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almost surely.
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The euclidean norm of v € R?
Set of p X p square matrix.
The norm of the square matrix M € M,
Converge in distribution.
Converge in probability.
Converge almost surely.

A Borelian of A.

Hadamard product.
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Abstract - In this thesis, we study a likelihood ratio test for detecting multiple weak
changes in the conditional mean of a class of time dependent coefficients CHARN models.
We establish the locally asymptotically normal (LAN) structure of the family of likeli-
hoods under study. We prove that the test is asymptotically optimal, and we give an
explicit form of its asymptotic local power as a function of candidates change locations
and changes magnitudes. We describe some strategies for weak change-points detection
and their locations estimates. The estimates are obtained as the time indices maximizing
an estimate of the local power. The simulation study we conduct shows the good perfor-

mance of our methods on the examples considered.

Keywords - CHARN models, Change-points, piece-wise stationarity, Optimal tests, Lo-
cal Asymptotic Normality, Contiguity.

Résumé - Dans cette thése, nous étudions un test du rapport de vraisemblance pour dé-
tecter les ruptures faibles dans la moyenne conditionnelle d’une classe de modéeles CHARN
a coefficients dépendants du temps. Nous établissons la structure de normalité asympto-
tique locale (LAN) de la famille de vraisemblances étudiées. Nous montrons l'optimalité
asymptotique du test et donnons une expression explicite de sa puissance locale en fonc-
tion des potentiels points de rupture et des amplitudes des ruptures. Nous décrivons des
stratégies de détection des ruptures et d’estimation de leurs localisations. Les estimateurs
sont obtenus comme indices de temps rendant maximal un estimateur de la puissance
locale. Les simulations numériques que nous faisons montrent de bonnes performances de

notre méthode sur les exemples considérés.

Mots clés - Modéle CHARN, Ruptures, stationnarité par morceaux, Tests optimaux,

Normalité Asymptotique Locale.
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Résumé du thése

L’objectif principale de cette thése est de proposer une méthode pour détecter les pe-
tits changements et estimer leurs localisations dans la moyenne conditionnelle dans une
classe de modéles CHARN (Conditionnelle - Hétéroscedastique - Autoregressive - Non-
linéaire) a coefficients variant dans le temps (voir Hardle et al.| (1998)). Nous cosidérons

n observations, Xi,..., X, générées par le modéle CHARN suivant
Xt = T(po + Y © w(t); thl) + V(thl)&‘t,t S Z, (1)

ol (X}),e; est un processus stationnaire par morceau et érgodique dans chaque interval
[Tj_1, 7;[, dont les 7, j = 0, ..., k+1, sont des instants potentiels de ruptures avec 7, = 1 et
Th+1 = 15 (€¢)¢7 st une bruit blanc de densité f; X, = (X, ... ,Xt,dH)T; T etV > 0sont
deux fonctions réelles; p; € RP, v = (’le, . ,'y,;rH)T, v; € RP pour tout j =1,...,k+1;
W(t) = Lmr)(®), Lprar) (1) oo Loy m) (8 L) () T = (i) € {0,114
pour tout vy = (v/,... ,7,;F+1)T e R et w = (wi,...wre)
€ RFHL

Y

YOwW="Yw; + -+ Ver1Wg+1 € Rpa

oupouri=1,....k+1,

Yiw; = (%’,1%7 S ﬁz‘,pwz‘) € RP.

Nous construisons un test du rapport de vraisemblance pour tester

Hy:~v =79 contre Hgl) :’y:'yn:’y(ﬁ—%,
pour 5o = ('Y()T,p---a')’oT,kH)T: B =B >ﬁl;r+1)T e RPHD avec Yo, Bi € RV, i =
1,...,k+1. Parmi les «;, certaines peuvent étre nulles, signifiant la présence des paramétres
de nuisance dans le modéle. Ce probléme de test prolonge le travail de |Ltaifa (2021)) et
Ngatchou-Wandji and Ltaifa) (2021) qui se limite & tester la moyenne. Notre objectif
principal dans cette thése est de généraliser ces travaux.

Premiérement, nous supposons le cas ou les paramétres pg et 7y sont connues. Nous
calculons la vraissemblance de X(™ = (X, ..., X;) conditionnelle & Xy € R?. Puis, nous

(n)

trouvons le logarithme du rapport de vraissemblance de Hy contre Hz " qui a 'expression

suivante
@n<p07707/8) = Hn(p()”YO?/B) - An(p07707/6> + OP(1)7

avec

SALMAN Youssef LM | IECL



n

An(po, 70 B) = ;n > {mﬂ—rM(’Yﬂ,Xt—l)/6¢}[€t<p0770)]
t=1

—ﬁﬁﬁ%(’)’m Xi-1)B¢¢lei(Po; Y0)] }

IL.(po. Y0, 8) = \/—Z{ VI(Xi-1) TN('YOaXt—l)be[Et(Po,’Yo)]}

o M(v0,X¢1) = N(v0, Xe-1)N " (70, X-1)
o N(v0,Xi-1) = w(t) o Dy [T(po, Yo, Xi-1)]
o H(vo, Xs-1) = w(t)w(t)" o Hy[T(po, Y0, X-1)]
o N(v,Xi1) = (widy, [T(Po,’)’,Xt_l)],...,wkﬂa,ykﬂ[T(po,fy,Xt_l)]>T c Rp(+)
e w; €4{0,1},
avec

M(’)’m thl) = N(’)’o, thl)NT(’)’o, thl) =

w%a"hT(va Y0, Xt—l)@le(Po, Yo, X¢-1) oo Wik 104, T (po, Yo, Xi— 1)8%“T(P0, Yo, X¢-1)
Wi 1010, T(P0, Y0, Xi-1)05, T (Po, Y0, Xi-1) -+ Wiy 10y, T(Pos 70, Xi1)0y, . T(po, Yo, Xi-1)
€ Mg+ (R),
et
w02 T(po, Y0, Xi-1) . wlwkﬂ&,m“T(po, Yo, Xi-1)
/H('YOa Xt—l) = : € Mp(k+1)(R)’
Wk—l—lwla‘kam (P, Y0, Xi—1) .. wk+1(97k+1T(P0,’Yo,Xt 1)

Ensuite, dans le but de trouver la distribution du test construit sous Hy, nous demontrons
que, lorsque n — +oo, pour tout B € RPF+D sous Hy,
77(!’0, Yo, ﬁ)
2 )
1i. Hn — N<07 77(/’07 Yo, /6))7

1. A, —

tels que, pour 1 < h <m < p,

k+1
p07707 Za] Z 6] hﬂJWT’JZ (p0a70)
7j=1 1<h<m<p

() _ 1 or T |
05 00 0) = 100) [ Gy 3P0 00) 5 — (o0 2 ).
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Ainsi, la propriété LAN (Localement asymptotiquement normale) enoncée dans Droesbeke
and Fine| (1996)) est verifiée pour la suite centrale I1,,(pg, o, 3). D’aprés la Proposition
4.2 de Droesbeke and Fine (1996)) (troisiéme lemme de Le Cam), les suites d’hypothéses
{Hén) :n>1} et {H™ = Hy:n > 1} sont contigiies et sous Hén), on a

Hn(p0770716) gN(W(Po/)’mﬁ)ﬁ(ﬂm’?’oaﬁ))-

(n)

Pour tester Hy contre Hg", pour 7o connu et pour tout 8 € Rr(+1) | nous considérons la

statistique du test suivante

Hn(p0770>/8>
Ta(P0;Y0,8) = =7 ————, 2
( ) Wn(p0a70a13) ( )
avec
i (pO Yo, /8) (70716)7
k+1
® 7n(Po; Y0, 8 ZO‘J Z Binb, mmg "™ (o, o),
1<h<m<p
h,m 1 or oT ~ o~
i T/]\(j72 )(p0770) = I(f)/ V2( )a (p07707 )8’7 (p07’707'r)dﬁ}(‘r)7 ou -F} est la
J,m
fonction de distribution empirique du vecteur X; dont les composentes sont dans
[7j-1, 7351,
e Une estimation de 7]§Z’m)(p0, ~o) peut étre considéré comme
~ I(f) 1 oT oT
j ) ’ 7X 5 >X 1)
2(Pos0) = ol Tzl X, a%h(p" Yo, Xy1) 5 - (Pos Y0, Xi-1)
et Eij = nj (n) .
n

Ensuite, nous demontrons que, sous Hy,

7;L<p07 Yo, /8) 2} N(O, 1)7

et sous H ,(3"), la puissance asymptotique locale du test basé sur T, (po,o,3) est égale
a
Pk,Tk =1- q)(za - W(p0)707/8))7

ou ® est la fonction de répartition de la loi normale centrée réduite et z, est son quantile
d’ordre (1 — «). Finalement, nous demontrons que le test basé sur 7,(po, o, 3) est
localement asymptotiquement optimal.

