin(kpz) and wy, = 27V = KpCeo = "2, for m € N. In addition, we

have the ODE _ _
—0U = Wi U,
for m € N, with U(0) = 0. For each frequency v,,, the solution is then of the form

TUy,, (t) = G sin(wm(t + 1)),

where ¢, € R, for m € N, and ¢ must be determined. Since @, (x,0) = 0, (2.4) and (2.7) imply
that @y, (z,0) = 0 and then ¢) = 0. Hence, by the superposition principle, the general solution u,
for the free modes can then be written as

Uy (x,t) Z Uy, (t)ey,, () = Z Om sin(wpt)ey,, (z),
meN meN
which entails that
Oy, (x,0) Z OmwWmen,, (T). (2.9)

meN

Since each stationary mode is C®(2(¢) x RJ), the convergence of the sum is guaranteed.
Moreover, (2.5) and (2.7) lead to

Oy, (,0) = —0tiy, (z,0). (2.10)
Hence, using (2.8) and (2.10), one gets by a direct computation
- Aws
v(2,0) = —————si L —x)). 2.11
O, (x,0) (L) sin(ke(L — x)) (2.11)

Let us consider the L-periodic odd extension of sin(k¢(L — x)) in (2.11). Expanding it in the basis
{ev,, }men for vy # vy, we obtain for x €]0, L]

sin (kg (L Z Omey,, () = Z ©m Sin(Kpx),

meN meN

where it is well-known that the odd Fourier coefficient ,, satisfies

2 rL
Om = Z/ sin(kf(L — x)) sin(kpz)dz
0

L
= i/o [cos(z(km + ki) — kL) — cos(x (K — Kt) + KeL)] dx

2K sin(ke L)
L(kj, = Kf)
Finally, by identification with (2.9), we conclude that

2 Ak
L(rf — K3,)

¢m:

Finally, for vf # vy, we obtain the result by replacing w,, and @, in (2.7). [ |
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Chapter 2. Omne dimensional wave scattering with moving obstacle

Let us remark that @ can be extended to ¢ € R, if we consider the source term (2.2) emitting
for t < 0, and the conditions (2.3), (2.4) and (2.5). Hence, this allows us to introduce Fu, where
the time Fourier transform F of a function f defined on R is given by duality with the Fourier
transform in sense of distributions, by

Ff(,€) :Z/f(w,t)e—%”ﬁtdt. (2.12)
R
From (2.6), one gets
Fi = A s s
T %Shl(/ﬁ;f[/)SII:fo( —.7}))( ve T —l/f)
f .
+gNAm sin(kma) (8p, — 6—,,) -

= fﬂuf+ Z]:ﬂuma

meN

where J, is the Dirac distribution at a point a. Considering (2.13), we observe that the amplitude
of the m-th mode F,,, scales like ¢/ L|x? — k2,|, and thus exhibits a fast decay as the frequency
Vp, moves away from v (see e.g. Figure 2.2 for an example of such a solution). When v is close to
an eigenfrequency vy,, then the solution tends to behave like a single-mode with infinite amplitude,
hence concentrating the energy of the system.

In the case of a moving boundary, we expect that the overall behavior of the solution owns
similar properties: a first main contribution centered around the frequency v and a finite discrete
sum of other significant contributions centered around the resonances v,,, most particularly for a
small perturbation of the boundary oscillating at a frequency v, such that 0 < vy < vs. However,
in practical applications the domain is often partially open, has wave absorbing objects at the
boundary, or involves damping factors o > 0 in the problem formulation, by rewriting (2.1) as

OFu + adyu — 2,0%u = 0.

This leads to non resonant finite amplitude solutions (in particular for the two- and three-dimensional
cases). Finally, we highlight that for practical remote sensing applications based on the Doppler
effect, the useful information is mainly related to perturbations around vs.

2.1.3 Reformulation of the initial problem as a fixed domain problem

Let us now focus on the resolution of (2.1), in the case of a moving reflecting boundary. We first
map € to the fixed domain Qy =]0, L[, which corresponds to the equilibrium state of ;. This
results in a new wave-like equation from the metric change. The physical solution u is obtained
by applying the reverse change of variable, i.e. from Qg to €2;. More precisely, the change of space
variable xq : (z,t) — zo(z,t) is such that z¢(0,t) = 0, xo(4(t),t) = L, for all t > 0, and is built as
a smooth mapping with respect to x and t. The spatial and time derivative operators then write

Ot = Oy OpyUo, Oy = Oyug + Oy Oy uo, OPu = (8pm0)? 6§0u0 + Ggoxo O U0,

8t2u = 8t2u0 + (8t$0)2 8§0u0 + 20,0 Opgruo + afxo O U0
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2.2. The specific case of a boundary with sine motion

Therefore, the initial scattering problem can be rewritten as follows: find wug(xo,t) = u(z,t) that
maps from Qp x R} to R and that satisfies
DPug — 2, [(ax:co)Q 92 up + 02xo axouo} + (9pwo)? B2 ug + 2040 Oygrtio + Ofwoduyuo = 0, (2.14)
with up(0,t) = Asin(wst), uo(L,t) = 0, up(zo,0) = 0 and
8tu0(:c0, 0) = —(6t:1:0 Oxoug)(xo, 0) = 0.

Let us remark that, similarly to [56], the spatial Jacobian 0,z of xg appears in (2.14). In the
following, we provide a frequency domain method to solve the modified wave equation (2.14).

2.2 The specific case of a boundary with sine motion

2.2.1 Analysis for the case of a small amplitude boundary motion

Let us again consider the case where the motion of the right endpoint ¢(¢) of the domain € is
given as in (A.2), i.e. £(t) = L(1 + €f(wyet)), where f is smooth and periodic and with € < 1. In
the one-dimensional case, we can assume that this is given by a linear relation z = z¢l(t)/L. To
be more explicit, we now focus on the special case where the boundary has a small time sinusoidal
motion around L, defined by

0(t) = L(1 + esin(wyt)), (2.15)
i.e. setting f(wyt) := sin(wyt). This leads to

Opo = 7 H—Tn(wet) =0(1), Ozwo =0,
v v ewy cos(wyt)
= — L— = — —_ = — - =
Oro e w0y T e sin(wpt) Ofe),
202 — ("¢ 202 — ("¢ ew? (sin(wet)(1 + esin(wgt)) — 2 cos(wyt))
Ormo=w & T o (1 + esin(wgt))? Ofe),

where the composite term ewy highlights the small deformation in both space and time dimensions.
More generally, neglecting the O(e) terms in (2.14), we obtain the variable speed wave equation

OFv — 2 (0p0)?02,v = 0, (2.16)
which can be written as
5 2 2
Wat'l) — 8x0’U = 0 (217)

in Qg x R, with v(0,t) = Asin(wst), v(L,t) = 0, v(z0,0) = 0 and dv(zo,0) = 0.
Let us denote by [J the d’Alembert operator

1 2 2
D::cTat _a

R
o0
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Chapter 2. Omne dimensional wave scattering with moving obstacle

and u(xp,t) as the solution to (2.1) in the case of fixed boundaries. We consider the modified
operator

0t o o
N ezt O = H O
where
O, = 2 sin(wyt) + 681n(w£t)283.

2
Co

For a solution O.v = 0, we define the perturbative part v; by v = u + v1, leading to

Oevr = —eChit = —ey (g + Y Ty, |
meN

according to (2.6).
Let us analyze the solutions to the equations associated to each single source term involved in
the series expansion of u, i.e.
Uev1,, = —eliy,,

and, for m € N,
Devljl/yn = —eDlﬂ,,m.

The right hand sides are C*°(£2y x R}) functions and the corresponding boundary conditions
are homogeneous Dirichlet conditions. Thus, since these equations are of hyperbolic-type, we have
the existence and uniqueness of the solutions and by superposition

U1 = V1 + Z V1w, -
meN

Finally, we prove that there exist some functions v,, and v,,,, m € N, in C*(£y x R}) such that
the solution v of (2.17) admits the following decomposition:

U=y + Z Uy, s (2.18)
meN

with vy, = Uy, + v1,, and v,,, = Uy, + V1 ,4,,, for m € N.

This form provides a generalisation of (2.6) to the case of a moving boundary based on the
approximation (2.17) of the full wave equation (2.14). Let us also remark that the previous de-
composition can be extended to the case of smooth and bounded functions ¢ defined by a function
f.

We now focus on the term v,, of main contribution, appearing in the expansion (2.18). A
similar approach can be adapted to the other terms v,,, , for m € N. Based on the method of
separation of variables, we define v, (zo,t) = E(xo)V (t). The time-dependent component V (¢) of
vy, (20, t) is given as the solution of the variable coefficients ODE

V=0, (2.19)



2.2. The specific case of a boundary with sine motion

for which we are seeking a solution in C*°(R}). Since

wf2L2 _ wf2
()2 (1 + esin(wygt))?’

and esin(wgt) €] — 1, 1], we have the power series expansion

G SR+ 1) (esin(wrt)!
LOE o

= W} (1 — 2esin(wpt) + 0(62)) .

For € < 1, we consider the approximate solution W to the equation (2.19) based on the first-
order truncation of (2.20), i.e

OPW + wE (1 — 2esin(wet)) W = 0. (2.21)

Let us define the change of variable 7 := 7yt + 7 and the function W(r) := W(t). Then the
second-order derivative writes .
OPW = (my)20°W.

From (2.21), we deduce the Mathieu’s equation
W + (a — 2qcos(27))W = 0, (2.22)

with a = (QV’; )2 and ¢ = —ae. The solutions of (2.22) are given as linear combinations of Mathieu
functions of the first-kind [2]. According to Floquet’s theory [63], they can be written as ®(7) =
e'"Tp(7), with p a m-periodic function and p the associated Floquet’s exponent. Let us remark that
the function ®(—7) is also solution to the equation (2.22). Whenever ®(7) and ®(—7) are linearly
independent, the general solution writes [2] as

W(T) — z,u'r Z a-‘r 29T + efi,m' Zaj—ef%jﬂ-
JEZ JEZ
S TTRE A 229
¥l 9
JEZL

with a being the complex valued Fourier coefficients of p. Since W (7) is a periodic C*°(R})
functlon, ]ajc| has a fast decay when |j| — +oc.

As g = O(e), for sufficiently small perturbations €, we may expand « in terms of p and ¢ (cf.
[2], Ch. 20, p. 730)

2 ¢ q4 2 2
a=p"'+ —5—=+0| = | =p"+0(). (2.24)
2(p? —1) <u6>
Hence, at first-order in € one gets p ~ /a = 2”f , and for small values of ¢, we have the approxi-
mation e e
Z“ sl a;e—2Z(Q+J)77
JEZ
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Chapter 2. Omne dimensional wave scattering with moving obstacle

which yields, for 7 = 7wt + 7,
at 2im(vitive)t | j i3t —2im(ve+ive)t
~ Gt igr 2im (v Nim— Ty, —2im (Vv
W (t) ~ Z iate e +(=ifa;e e .
jez

: Tt
Combining (:ti)fajieiZ 2¢ with the space dependent component F(xq) of v, we define the coeffi-
cients {a;IE (x0)}jez such that, for each integer j, we have

N4+ Fio L
a;-t(xo) = (:I:Z)]a;-te e F(xg).
We formally obtain the following ansatz for small €

v (o, t) m > af (wg)e! IOl 4 7 (g )e Wil (2.25)
JEZ

Let us define, for fixed integers J; < 0 and Jy > 0 the finite sets of integers 7 = J~ U J+ and
frequencies Z = Z~ UZ™, where

j_:{]ez)_JQSJS_Jl}) \7+:{3627J1§]§J2}7 (226)

I = {_Vf +jyf}jej— ) It .= {Vf +jV£}jEJ+ . .
We denote by 7 the cardinal of the set J. Since |ajc(xo)| is fastly decaying for |j| — oo, (2.25)
justifies that the method that we develop (most particularly for small €) in the following is based
on the approximation w” of v,, by the finite sum

w (wo,t) := Y af (wo)e" I a7 (wg)e M)t (2.27)
JjeETT

where #7 = 247" coefficients a; (:130) have to be computed thanks to a coupled system of multi-
harmonic Helmholtz-type equatlons in the Fourier domain. The two integers J; and Jy must be
carefully chosen to include the significant contributions to the solution.

By construction of the Fourier series expansion, we have al = a; . For the sake of clarity, let

J
us set in the following a; := a . Thus, one gets

'I,UJ(.'EO, t) = Z aj (mo)ei(wf+jwé)t _|_ Z afj(xn)efi(Wf‘i’jwz)t
jeT ) jeT+ (2.28)
= wj (x07t) + wj (.’,Uo,t),

where the Fourier coefficients of w”~ are the complex conjugates of the Fourier coefficients of w *

Let us remark that the expression (2.18) of v also involves the functions v,,,. However, their
contribution to v is less significant than v,,. In the case where a part of the domain is open or
includes some absorption materials (see Section 2.5), they are even negligible. Finally, if € = 0, all
the above computations are exact and J; = Jo = 0.
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2.2. The specific case of a boundary with sine motion

2.2.2 Derivation of a multi-harmonic approximate system

Let us assume that the Leibniz integral rule holds for v. Then, assuming that the time Fourier
transform v of v is defined according to (2.12), (with the extension v = @ for ¢ < 0), one gets:
FOZ v(xo,t) = 82 0(x0,€), setting 0(wo,§) := Fo(wo,t).