Maintenant, nous nous placons dans le cadre du modéle avec les fonctions T et V' de

SALMAN Youssef LM | IECL



forme connues mais le paramétre pg est inconnue. Tout d’abord, nous considérons un
estimateur consistent de pg, noté par p,, et qui verifie la représentation de Bahadur et al.
(1960) suivante

n2(pn — po) =12 Y T(po, Xi-1)R(2:(po, Y0)) + 0p(1), (3)

t=1

ou
L] T(.I, po) = (Tl(ﬂj’, po), ceey Tp(.CE, po))T € RP

e Pourtout j =1,...,k+1, x € R% Ja > 0 telle que / 1T (po, 2)||*7* dF;(z) < oo.
Rd

. / IN(2)]*T f(z)dz < oo et /N(a:)f(x)dx =0,
R R
Ensuite, nous trouvons que, sous Hy,

Vi(pn = po) = N(0,5),

et sous H,

Vi(pn — po) = N (€.5),

ou

¢ = [ W@y @de S0 o [ R T (o )iE o) €

et

k+1

5 :/RNQ(m)f(m)deaj /RdT(pO,:E)TT(pO,x)dFj(m) € M,(R).

Ensuite, nous supposons que 7, est connue et nous demontrons la convergence de la
suite centrale a version estimé vers la suite centrale a version exacte. En d’autre terme,
nous demontrons que, sous certaines conditions, pour tout n > 0, pour tout estimateur
consistent et asymptotiquement normale p,, de pg, nous avons, pour tout suite des entiers

positives s(n) telle que n/s(n) — 0, lorsque n — +oo.
1.
Hn(p07 Yo, /6) = Hn(ps(n)7 Yo, ﬁ) + OP(1)7
ii.

%n(pny Yo, /6) — 71-(poﬁ Yo, ﬁ)

SALMAN Youssef LM | IECL



Dans ce cas, pour tester Hy contre H én), pour tout B € RP 1 nous considérons la

statistique du test suivante

Hn<ps(n) » Y0, /6)
771 Psn); Vi 7/3 = = .
( (270 ) 71-n(ps(n)ap)/OwB)

Ensuite, nous demontrons que, sous Hy, lorsque n — 400,

n(ps(n)a Yo, ﬁ) 2} N(07 1)’

n)

et sous H [(3 , pour un seuil de signification « €]0, 1], la puissance locale asymptotique du

test basé sur Tp,(ps(n), Yo, 3) est

Prre =1 — (24 — 7(po, Y0, 3)),

ou P est la fonction de répartition de la loi normale centrée réduite et z, est son quan-
tile d’ordre (1 — «). Finalement, nous demontrons que le test basé¢ sur la statistique
T (Ps(n)> Yo, B) est localement asymptotiquement optimale.

En suivant les mémes techniques, nous demontrons que, en remplagant 7, par un estima-

teur consistent 7 ,,, la statistique du test T, (psn); Yo,5(n), 3) définit par

(ps(n '705 (n) 7/8)
(ps(n)a Y0,s(n)> /B)

T(psn sn);ﬁ)

Y

converge sous Hj vers une variable aléatire qui suit un loi normale centrée réduite. Sous

H [(3"), pour un seuil de signification « €]0, 1], la puissance asymptotique du test basé sur
%(ps(nﬁ Yo, /3) est
Pk,Tk =1- q)(zoc - 71—(p07’707/6))7

ou @ est la fonction de répartition de la loi normale centrée réduite et z, est son quan-
tile d’ordre (1 — «). Finalement, nous demontrons que le test basé sur la statistique
T (Ps(n)» Yo,s(n); B) est localement asymptotiquement optimale.

Pour utiliser les résultats théoriques achevées, nous construisons un nouveau algorithme,
motivé par le calcul de la puissance locale, pouvant détécter les ruptures d’'une maniére
séquentielle. En utilisant des données simulés par le logiciel R, nous demontrons que notre
méthode est efficace et capable a détécter les petits ruptures dans une classe de modle
lin eaire, soit AR(1), et non linéaire, soit AR(1)-ARCH(1).

Enfin, nous comparons le performance de notre méthode avec la méthode de|Horvath et al.

(2020). Les résultats montrent que notre méthode est plus puissant et plus précis.
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Chapter 1

(zeneral introduction

1.1 Introduction

The main purpose of our work is the study of weak changes detection and the location
estimation of the changes in the conditional mean of a class of time-dependent coeffi-
cients Conditional Heteroscedastic AutoRegressive Nonlinear (CHARN) models (see Har-
dle et al.| (1998))). We mean by weak change that whose magnitude is too small. Such a
change can happen for example in a phenomenon which changes gradually.

We consider n observations, X1, ..., X,, generated by the following CHARN model

Xt :T(p0+7®w(t);Xt_1) +V(Xt_1)€t,t <Y/ (11)

where (X}),., is a piece-wise stationary and ergodic process in each segment [7;_1, 7],

where the 7;, 7 = 0,...,k 4 1, are potential instants of change with 7y = 1 and 741 =n

and n denotes the sample size; (¢;),., is a standard white noise with density f; X; =

(X, ..., Xi—gs1) " ; Tand V > 0 are real smooth functions; pj € R?, v = (v, ... ,'y,;r+1)T,

v; € RPforany j =1,... k+1; w(t) = (Ljr,m)(2), ]l[ﬁ?)(t), O R (I TN O

(Wi, wig1) € {0, 1 forany v = (v ,...,vL) € R Dandw = (wy, ... W)
YO w="yw + -+ Vip1wWis1 € RP,

where fort=1,..., k+ 1,
Yiwi = (ViaWis - - -, Vipwi) € R
We construct a log-likelihood ratio test for testing

: n B
Hy:~ =7, against HL(;)27:7”:’70+— (1.2)

Nk
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for some vy = (’7({17 e a’?’oT,k+1>Ta B = (51T> e 7ﬁl—cr+1)—r e RPHD | with Yo, Bi € RP,
t=1,...,k+1. Some of 7;’s may be nil, meaning that there may be nuisance parameters
in the model. This testing problem extends the work of |Ltaifal (2021) and Ngatchou-
Wandji and Ltaifal (2021) who restrict to testing the mean. Our main purpose in this

thesis is to generalize these works.

1.2 A review on change-point study

The first work on change-points study started with Page| (1954), in the context of iid data.
The monograph of |(Csorgs et al.| (1997) presents notions and theory of change-points. The
literature on change-points is large and various. In this section, we review some change-
point papers, focusing on time series.

MacNeill (1974) proposes a test for parameter changes at unknown points using a Brown-
ian Motion test. The observations are assumed to follow an exponential distribution. He
presents a derivation, using the method of (Chernoff and Zacks (1964)). He uses the like-
lihood ratio statistic for testing "no change" against the existence of change. He studies
the large sample distribution theory of the test statistic, and obtains its asymptotic dis-
tribution. Finally, he studies the distributions of certain functionals of Brownian Motion
and illustrates the relation between the means obtained by a simulation experiment.
Davis et al.| (1995 study the problem of testing the change in parameter values when it
has not yet occurred. The authors show that if the white noise is weakly stationary with
finite fourth moments, then under the null hypothesis (no change-point), the normalized
Gaussian likelihood ratio test statistic converges in distribution to the Gumbel extreme
value distribution. They investigate the null hypothesis behavior of the likelihood ratio
statistic when the orders of the AR model are permitted to be different before and after
the change-point. They study the change in the variance of the white noise before and
after the change-point. Also, they check that the likelihood ratio test converges in prob-
ability under two conditions. They illustrate their theoretical results with a simulation
experiment.

Vogelsang| (1997) proposes tests statistics for detecting a break at an unknown date in
the trend function of a dynamic univariate time series. The tests are based on the mean
and exponential statistics of Andrews and Ploberger| (1994) and the supremum statistic
of |Andrews| (1993). Their results are extended to allow trending and unit root regressors.
Asymptotic results are obtained. When the errors are highly persistent and it is not
known which asymptotic theory provides a better approximation, the authors provide a

conservative approach based on nearly integrated asymptotics. They show the power of
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the mean statistic to be nonmonotonic with respect to the break magnitude and is dom-
inated by the exponential and supremum statistics. Also, they propose different versions
of the tests applicable to first differences of the data . Finally, they applied the tests to
some macroeconomic time series, and the null hypothesis of a stable trend function is
rejected in many cases.

Another method for detecting change-points is introduced in [Lavielle and Lebarbier
(2001). The authors present a multiple change-point analysis for which Markov Chain
Monte Carlo (MCMC) sampler plays a fundamental role. They propose an attractive
methodology for the change-points problem in a Bayesian context. It is used for esti-
mating the posterior distribution of the unknown sequence of change-points instants, and
also for estimating the hyperparameters of the model. The reversible jump algorithm is
based on the fact that the dimension of the model can change according to the number of
changes. Unfortunately, this algorithm converges slowly, and many iterations are needed
for estimating correctly the posterior distribution. The authors start their article by de-
scribing the model of change-points in the mean and detail the prior modeling. They
next use the Hastings-Metropolis algorithm to estimate the posterior distribution of the
change-points instants. They explain the problem of recovering the sequence of means.
The reversible jump algorithm is presented and finally, they explain the SAEM algorithm
(a stochastic approximation of expectation maximization) for the estimation of the hy-
perparameters of the model. They use the Bayesian approach to estimate the number of
change-points. They determine the posterior distribution of the non-observed sequences
conditionally to the set of observations. After finding this distribution using the Markov
chain Monte-Carlo method, they start the Hastings-Metropolis algorithm. They explain
the basic algorithm, and to illustrate it, they simulate a sequence of 500 observations.
Finally, they conclude that the MCMC is faster than the Reversible Jump algorithm for
the determination of the posterior distribution of change-points.

Lebarbier| (2005)) also studies the problem of detecting change-points in the mean of a sig-
nal corrupted by additive noise. The number of changes and their position are unknown.
These are estimated by a method based on a penalized least-square criterion. The prob-
lem in this paper is to detect and locate the change-point instants and to estimate the
jumps in the mean. The author shows that when the variance of the noise is known, the
two penalty constants are calibrated optimally. Next, the heuristic method to estimate
the noise variance is presented and a calibration of this method is proposed. Finally,
different simulation studies are done to assess the performance of the calibrated method
proposed.

Davis et al.| (2008)) consider the problem of detecting break points for a nonstationary

time series. Specifically, the time series is assumed to follow a parametric nonlinear time-
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series model in which the parameters may change at fixed times. The authors assume
that the number and locations of the break-points are unknown. They use the minimum
description length (MDL) as a criterion for estimating the number of break-points, the lo-
cations of the break-points and the parametric model in each segment. They find the best
segmentation by minimizing MDL using a genetic algorithm. The authors illustrate their
results using generalized autoregressive conditionally heteroscedastic (GARCH) models,
stochastic volatility models and generalized state-space models as the parametric model
for the segments. An empirical study shows the good performance of their methods.
Fotopoulos et al.| (2009)) study the problem of detecting the instant of change. The use
of the maximum likelihood estimates the instant of the change 7,,, but instead of working
with a discrete value, the authors estimate a continuous number between 0 and 1 after
assuming that the instant of change is the product of the sample size with this number.
They study the asymptotic distribution of the test used by contiguity. After the proof of
the convergence of the test, the authors apply the theoretical part to simulated data.

To monitor the parameters (mean, variance, and parameter of the model), the Brownian
Motion method is used by (Gombay and Serban (2009) to detect changes. In an autore-
gressive model, the authors introduce a new change parameter and estimate it in case of
change. Finally, they find a relation between the score and the Gaussian process, and
they prove that the difference between them (in addition to constant) tends to zero almost
surely. In other words, the authors prove the effectiveness of the test. They end their
work by a simulation experiment.

Huh! (2010) investigates the regression function or its vth derivative in generalized linear
models which may have a change (discontinuity) point at an unknown location. The es-
timation of this change is based on one-sided kernel weighted local-likelihood functions.
The asymptotic distribution is also studied for the estimators of location and jump size.
The theoretical part is illustrated by a simulation and beetle mortality examples.

Shao and Zhang (2010) considers the CUSUM-based (cumulative sum) test for detecting
a change in a time series. The authors propose a self-normalization (SN) based Kol-
mogorov—Smirnov test, where the formation of the self-normalizer takes the change-point
alternative into account. They prove that the resulting test statistic is asymptotically
distribution free and its power is monotonic. They extend the SN-based test to test for
a change in other parameters associated with a time series, such as marginal median,
autocorrelation at lag one, and spectrum at certain frequency bands. Monte-Carlo simu-
lations are conducted to compare the finite sample performance of the new SN-based test
with the traditional Kolmogorov—Smirnov test. Illustrations using real data examples are
presented.

Jaruskovd| (2010) studies the change-point in the mean of a sequence of independent nor-
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mally distributed random vectors. The asymptotic distribution of the test statistic is
studied by using results from [Pit| (1994). Also, on the same subject, |Chen et al. (2011)
study this problem for independent normal means as a multiple testing problem. The
authors consider two stepwise methods, the binary segmentation method of [Vostrikoval
(1981), and the maximum residual down method of |Cohen et al. (2009)). They prove the
consistency of these two methods. More precisely, they proved that the probability of
making errors in the acceptance or the rejection of the hypothesis tends to zero when the
sample size tends to infinity.

Ciuperca; (2011)) studies the number of change-points using an M-estimator procedure.
BIC with and without changes are defined. The important aspect of this paper is that
the number of observations between two instants of changes is unknown. Maximizing the
M-criterion leads to the estimation of the number of change-points. The consistency is
proved. The results are illustrated with a simulation study.

Doring| (2011)) studies the asymptotic distribution for a class of multiple change-point
estimators. The author considers a nonparametric model and uses the maximizing point
of a weighted multivariate U-statistic process to estimate the change in the parameters.
The most important idea presented in this article is the transition from the maximization
of the parameter to the maximization of another process while maintaining the same goal.
The detection of change is studied in |Praskova and Chochola (2014). The authors study
the existence of the change in the regression parameters in a linear model where the regres-
sors and the errors are weakly dependent. They use the M-estimators and the Weighted
M-residuals to construct a test statistic. They also study the asymptotic distribution
under the null hypothesis and contiguous alternatives. The results are illustrated by a
simulation experiment.

The problem of changes can be studied not just in time series and observations, but also
in the effect of the change in the mean on the density function (tail, peak, etc). In Dupuis
et al.| (2015) this problem is studied. The authors develop a new method of detecting and
estimating the change-points in the tail of multiple time series data. They explain the
change in the mean, in the variance, and in the tails. They also discuss the effect of the
mean and variance’s change on the tails. They focus on the detection of change-points
in the upper-tail of the distribution of the variable of interest basing on multiple cross-
sectional time series. They start their work by identifying the change-points. Next, they
consider a tail model and a likelihood ratio test to study the change in the parameters of
this model. Their null hypothesis is "no change in the parameters" and the alternative is
the "existence of the change". This method is based on approximating the distribution of
the exceedances over a high threshold by the GP (generalized Pareto) distribution. Next,
the authors compare the performance of the methods used. Finally, they apply these
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methods to a set of real data that represent the temperatures in New York City between
1956 and 2005.

In Badagian et al.| (2015), the problem of detecting and estimating the change-points
location in a time series is studied. The authors consider the problem of modeling a non-
stationary time series by segmenting it into blocks that are fitted by stationary processes.
This paper proposes a procedure based on the BIC' joint with the binary segmentation
algorithm to look for changes in the mean, the autoregressive coefficients, and the vari-
ance of the perturbation in piece-wise autoregressive processes, by using a procedure and
comparing this procedure with several others available in the literature. The authors
present the change-points problem and explain briefly the Auto-PARM and Auto-SLEX
methods. They present different algorithms that are useful to the search for multiple
change-points, and they compute and compare the size and the power of the presented
approaches. Finally, they apply them to real data from speech recognition.

Yau and Zhao| (2016) propose a likelihood ratio scan method for estimating multiple
change points in piecewise stationary processes. The authors use scan statistics which
reduces the computationally infeasible global multiple-change-point estimation problem
to a number of single-change-point detection problems in various local windows. They
prove the consistency for the estimated numbers and locations of the change points. More-
over, they develop a procedure for constructing confidence intervals for each of the change
points. Finally, the authors illustrate their results and the efficiency of the likelihood ratio
scan method by simulation experiments and real data analysis.

Ruggieri and Antonellis (2016) aim to estimate the instant of change in a regression model.
They use a sequential Bayesian change-point algorithm that provides uncertainty bounds
on both the number and location of the change. The most important thing is that this
algorithm can quickly update itself in linear time as each new data point is recorded
and uses the exact posterior distribution to infer whether or not a change-point has been
observed. The authors illustrate the theoretical part with simulation data and real data
about the temperature anomalies over the last 130 years (the real data is taken from the
National Oceanic and Atmospheric Administration NOAA).