Applying F to (2.15)-(2.17) gives

. 2
F (8%01/ (1 + esin(wyt)) 831))

2
C

1 2 2
=F <8§Ov — 2 ll + % + 2esin(wet) — % cos(2wgt)] 8?1))
o

2 2 9 2
(1 + 62> 50 + i6(57,,e — 51’() — EZ (52V€ + 52yé)] * [<ﬁ> ’/U\] — 07

Coo

=020+

where * is the convolution product. Denoting by 7, the translation operator such that 7,f(t) =
f(t —a), we obtain the following problem: find v : ¢ x R — R satisfying

N €2 . €2 27€ 2
6501) + (1 + 2) + i€ (T_y, — ) — 1 (120, + 721,4)] [() vl =0. (2.29)

Coo

In addition, for all £ € R, we have 9(L,&) =0, ©(0,£) = 0 if [£| # vg, v(0, ) = AZ and 9(0, —v) =
A
—4.

Let us now compute an approximation of the contribution v,, of the solution v to (2.29)
around v¢. From the ansatz (2.28), it is reasonable to look for an approximate solution @< (z, £)
of v, (0,&) as

_ Tt - _
@ =07 + 07 = Y byt Y GO (uetjue)s (2.30)
JETT JETT
which is a linear combination of Dirac distributions, centered around +v¢, spaced by the modulating
frequency vy, and with (unknown) spatial amplitudes {aj[} 7+- The fast decay of the coefficients
|la;| for |j| — +oco guarantees that the finite supports Z* of the tempered distributions @7 * are

disjoint. Hence, we can restrict our analysis to the contribution @ . Plugging the expansion of
@7 " (o, £) defined in (2.30) into (2.29) leads to

>

JjeJT

2
€
agoaj(sl/ﬂrjw +aj [(1 + 2) 6Vf+jl/e

+ie ((Wf Ouet (j—1)wp — (W_VE))Q 5Vf+(j+1>ue>

Coo Coo

2 [ rom(€ —2u)\ 2 27 (€ 4+ 2u)\ 2
_EZ ((M) 6l/f+(j+2)Vz + <M) 514—}-(;‘—2)14)]] =0.

Coo Coo
Then, after identifying the coefficients in front of the Dirac distributions one obtains

2 62

€ .
830613‘ + HJQ- (1 + 2> a; + 26(H§+1aj+1 — /i?_laj,l) — Z(K?_Qajfg + H?+2aj+2) =0, (2.31)
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Chapter 2. Omne dimensional wave scattering with moving obstacle

for j € JF, with k; := (wr + jws)/coo and for the boundary conditions ag(0) = 4, a;(0) = 0 for
J#0,a;(L) =0, and a;(zg) =0 for zg € Qo and j € Z\ J .

Equation (2.31) describes the coupling between the frequency components induced by the
boundary oscillations. As expected, taking e = 0 gives a system of uncoupled Helmholtz equations,
where the coefficients vanish for j # 0, and

Asin(ke(L — x))

ao(wo) = 20 sin(keL)

In Section 2.3, we numerically solve (2.31) by means of the finite element method. To this end,
we derive the following coupled weak formulation: find a; € HY 0o(Q0) :=={a; € HY(Q) | ao(0) =
277

2. a;(0) =0 for j # 0, a;(L) = 0} such that

_/ 6x0aj8xo¢da:0 + / [/{? (1 + €2> a; + ie(/-cj2~+1aj+1 — K?_laj,l)
o o (2.32)

_62(’f§—2aj—2 + “?+2aj+2)} pdro =0

holds for all test functions ¢ € Hjo(Q) and for j € J7, with aj(zg) = 0 for j € Z\ J.
Here, H™()y) designates the standard Sobolev space of solutions of finite energy on €y and
Hgo(Q) == {¢ € H' () | ¢(0) = 0 and ¢(L) = 0}. We then consider a regular covering Qo of
Qo using nq, finite elements of size h. All the notations are extended with an h subscript for the
discrete version of the domains as well as unknowns. We choose a linear element approximation
and denote by

~Jt _
Wy = Z ajah(sl’f'f'j’/[
jeg+

the solution of the discretization of the variational coupled system (2.32), with a;; belonging to
the (ng, — 1)-dimensional finite element subspace of H 0(Q0)-
237

2.2.3 The case of a larger amplitude boundary motion

The previous method has been specifically designed for the case of small amplitude motions, ac-
cording to the approximate equation (2.31). In this subsection, we focus on a more general case
as we transfer the exact equation (2.14) directly to the frequency domain. The range of validity of
this approach is explored with a numerical study in Section 2.3.

For € €]0, L[ and a linear transformation in z, multiplying (2.14) by ¢? yields

POfug + (z§? — 2 L) 02, ug — 2x0Ll Oygpuo + w0(207 — £0")Dyyuo = 0, (2.33)

with ug(0,t) = Asin(wst), ug(L,t) = 0 for t > 0, and ug(x,0) = 0, dug(zp,0) = 0, for xg € Q.
The same linear change of metric with harmonic deformation ¢ = L(1 + esin(wyt)) entails that

L*(1 + esin(wyt)) 207 ug + L (2§ (ewy cos(wet))? — )02, ug
—220L%(1 4 esin(wyt))ewy cos(wpt ) Oy tin

+20(2( Lewy cos(wet))? — L*(1 + esin(wpt) ) (—ew; sin(wpt)))zetio = 0.
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2.2. The specific case of a boundary with sine motion

After linearization, we obtain

2
2wyt 1 2wyt
<1 + % + 2esin(wgt) — EQCOS(;)Z)> Fug + (:U%gw%—m();(m ci) éﬁouo

in(2wpt
— 2xpewy (cos(wgt) + 68111(;}”) Ot U0
$06w%

T

(€(3 + cos(2wyt)) + 2 sin(wpt)) Opyup = 0. (2.34)

Let 1o (z0,&) := F(uo) (o, &) be the time Fourier transform of a solution ug of (2.34). The method-
ology presented in the previous subsection is now applied and the time Fourier transform of (2.34)
writes as

€ e?
[(1 + 2) oo — iE((swe - 5—we) - 1(520.% + 5—2w5)1 * [_(27[-5)2&0}

2.2 2.2, 2
rielw riew N
+ [(024_620> do + 04 4(52wz+5—2w2)] *8§0u0

1 ' ; ~
~2agcn | (B + 0) = o (o, = -0) | #2705, )

4

3e ) ~
—i—xoewg |: 50 + - (62w4 + 6 le) — 1(5%7 — 5_“,4)] * 8:5()”0 = 0,

2

which leads to

62 X 62 2~
<1 + 2) - Zf(ng - waz) - Z(TQW + T2wz)] [(2775) uo}

_l’_

292 9 2 2
TRetw x2e2w?
0€ Wy 2 0€ Wy 2 ~
(2 — coo> + 1 (Tow, + Tgwe)‘| 0y, Uo

1€

06t |y + 7o) — 3 (o = 2,)| (276010
T 60() . ~
+ 02 L [3 + 2(724% + Tow,) — U(Tw, — Tw)] Oro U0 = 0,

We assume that ug admits a decomposition of the form (2.18) (see also Figure 2.2). Let us now
focus on the component g ,, of %y and search for an approximation wgen of Ug,, for £ € T, in
the form of the ansatz (2.30) with coefficients a; gen. Now let us define the adimensional time scale
factor w = wy/ws. After identifying the coefficients in front of the Dirac distributions, we divide
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by wf2 and obtain

2 2,2 2.2 2

€ . 3ro€e‘w ThE“W 1
Qj,gen 1+ — (1 + ]w)Z - a:Boaj,gen - a;%Oaj,gen = -3

2 2 2 K

i€ |11 gon(1 +w(j +1))2 = aj-1,gen(1 +w(j — 1))?

1 1
+xow (amoaj+1,gen (1 +w (] + 2)) + 8x0aj—1,gen (1 +w (j — 2>)>:|

[a)-2en(1 + @i = 2))? + @12 gen(1 + w(j +2))°

5 5
_Qwa <a:c0aj—2,gen (1 + w (j - 2)) - 8xoaj+2,gen (1 + w <J + 2)))

2 2,02 2
+zgw (8w0aj_2,gen + 8w0aj+2’gen)} =0.

€2

4

Defining w; = 1 + jw, this leads to the following coupled system of equations:

9 <1 n 62> 3x062w26 <x(2)62w2 1 ) P
w3 — | @jgen — ——=—0pyGigen — - = a;
j j,gen o @j,gen 3 | Ozozo®j,gen
2 2 2 K§
+ie w2 a; —w? a; + zow (W, 104, a; 4w, 104,05
j+1%j+1,gen j—1%j—1,gen 0 j+1 Yzodj+1,gen j—4@eotj—1,gen
(2.35)

62

2 2
7 [Wj—2aj—2,gen + Wjt2j+2,gen — 2Tow (Wj—gafcoaj—2,gen - Wj+gaxoaj+2,gen>

+$(2)w2(alowoaj*27gen + 6360960aj+27g6n)} =0
for j € J*, with the same boundary conditions as for system (2.31).

Remark 1. From (2.35), different asymptotics could be analyzed, based on the dimensionless
coefficients €, w, or even ew. In particular, the additional terms of (2.35) with respect to the small
amplitude case (2.31) are factors of w. Hence for high values of the emitted frequency vg, we have
w < 1 and the difference between the models for large and small € is negligible.

As previously, in order to solve (2.35) numerically by means of the finite element method, we
consider the associated weak formulation, which writes: find a;gen € HY O(Qo) such that
277
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2.2. The specific case of a boundary with sine motion

2,.2,.2 2 2

€E“w 1 €“Tow

/ 0 3 axoaj,genaxogb + (azoaj+2,gen + azoan72,gen) 8:1:0¢ dxg
Qo 2 Kj 4

€EToW .
— /Q 5 [ew@xoaj,gengb — 21 (ijr%aanjH,gen + wjféamoaj,lygea qb
0

+e (wj+gaa:oaj+2,gen - wj_g@coaj—zgen) ¢} dig (2.36)

2
2 € . 2 2
4’/Q [Wj (1 + 2) Ujgen® + 1€ (Wj+1aj+1,gen - ijlaj—lygen> ¢
0

62

2 2
s (Wj+2aj+2,gen + wjf2aj—27gen> 4 dxo =0

holds for all test functions ¢ € H&’O(Qo) and j € JT. We then use the same covering Qo of Qg
et

Before proceeding to extensive numerical tests that will illustrate our approach, we report in
Figure 2.2 the amplitude spectrum of the numerical solution g of (2.33) at a fixed space point
xzo = 0.5 (L = 1), without moving boundary (e = 0, in red, where (2.33) is equivalent to (2.1) and
U = Up) and with moving boundary (e = 0.1, in blue). Concretely, the solution g is computed
by solving (2.33) numerically (with a second-order finite difference scheme in time and linear finite
elements in space), leading to ug p,, and then applying the FFT. The physical parameters are A = 1,
Coo = 300, vy = 360 and vy = 2. The frequencies of the eigenmodes U, are vy, = Mmcs/2 and
correspond to the peaks of the red curve. For € = 0, we observe that i) there is a main contribution
for vy = 360 associated to g, and ii) we have some uniformly distributed contributions g,
This is in line with what is stated in Proposition 2.1. In the case of the oscillating boundary
(e = 0.1), we see again some contributions related to v and v, but with some additional new
excited modes, localized around these frequencies and spaced by vy.

and denote by w the solution of the discretization of the variational coupled system (2.36).

Because of the modulation induced by the periodic deformation of the target, it becomes very
interesting to also have a time/frequency representation of the reference field ug p, i.e. its STFT.
As mentioned in Chapter 1, this transform allows to identify the frequency and phase contents
of local sections of the scattered signal as it changes over time, and then infer knowledge about
the target deformation: its micro-Doppler signature. We report in Figure 2.3a the STFT of ug p,
with the same physical settings. The obtained spectrogram is naturally to be linked with Figure
2.2 since it brings a complementary representation of the same structure. Indeed, the horizontal
curves correspond respectively to the frequencies vy, of the eigenmodes g ,,, spaced by vy, as well
as to the frequency vf of the forced mode. We note the rapid decay of the amplitude of these
modes as moving away from +v¢. Some of these modes (here about one over two) are of very
low amplitudes (see Figure 2.2) and we do not distinguish them. To zoom on these modes, we
represent the logarithm of this spectrogram in Figure 2.3c. The spectrogram translates at each
time the frequency component of the signal. Hence, we can identify here the sinusoidal motion of
the target thanks to its micro-Doppler signature given by the vy-periodic oscillation of the curves
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Figure 2.2: Frequency spectrum |up ,(0.5,€)| without (¢ = 0, in red) and with boundary motion

(e = 0.1, in blue). This illustrates both the assumption on the decomposition (2.18) of v and the
ansatz (2.30).

corresponding to the different modes. Especially, we identify in Figure 2.3a the value vy = 2. The
amplitudes of these oscillations are directly related to the bandwidths of the modulations of the
corresponding modes, and mainly depend on the value of € as illustrated in Figure 2.6. Since the
frequency shift depends on the velocity of the motion, the phase shift of /2 observable at ¢t = 0
(see zoom of Figure 2.3c) is well in agreement with the initial condition (2.4). Indeed, the target
is parameterized by a sine motion which means that ¢ increases from ¢ = 0 to 1/(4ry) = 1/8 (i.e.
the target moves away from the source). This results in a negative Doppler frequency. When
t = 1/(4vy), the velocity of the motion vanishes, as well as the Doppler frequency, which implies
that the STFT curves cross their equilibrium positions. For t € [1/(4vy),3/(4vy)], the target is
getting closer and the Doppler frequency is positive. In particular, from 1/(4vy) to 1/(2vy), the
target is accelerating and the Doppler frequency is increasing, whereas from 1/(2vy) to 3/(2vy) it
decelerates and the Doppler frequency is decreasing, and so forth.