A new class of change-point test statistics is proposed in [Horvath et al.| (2020) that uti-
lizes a weighting and trimming scheme for the cumulative sum (CUSUM) process inspired
by Rényi. Using an asymptotic analysis and simulations, the authors demonstrate that
this new class of statistics possess superior power compared to traditional change-point
statistics based on the CUSUM process when the change-point is near the beginning or
end of the sample. The authors develop a generalization of these “Renyi” statistics in
order to testing for changes in the parameters in linear and nonlinear regression models,

and in generalized method of moments estimation. In these contexts, the authors apply
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the proposed statistics, as well as several others, to test for changes in the coefficients of
Fama-French factor models. They observe that the Renyi statistic is the most effective
in terms of retrospectively detecting change-points that occur near the endpoints of the

sample.

1.3 Our main contributions

Very few of the papers reviewed in the preceding section study the weak change problems.
To contribute to filling this gap, |Ltaifa (2021)) and |[Ngatchou-Wandji and Ltaifal (2021))
propose a new approach for weak change-points study. They consider the testing problem
presented in Section [L.1] for the particular case where T'(po +v @ w(t), Xi—1) = po+v®
w(t)+U(X;-1), for some function U. Then they prove a LAN property and the contiguity
of the hypotheses tested. From these results, they compute the theoretical local power of
their likelihood-ratio test, and use it in an algorithm for detecting changes and estimating
their locations. In our work, we proceed as them, but with a more general model and a

new change detection algorithm. Our main contributions are:

e A locally asymptotically normal (LAN) result, from which we deduce the contiguity
of the hypotheses tested.

e From the contiguity result, using Le Cam third Lemma, we give an explicit expres-
sion for the local power of the test studied. This power is a function of the potential

change-points and the magnitudes of the changes.

e Considering an estimated version of the power with the magnitudes of the changes
replaced by their estimators, we propose an algorithm for change-points detection
and for estimating the changes locations. This algorithm finds change-points at

blind, sequentially.

e We conduct a simulation experiment which shows that our method performs well

on the examples tested and compares favorably with other methods.

1.4 Outline of the thesis

This thesis is structured as follows.

In Chapter 2 we present the main tools that we use in our work. We present some

usual time series models and recall some main methods for parameter estimation in these
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models. We also describe the main methods used for testing change-points in time series
models. Next, we recall some important notions as identifiability, stationarity and ergod-
icity. We recall some notions of the Le Cam theory as LAN and contiguity. We finally
recall a central limit theorem from |Hall and Heyde| (2014)).

In Chapter 3, we study the problem presented in the general introduction in the case
where all the parameters are known. We first precise the notations and make the general
assumptions. Our likelihood-ratio test is derived and its asymptotic properties are studied
under the null and under the local alternatives considered. For the study under the local
alternatives, we use the contiguity of the hypotheses under study that we previously

established. An explicit expression of the local power is provided.

In Chapter [ all the parameters involved in the problem are no more known. We show

that replacing them by their estimators, the results of Chapter 3 remained valid.

In Chapter [, we apply the results of Chapter 4 to change-point detection and to esti-
mating their locations. We describe an algorithm for multiple change-points detection
and for estimating their locations. We previously give a brief review of some existing

change-point detection algorithms.

In Chapter [6] our algorithm is applied to simulated data from a class of CHARN(1,1)

model for detecting change-points and estimating their locations.

The last chapter concludes of our work and outlines some perspectives.
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Chapter 2

Mathematical tools

2.1 Introduction

In this chapter, we present some definitions of linear and nonlinear models and introduce
some methods for their parameters estimation. We also review some tests for breaks de-
tection. Finally, we present the fundamental notions, notations and definitions that we
use. One of these notions is the LAN property from the theory of [Le Cam/ (1960)). It is
of a primary importance in our work.

The LAN property used is the modified version defined in Hall and Mathiason| (1990)) and
used in Hwang and Basawal (2001)) to establish the asymptotic normality of the likelihood
ratio test under the null hypothesis.

We use other tools like central limit theorem of martingals presented in [Hall and Heyde
(2014) and the ergodic theorem (see Birkhoff| (1931))). These tools are also those used in
Ngatchou-Wandji and Ltaifa (2021]), |Lounis| (2012)), [Lounis (2011)), and can be found in
Le Cam (1960), Hall and Heyde (2014) and Droesbeke and Fine| (1996). The outline of
this chapter is as follow:

We present some time series models, some methods for estimating their parameters, and
some tests. We also present some tests for detecting breaks and some methods for esti-
mating the break-locations. Finally, we outline and present the main mathematical tools

used in our work.
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2.2 On testing and estimating time series models

In this section, we recall the definition of linear and nonlinear models and we give some
examples. Next, we present some methods used in literature to estimate the models
parameters. Furthermore, we enumerate some tests used in literature for breaks detec-

tion.

2.2.1 Linear process

A stochastic process { X, }1ez is said to be linear if, for any ¢ € Z, X, can be written as a

weighted infinite sum

oo
Xe=p+ Zaist_i, t e,
i=0
where p is a constant, the a; are real coefficients with oy = 1 and (&), is a sequence of iid
zero-mean random variables with variance 02 < 400 such that E(e| X; 1, X; 2,...,) = 0.
Some examples of linear process are ARMA, ARIMA, SARIMA.
Let d, D,p, P,q,Q and s be non negative integers. Let B is the lag operator. Define the

following operators.
e Vi=(1-DB)!

o VP =(1-DB9)P

e &(B)=1—¢1B—...,—¢,B?, where ¢ = (¢1,...,¢,) € R and ¢, # 0

o ¥(B)=1—¢) — = ¢pBF, where ¢/ = (¢ — - — ¢}) € RF and ¢ £ 0
e O(B)=1-6,B—---—0,B9, where O = (0y,...,0,) € R”and 6, # 0

e O(B)=1-0B—---—0,B% where © = (0},...,0;) € R? and 6 # 0

Definition 2.2.1. We say that (X;)iez is an ARIMA process of order (p,d,q), denoted
by ARIMA(p,d, q), if:

®(B)VX, =0(B)e, t € Z.

Definition 2.2.2. We say that (X;)iez is a SARIMA process of order (p,d,q)(P, D,Q),
denoted by SARIMA(p,d,q)(P, D, Q), if:

®(B)Y (B*)VIVP X, = 0(B)0'(B%)ey, t € Z.
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2.2.2 Non-linear process

Some phenomena essentially display nonlinear behavior, such as time irreversibility, asym-
metry, and self-sustained stochastic cyclical behavior, which cannot be explained well by
linear time series models. Realizing this, researchers have proposed numerous nonlinear
time series models since the late 1970s.

Let (X})iez be the process defined, for any ¢ € Z, by

Xt :g<6t7€t—17"')7 (21)

where (e;) is a white noise and g is a function. If ¢ is linear, then (X;) is a linear process
and is a linear model. If ¢ is non-linear, we obtain a non-linear model. Some
examples of non-linear models are ARCH, TARCH and EXPAR models studied in [Engle
(1982), [Tong| (1990) and Guégan et al.| (1994), and bilinear models proposed by |Granger
and Andersen| (1978).

ExpAR models

Expar model was first used to model the ship rolling data. There is a lot of work on
ExpAR models, (see, e.g., Ozaki and Odal (1977), Ghosh et al.| (2015)).

Definition 2.2.3. A time series (Xy)iez is an Expar model of order p, if for any t € Z,
P 2
Xt = Z <Ci —+ Wie_WXt_l) Xt—i + &4,
i=1

where (¢)iez 15 a white noise such that ; independent of Xy, and ¢;, m; and v are the

unknown parameters which need to be estimated.

Later, many versions of ExpAR models were introduced (see,e.g.,|Ozaki (1985), |LeBaron
(1992)), Koutmos (1997))).

Definition 2.2.4. An ARCH(q) models can for example be defined as follows:
€t = Ot2t,

where e; represents the innovations of the series, and z; is a standard white noise and
of =ap+ >t aer; with a;, i =0,...,q, are reals such that ag > 0, a; > 0 and a; > 0

guaranteeing the strict positivity of the conditional variance.

It is easy to see that ExpAR and ARCH models are within our CHARN models ({1.1)).
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Time-varying coefficients models.

In real life, it may be necessary to adjust time-varying coefficients models to some data.
Some examples of such data are those from climate change and a machine in a production
line. The model that we study in this thesis and the models presented in Section
2.2.1| are examples of this type of models, studied by Davis et al. (1995), |[Badagian et al.
(2015) and Dehling et al.| (2013)).