Let us recall that the contributions ug,,,, m € N, are not significant in practice since usually
the domain involves some open boundary parts and some dissipation effects. Here, since we have a
Dirichlet boundary condition, we assume that ¢ is not close to an eigenfrequency v,,. Therefore,
the restriction of Uy to Z denoted by ﬁﬁ 5 s expected to provide a relatively accurate approxi-
mation of ug,,. To motivate this claim, we first report on Figure 2.3b the STFT of the restriction
U%,h of g p, following the same methodology. As expected, this representation only contains the
contribution from the forced mode which also appears in Figure 2.3a, showing the same periodicity
and amplitudes. Accordingly to the thick bandwidth around v¢ in Figure 2.2, the amplitude of the
oscillation in the spectrogram is smaller than the frequency resolution. We also report on Figure
2.4a the comparison between ugj; and uah (defined as the inverse Fourier transform of ﬁoj p) at
xg = 0.5, computed by means of iFFT. We observe that the phases of the two functions are in
agreement and the envelope of the signal is well reproduced, with same frequency vy = 2. The
difference between the signals is a consequence of the boundary movement.

Now, we introduce a second approximation which consists in validating the computation of ﬂ%

by the approximation ngen. Concretely, wgsn is evaluated using (2.28) after numerically solving
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Figure 2.3: Spectrograms [STFT(ug 1 (0.5,1))|, |STFT(u§)h(O.5,t))\ and log(|STFT (ug,,(0.5,1))]) for
t €]0,1.2[ and £ € [—1500, 1500]. The physical parameters are vy = 360, vy = 2, ¢oo = 300 and € = 0.1.
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ven,n(0-5,2))]. The physical parameters
are vy = 360, vy = 2, cso = 300 and € = 0.1.

(2.36). To this end, we report in Fig. 2.4b the absolute error |u%7h(0.5,t) - wgenyh(0.5,t)| for the
same configuration. We observe a good agreement between the solutions, which confirms that
the expected ansatz (2.30) is valid for ngen. For completeness, we also report in Figure 2.5 the
absolute difference |STFT(ug’h(O.5,t)) = STFT(wgemh(O.E),t))]. This confirms the validity of our
second approximation.

The values of J; and Js that define the interval J can be justified a posteriori by energy or
numerical criteria but their a priori determination remains an open question. However, we discuss
in Chapter 3 a first approach to answer it. In the case of a general boundary motion, the choice
of J; and Js is also related to the frequency of the input signal and the perturbation amplitude
€. Indeed, we observe that the coefficients \afgen\ decay slower for increasing |j| as € gets larger.
Consequently, the values of —J; and Js used to truncate (2.35) have to be increased, as expected.
We illustrate this property in Figure 2.6 where we report the amplitude of @, (0.5, &) computed by
the brute force method, for vy = 3250 and ¢, = 1280. The values of € vary from 0.01 to 0.1.

Jt J . . .
sen,h gen’h) provides an accurate approximation of
j+

Up,p in the fixed domain €y. Then, recovering the real field over €); requires to transpose zﬁgen L
to the time domain, which is straightforward using (2.28). Finally, it remains to apply the reverse
change of variable given by

The computation of W (and by extension of w

xL
M.

In Chapter 3, we extend the definition of the change of metric in order to shortcut this step and

g =
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Figure 2.6: Increasing the amplitude € of the sinusoidal perturbation (2.15) leads to the excitation of
a larger frequency band in the solution |ug (0.5, €)], with vy = 3250, ¢ = 1280, and vy = 1.

immediately provide the real domain solution over a predefined area of the moving domain €.

2.3 Numerical implementation of the method

In the following, the amplitude of emission is set to A = 1, and the values of J; and J; (and thus
the definition of J and Z, see (2.26)) are a priori selected relatively to the reference solution g
by the criterion

max [t ( vt + jve) oo, < 1077 % [l n (- v0) loe.0, (2.37)
JEINT ’ ’

in such a way that $77 is minimized. This assumption ensures that ﬁ%}: is restricted to the

significant components of % ., , around vf, with a normalized amplitude less than 103, Here, we
set HfHOO,QO,h = MaXgzoeQ p, ’f(%o)’

2.3.1 Convergence of the frequency-domain solution @ge;h

The computational cost of the proposed frequency domain method depends on the size 7 of the
system that we have to solve and on the number of finite elements ng, = L/h. The corresponding
algorithm requires the solution of a linear system with a sparse block pentadiagonal matrix of size
na,fJ T, with tridiagonal blocks. On the other hand the brute force method used to compute the
reference solution ﬁgz is based on the resolution of (2.33) with a P! finite element method in space
and a second-order Crank-Nicolson time scheme which requires the solution of n; tridiagonal linear
systems of size ng,. This is followed by the computation of ng, FFTs of size n;, and the truncation
of To,u to 3 ),-

J+

sen,h and

In order to assess the accuracy of the method, we compare the numerical solutions w

ﬁgz in different physical settings. To this end, we first define the pointwise error between the
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of the spatial domain without boundary motion.

. T+ 7+
Fourier spectra |Ug,h‘ and \wgemh]

~Tt ~TJt

~T+ ~ Tt
11 1 (0, )| = | @, (0, 1,2+
err(u07h,wgen7h,$0) =

~Tt
Hu%,h(x(% ')H17I+

(2.38)

where ||f||171+ = Zggz+ |f(&)].

Thanks to the non-homogeneous left boundary condition for the space-time problem (2.14),

the denominator ||17%’J,;(z0, -)Hl’fr of (2.38) never vanishes for zy € Qg j,. Next, we define the overall
error on the computational domain as

~It ~

Err(AI+ AJ+ >:: Z [9) err(u07h7nge:;7h7$0)dwo' (239)
0,h

Uo,h> wgen,h

. T+ g . . .
Figure 2.7a reports Err(ugz,wgen ,) With respect to the increasing source frequency vy, for

different values of h. The time-domain solution ﬂ%; was computed on the same spatial grid
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as @7, with time discretization parameters adapted to reach the numerical convergence. In

gen,h’
complement, we show in Figure 2.7b the size of J T used to evaluate @ge:; p VS. Vg, with coe = 300,
vp=1and e =0.1.

We observe that @ge;h provides a more accurate approximation of ﬁgz when the source fre-
quency v¢ is not close to an eigenfrequency vy, of the system. Otherwise, the nearest eigenmode
Uo,u,, shares components of non negligible amplitude with % ,,, which makes the error increase.
This sketches validity regions for the presented method, which correspond to the assumptions
made in Section 2.2.3. Moreover, Figure 2.7b illustrates that 7 might stay relatively small on
some regions of £ between the eigenfrequencies. In fact, the explicit determination of these precise
regions is related to the a priori determination of 7 and remains an open question.

However, it is very interesting to notice that, for particular values of the ratio k¢ = 271 /¢, the
minimal size 7 can remain small even for very large values of ;. For example, Figure 2.8 reports
the spectrum ]@ge::h| for v = 3.2 x 10?2 and co = 3 x 108, i.e. for a realistic radar application. In
this case, 11 frequency components suffice for an accurate calculation of the solution.

~ Tt
‘ gcn hl 0.7

| 0.6
!

0.5~

£

Figure 2.8: Evaluation of | Wy, h| for a high frequency source, with vy = 3.2 x 10° and co. = 3 x 102,
The number of bumps along the space variable directly depends on the value of the wavenumber
Kt = 2TV /Coo. We use #7T = 11, e = 0.01, vy = 1 and h = 0.001.

2.3.2 Influence of the number of frequency components 7"

Similarly to (2.39), we report on Figure 2.9a the error Err(uO By W gen h) for different sizes J;" of
the test interval J;". The reference interval J7 is fixed with cardinal #7+ = 111. In addition,
. . ,\7-&-
Figure 2.9b gives the error between w sen
Coo = 300, v =500, vp =1 and e = 0.1.
The fast decay of the error is in accordance with the notion of minimal truncation interval §J +,

+
and Err(ugz, @h ) settles down about 3.5 x 1073 for 7;" > 111. In particular, for £7;" > 111,

+
5, and @ggn , for #J;" > 111. The parameters are h = 0.01,

gen,h
the triangular inequality entails that
~Tt T T+ _ T, 3 T,
Err (g ,, Wy, ) < Err(uoﬁ, sen, h) + Err(w genh’wgeln,h) ~ 3.5 x 107 + Err(w genh’wgeln,h>’

38



2.3. Numerical implementation of the method

o 0 /—'E 1 X 10_12
10" Y= - I > !
- e - P
h" 5] ot S @ 0.8 %
& ') (3 i
<10 2 3060 1% 4
S £ LE T
(3 ! Sw 04 u \
= 107 " ) LY
5 ‘és'a&-————o ——————— ) £ 02 ! Yoot Gh_n*""n@
- . P -
i 62 7 =111
1073 ‘ : : : 0 : ) ‘ ‘
0 50 100 150 200 100 120 140 160 180 200
+
uj1+ ﬁjl
gt T P
(a‘) Err(uoj,h ?wgeln,h) VS. uler (b) Err(ngen,h7wgeln,h) VS. lijl+

+ +
Figure 2.9: Left: error Err(ﬂg’;,f&gelmh) depending on #J;". Right: Err(@gje;h,@gelmh) depending on
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Coo = 300, vy =500, vp =1 and € = 0.1.

and, as we observe in F igure+2.9b, this stabilization is of average amplitude 1073, This illustrates
the fast convergence of @gjen,h with respect to the parameter §7%. This result opens up the
possibility to obtain a relevant estimation of J T, using iteratively the algorithm which computes

AJ+
wgen,h’

2.3.3 Validity of the small-amplitude approximation @,{ i

To justify the range of validity of the proposed approximate solution @ +, let us compare \@;17 +\
to \@gje;h . In order to define J* for each physical configuration {c,vt, vy, €}, we again use the

criterion (2.37). Now, similarly to (2.39), we consider the error

AJJr ,\J+ o 1 ,\j+ ,\j+
Err(wgenvh,wh ) = /o err(wgemh,wh , o) dxo.
0,h

In Figure 2.10, we report the error for increasing values of € ranging from 0 to 0.2 and for vy in
[0,4]. The other parameters are fixed to v = 360 and co, = 300. The spatial discretization step is
h =0.01.

As expected, increasing the boundary motion amplitude € and the frequency v, increases the
relative difference between the two methods. Indeed, the dropped terms in (2.17) are becoming
non negligible for relatively high magnitudes of €, which leads to define a region of validity of the
approximation @Y " around small values of e. In particular, the choice of € = 0.1 (1/10 of the size
of the domain L = 1) ensures a relative difference of 10~3 between @,‘17 " and zﬁgjez’h.

In the following section, we provide a generalisation of the frequency domain method to more
complicated boundary motions, while maintaining ¢ < 1. This assumption, in accordance to the
previous discussion and Figure 2.10, allows us to focus on developing the approximate numerical
method @7 " for small e.
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2.4 Scattering with general boundary motions

We introduce a generalisation of the previous approach to a motion ¢(¢) which has no a priori
explicit expression. Let us denote by wug(x,t) the solution of (2.14). We assume that the velocity
of the motion of the boundary is much smaller than the phase speed of the emitted waves. In
addition, we limit the study to the case where, for fixed ¢, the change of variables Q(¢) to g is
linear in spatial coordinates. The motion ¢ is expected to be a C*°(R) periodic time-dependent
function taking its values in the interval [L — eL, L + €L]. Let us denote by vy the frequency of the
motion.

Because ¢ never vanishes, Wiener 1/ f theorem [76] for Fourier series entails that the application
xo : (z,t) = x0(x,t) can be expanded as a time Fourier series around 4. Then, by linearity of x in
ro and due to the form of ¢, such an expansion also holds for (9,7¢)? and the corresponding time
Fourier transform thus writes

F (0:20)> =Y b, (2.40)

neL

for some complex-valued coefficients ¢,. Since £ is not necessarily explicitly given, the computation
of the coefficients ¢,, of £ is based on the FFT in the time domain. Thanks to the linear of change
of variable in x, the coefficients are constant in the spatial domain. Let us also notice that if the
boundary motion is not periodic, the formulation of the Fourier transform is not a Dirac comb,
which leads to a non-discrete system of equations. If it is almost-periodic in the sense of BOHR
[11], a Fourier-type transform exists in the form -, 5 ¢,dy,, with ¢, € C and A, € R. However,
this expansion is based on the parameters A, which are not necessarily multiples of A\g. We do not
treat these cases here.

We now consider (2.16), which approximates (2.14) in the case of small amplitude perturbations,
but with a general motion ¢. The application of the Fourier transform on (2.16) yields

242
T S £S abny + 02,0 =0, (2.41)
nez

2
Co
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with the boundary conditions ©(0, &) = 0 if [¢| # vg, 5(0, £v¢) = £41, and 9(L, &) = 0 for all £ € R.
Since the boundary conditions are homogeneous with a harmonic source term, we assume that v
admits a non-trivial expansion of the form (2.18). Then the arguments presented in Section 2.2
justify that we keep our focus on the component v,,,.

In the numerical simulations, the Fourier expansion (2.40) is truncated to (2N + 1) terms.
Indeed, since £ is C*°(R) and never vanishes, the Fourier coefficients ¢,, are fastly decaying. We can
therefore assume that the infinite sum (2.40) can be suitably truncated at order N as SN .6,

leading to the following approximate equation

47‘(‘2 2
5 o Z e, + 02,0 = 0, (2.42)

Moreover, since £ is periodic with fundamental frequency vy, it is reasonable to search for an
approximate solution w I of 3, Uy, under the form of the formal ansatz (2.30). Then, plugging the
series expansion of W w,/f and (2.40) truncated at order N into (2.41), and identifying the coefficients
in front of the Dirac distributions leads to the following system of equations

N
/e?aj + Z cnﬁgoaj,n =0, jeJT, (2.43)
n=—N

where J; and Jy have to be adequately chosen and x; = (wf + jwy)/coo. We have the boundary
conditions: ap(0) = %, a;j(0) =0 for j #0, aj(L) =0 and aj(xg) =0for j € Z\ JT.
As previously, to solve (2.43) by the finite element method, we use the weak formulation: find

aj € HY O(Qo) such that, for all j € JT,
277

N
HJQ/Q aj¢>dxo— cn/ O @j—nOrypdro = 0, (2.44)
0 =N

n=
holds for all test functions ¢ € H&O (Q). The same covering € p, of Qg is used. The notation @,‘Z "
designates the solution of the discrete weak coupled system (2.44).
The case of a sine motion is already investigated in the previous sections. Let us consider the
following square waves signal £y, that involves N, modes

Ny .
B €T = sin((2k + 1)wyt)
W”—L(lwz 211 )

k=0

For the numerical simulations, the interval J* is computed by using the previous criterion
(2.37). For different values of € € [0.01,0.1], we report in Figure 2.11a the minimal cardinal $7*
as a function of the number Ny of modes in ¢y,. We keep the usual settings A = 1, ¢ = 300,
ve = 360, vp = 1 and h = 0.01. It is known that £y, is smooth for finite values of Ny and converges
to the square shaped signal ¢ (t) = L + 4 sign(sin(¢)) when Ny — 400. As expected the minimal
cardinal 77" of the system (2.44) increases with both N, and €. The error Err(u0 1 0 ) between

the solution w,{ and the reference u& , is reported in Figure 2.11b for the same values of boundary
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Figure 2.11: Left: 7% vs. N,. Right: error Err(ﬂg;,ﬂ)\hjw vs. Ny. The parameters are: A = 1,
Coo = 300, vy = 360, and v, = 1.

motion amplitudes as in Figure 2.11a. The multi-harmonic formulation exhibits stable convergence
w.r.t. the number of boundary modes, the error level being simply related to the small amplitude
approximation used to compute @;Z i

To illustrate the generalisation to arbitrary perturbations, let us also consider the perturbation

signal f%@ of order Ny, which corresponds to the sawtooth waves signal

Ny .

2 kwgt

G=rn(1+%% (_1)ksm<kw)
T k=1

We report in Figure 2.12a the amplitude ]@;17 +] for the modulating signal /5, where we take 7 =
31, and in Figure 2.12b the spectrum of the field for ¢ with §7 7 = 43. The perturbation amplitude
is set to € = 0.05, and we fix A = 0.001.

The sawtooth signal is closer to a realistic breathing pattern in which inspiration is not neces-
sarily symmetrical to expiration. These two cartographies highlight the complex frequency modu-
lations arising from general perturbations.

2.5 Formal extension to higher dimensions

We now introduce a first natural extension of the approach developed for (2.1) to the space-time
dimension d + 1 (i.e. d in space and 1 in time). To this end, we assume that a wave is emitted
by a source °, with boundary T'® = 99, and is scattered by an obstacle Q°Pst(t) = Q9Ps* with
smooth boundary T'(t) = Ty := 90 moving with frequency v, around an equilibrium position
'y = I'(0). We then define the d-dimensional domain of propagation, denoted by Q$X* = Qt(¢),
as the exterior domain with boundaries I' and I'; where I N T} = () for all £ > 0.

We remind the position vector x := (z1, ...,xd)T € Q%% and the associated Laplace operator
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Figure 2.12: Evaluation of \@;Z +\ in Qg 5, for the square shaped modulation signal in top, and for the

sawtooth signal in bottom. The parameters are: co, = 300, vy = 360, € = 0.05, vy, = 1 and h = 0.001.
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Ay = (Vx)?. Then, we obtain the extension of (2.1) as
O*u — 2 Axu =0 (2.45)

with unknown total wave field u(x,t), for x € Q" and ¢t € Rf. The field is given on I'® by
u(x,t)|ps = Asin(wet). Since Q°*(t) is unbounded, the system does not have any eigenmodes and
the energy of the system is concentrated around the source frequency v¢. The initial conditions
are u(x,0) = 0 and dyu(x,0) = 0.

We first map Q9** to a fixed domain Q§* = Q®**(¢ = 0) with fixed boundaries I'§ = I'* and
I’y =T(0), by the change of space variable

X : (X,t) — XQ(X, t) = ($01, ...,:Eod)T,

such that xo(T',t) = Ty and xo(I'*,t) = I§. Then we set: u(x,t) = ugp(xo,t) for t € Rf. For
Xo = (To1, -y Toa, t) T € QFF x R, let us define the gradient operators Vix, := (Ozgys -+ Ougyr Ot)
and Vyx, 1= (Ozgyy -+ 810d)T. Then, we have dyu = 0(up) = 9 Xo - Vx,ug, and

8t2u = 8?X0 . VXOU() + 0: Xy - 8t(VXOUO)
= 8t2X() - Vx,uo + 0 X - onat(u()) (2.46)
= 3152X0 . VXOUO + (8tX0 . VX0)2UO.

Let us define the time dependent spatial Jacobian matrix of (x,t) = xo(x,t) as J; := [0z, %0i]; je(1,...d}»
and set V := Vy, for conciseness. Then, since V¢t = 0, the spatial gradient and divergence write
Vx=1J tTV. It directly follows that:

Axu = Vy-Vxu
= Vi (JfVup)

= (Ve 35)Vuo + (3TV)2u0 (2:47)
= (Vx - JH)Vug+ V- J: I Vo,
Hence, substituting (2.46) and (2.47) into (2.45) leads to the equation
92X - Vxyuo + (0 X0 - Vx,)2ug — [(VE INWVug + V- JtJtTvuo} = 0. (2.48)

As previously, if we choose xg;, i = 1,...,d of first-order in z; we get Vy - JI = 0.

Remark 2. The change of metric acts over the whole domain €. Hence if it is chosen linear,
and unless considering particular symmetry or coordinate systems (see the vibrating disk in polar
coordinates detailed in Section 3.2.2), the change of metric may not be compatible with keeping the
contour I'S fixed with respect to the time coordinate. To address this issue, we choose in practice I'S
sufficiently small and consider it fized, i.e. I'> = I'y. More general changes of metric are introduced
in Chapter 8, in order to extend the method to complexr geometries.

If the amplitude of the movement is small and bounded by a small perturbation €, we can
neglect the O(e) terms and the function 02w in (2.46) reduces to 9?ug. This leads to the following
approximate equation for small amplitude boundary movements

v — AV -3 I} Vo =0, (2.49)
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2.5. Formal extension to higher dimensions

which generalises (2.16). In addition, we keep the previous homogeneous boundary condition on
Iy, the non-homogeneous boundary condition on I'; i.e. v(xg,t)|rs = Asin(wst), and the initial
conditions v(x0,0) = 0 and dyv(xp,0) = 0. In practice, after discretization, we can choose a
piecewise linear change of variable x(, defined on the same mesh as the finite element solution,
which makes J; only time dependent on each finite element.

The Fourier transform in time of (2.49) gives

A% + AV - (F(3JI)) « Vo) = 0. (2.50)

Following (2.43), we consider the truncated Fourier series expansion of J;J}

N

n=—N

where C,, are some d X d complex-valued symmetric matrices. Proceeding as in Section 2.2.2,
we obtain from (2.50) the following system of coupled Helmholtz-type equations in terms of the
complex Fourier coefficients aj, for j € JT,

N
Kia;+ V- Y CpVa;_p, =0, (2.52)
n=—N

with k; = (wf + jwe)/co and a;(zo) = 0 for j € Z\ J*. The boundary condition on I'* can be

written as ad (xo) = % and aj(xo) = 0 for 7 # 0. We apply the homogeneous Dirichlet boundary

condition a;'(xo) =0onIlgforjeJ™ .

To apply later a numerical method, e.g. the finite element method, we need to bound the
exterior domain Q§**. To this end, we introduce a fictitious boundary ¥ that delimits a finite
computational domain € of Q8** with boundaries 3, I'® and T';. On this contour, we simply apply

the Sommerfeld absorbing boundary condition

Ot + CooOnu = 0, (2.53)

with the normal derivative Opu := n - Vxu, where n designates the exterior unit normal vector to
Q. We now introduce a fictitious boundary ¥ that delimits a finite computational domain €; with
boundaries X, T and T';. The deformation field xy then maps €; to the fixed domain Qg = Q(0)
with boundaries ¥, I'j = I'® and I'g, and implies that the corresponding unit normal vector ng
to ¥ satisfies: JTng = n. Hence, considering the assumptions that lead to derive (2.49), we have
the following equivalent absorbing boundary condition on X

v + coong - JITVY = 0. (2.54)
The time Fourier transform of (2.54) leads to

285 4 ng - F(IIT) % V5 = 0. (2.55)

Coo
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Chapter 2. Omne dimensional wave scattering with moving obstacle

Plugging the Fourier series expansion (2.51) of JJT(¢) into (2.55), we obtain the following system
of absorbing boundary conditions in terms of the complex Fourier coefficients a;, associated with
each single Helmholtz equation, for j € J:

N
ikja;+mng- > CpVaj_p =0, (2.56)
n=—N

with k; = (wr + jwy)/ceo and with a;(zg) =0for j € Z\ JT.

Remark 3. We observe that ¥ may also be deformed by the change of variable. Indeed, if 3 is
chosen as the rectangular boundary depicted in Figure 3.1, a periodic translation of the obstacle
boundary I'y shortens periodically the contour of 3. This property appears in the coupled formula-
tion (2.56) of the absorbing boundary condition.

We now derive the weak formulation of (2.52): find a; € HY 0o(Q0) = {q; € HY(Qo) | ao(x0) =
247
2%. and a;(x9) =0, j #0, on I, and a;(x¢) = 0 on '} with a;(z) =0 for j € Z\ J* such that

N N
W2 / a; 60 — / (Z Cnvajn) Vadd+ Y / no - (CuVaj_n)ddSe = 0. (2.57)
Qo Qo \p——nN n——n "o

The boundary term in (2.57) is then replaced by the condition (2.56), leading to the following
equation

N
K / a;¢dQo — / ( > CnVaj_n> Vo ®dQ — ik; / ajpdSy =0, (2.58)
Qo Qo \ ,—_N Yo

for all ¢ € Hj () :={¢ € H'(Q) | ¢ =0 on I UT}, where this definition of Hg is a general-
isation of the previous one in Section 2.2.2. We consider )y ;, as a covering of {1y consisting of nq,
triangular finite elements. For j € J*, we denote by a; the linear finite element approximation
of a.

We numerically illustrate the approach in the following two-dimensional (d = 2) model problem
depicted in Figure 2.13.

Figure 2.13: Example of a two-dimensional domain ; with source boundary I's and moving scatterer
boundary T'(t).

The initial domain is the rectangle | — 1/3,4(t)[x] — 1/2,1/2[. The right side I'; of the rect-
angle moves according to the sine motion ¢(t) = 1 + esin(2wvet). This first two-dimensional
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Figure 2.14: Spectrogram |[STFT(wi(xo,t)| for xo = (0.5,0.5)T, ¢ €]0,3[ and ¢ € [320,400]. The
physical parameters are vy = 360, vy = 1, coo = 300 and € = 0.1

configuration is a straightforward extension of the one-dimensional problem, through longitudinal
axial symmetry, and does not require further theoretical foundations. Of course, the treatment
of more complex geometries needs the development of more sophisticated numerical approaches,
as investigated in Chapters 3 and 4. We consider absorbing boundary conditions on the three
remaining sides and a source Q° centered at {0} and modeled by a small extruded disk of bound-
ary I'. The change of variable constitutes an extension of the one-dimensional case (see Section
2.1.3), i.e. xo(x,t) = (z1/(t),r2)T. The discretized domain € is a triangular mesh that con-
sists of ng, = 640 elements. As a comparison with the one-dimensional case (see Section 2.2.3),
we plot in Figure 2.14 the spectrogram of wf(xo,t) at xo = (0.5,0.5)T, for the configuration
(vf, Vg, Cooy €) = (360, 1,300,0.1), t €]0,3[ and A = 1. For clarity, the window has been centered
around vf. Let us remark the absence of eigenmodes, as well as a significant modulation of the
forced mode of frequency v¢. The corresponding micro-Doppler signature allows us to identify the
oscillation of the deformed boundary with a period 1/vy = 1.

This observation provides a first answer in dimension two to the initial problem presented in
Section 1.1.1, namely the detection and identification of a motion associated with a breath from a
fixed receiver.