2.2.3 Parameters estimation methods

In literature, many methods are used to estimate the parameters of time series models. We
present those which are mainly used, namely, the least-square and maximum likelihood
methods.

Least-squares methods

From Marquardt| (1963), most algorithms for the least-squares estimation of nonlinear pa-
rameters have centered on two approaches. On the one hand, the model may be expanded
as a Taylor series and corrections to the several parameters calculated at each iteration on
the assumption of local linearity. On the other hand, various modifications of the method
of steepest-descent have been used. Both methods frequently ground to a stop, the Tay-
lor series method because of divergence of the successive iterates, the steepest-descent (or
gradient) methods because of agonizingly slow convergence after the first few iterations.

The least-squares method can be explained as follow:

Let zq,...,x,, be independent variables, i, ..., 8 are the population values of k param-
eters. Let the model to be fitted to the data be
E(y) :f<x17>xmaﬁl>aﬂk) (22)
= (X, )

where E(y) is the expected value of the dependent variable y. Let the data points be
denoted by
(}/inli7~--aXmi)7 1= ]_,...,TL.

The problem is to compute those estimates of the parameters which will minimize
n
o= (Vi -V
i=1

=y -Y|*
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where Y; is the value of y predicted by |D at the ith data point.

Maximum likelihood method

In statistics, maximum likelihood estimation (MLE) is a method for estimating the pa-
rameters of a given probability distribution on the basis of observed data. This is achieved
by maximizing a likelihood function so that, under the assumed statistical model, the ob-
served data are the most probable. The point in the parameter space that maximizes
the likelihood function is called the maximum likelihood estimate. The logic of maximum
likelihood is both intuitive and flexible, and as such, the method has become a dominant
means of statistical inference.

We write the parameters governing the joint distribution as a vector 0 = (6, 6s, .. ., Qk)T
so that this distribution falls within a parametric family {f(-;0) |6 € ©} , where O is
called the parameter space, a finite-dimensional subset of Euclidean space. Evaluating
the joint density at the observed data sample x = (z1,x9,...,x,) gives a real-valued

function,
L,(0,x) = fu(6,x),

which is called the likelihood function. If the random variables are independent and
identically distributed, f,(6,x) will be the product of univariate density functions,

n

Fal0,%) = [T £ (0, a),

k=1

univar

where f}
by

stands for the univariate density function of x;. Now, we can estimate 6

0 =arg Igleaé([ﬁn(é’, x)].

By using the logarithm function log, the function will be called the log-likelihood function

expressed as follow
L,(0,X) = log(L,(0,x)).

Since the logarithm function is a monotonic function, the maximum of L, (6, x) occurs at
the same value of § as does the maximum of £,,(6,x).
If L, (0, x) is differentiable in O, the necessary conditions for the occurrence of a maximum,
or a minimum, are
0Ly, =0 % =0 %
00, " 00, T 00y

=0,
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known as the likelihood equations. Sometimes, these equations are sufficient to find an
estimator of #. In general, we use a second order partial derivatives, and we obtain a

matrix called by Hessian matrix

0*L, 0*L, O%L,
0%y g 00,005 |,_5 00,00k |,_5
0*L, 0*L, o%L,

H(é\) —_ 892881 9:§ 8202 0—=0 T 39239k 0—05 ’
0*L,, 0*L,, o2,
00,001 |p_pg 00,005\, ~—  O0%0k |,_p

which should be negative semi-definite at (/9\, as this indicates local concavity.
Conveniently, most common probability distributions - in particular the exponential fam-

ily - are logarithmically concave.

2.2.4 Tests for breaks detection

Most of the break or segmentation tests are based on likelihood or on CUSUM tests.

Likelihood ratio test

The likelihood-ratio test assesses the goodness of fit of two competing statistical models
based on the ratio of their likelihoods. The likelihood ratio test is a test for hypothesis in
which two different maximum likelihood estimates of a parameter are compared to decide
whether to reject or not a restriction on the parameter. Denote the parameter of interest
by 0 = (01,...,0k) for some k. A change occurs if 6 changes from parameter space Iy to
another parameter space I'y such that ' =T, UT, I’y #gand 'y N T = (.

Consider these two hypotheses:

H()IQGFO
H1:96F1

The likelihood function L(6|x) = f(x|€) (where f is the probability function) viewed as
a function of the parameter # with x held fixed at the value that was actually observed.
The likelihood ratio statistic denoted by A, is defined as:

maxger, L(0|x)

Alz) = maxger, L(0|x)
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If A is larger than a critical value at a level of significance «, the null hypothesis is rejected,
otherwise, it is accepted. For more details, we can see Monfort| (1982)) or Lehmann et al.
(2005)).

Optimality

Definition 2.2.5. We say that a test T is optimal, or the most powerful test, with level
of significance o €]0, 1], if it is the most powerful test among any other tests at the same

level of significance.

Definition 2.2.6. (Neyman-Pearson lemma)

The likelihood ratio test is the most powerful test for any level of significant o €0, 1].

CUSUM test

One of the statistics most often used for the segmentation of the time series is the cu-
mulative sum or the CUSUM (introduced by [Page| (1954)). To explain it, we consider

x1,...,oTr as a time series process with m change-points. The test statistic is defined
as:
1T = \/g mkax Dy,
where P
D, = ZtT:ﬂ"t _ E7
D i1 T T

with 0 < k < T. The asymptotic distribution of the statistic I7T is the maximum of a
Brownian bridge (B(s)):

IT — ppyy max{B(s) : s € [0,1]},

where B is a Brownian bridge, D]0, 1] is the Skorohod space. This establishes a Kolmogrov-
Smirnov type asymptotic distribution. The null hypothesis is rejected when the maximum
value of the function IT is greater than the critical value and the change-point is located

at a period k = % where the maximum is achieved:

k

{k: IT > cv},

where c.v is the corresponding critical value.
Brown et al.| (1975) introduce another version of CUSUM test based on the least-squaress
residuals, denoted by CUSUM®S, |Zeileis| (2001), Zeileis (2004) use the CUSUM test
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in order to estimate the p-value in a class of the following standard linear regression

models
_ T _
ye=x, f+u, t=1,...,n,

where y; designates a dependent variable observation, x; = (1,2,,...,2,) " is a k X 1,
(u¢)s is a sequence of iid centered random variables with variance ¢ and 3 is a k X 1
regression coefficient vector.

The CUSUM® test is defined using the least-squares residual @; = y; — ) B\ :

The statistic of CUSUM test based on the residuals cumulative sum can be expressed as

follow

| [k+t(n—k)]
N ovn —k el

w, (1) U, 0<t<1,

Yi — xiTB(i_l)

V1t el (D wal) e,

361 i the ordinary least squares estimation of the regression coefficients 3(~1 based on

- 1 n = ~ .
whereaz\/—kzi:kﬂ(ui—u)?, u; Ji=k+1,...,n,
n_

the observations up to i — 1, k is the number of component of the vector x; and t € [0, 1]
is the break’s instant.
For c(t) = A(1+2t), A €]0, 1], Hy will be rejected when w,(t) tends to ¢(t) or —c¢(t). That

means, Hy will be rejected when the test statistic S > A, where

S = sup
0<t<1

Kramer et al.| (1988)) proved that asymptotically,
w(t) 2 B(t),

where B(t) is a standard Brownian motion.
For t € [0, 1], the trajectory of CUSUMC® test can be defined as follows

[nt]

1
0 —~
t) = =< 9
) = 513

1
where o = \/m Yo, Ui
Kramer and Schotman| (1992)) proved that, asymptotically,

wd(t) B B(t),

n
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where B°(t) is a standard Brownian bridge.
Hy is rejected when the test statistic S° > A\, X €]0, 1[, where

0|

50 =
DT+ o

0<t<1

For a €]0, 1] designate the significant threshold, p-value is defined as follows
p-value = Py, (S > «).
That means, the p-value of a standard CUSUM test is
Py (S > a) =Py, (Jw,(t)] > a4+ 2ta, 0<t<1).
The asymptotic p-value considered in |[Zeileis| (2004)) and Zeileis (2001)) is
P(a) =Py, (|B(t)| > a+2ta, 0<t<1),
and the asymptotic p-value of CUSUM®® is
P'(a) =Py, (|B°(t)] > a+2ta, 0<t<1).

Zeileis| (2001) and |Zeileis| (2004)) bounded the p-value with two approximate bounds for
the standard CUSUM test and CUSUM®' test.