For completeness we report in the Figures 2.15, 2.16 and 2.17 the amplitude of the four modes

~ Tt . -
lao,n(%0)|, |a1,n(x0)|, |lazn(x0)| and |asp(xo)| of Wy (xg), for the configurations (vf, vy, coo,€) =
(360, 1, 300,0), (360,1,300,0.2) and (3600, 1,300,0.02), respectively. As expected, in the case
without perturbation, i.e. € = 0 (see Figure 2.15), only the mode |ag 4 (x0)| does not vanish, since
there is no frequency modulation of the scattered wave.
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Figure 2.15: Four components |a; 5(x0)| for j = 0,1,2,3 of @g+ (xg), for the physical parameters
v = 360, vy = 1, coo = 300 and € = 0. This case corresponds to the standard wave propagation in a
fixed domain, without frequency modulation.
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Figure 2.16: Four components |a; ;(x0)| for j = 0,1,2,3 of @;Lﬁ (xq), for the physical parameters
ve = 360, vp = 1, oo = 300 and € = 0.2.
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Figure 2.17: Four components |a;x(xXo)| for j = 0,1,2,3 of @;f (x), for the physical parameters
vr = 3600, vy = 1, ¢ = 300 and € = 0.02.

Contrary to the one-dimensional case, and since we compute the propagation of circular waves
on a plane around the source I'*, the amplitudes |a;;(x0)| of the modes of the field decay like
1/|xo — Q%] as |xg — Q°| — oo. Moreover, in Figures 2.16 and 2.17, |a;x(x0)| decreases as |j|
increases, which is in line with the fast decay of the coefficients studied in Section 2.2.1. We also
observe that, in accordance with the one-dimensional case, the spatial frequency of the solution
lajn(x0)| increases with the wave number £;.

2.6 Conclusion

In this chapter, we presented a new numerical method for solving the one dimensional scattering
problem of scalar waves by a moving obstacle with general movement. The method is based on a
change of variable which makes the moving domain fixed, and a multi-harmonic expansion of an
approximate wave field. This results in the numerical solution of coupled systems of Helmholtz-type
equations where optimized algorithms can be developed in the frequency domain. A preliminary
numerical study is presented to confirm that the approach is accurate and efficient in the application
domain of interest.

In the next chapter, we extend the previous methodology to tackle higher dimensional complex
problems, in view of industrial implementations related to radar applications.
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3.1. Problem statement and notations

3.1 Problem statement and notations

Let us keep the previous notations, where ¢ > 0 is the time variable and x := (z1,...,24)" a
point of R? (d = 2,3). We again assume that a wave is emitted at a source with localized fixed
finite support Q% C R? of boundary T'®, and is scattered by a bounded obstacle with C* (s > 2)
boundary 8Q§b5t smoothly deformed around an equilibrium position I'g, oscillating at a period
Ty = 1/v, for a frequency vy. Let us remark here that some of the stated results do not need the
periodicity condition of the deformation. The d-dimensional homogeneous domain of propagation
Q& is bounded by I' U T}, where we assume that T N T; = () for all ¢ > 0. As previously, we
consider the unknown total wave field u := u(x,t) as the solution to the scalar wave equation

O*u — 2 Au =0, (3.1)

for (x,t) € Q' x R (setting R} := {¢t > 0}). The extension to space-dependent wave speeds
will be considered later, at the discrete level. To stay general and according to the physical initial
settings introduced in Section 2.5, we impose a Ti-periodic time-dependent complex source term
supported on I'S, i.e. u(x,t)|rs = Ae?rt) with real-valued amplitude A > 0, periodicity Tt = 1/v¢
for a frequency v¢, and angular frequency wy := 2wve > 0. We recall that v¢ is supposed in practice
to be very large compared to v. In what follows, we keep the homogeneous Dirichlet boundary
condition u(x,t) = 0 on I'y, but the extension to other boundary conditions (e.g. Neumann or
Fourier-Robin boundary condition) is relatively direct. The two initial conditions in Q§** are

u(x,0) =0 and Jwu(x,0)=0. (3.2)

Let us now introduce the fixed fictitious smooth boundary ¥ enclosing Q° and Q¢P. The resulting
finite computational domain € is defined with boundary 9Q; = X UI®* UT';. Here, we consider the
lower-order absorbing boundary condition on X

Ottt + CooOnu = 0, (3.3)

with outwardly directed unit normal vector n. The spatial gradient operator of dimension d is
given by Vx := (0gyy..., O d)T. However, higher-order absorbing boundary conditions or PMLs
could also be applied without any specific difficulty. In the sequel, we keep on denoting by u the
solution to the wave equation (3.1) but set in €; x R}, with the source term wu(x,t) = Ae™it
on I'*) the homogeneous Dirichlet boundary condition u(x,t) = 0 on I'y, the absorbing boundary
condition (3.3) on ¥ and with homogeneous initial data (3.2) in the compact set Q(t = 0) = Q.
We schematically illustrate the configuration in Figure 3.1.

Let us remark that, in practical applications, e.g. {2; being the interior of a car with shape X,
impedance boundary conditions are usually prescribed on some parts of ¥ to model transparent,
absorbing or reflecting materials (see also Figure 3.5 in Section 3.5). Hence, the system does not
have any sharp resonance and the useful frequency information is only related to the perturbation
of the wave emitted by the radar I'*, with high-frequency v¢(>> vy), by the local slowly oscillating
smooth boundary I'y, with frequency vy. Let us finally refer to the detailed study in Chapter 2 for
the limit situation of the fully reflecting domain.
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Chapter 3. FExtension of the multi-harmonic FEM to higher dimensions

Figure 3.1: Example of a two-dimensional (d = 2) computational domain €); with source term on the
boundary I'*; with moving scattering surface I'; and fictitious boundary X.

3.2 Approximate multi-harmonic Helmholtz-type weak coupled
formulation

To solve the boundary-value problem (3.1), we propose now to derive an equivalent weak formu-
lation of the initial problem in a fixed domain. Then, an approximate variational formulation is
written in Subsection 3.2.2 for small deformations. Next, in Subsection 3.2.3, a truncated Fourier
series expansion of the unknown scalar field and some other geometrical quantities are considered
around v¢ for uniformly spaced sample frequencies with step v,. This results in the solution of a
system of coupled multi-harmonic Helmholtz-type equations written under a weak form. The finite
element approximation of the formulation is then discussed in Section 3.3.

3.2.1 Equivalent weak formulation in a fixed domain

The aim of this section is to write a weak form of the system in a fixed initial domain €y through
a metric change parametrized by the time ¢t > 0. For fixed t > 0, we designate by H™(€);) the
standard Sobolev space of solutions of finite energy on £; as

H™(y) = {u € L*() such that 9%u(x,-) € L*(Q),0 < |a| < m}, (3.4)

where we define the partial derivative 9 = 0 --- 03¢ in the sense of distributions, for a multi-
index a = (a, -+ , aq) of length |a| = a1 +---+ag. The space L%(;) is the usual space of square
integrable functions on 2;.

Now we introduce the Sobolev space

H ot (1) = {“ € H™"() | ulr, = 0 and u|ps = Aeiwft}7
for m = 1,2. With our notations, we have in particular that, a t = 0,
H}'o(0) :={u € H™(Q) | ulr, =0 and u|ps = A}.
We also need the following Sobolev space

HY () := {u € H™(Q) | ulr, = 0 and ulrs = Acr'}. (3.5)
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3.2. Approximate multi-harmonic Helmholtz-type weak coupled formulation

All along this work, we assume that the solution u := u(x,t) to the initial boundary-value prob-
lem stated in Section 3.1 is an element of the space C°([0, Ty], Hi,wft(gt))v Oy is in CO([0, Ty, H' (%))
while 92u is C°([0, Ty], L?()) (see e.g. [68] for regularity results of the solution of the wave equa-
tion for fixed domains).

According to these assumptions, the weak formulation in Q; writes: find u(-,t) € H} , ()
such that

Vo € Hio(), [ Vxu Vxgah+ [ L opugac, + [ Lowdas =0, (36)
Q Q: C5o % Coo
for all t € (0,7}], with the two initial conditions u(x,0) = 0 and dyu(x,0) = 0. Here, we define ¢
as the complex conjugate of the function ¢, a-b := Z;-lzl a;b; for two vectors a and b in C%, and
the norm |a| of a is: |a] = v/a-a. Equation (3.6) has been derived by dividing (3.1) and (3.3) by
2, which leads to a more convenient form of the weak formulation in the case of a non constant
wave velocity investigated in Section 3.5.

In Chapter 2, the mapping between €y and §2; has not been detailed, leading to a restricted
range of validity for the higher dimensional extension of the method. Now, we provide a rigorous
and more tangible construction of this mapping. Let us consider a vector flow ®;, for t € R,
defined by

P, : Qy — O C NG
Xp = X= (q)ﬂ(X(]),...,q)td(Xo))T = (l’l,...,l'd)T,

mapping the fixed initial domain g to €2 in such a way that we have
®,(Ty) =Ty, ®(X) =%, ®,(s) =T and ¢ =1d,

where Id is the identity map over Qg. For fixed ¢ > 0, ®; is assumed to be a C?-diffeomorphism
with inverse map ®; L. Q, — Qo, as depicted in Figure 3.2. In addition, we suppose that the vector
flow {®; )40 is of class C* in time, with s > 2. The vector xg = (201, ..., Zoq)* denotes a point of the
fixed domain €y, image of x € Q; by the change of variables ®; !, i.e. xg = ®; '(x). Let ug be the
unknown in € after applying ®; ' and let us set u(x,t) = uo(®; ' (x),t) = uo(xo,t) for t € RT. We
also consider the space-time vector Xg := (®,;(x), ..., &, (x), )T = (o1, ..., woa, )" € Qo x RY.
The time-dependent spatial Jacobian matrix J; of ®; L at point x € Q; now writes

Ji(x) = (V@7 ()"
By the change of metric ®, ! we have the following relations:
Vxu = JtTVu(),
where V := Vy, and as in Section 2.5
O =X - Vxyuo,  0fu= (0/Xo - Vx, + (X0 Vx,)*) uo.

Let us explain a simple construction of ®;, even if other possibilities could be alternatively
considered. We introduce a smooth fixed surface I'°° enclosing I'y for all t > 0, such that reenr, =
0 (c.f. Figure 3.2). This defines a local neighborhood Q¢ := QI°¢(¢) of Ty in €. Let us set
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Figure 3.2: Illustration of the vector flow ®;.

Q¢ 1= Qlo¢(t = 0). Therefore, we have: 9Q° = I'o UT'¢, and the fixed complementary domain
Qfix .— \ Q%)OC is the part where the deformation is not active. In Chapter 4, we consider the
particular case where I'y is strictly included in Q})"C.

It is very interesting to notice that, following Subsection 2.2.3, this particular choice ensures
to recover without any additional step the approximation of the original field u over the fixed area
Q; \ Qloc, which also corresponds to QX

Our aim is to model the impact of the local surface deformation to compute the volume coor-
dinates changes, parametrized by ¢t > 0. By assumption, we know that the deformation §; on I'g
is given by ®; — ®; € C?>(I'g) and by the knowledge of I';, which has C? regularity. In addition,
since we assume that there is no effect of the deformation on Q¥ we set: §; = ®;, — 9 = 0 on
Of¥and in particular on T'°°, for ¢ > 0. Now, we propose to build the volume deformation

515 = ‘I)t — ‘1)0 (37)

through the local unique solution ®; (a proof could be obtained by the Lax-Milgram theory for
example at any time ¢ > 0, accordingly to the smoothness properties of the data) to the following
Dirichlet problem, parametrized by t > 0,

Ay, ® =0 in Qf°°,
& =1d on Tloc, (3.8)
fI)t = q)t‘Fo on FQ,

where Id is the identity operator over I'°¢ and ®;|r, is the given deformation on I'g. The Laplacian
is defined by Ay, := (V)?. The Dirichlet problem (3.8) splits into d separated sub-problems over
each component ®;; of ®;, 1 < j < d. For a fixed time ¢, the solution to (3.8) provides ®; which
has components in C2(Q{¢) N CO(Q°), and by extension in C%(2) N CY(Qp). Finally, we recover
®; directly from d; by using (3.7). Now, we can compute the Jacobian J; of ®; ' as from ®;.
Since ®; ! is the inverse map of ®;, we have ®;(®;'(x)) = x, for all x € Q. This implies that
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3.2. Approximate multi-harmonic Helmholtz-type weak coupled formulation

Jac(®;)(x0)J¢(x) = I, where Jac(®;)(xg) denotes the Jacobian matrix of ®; taken at xg = ®;*(x)
and I; is the d x d identity matrix. Thus, we compute J; by the relation

J; = Jac(®;) L. (3.9)

For a fixed t > 0, the coefficients of J; are C!(€q) functions defined as spatial derivatives of
the C? mapping ®; based on the Jacobian expression. Practically, a finite collection of the local
deformations at some uniformly distributed discrete times will be computed through the solution
of the boundary-value problem (3.8) by the finite element method. Through (3.9), we obtain a
way to compute J; by derivation (again numerically realized later by the finite element method)
in Q%)OC. The tensor J; is trivially equal to the identity matrix in Q. While we chose to model the
deformation by (3.8), more advanced e.g. elastic deformations could also be used. While we chose
to model the deformation in a simple way by (3.8), which is also used e.g. in the context of shape
optimization [64], more advanced elastic deformations could be considered without difficulty [45].