One of the major drawbacks is that they have low power, when the changes occur at the
beginning or when they occur at the end (late changes). For this reason, they update the
bounds, see [Zeileis (2004) and [Zeileis (2001). Later, many version of CUSUM test was
introduced, see [Horvath et al| (2020).

We can see a detailed discussion for all the methods based on CUSUM test in [Ltaifa
(2021).

2.3 Some important notions

This section is devoted to the statement of the mathematical tools used. The main notions

are identifiability, stationarity, ergodicity, LAN and central limit theorem.

2.3.1 Identifiability

To simplify the work and to make this thesis more clear, we first define the notation.

In all what follows, d, k, p, ¢, m, n are non negative integers and © is a non-empty open sub-
set of R™. We observe the random variables X7, ..., X, in a measurable space (X, 2, Py)
, where 6 € ©.
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Definition 2.3.1. The parametric family {Py,0 € ©} admits the injective property (iden-
tifiability), if for 6 and 0’ € ©, we have:

040 = Py+Py.

2.3.2 Stationarity

The notion of stationarity is one of the most important in time series analysis and their

theoretical studies.

Definition 2.3.2. A stochastic process (or a time series) (Xy)wez is said to be strongly
or strictly stationary if the joint distribution of (Xi,..., Xy, ) is identical to that of
(Xtytts -, Xeyye) for all t, where k € N and (t1,...,t) is a collection of k positive

ntegers.

In real-life, often of the theoretical study for a real-time series doesn’t have the station-
arity property. Sometimes, they can admit a weak version for the stationarity, known as
weak or wide-sense stationarity. In a mathematical view, a stochastic process is said to
be weakly stationary if its mean is independent of the time and its covariance depends on

the lag between two observations.

Definition 2.3.3. A stochastic process (X;)iez is said to be weakly stationary if:
e E(X,;) = p, constant and independent of t,
e Cov(Xy, X, _q) depends only on d.
o E(X?) < occ.

Non-stationarity

Most economic series are non-stationary, i.e. the process which describes them does not
satisfy at least one of the conditions of the definition of a second-order stationary process.

This led to define several types of non-stationarity:.

e Deterministic non-stationarity.

Definition 2.3.4. We say that the process (Xi): is a deterministic non-stationary

process, if we can express it as

Xt = f(t) +Zt7
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where f is a time dependent deterministic function and {Z;} is a stationary process.

There are particular cases where {Z;} is a white noise.

For example, f(t) = a + bt, (a,b) € R?, it is the commonly used case. Also, we
can consider a quadratic trend f(t) = a + bt + ct?, (a,b,c) € R3. |Lavielle and
Lebarbier, (2001), [Lebarbier, (2005) and |Ciupercal (2011) considered this type of

non-stationarity.

e Piece-wise stationarity
In our work, we are interested in another type of non-stationarity, called piece-wise.
It is different from that introduced by Dahlhaus (1997). A process (X;); is said to be
piece-wise stationary if over its observation interval it is stationary on sub-intervals.
Note that such a process is non-stationary, if it has different laws on at least two sub-
intervals of its observation interval. Dahlhaus| (1997) is a generalization of Whittle
(1953). When the number of observation tends to +oo, |[Dahlhaus| (1997) consider a
process that is asymptotically stationary and he defines the non-stationary process

as a process having a spectral representation.

Definition 2.3.5. Non-stationarity in the sense of |Dahlhaus (1997).
We say that (Xir1)iez is non-stationary in the sense of Dahlhaus, if (Xi1)wez has

the following representation

Xur = (%) = [ explingat (e,

—T

where Xy p(t = 1,...,T) represents the series of observations, T is the number of
observations, & represents a stochastic process on [—m, 7| and A)p(X) = A(t/T, )
such that A : [0,1] x R — C is a 2r-periodic function with A(u, —\) = A(u, \) and
for any T, A(u,\) and p(u) are continuous in u, where T represents the conjugate

of x € C.

Remark 2.3.1. The above non-stationarity can be seen as a local non-stationarity. \Ngatchiou-
Wandji and Harel (2015) and Ngatchou-Wandgi et al. (2019) used another type of local

non-stationary process.

2.3.3 Ergodicity

There are two main versions for the law of large numbers: weak law of large numbers and

strong law of large numbers.
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Definition 2.3.6. (Weak law of large numbers).
Let (X)) be a sequence of integrable variables, independent two by two, and identically

distributed. Let m be their common expectation (E(X;) =m). Let

_X1_|_..._|_Xn
= - .

S

Then, when n — 400, the sequence S, Zom.

Definition 2.3.7. (Strong law of large numbers).
Let (X,,) be a sequence of mutually independent and identically distributed integrable vari-

ables with finite mean m. Let

Then, the sequence S, —= m.

The ergodicity is a generalisation of the law of large numbers, it can be defined as:

Definition 2.3.8. A stationary process (X;)iez is said to be ergodic if for any Borel
function f : RP — R, we have

1 n
- S (Xt Xigrin- - Xpa) 2 E[f (X, X))
=1

Remark 2.3.2. The class of CHARN models 1s very large. It contains models
such as ARMA, ARCH, GARCH, ExzpAR and GExpAR models. The invertibility of these
models is readily obtained for example for |V (z)| > 0. |Ngatchou- Wandyji (2005) discusses
a sufficient condition for strict stationarity by checking the conditions (S1)-(S4) of p. 86
in | Taniguchi and Kakizawa (2012). |Chen and An| (1998) studied the case of GARCH
which generalizes ARCH models. Next, a sufficient condition for geometry ergodicity can
be obtained by applying a result of | Tjostheim (1990). |An et al| (1997) investigate the
stationarity property for a particular class of ARCH models nested in model .

Finally, it is possible that from the theory of Markov chains, other interesting conditions
for stationarity and ergodicity be obtained for many models within model . Ngatchou-
Wandgjy (2008) discuss the stationarity property in a class of CHARN models. For the
statonarity and ergodicity of an ExpAR models, in fact, the initial idea of |Ozaki and
Oda (1977) is to keep the model stationary. |Ozaki (1980) and|Ozaki (1982) gave some
sufficient conditions for the ExpAR model. Further, |Chen et al. (2018) discussed the
stationarity and ergodicity of an FxpAR models and gave less restrictive conditions. They

proved, under some conditions, the stationarity of GExpAR models.
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2.3.4 Local asymptotic normality

The random variables X1, ..., X, belongs to the measurable space (X,2,Py) . Let X =
(X1,...,X,), then the n-uple X™ belong to the space (X", 2") with a probability law
Pé"), where Pén) is the product of n copies of Py.

The experience X(™ = (X,..., X,,) represents the observation that we have and it can be
expressed by the statistical experience (™ (6) = (%”,Ql",Pg(")), where Py = {Py, 0 € O}
and P™ is the product of n copies of Py.

In the case X = R, we have 2 = B, where B is the Borelian field.

For every 0 € O, we define the local sequence 6™ in a neighborhood of  as
0" =0 +9(n)T,

where ¥(n) is a k x k matrix and 7 € R*. We assume that this sequence 6™ converges
to 6 as n — 4-o0.

We also assume that when n is large enough, #™ € ©. The matrix ¥(n) is not singular
with [[9(n)]] — 0 when n — +o00, where ||| is the Euclidean norm. In general, for 7 € R,
we write:

0" = 6+ 9(n)7™, where sup(r™) "] < +oc.

n

The choice of the sequence ¥(n) depends on the problem to be studied. Many examples
are cited in Droesbeke and Fine| (1996)).

Consider P and @) two probability measures in the measurable space (X,2l). There exist
a non-negative function f 2A-measurable and an event N where P(NN) = 0, such that for

any A € 2, we have:
QA) = / JdP+ Q(ANN).
A

This equality is "Lesbegue decomposition of @) with respect to P", and Q(A N N) is the
singularity part of this decomposition.

In the case where @) is absolutely continuous with respect to P, the density f is known
as the likelihood ratio of @ with respect to P, and define by dQ/dP.

In the case the concern the statistical experience (™ (8), we consider the likelihood ratio
d]P)gjr)ﬁ(n)T(”)

APy
of this ratio in the test statistics problems, by studying the logarithm of the likelihood

, this choice is motivated by Neyman-Pearson lemma which shows the interest

ratio and by setting

(n)
dP9+79(n)T(")

A n)r(n) = log
0+9(n) dpén)
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There are many versions of the LAN property. We recall that of [Droesbeke and Fine
(1996)).