Let us recall that the Sobolev space H}wat(Qo) is given from definition (3.5) for m = 1. Then,
the variational formulation (3.6) writes in the fixed domain Qq, for fixed ¢ > 0: find wg(-,t) €
H} ,,.+(Q0) such that, V¢ € Hj o(Q),

/ JtJEvuo Vo|I; dQ
(3.10)
+ / (970 Vo + (0X0 - Vx,)?) wodl ;|2 + / 2 e ds =0,

since (see also expression (3.14))
(0 Xo - Vx,)up = Opup, on X,

and where |J; 1| denotes the determinant of J, ! which in particular is equal to 1 on ¥. Finally, we
also have the two initial conditions wuy(xg,0) = 0 and dyugp(x0,0) = 0 in Q. From the assumptions

on the smoothness of d;u and 9?u, we deduce that dyug is an element of H'(Qg) while 92ug is in
L2().

Remark 4. Conwversely to the methodology introduced in Chapter 2, we first write here the weak
formulation and then apply a change of coordinates so that the problem is set in a time indepen-
dent domain with a metric that depends on the parameter t > 0. This considerably improves the
versatility of the method with respect to the different geometries. However, let us highlight that in
Chapter 2, the change of coordinates was first applied and then the weak form was stated, which
may provide a different formulation according to the algebraic calculations. However, the weak
formulation of this previous approach is equivalent to (3.10) when applied to specific test functions
of the form gz~5 = ]J;1|gb.

3.2.2 Approximate weak formulation for small deformations

In practice, the exact formulation (3.10) could be used for a numerical computation. However, in
the case of a small deformation of the moving interface, an accurate approximate formulation can
be used to simplify the calculations. Indeed, the careful analysis developed in Chapter 2 for the one-
dimensional case, and formally extended to higher-dimensional problems, shows that the following
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Figure 3.3: Example of a vibrating disk €2; with source term I'* and boundary T'.

simplified weak formulation (3.11) provides an accurate approximate solution v of ug that satisfies
(3.10). More precisely, the formulation writes: for a fixed time ¢ > 0, find v := v(-,t) € H} ,,,(Q0)
such that, for any test-function ¢ € Hg (o),

_ 1 ., — 1. -
JtJtTw-v¢\J;1\dQO+/ 78fv¢\J;1|dQO+/ —OwpdY = 0, (3.11)
QO QO COO > COO

with the two initial conditions v(xp,0) = 0 and 0;v(x¢,0) = 0. The derivation of (3.11) is based
on the following formal approximation

(0}Xg - Vx, + (0:Xo - Vx,)?)up ~ 02v  in Q. (3.12)

To motivate (3.12), let us consider the simplified and pedagogical case of a vibrating disk £, with
circular boundary I'; of initial radius L > 0 (d = 2) at ¢ = 0. As depicted in Figure 3.3, the disk is
centered on a point source located at the origin, i.e. I'* := {0}, supporting the Dirichlet condition
u(x,t) = Ae™rt§y. We consider for the boundary sine oscillations of frequency v, = wy/(27) and
of small relative amplitude 0 < ¢ < 1. Whereas the deformed rectangle investigated in Section
2.5 was a trivial extension along the second cartesian dimension of the one dimensional scattering
problem with moving boundaries, this configuration involves a more interesting generalisation,
based on circular symmetry and through which we also exhibit the validity of our assumption
(3.12). The vibrating surface is defined by

o [ rcos(9) _
I;:= {X— < sin(6) ) | r=4£(t),0 € [0,277[}7

where ((t) := L(1 + esin(wyt)), delimiting then €;. For this configuration, we have no fictitious
boundary, i.e. ¥ = ) and the initial setting for the moving boundary I'; is given by

to= o= (5 ) 1r=noe e}

A natural way to build a metric change ®; is to consider the simple linear mapping between

x € ; and xg € Q as
ot

P, . xp— X = —=Xp.
L
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3.2. Approximate multi-harmonic Helmholtz-type weak coupled formulation

Let us observe that such a configuration in polar coordinates also allows to set for I'* a small
fixed circle of radius r°, provided that we consider the following affine change of metric

0(t) —rs
P, xg—>x= (L)—TS(XO —1r°(x¢)) + r*(xp),
where
X0
r’(xg) :=r°—.
x|

This adaptation does not fundamentally modify the approach below.
According to (3.7), the time dependent deformation d; is then defined on €, and in particular
on I'y, by
0:(x0) = P1(x0) — Po(x0) = esin(wet)xp.

Here, T''°¢ is reduced to I'® = {0} and we observe, accordingly to (3.8), that we have

(02,00 + 02,00\ _
—Ad = - (82 S0 + 02 810 — 0.

Zo1 Z02

Moreover, we find for this particular case and for all xy € 2y that

5 L L) ewy cos(wyt)
;1 (x) te%) 1 L "1 1 esin(wet))? O(e)
8, Xy =0, q>t—21 (x) | = 0w | =] - @Jfoz ewy cos(wyt) = O |,
t 0(t) L (1 + esin(wyt))? 1
1 1
and
ew? (sin(wet) (1 + esin(wet)) — 2€ cos(wyt))
ol (1 + esin(wyt))? O(e)
0P Xy = . ew? (sin(wpt) (1 + esin(wet)) — 2ecos(wet)) | = | O(e)
02 (1 + esin(wyt))? 0
0

Hence, for small values of €, we directly have

ath . VXOUQ = (8t + O(E) (83701 + 83702))UO 6’:"0 8tu0,

(‘)on - Vxouo = O(€)(Tugy + Oy )0 €§0 0,

and

+ 92

02

(atXO : v}(0)2u0 = (8t2 + O(E)(@mm + 8t102) + +O(€2)(a2

2
201 ))’U,O 530 at up.

For € < 1, these specific approximations are hence compatible with the general case (3.12). In
addition, the time-dependent Jacobian is given by the expression: J; = (1 + esin(wst)) 'Is.
Therefore, the determinant of J; ! is such that |J; | := (1 + esin(wet))? and we have J,JT :=
(1 + esin(wyt)) ~2Is. Finally, the third integral over ¥ arising in (3.11) reduces to zero.
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Chapter 3. FExtension of the multi-harmonic FEM to higher dimensions

Now, let us give a more rigorous understanding on how (3.12) leads to (3.11) as a correct
approximation of (3.10). Without loss of generality, we rewrite the application ®; with a small
smooth perturbation € < 1 under the form

x = ®4(x0) = x0 + €6;(x0), (3.13)

where (8;)1>0 € C2(]0; Trmax], C?(Q0, R?)), and Tiayx is a finite maximal time of computation. Then,
for t €]0; Tinax], the time derivatives of d; up to the second-order are uniformly bounded, i.e. there
exist a constant d; such that, for any t €]0; Tiax], for £ =0, 1,2, we have

df,t = H@f&tﬂL;o(Qo) <dy:= . ]glép ]dﬂ,ta

with L(Qo) := (L>°(Q))?. Here, §; may be oscillating but this is not yet mandatory. In the case
of a periodic deformation, we can fix: Tiax = Tp. Now, since xg = ®; 1(x), we have from (3.13)

xg = ®; 1 (x) = x — €6;(P®; 1 (x)).
Based on this expression, we get
3,5<I>;1(x) = —e@t(st(q),fl(x)) =: —eA(xp,1),

with A := 9,6;(®;'(x)), and then

9 Xo = O (‘I’t_ 1(")) - (‘iA) .

Consequently, we have the following expansion in 2

(8tX0 . VXO)UO = <_§A) . <8vt> Uug = (8,5 — €A - V)UO (3.14)

Now, we obtain

(87X - Vx, + (8:Xo - Vx,))uo

[ —€dA [ Vuo n —€eA (V —cA [ Vuo
a 0 8tU() 1 8t 1 815”0 ’
By using (3.14), we deduce that

(81‘/2X0 : VXO + (8tX0 . VX0)2)U0 = —eatA . V’LL() + (at — €A - V)QUU

— PPup— 20(A-Vug)+  A-V(A-Vup). 1)

Now, to prove Proposition 3.1 which justifies the approximation (3.11), let us consider the second
term in (3.10) and introduce the following bilinear forms from the decomposition (3.15)

Aet(uo, @) = Ao (uo, ¢) + €A (o, ¢) + €2 Az (uo, ¢), (3.16)
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3.2. Approximate multi-harmonic Helmholtz-type weak coupled formulation

with
1 _
Aei(uo, @) := /Q =N (8t2X0 - Vx, + (0 Xo - VX0)2) upd|J; ! d, (3.17)
0 ~oo
1 _
Aot (ug, ¢) = / - 0Fugdl3; s, (3.18)
0 Yoo
1 _
Aviluo,8) i= =2 [ S-0i(A - Vuo)3\3;  |d, (3.19)
0 Yoo
and )
Azi(uo.8) = | AV (A~ Tuo) 313 d%. (3.20)
0 ~oo

As a consequence, the real-time weak formulation (3.10) writes

- 1 _
/ JtJ;FVv-V¢\J[1|dQO+Ae,t(uo,¢)+/ — dwddy = 0,
Qo Y Co

or even

Aet(uo, ®) + Re(uo, ) =0, (3.21)

with the bilinear term
- 1 _
Ri(ug, @) ;:/ JtJtTVv-V¢|J;1|dQO+/ ——Oiwgdy
Qo Y Coo

containing the boundary integral and the stiffness term of the formulation. Now, let us first consider
Ay given by (3.19). Then, the Cauchy-Schwarz inequality implies that

| ALt (w0, @) < 27|10t (A - Vuo)|| L2 (00) 1Dl 22(00)> (3.22)
where .
-
Vi 2:‘ | 3 | .

If we develop the right hand side derivative term we obtain

Hat(A . VUO)HLQ Qo H@tA . VU() + A . V@tuoHLz Qo
(€0) (0)

- 3.93
< ||0A - Vuollz2(ay) + || A - VOhto]| z2(cp)- (3.23)

Since A has continuous first-order time derivative, then we can deduce that there exist a constant
Co,+ which depends on dy; = HatAHLEO(QO) such that

10:A - Vol | 12(00) < Co.tl[Vuollr2(q,) < Cosl

and a constant Cy¢ depending on dy ¢ = |[A[[f(q,) such that

|A - Vol L2(0g) < CrillVOiuol12(00) < CrellOruolla1(aq)- (3.25)
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Chapter 3. FExtension of the multi-harmonic FEM to higher dimensions

If one collects (3.22)-(3.25), we obtain
| A1t (o, 8)| < 27(Coelluol |51 () + CrtllOcuol |71 (00)) 1191 L2 (00)-
For the term Ay, let us first set: A := ¢ 2|J; A, which leads to

Asiluo,6) = [ (AB)- V(A Tuo)d
0
(3.26)
= | (A-no)(A-Vu)d(@90) = [ (V-A)5+ K- VE)(A- Tug)dS.
0 0
By assumption, we have: 0 = X UI®* UT'y. On X UTI®, since there is no deformation, A is
identically equal to 0. In addition, the test-functions ¢ are in the space H&yO(QO) and vanish on I'g
(as well as on I'®). Therefore, the boundary term in (3.26) is equal to zero. For the second term,
we have

Az(uo, ¢)| = /Q (V-A)d+ A V) (A - Vug)dSy
0
(3.27)
< | [ (-R)3) A T +| [ (A VEA- Tug)dt|.
0 0
For the first term on the right hand side of the above inequality, one gets
/Q (V- A)B)(A - Vug)dQo| < Caulluoll (o) 191l 2 (c20): (3.28)
0

where C3; is a constant that depends on V - A and A. Concerning the second term, we obtain

/Q (A - V) (A - Vug)dSd

< Cuglluoll zr(ao) 191l 1 (00) (3.29)

where the positive constant Cy is related to A and A. Combining (3.27)-(3.29), we deduce that

| A2t (uo, 9)| < Csalluoll oo 101l L200) + Catlluoll (o) 161 1 (00)
< Coplluollar o) 12l 51 (00
with Co; = U3¢ + C4. Finally, this directly proves the following proposition.
Proposition 3.1. Let us define Ac; Aoy, Air and Azy, by (3.17), (3.18), (3.19) and (3.20),
respectively, such that (3.16) holds. Then, for the solution ug € CO([O,Tg],Hi’wft(Qo)) such that

dyug € C°([0, Ty}, H (D)) and 8ug € CO([0,Ty], L*(Q)), and for any test-function ¢ € Hg o(Qo),
we have the following error bounds, fort > 0,

|Aet(uo, @) — Aot(uo, @) < €l Ari(uo, @) + €[ Az (uo, ¢)|
< e(Colluoll o) + CallOruoll 200 )l () (3.30)
+€2Cot||uoll 11 00y |91 111 (020)

and

|A6,t (uﬂv ¢) - AO,t (u07 ¢) - eAl,t (UO, QZ))‘ €2|A27t (UD, ¢)|

3.31
€2 ol 111520 161l 1 0 (3:31)

<
<

where we define: C&’t = 2vCo, Cll’t = 2vC14.
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3.2. Approximate multi-harmonic Helmholtz-type weak coupled formulation

From this we conclude that solving the weak formulation (3.11) provides an approximation v of
ug solution to (3.10) up to a bounded error of order O(e). Let us remark that the estimates (3.30)
and (3.31) also hold uniformly in time since one can take the maximum of C&t, C’ll’t and Cy; over
[07 Tmax] .

In addition, the decompositions (3.21) and (3.16) applied to the formulation (3.11) implies, for
Ug, V€ H}wat(Qo) that

Act(uo, d) + Re(uo, ¢) = Aos(v,¢) + Re(v,9), Vo € Hy (),

from which one obtains

Aot (uo, @) + €A1t (ug, @) + € Az 1 (ug, ¢) = Aot (v, ¢) — Ri(uo — v, ¢).

Hence we note that (ug —v) € H0170(Qo) satisfies for all test function ¢ € H&O(Qo)

Aoi(uo —v,9) = —eAi(uo,d) — 2 Az(uo, ¢) — Re(uo — v, ¢)
= Ao (uo, p) — Act(uo, @) — Re(up — v, ),

since then Proposition 3.1 provides the expected error estimate if any solution to the above vari-
ational problem is continuous with respect to the data. Furthemore, an improved first-order
formulation can be obtained thanks to the bilinear form Ag: + €A+ up to an error O(€?). More
precisely, one could replace the bilinear form in (3.11) by Ao + €A1,¢)(v, ¢) with

1 _
Ao, 9)=2 | -0, (at<1>;1 : w) B3 1dp.
Qo Cx

However, in the present analysis, we restrict our analysis to (3.11). In the following, we provide a
suitable formulation to (3.11) when the motion of the boundary is Tj-periodic in time.

3.2.3 Coupled multi-harmonic Helmholtz-type system

We now assume that the parametrization of I'; is periodic with periodicity T;. Then, the smooth
Jacobian J; is also a Tj-periodic tensor of class C* in time, with vy < v¢. Consequently, both J},
JJIT, |37 and |J;713.IT are also time-dependent function/tensors with time periodicity T, with
C* regularity according to ¢ > 0 and C! smoothness in €y (since the quantities can be expressed
as sums and products of Ty-periodic smooth functions). In particular, we have the Fourier series
expansions

]J;I\JtJ? =: C(xp,t) = Z Cn(x())emw‘t and \Jt_l\ =: ¢(x0,t) = Z cn(xo)ei"“@t, (3.32)
nez nel

for xg € g, where

Lo T2 s 1oz
Cn(x0) := */ [T I e ™tdt and  en(xo) = */ |3, e et dt,
To J=my/2 Ty J-12

The tensor fields C,, satisfy C,, = C_,, since |J; 1]JtJtT is a real-valued matrix. In addition, we
have ¢, = ¢, because |J; 1| is real-valued. Finally, these two quantities have a C*(€) regularity.
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Chapter 3. FExtension of the multi-harmonic FEM to higher dimensions

In view of a numerical implementation of the coefficients C,, and ¢,, we discretize the Tj-
periodic motion of I'; at 2N + 1 equally spaced sampling times t;, = kAty,, 0 < k < 2N, at
frequency (2N + 1)vy, with time step Aty := T;/(2N + 1). This is a natural choice since it
avoids any aliasing effect and provides a uniform discretization over one period Ty. In practical
applications, the knowledge of vy often requires a preliminary analysis and the sampling frequency
then has to be chosen carrefully. Moreover, to satisfy the Nyquist-Shannon sampling theorem,
(2At,)~! has to be larger than the maximal frequency arising in |J; *|J;J} and |J; |, represented
as (3.32). Thus, we obtain a sequence {I'; }o<x<2n of boundaries sampling I'; at the discrete times
tr, 0 < k < 2N, described through the maps ®; := ®;,. Therefore, based on the numerical
solution of the 2N + 1 local boundary value problems (3.8), we can compute both C*¥ := C(t;)
and ¢* := ¢(t;,) from the discrete Fourier transform (DFT) of J;. := J(t;,), evaluated at the discrete
times ¢, 0 < k < 2N. Consequently, the approximations of C and ¢ (defined by (3.32)) are given
by the following truncated tensor CV and function ¢V

VN (xq,t) = Z Cn(x0)e™* and N (xq,t) = Z cn(xq)em™et, (3.33)
neN neN
which are all well-defined at any point xg in y. Here, we set N := {n € Z;—N < n < N}. We
provide in Appendix B the formal relation from the DFT of |J;!|J,JF and |J;!| to the truncated
Fourier expansions CN and V.
Since we assumed that ®; is a Ty-periodic diffeomorphism of class C® in time, with s > 2,
then one gets for example for the function ¢ (but a similar property arises for the tensor C), for
7 =0,...,s, that it is such that

6{c(x0,t) :: Z (2i7‘rn>7 Cn(XO)emwtv

nel TZ

for xo € Qo. This implies that |c,||Lq,) = o(|n|™*), justifying hence that (3.33) are suitable
approximations of (3.32) if N is chosen large enough. In particular, if the mapping is C*°, then one
gets rapidly decaying coefficients since the o(|n|™%) asymptotic holds for any s > 0 (see Section 3.5
for an illustrative numerical example). Concretely, in a finite element context, the tensor fields C,,
and functions ¢, are obtained by using some FFTs, locally on each element of the finite element
triangulation, then leading to piecewise constant tensors and functions (see e.g. Sections 3.3 and
3.5.1).

Now and similarly to Chapter 2, we focus on the forced mode v,, of the scattered field, which
provides its main contribution. Hence, and without loss of generality, we identify v,, with the
solution v of (3.11) which we develop as a Fourier series expansion with complex Fourier coefficients
aj

v(x0,t) =) a; (xp)eit = et > a;jedwet (3.34)

JEZ JET
for xo € Qo, where w; := wr+ jwy = 27y}, with v := v¢ + jv,. Here, we assume that a; € H&yO(QO),
meaning that aj(x¢) = 0 on I'® for j € Z — {0}, and ag € H} (), i.e. ap(xg) = A on I'S. Let us
remark that, when v is computed thanks to (3.34), we can deduce the main stationary part of v

given by
lvo(x0)|* = laj(xo)|*,
jez
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3.2. Approximate multi-harmonic Helmholtz-type weak coupled formulation

since all the remaining terms are slowly oscillating at least relatively to e®*. In view of a numerical
procedure, we have to truncate the Fourier series expansion of the unknown v. To this end, let
us introduce the finite sets of integers J := {j € Z; —J < j < J} and J, := J — {0}, for a
fixed truncation index J > 0. We denote by w the Fourier series expansion (3.34) truncated with
17 :=2J + 1 terms, i.e.

wY (xq,t) = Z a;(xo)e™", (3.35)

JjeJ
with a; € Hjo(Q0), for j € T, and ag € H}x,o(QO)‘ The parameter J must be carefully chosen
to include the significant contributions to the solution. Let us remark that, similarly to (2.30),
the Fourier transform of (3.35) in the sense of distributions is given as a finite sum of Dirac
distributions §,, located at the discrete frequencies {v;} ez, modulated by the functions aj, i.e.
using the definition (2.12)
@7 =" a;éy,.

JjeT

We stress that the global solution w? in (3.35) is a time dependent expansion, as for (2.28) in
Chapter 2, whose (Fourier) coefficients are analogous to the coefficients of the solution @ of
(2.30). This time dependent frequency modes expansion allows to reconstruct directly the wave
field. Setting w (x9,0) = 0 and d;wY (xg,0) = 0 as initial conditions, we obtain, by derivation of
(3.35),

dw? (xo,t) = Z iwja;e®it and 02w’ (xo,t) = — Z wjzajei“’jt. (3.36)

JjeTJ JjeJ

Considering the approximations (3.33) and (3.36), we have

2, J _  _ wst inwyt 2 ijwet
cNatw = —e g cneé E wjaze
neN jeTJ
J+N J

twrt 2 imwpt
= =t S (D> emwjay)e™
m=—(J+N) Jj==J
—N<m—j<N
J+N J

= — Z ( Z cm_jwjzaj)ei“mt,
m=—(J+N) j=—J
—N<m—j<N

with w,, = ws + mwy, since the following identity holds

N J J+N J
doam d Bi= 3 (X amB)
n=—N j==J m=—(J+N) j=—J

_N<m—j<N

Similarly, one gets in g

CNVZUJ _ eiwft Z Cneinwet Z vajeingt

neN jeT
J+N J )
= Z ( Z Cm,jVaj)e“"mt.
m=—(J+N) j=—J
~N<m—j<N
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Based on these truncated Fourier series expansions and from the previous calculations, we obtain
the following approximation of the weak form (3.11): find a; € H&O(Qo), for j € Ji, and ag €
HA’O(QO) such that, for any ¢ € H&,O(QO),

J+N J o o
S (Y / CrjVa; - Vo — w? / "1 g6
m=—(J+N) j=—J o Q C%
Wy (3.37)

+Om_; / 5 0;6ds ) emt = 0,
¥ Coo

where d,,_; is the delta Kronecker symbol, i.e. ,,—; = 1 if m = j, and zero otherwise. Finally,
by projecting (3.37) onto the Fourier modes —J < n < J in the outer sum over m, we obtain the
square set of (2J + 1) equations with (2J + 1) unknowns {a};ezs, for n € 7,

J . W —
S / C,—;Va; - VdQ — w? / 3 4;3dQ + 6, / BI0gds =0, (3.38)
j=—J Qo Qo Cxo ¥ Cxo
—N<n—j<N

A first possibility consists in assuming that we fix N = 2J to get access to the (4J + 1) Fourier
coefficients (C,,)_27<n<2s and (¢n)—27<n<2s. Then, (3.38) writes, for n € 7,

3 / Cp_;Va; - VdS — w? / €0 030 + b / W 4 8ds = 0.
]:—J Q() QU Coo E COO
—2J<n—35<2J

This first choice leads to a global weak form with (2J + 1) x (2J + 1) blocks involving sparse
matrices. Let us now assume that we compute the (2J + 1) first Fourier coefficients in (3.33),
i.e. N = J. This has the advantage of considering less modal coupling between the geometry
and the unknown expansions when computing their products. As a consequence, the resulting
(2J +1) x (2J + 1) system is given by a 2J + 1 band limited coupled system, for n € 7,

[e.9]

J . Wi —
> / Cn—;Va; - VdQy — w) / C”;J a;¢dQ + 6p—j / B 0 6ds =0,
i—_J Qo Qo € 3 Co

—J<n—j<J

involving 3J2 + 3J + 1 blocks, instead of 4J2 + 4J + 1 for the first approach.

More generally, if one only retains 2N + 1 terms in the Fourier expansions (3.33), leading to
indices —N <n — j < N in (3.38), then the global system is still block banded, with band length
2N — 1, and requires n(y, ) := (4N +2)J + (1 + N — N?) blocks. From these remarks, we will
say that the Fourier approximation is of order (N, J) when we consider an approximation of the
unknown wY given by (3.35) with 2J + 1 Fourier terms, and 2N +1 (0 < N < 2J) Fourier
coefficients for the geometrical quantities, based on (3.33). The (2J + 1) x (2J + 1) system to be
solved is then given by (3.38), for n € J, and writes

Aj(aj, ¢) = Li(9), (3.39)
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3.2. Approximate multi-harmonic Helmholtz-type weak coupled formulation

with the bilinear form

J .
S Cni — w; —
Ajazd) = Y /QO Cp_;Va; - VodS — w? /QO cgfaj¢dﬂo+5n_j/264aj¢dz,
=—J e’} 00
fNjgnijN

and
Lj(9) := —Aj(ag;, 9).
Here we introduced the natural lift {ag ;}jc7 where ag ; € H&,O(QO) for j # 0 and agp € H}LO(QO),
such that ag; = 0 on Qo U X. This choice justifies that, for the sake of conciseness, we kept the
same notations for the unknowns of (3.38) and (3.39), considering the direct sum H}‘,O(Qo) =
ag,0 D H&,O(QO)'
When solving (3.38), the approximation of order (N, J) of the solution wY is defined by

w™N) (x0,t) = Z aE»N’J) (x0)e™it, (3.40)
JjeJ
(N, J)
J
defines the approximation @ of order (N, .J) of the frequency domain solution @

Finally, let us remark that the case of inhomogeneous media, i.e. when the speed is space
dependent (coo = cso(Xp)), is considered in Sections 3.3 and 3.5. To this end, we directly adapt
the previous formulation by considering a piecewise constant finite element approximation of the
velocity, according to the local properties of the media.

Now, it is very interesting to have an overview of the link between the solution @®/) of order
(N, J) in Qg proposed by the multi-harmonic finite element method, and the real solution u of
the initial problem (3.1) in the moving domain ;. In particular, the process of recovering u from
@w™N/) is detailed in Figure 3.4.

where the a , j € J, are the 2J + 1 unknown functions associated to (3.38). Similarly, one

N,J)

—~10
O3]
[ u(z,t) = uo(@t_l(w),t)
I
Qt —
FFT

X

Figure 3.4: Overall scheme representing the solution of the moving boundary problem, in frequency
and time domains and evaluated in both moving and fixed domains €2; and 2.

We first recall that the vector flow ®; acts as the identity over the common static part Q% of
both moving and fixed domains §2; and €. Hence, and as highlighted in Section 3.2.1, we trivially
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Chapter 3. FExtension of the multi-harmonic FEM to higher dimensions

have
Uup |Qﬁx = U|Qﬁx y

where u|gax and wug|gax are respectively the restrictions to Q8% of the solutions u of (3.1) and ug
of (3.10). Of course, the same holds for the restrictions u|gax and Ug|gax of the Fourier transforms
of u and wug. At the same time, we recover u\moc from uo\%oc by applying the previous definition

u(x, t) = ug(<I>t_1(a:),t).