Definition 2.3.9. The sequence (™ (0) = (R", B", P™()) is locally asymptotic normal
LAN, if for any 0 € O, exist a sequence i (0) of random vectors B™-measurable, and a

positive semi-definite matriz I'(0) continuous in terms of 0, such that:

i. For every sequence 7™ such that sup[(t™) 7] < 400, and under P™(0), as
n — +o00, we have :

/ ]. !
A9+V(n)7'(") — +(n) H(")(G) _ §T(n) F(@)T(”) + op(1),

ii. Under P™M(0) and when n — +oo, I (8) —2 N(0,T(6)).

H%n)(ﬁ) is called central sequence.

Many families provides the LAN property. Droesbeke and Fine| (1996) give five examples
of model having a LAN property (under the null hypothesis) under classical regularity
conditions and Noether conditions in Hajek (1961)).

2.3.5 Contiguity

Let P™ and Q™ be two probability measures in the measurable space (X, 2(). From
Droesbeke and Fine| (1996), we have:

Definition 2.3.10. The sequences Q™ is contiguous to the sequence P™ if and only if
for every A™ €A™ we have:
lim PMAM) =0 = lim QM (AM)=0.

n—>-+o0o n—-4o0o

Definition 2.3.11. The sequence Q"™ and P™ are mutually contiguous if and only if
for every A™ € A™ we have:
; M)Ay — ] M)Ay —
A P AT) =0 = T QTAT) =0

If two measures are mutually contiguous, then they are contiguous. The contiguity is a

type of asymptotic absolute form continuity.

Remark 2.3.3. In case that we have the convergence in probability for a sequence of
random variables with respect to the measure P™, we can conclude the convergence in

probability of this sequence with respect to another measure Q™ contiquous to P™.
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It is not always easy to establish the contiguity criteria basing on the definition. Corollary (4.2)

of |Droesbeke and Fine (1996) gives the contiguity criterion strongly linked to the LAN
property.

Corollary 2.3.1. (Corollary (4.2) of Droesbeke and Fine (1996))

do™
The sequence A™ = log (

dpP™)
P™ . That is, there exist u™ and o™ such that, under P™ as n — 400, % P

N(0,1) (Remark (4.2) of Droesbeke and Find (1996)), P™ and Q™ are mutually con-
tiguous if and only if:

) 18 asymptotically normal with respect to the measure

1. ngrirl—loo sup o™ < 400

2

1
TR (n) 4 Z 5% =
1. nhm ('™ + 20 ) =0.

2.3.6 Le Cam’s Third Lemma

Recall P and Q™ as two probability measures in the measurable space (X, (™),
Proposition 2.3.1. (Proposition (4.2) of Droesbeke and Fine (1996))

aQ™
)

S(n) 2 2
If under P™, 2, N[ = ) 71 o1 ], where py = —2, then:
A®) 2 021 03 2

P™ and Q™ are mutually contiguous, and under QM , S LN N(ul + 012, Uf).

Let S™ be a sequence of random variables and let A™ = log (

Le Cam’s third lemma is rich in practical consequences. For example, it may allows for

the computation of the theoretical asymptotical power of tests.

Local asymptotical power

We consider the sequence of tests @™ define as:

pr=Igm _m
{_u%}

0

where Z, is the (1 — «a)-quantile of a standard normal random variable. If under the
measure P™ we have:

(n) _py(m)
SU<—nl; g N 0 1 012
A™ —%ag "Nog 03 ]|
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then, under the null hypothesis P the asymtotic level of ¢™ is a and we have:

A Fre () = a

As we said before, Le Cam’s third lemma helps with computing the asymptotic power of
the sequence of tests ¢™ under the sequence Q™ and we obtain:

Jim Eoo (") = 1= (Za — 012), (2.3)

where ® is the cumulative distribution function of a standard normal random vari-

able.

2.3.7 Central limit theorem of martingales

Let, fori=1,...,n, F; = 0(Xy,...,X;) be the o-algebra generated by X, ..., X;.
Theorem 1. (Theorem (3.2) of |Hall and Heyde (2014))

Let 35h.i, Fni1 <1 < ky,n > 1; be a centered and square integrable martingale, and
Xni = Sni— Sni-1. Let n be a random variable a.s. finite.

Assume that
P

max(| X ) 5 0, (2.4
Soxz S (2.5)
i=2

E(max(X,)) is bounded in n, (2.6)

and these o-algebras are ordered, (i,e)
Fni C Fugri for 1 <i<k,,n>1 (2.7)
Then, Sy, = Zf;l Xni 2, Z, where the random variable Z admits as a characteristic

function ]E[exp —%tﬂ .

Corollary 2.3.2. (Corollary (3.1) of \Hall and Heyde (2014))
We keep in the statement of the theorem the condition . If, instead of the condition
and (@, we replace them by the Linderberg condition, and if the condition

1s replaced by a condition with the same type of the conditional variance:
kn
P
Vi, = Y E(X2,| Fuict) = (2.8)
i=1

the previous theorem remains verified.
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Chapter 3

Testing the conditional mean of a
time-dependent coefficients CHARN
model: Part 1

3.1 Introduction

In this chapter, we consider the testing problem presented in Chapter [l We recall it to
be self contained.

We consider n observations, Xy, ..., X, generated by the following CHARN model
Xt = T(pg + Y ® w(t); Xt—l) + V(Xt_l)z’:‘t,t S Z,

where (X;),., is a piece-wise stationary and ergodic process in each segment [7;_1, 7],
where the 7;, 7 = 0,...,k 4 1, are potential instants of change with 7y = 1 and 7441 =n
and n denotes the sample size; (e;),., is a standard white noise with density f; X, =
(X, ..., Xi—gs1) " ; Tand V > 0 are real smooth functions; pj € RP, v = (v ,'y,;rH)T,
v; € RPforany j =1,... . k+1; w(t) = (L) (), Lirpra) ()5 ooy L1 m) (), Loy () T =
(Wi, wi1) € {0, 1} forany v = (... ,'y,:;l)T e RPEHD and w = (wy, ..., wps1) | €

k+1
R*,

YOW=ywi + + Vep1wrs1 € R,

where for i =1,..., k+ 1,
YiWi = (%’,1(«%’7 s 7’yi,pwi) S RP?,

25
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We construct a log-likelihood ratio test for testing

Hy:v =7 against HL(;") :’yz’ynz'yo—ir%, (3.1)
for some o = (Y01, - Yope1) > B = (81, Bl) " € RFEHD with g, B; € RPFHD,
1 =1,...,k+ 1,. The class of models is very large. It contains models such as
ARMA, ARCH, GARCH, ExpAR, GExpAR, whose statistical properties can be found in
Guégan et al.| (1994) and [Tong| (1990). This chapter is devoted to the study when all the
parameters of the model are assumed to be known. As noted in Chapter [I} this work is
an extension of that of |Ltaifal (2021)) and Ngatchou-Wandji and Ltaifa (2021)). The latters
present a new approach to change-points study, which is particularly adapted to weak
changes, an important issue which is not very much studied in the literature.

In the remainder of this chapter, we define the notation and list some technical assump-
tions. We define our likelihood-ratio test and study its properties under the null and
under the sequence of local alternatives. A LAN result is established as well as a conti-

guity result. An expression of the theoretical power is given.

3.2 Notation and technical assumptions

3.2.1 Notation

We denote by M,,, ,(R) the space of real m x n matrices and M,,(R) = M, ,,(R). For
M € My, ,(R), we denote by M its transpose and by |||M|| ’an its Euclidean matrix
norm.

For U € RP*+D we write U as follows

U=(U],... UL’
and for any i € {1,...,k+ 1},

U= (U,...,Up) "

For M € My 41)(R), we write M as follows

SALMAN Youssef LM | IECL



CHAPTER 3. TESTING THE CONDITIONAL MEAN OF A TIME-DEPENDENT
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27

and for every i,j € {1,...,

k+1}, M, ; € M,(R). M is a block matrix.

Let & : RPEHD) 5 R be a differentiable function on RP*+Y - For any v € RP*+D | we
denote by D, [3] the matrix function defined, for any » € R+ by

Dy[8(@)] = (9 [3(@)]. ..,

with 0,,[S(x)] standing for the gradient of &

03
0~ [S(x)] = x
300 = (5
where, forany i =1,...,k+1land j=1,...
S with respect to 7, ; -
We also denote
031 ()
Hy [S(2)] = :
6‘27/6-!»171%(3:)
where, for any i € {1,...,k+ 1},
0
—(x
3%‘,15%‘,1
2 :
8%7]%@) - ) .
AN
5 o)
Vi, 10Yj,p

0.

&Y
,——(x), ...,
8%,2()

Dy 53—
a%’,j

TYe+1

[S()]) € R,

with espect to ~; defined as

03 T
= (z)] €Rer,
a’)’i,p< ))

C\4
stands for the partial derivatives of

o2 C‘(m)

Y1Vk+1

02 ()

Yk4+1YE+1

0?3
—_— I\
i p07j1

: € M,(R).