Finally, since ™) g designed as an approximation of g, then it immediately provides an ap-

proximation of the spectrum @ of w in Q8%. This observation is of great importance because, in
practice, the position of the receiver where we evaluate the spectrum of the scattered field is located
in the fixed area Qf*. Otherwise, we remark that the restriction @@/ )|Q%)oc leads to the desired

solution u| Qloe in the deformed area Q1°¢ by applying successively the iFFT, the inverse change of
metric ®; ' and the FFT as described in Figure 3.4.

3.3 Finite element approximation

Let us consider a fixed covering Qg5 = Q5,(0) of Qo with ngj triangular/tetrahedral elements in
2D/3D. We also set n})‘),cl as the number of elements involved in the discrete domain Q})Oz interpolat-
ing Q°°. The basis functions of the P; finite element approximation are denoted by {¢;}1<j<ng.s
where ngot is the number of degrees of freedom for the Lagrange finite element approximation of

H&O(QO). For j € J, we designate by ag-fX’J) the P, finite element approximation of a§N’J) and
define the interpolated field w,SN’J) in Q 5, approximating (3.40)
N,J N,J i
wg )(X()’h,t) = Z ag»’h )(X07h)e’“7t. (3.41)

JjeT

Higher-order finite element methods (or alternative spatial discretization methods) could be used
to increase the accuracy as well as to minimize the dispersion/pollution error related to high
frequency time-harmonic wave problems [59]. The representation in the finite element basis of the

unknown wave field w,(lN’J) built from the (N, .J)-approximation is given by the vector w®)) =

N,J N,J N,J
(a(_J ),...,aé ),...,afl ))T

an element of C™bot, with n,; = (27 + 1)ngor-

Let us briefly explain how to build the linear system related to (3.38). To compute Jy, ,, which
is the PPy finite element approximation of Jj on g 5, we solve (3.8) under its weak form. This leads
to the solution of (2N + 1) variational problems with unknown discrete d-dimensional deformations
®; 1, 0 <k < 2N, in the small local fixed domain Q%‘)ﬁ, where only the boundary condition on I'g 4,
changes at index k. This means that the matrix associated with the linear system resulting from
the discretization of (3.8) remains unchanged while the contribution of the boundary conditions
modifies the right-hand side of the linear system to solve. To this end, a Cholesky factorization of
the sparse symmetrical positive definite matrix (here, the stiffness matrix for the Laplacian) can be
used before the time loop over k while only 2d sparse triangular linear systems can next be efficiently
solved for each new right-hand side at step k, with £k = 0,...,2N. Based on P; finite elements,

, with vector components agN’J) € Cnaot | j € 7. Therefore, w®7) ig
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3.3. Finite element approximation

one gets the finite sequence of discretized deformations @45, 0 < k < 2N. Then Jy j is obtained
by a simple numerical derivation through the discrete gradients and based on (3.9), corresponding
to Py approximations of the sequence of Jacobians, and piecewise constant tensors/functions Cﬁ

and c’fL. As a consequence, on each element in Q%)Ofb, a Fourier series expansion can be computed
b

locally to get C,,, and ¢, 4, —N < n < N, from the sampling Cz and cz, 0 <k <2N. The main
computational cost in this procedure is related to the FF'T computations locally on each element of
the domain Q%)O,CL to obtain C,, j, and ¢, ,, —N < n < N, which means (’)(n%)o’,clNlog(N)) operations.

Let us now introduce the generalised finite element stiffness matrix K,, and mass matrix M,,,
for —N < n < N, respectively given by the nges X ngot matrices

Cnh , —
Tr; $:9,dQ.p, 1 < 2,7 < Ndof-

0,h (e’e]

(Kn)z,j = /Q Cn,hv¢z 'deﬂ,ha (Mn)l,] = /
0,h

These two symmetrical complex-valued sparse matrices are such that: K,, = K_,, M,, = M_,
(if oo is real-valued). In addition, we need the real-valued highly sparse generalised mass matrix
My on the fixed interpolated fictitious boundary ¥; (but considered as a ngof X ngof matrix)

(Mg),,, == /

Zh

1
— Oy dNp, 1 < 1,7 < ngof,
Coo

where ¢y, can be assumed to be defined constant by element, i.e. as the Py approximation of the
space-dependent velocity cs. Let us remark that considering a non-homogeneous medium inside
the domain (i.e. different physical materials) leads to non constant velocity ¢ according to the
space variable, and therefore to additional coupled terms due to the metric change. For the Py
approximation, both approaches are identical.

We now introduce some block banded matrix notations (i.e. apart from a fixed number of block
diagonals, the block sub-matrices are vanishing). We define S(N.J) as the block Toeplitz matrix,
with (2J 4 1) x (2J 4 1) blocks and bandwidth equal to 2N + 1, based on a collection of ngef X nqof
sparse complex-valued elementary matrices S,,, —IN < n < N, such that

SO S—N 0 0
S(N’J): SN O

0o - S_n

0 0 SN SO

Let us consider the global stiffness matrix KW)) associated with K,,, n € A, which is a block
Toeplitz matrix, with bandwidth 2N + 1. In addition, it is generated by the N + 1 elementary
matrices K,,, n = 0, ..., N, since K_,, = K,,. If the storage of one elementary stiffness matrix is
YNdof, With v > 0 a small constant that depends on the mesh interconnections, then storing K:/)
needs (N + 1)ngor coefficients. Similarly, we can introduce the global mass matrix MW based
on the elementary blocks My, n = 0,..., N, with similar properties as K:/). To simplify the
explanations, we assume that storing M,, also needs yngor complex values. Now, let us consider
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Chapter 3. FExtension of the multi-harmonic FEM to higher dimensions

the two diagonal matrices

wyly,, O -~ 0
(J) _ 1 _ 0 ’ :
w' = diag(wj)jeg @ Ing, =
: . . 0
0 - 0 WJIndof

and similarly

J) _

w27( d1ag(w]2)]ej & I?’Ldof7

)

where I, . designates the unitary matrix of size nqor X nqor. We also need the matrix M(J , where

My, is repeated (2J 4 1) times on the diagonal, i.e.:

My, O --- O
0
M) = Loyi1 @ My, =
: . . 0
0 -+ 0 My,

Both its construction cost and memory storage are negligible compared with K®-/) and M®:/)
since My is only related to the boundary nodes on .
Now we set

AT KOV MOV 20 (DM (3.42)

w(J)

(NJ) (N,J)
Where Aw(J) = (Aw(‘]>7j7n) (j,n)EJXj
(each descending block diagonal from left to right is almost constant), due to the presence of

the matrices M) ()2 and w(J)M(EJ).

AN AW ., for (j,n) € J« X Js. Hence, the finite element solution of (3.38) implies that

w(J),j,n w(J>7n7J

which is a block banded and near block Toeplitz matrix

In addition, we have the block hermitian property:

the boundary conditions generate a right hand side vector b(V:/) ¢ Cdor based on the collection
{L;(¢)}jes. Finally, this yields the block linear system

AU pNT) = pNT). (3.43)

3.4 Efficient solution of the linear system

Let us now focus on the efficient numerical solution of the linear system (3.43). The storage of the
matrix AL]\([}’)]) is given by the matrices KW MWNJ) and M(EJ), and the brute-force application
of a direct solver is not computationally tractable in the high-frequency regime even for moderate
values of N and J, as each single high-frequency Helmholtz-type problem is already known to be
extremely challenging, requiring the use of advanced solvers [41, 66].

Here, our aim is to show that solving (3.43) scales as (2J + 1) calls to robust single high-
frequency Helmholtz-type solvers through an iterative process based on a preconditioned GMRES
[82, 83]. One of the key ingredients of GMRES is to compute the Matrix-Vector Products (MVPs)

N,J . J . . .
Y A‘(’J( kN )w, where & and y are some complex-valued vectors in C™dot. In our situation, this can
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3.4. Efficient solution of the linear system

be easily achieved blockwise, based on the Toeplitz storage. Since ASYJ’;]) has n(y, g == (AN +2)J +

(1+N — N?) blocks, then each global MVP has a cost 29ndofn(n, 7). In practice, IV is often smaller
than J (see Section 3.5). Therefore, asymptotically, the cost of a MVP is about 8ynqorNJ, which
means that it scales linearly with J. Another crucial point of the acceleration of the GMRES is to
use a preconditioner. Here, we build a left preconditioner P such that PASY}‘)]) ~1:=1L,, 2741
to improve the convergence rate of the Krylov method. A robust preconditioner P for GMRES
SX}‘)]) around (1,0) in the complex plane [82]. Since
: . o N,J)\
, we cannot easily build an approximation of (Ai( N )) L Let
us instead consider the splitting: ASX}‘{) = A‘(‘?(’f,])) + AASX}‘)]), where Ag)(’f,])) = diag(Agg’J)) jeg is
(N,J)

the static part of Aww , i.e. the block Aﬁf’;’) = (Ai?(;]){j,j) =Ky — wszo +1w;My, for j € J,
which is a Helmholtz-type problem associated to the zeroth-order terms Cy and ¢g in the Fourier
expansions (3.33). Let us assume that we have access to an efficient solver for each linear system
associated to the j-th block matrix AS}"). Then, we could consider a preconditioner P based on the
“inversion” of the 2J + 1 diagonal blocks, which means solving an associated linear system for each
j € J. Nevertheless, since j is changing, the linear systems are j-dependent. Let us recall that:

wj = wr + jwe, with wr > wy. This means that we can consider the high-frequency approximation

must yield a clustering of the eigenvalues of PA

we have a Toeplitz storage of Ag:]}‘)])

wj & wr = wp with associated block diagonal preconditioner P := diag((AL(u%’J))_l) jeg = A;((g)"]).
Since we are solving the preconditioned linear system
PANgp(NT) — pp(N-7) (3.44)
w() ) .

we then have PAEU]Y}{) =1+ QSY}‘)]), where QL]\([}‘)]) is expected to be a small perturbation of the
identity matrix I. The application of the preconditioner P at each GMRES iteration requires to

solve the linear system
ADx; = by, (3.45)

for 2J +1 right hand sides bj, j € J. Therefore, the cost for the application of the preconditioner
in each iteration is equal to (2J + 1) times the cost of solving (3.45). In practice, a sparse LU
factorization of P is computed before entering into the GMRES iteration loop after reordering

the unknowns by a Cuthill-MacKee algorithm. This then leads to an exact factorization AL(,J%’J) =

Ly, Uy, and block LU preconditioner P. Let us remark that incomplete LU factorizations AEJ%’J) o~
L., Uy, (or possibly other single-frequency more advanced preconditioners) can alternatively be
used [82]. Applying such LU preconditioners P requires the solution to 2(2J + 1) decoupled

upper /lower sparse complex-valued triangular systems.

Remark 5. Let us remark that, under the high-frequency assumption w; ~ wy = wy, j € J, for
wy K wy, the linear system (3.43)-(3.42) can be approximated by

AN (VD) (N (3.46)

w(0) w©)
setting

AN KO 2N o),

w(0)
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Chapter 3. FExtension of the multi-harmonic FEM to higher dimensions

The matrix A‘(ﬁ)’;]) has (2J +1) x (2J + 1) blocks, each one being w; independent (unlike A(]X’,‘)])),

w
leading to a block Toeplitz structure. More precisely, the matriz writes

Ty Ty O 0

(N _ | T 0
Aw<0> - . . )

0 . . T,N

0 0 Ty T

with To = ASJ%’J), T, = ASJZ’J) =K, — w?l\/[n and T_, =T,, 0 <n < N. Therefore, one gets

w) T ()

Wpw
A(N,J) —A(N’J)+ ng fQ(N,J)’

o0

where QWD) can be expressed in terms of mass matrices that can then be bounded in norms.
Gathering (3.43) and (3.46) yields

(N (NN TL (A (N,T) (N, (N,J)
(™) — w5y = — (AL I(AM ~ AT wl
N,J)\ ™+ wew N,J
= _(Aim)) cégo‘fQ(N’J)wL(m)

and a direct computation shows that we have

(N,J)
||'w(N’J) — W, o) I < wewfcond (A(N’J)) ”Q(NJ)H
N,J = .2 ) N,J
w57 o A

for a given matriz norm ||A|| of a matriz A and where the condition number is defined by cond(A) =
Al x [|A~Y|. Storing ASY(;;]) still requires y(N + 1)ngor complex coefficients. Solving (3.46) can

Wewy .
= < 1, by using
an algorithm based on fast block Toeplitz solvers [5]. In particular, we propose in Appendiz C

an alternative approach to handle the resolution of (3.46), tacking into account the block Toeplitz
storage of the matrices and based on the circulant extensions. In addition, one may also use ASX)’;])
to build a banded limited preconditioner by dropping some off-diagonal blocks T, for solving (3.42),

then generalising P = A;((OO)’J)

be expected to provide a suitable solution to the problem, under the assumption

More generally, we refer to [44] for block Toeplitz matriz preconditioning techniques, mostly
based on circulant and block-circulant preconditioners [9, 60] which are very efficiently invertible
as they are diagonalisable by the DFT matrices. We notably make use of this property in the
approach proposed in Appendiz C. It can also be interesting to consider the preconditioning of the
linear system (3.46) by P = A;(((?)’J). This leads to a particular block Toeplitz system for which we
propose in Appendiz C an approach based on Neumann series erpansion.
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3.5 Application to a model problem

3.5.1 Description of the problem

We now apply the proposed method to a simplified two-dimensional test-case motivated by the
h<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>