0%

— (x
a’)’i,pa%%p( )

For any differentiable function g with derivative ¢’, we denote by

¢g:—— and (g

For any t = 1,...,n, let F; = (X, ...

such that ¢, is independent of F,_;. Let X = (Xn, ..., X1), and let £(X

)= fern

,X¢) be the o-algebra generated by Xy,...,X;

;) be the law of

X;. From Million| (2007)), we define the Hadamard product as follows

Definition 3.2.1. For any vectors 3 and ﬁ,

T
s (Brstns - 75k+1,p)T> e Rr(k+1)

= ~ T
) (ﬂk+171, ... >5k+1,p)T) c Rp(k—&-l)’

B = ((51,1, s 7/81,p)T7
B = <(§1,1, S 751,p)—ra
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the Hadamard product of 5 and 5 i8:

Bt Bt BB
51,17 ﬁl,p Bl,pﬁl,p
BoB=BopB= : 0 : = : € RrE+D),
Brt1,1 Brt1,1 Br+1,18k+1,1
ﬁk+1,p ﬁk—i—l,p ﬂkJrl,pﬁkJrl,p

For matrices, A € Mp41)(R) and B € Mp41)(R) :

A1,1 . Al,k+1 51,1 e 51,k+1
Ao B = : . : o : : :
Ak+1,1 e Ak+1,k+1 5k+1,1 o 5k+1,k+1
A1,1 o 51,1 e Al,k+1 © B1,k+1
= : .. : ’
Ak+1,1 o Bkﬂ,l ce Ak+1,k+1 o Bk+1,k+1

where for any i,7,m,n € {1,...,inf{p, k+ 1}}, Ai; o Bmnn € My(R).

3.3 General assumptions

In this section, we present our main assumptions.
(Ay) For any j = 1,...,k+ 1, n;(n) designate the number of observations between the

two instants 7; and 7;,_1, such that n;(n) — 4ooand n;(n)/n — «;.
J J J n—r+o0o J n—>+o00 J

(Az) /xf(x)dx =0 and /mgf(x)dx = 1.
R R
(A3z) f is differentiable with derivative f’.

(A4) The sequence of the X;’s whose components are associated with indices within
[7i_1, 70, 7 = 1,...,k + 1, is stationary and ergodic with stationary cumulative

distribution function Fj.

(As) Forany j=1,...,k+1land 1 <h<m <p,

<v(1x)>28—T(p°’70’z);—T(pf”’YO’f)dﬂ(x) < oo0.

(hym)
Nis (P, =1f/
io (Po,Y0) = I(f) D7 o

R
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(As) ¢y is differentiable with derivative ¢; and is c4-Lipschitz where 0 < ¢4 < 4-00.

o) mac{ [ (o, o, [ oyt Sy} < oc.

<A9) max {Sup'y ’T<p07 Y, I’)|, Sup*y Ha")’[T(p07 Y, I’)] Hp(k+1)7
sup ||| Hy [T (po, ¥, )]l |[p+1) } < v(2).

b
(Ap) for j=1,....k+1,a be{1,2,3}, V() dF;(z) < 00
ra [V (z)]°
Remark 3.3.1. [I] Forj=1,...,k+1, on each [tj_1,7;[, there are at most p random
vectors Xy whose components are associated with overlapping indices. They may
have different stationary distributions. But as their number is negligible behind

nj(n), their distributions do not affect the asymptotic results.

[2] Assumption holds at least for AR and some ARCH models.

[3] Assumptions|(Az) and|(Aq) are satisfied by usual models as parametric AR, ARCH,
TARCH, ExpAR models with Gaussian noise.

3.4 The functions involved in the model and the pa-

rameters are known.

The likelihood function of X™ = (X,,...,X;) given Xy, € R? can be calculated by

successive applications of the Bayes formula as follow:

ngXn—l ----- X1|Xo=z0 (.Cljn, s ,331) = anKanl ----- X1,X0)=(zn,..., Il,Xo)('rn) .- '€X1\X0=UC0 (5131)

= an|Xn—1:33n—1 (wn)gxn—1|X7L—2=In—2 (l'n_1) s €X1|X0:z0 (x1)>

where £xx is the law of X knowing X.

3.4.1 Likelihood ratio test

Proposition 3.4.1. The likelihood of n observation, generated by CHARN model ,
s given by:

n

t=1

1

mf[&(ﬁoﬁ)]-
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Proof: To prove this equality, we should determine the distribution function of X;. To

simplify the expressions, let

Xz' - T + O w ) 7Xi—
€i<p077) = <pov(;_1) ( ) 1)7

T(po, v, X:—1) = T(po + v ©® w(t), Xi1). (3.3)
We have

]P)X1|Xo=:c0<171) = P(Xl < [E1|X0 = ;L‘O) =P <

—p (51 <n- ?/((/;(:)Wo))

- ().

X; — T(pﬂa’)’?xO) < T — T<p077a xﬂ))
V(zo) V(o)

where F' is the cumulative distribution function of &;.

By defferentiating the right term with respect to x;, we obtain

(x| Xo=a0 (1) = V(1 )f (xl — T(po,'y,:co)) ,x1 € R.

Zo V(l’o)
For any i =1,...,n,
1 Xy — T(p0777‘ri71)
f . — i) — y Ly E R
Xz‘Xz— 1(33 ) V(.Tlfl)f ( V(mifl) x
Then
1

L (XM Xy =20) = H mf[st(po,'y)].

t=1

We can write the conditional log-likelihood as follow:

n

L (XWX =) =Y {log[f(e(po, 7)) — log[V(Xi-1)]}-

t=1

Going back to our primary goal, we aim to test

Hy:y =y against Hg':vy=,=+B8/Vn,

where 8 € RP(F+D),

The conditional log-likelihood function is

L (XM|Xg = 20) = {log[f(e:(po. )] — log[V (Xi—1)] },
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and under the alternatives hypothesis, it is

n

L (XM|Xg = 20) =Y {log[f(c:(po, ¥n))] — log[V(Xs-1)]}.

t=1

Then, the likelihood-ratio is given by

— H ”0’7" (3.4)

Proposition 3.4.2. Assume that hold. Then, the log-likelihood ratio ©,, of

Hy against Hgl) decomposes into
@n = Hn - An + Op(l),

where

3

1 1 /
TP {mﬁw (Y0, X1-1)B [e1(po, Y0)]

1
_mﬂwmxt1>ﬁ¢f[st<po,vo>1}
o II, = Ln Xt N ﬁTN(’Yo,Xt1)¢f[5t(l307’70)]}

t=1

o M(v,Xi—1) = N(v0, Xi—1) N (0, X4_1)
e N(70,X;-1) = w(t) o Dy [T(po, 0, X1-1)]
o H(vo, Xi1) = w(t)w(t)" o Hy[T(po,v0, Xi-1)]-

Proof: Taking the logarithm of the likelihood ratio (3.4)), we obtain:
0, =log A, = Y _ {log[f(:(po, ¥n))] — log[f(e:(po, %0))]} (3.5)

It is easy to see that we can apply a Taylor expansion to log {f[st(po, 'y)]} in a neighbor-
hood of 7y to obtain, for some 4 lying between v, and ~,:

log { f[e¢ (Po, 1)1} = log {f [e1 (Po, 0)]} = (7 —%0) " (Do [log (f{e: () 1)1,

by (9 —0)" Hy [log(f (= (1)})]

=y (771 - '70) .

To simplify our work, we calculate all the expressions we need.

1

mN(% Xi-1),

o Dy[eipo.v)] = -
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1

o Hylalpo )] =~

H‘Y |:T<p07 Y, thl)] )

o Dy [log ( {=po- N = gy N X )60, 7)

= —Dy [e1(po, V)] dslet(po, 7)),
H, (log{f [e:(po,¥)]}) = _VQ(;(t_l)M<'77Xt—1)¢}[5t(p077)]

+®H7 [T(po, v, Xs1)] 6421(p0s )]

— _mM(’Y,Xt_l)Cb}[gt(pOa’ﬁ]

—Hy [e(po, )] élee(po, Y],

where

T
L N('Yu thl) = (wla')’l [T(p07 v, thl)]7 s 7wk+1a‘m+1 [T(p()? Y, thl)]> € Rp(k—H)

o w; €{0,1}.
Then,
o8 (e o)} — 1o 17 e o )t = =200 T gt g )
_ % {wolct_ 8ME th)]ﬁWf[gt(Poﬁ)]]
_ %{v(ét_l)gm [T(po, ¥, X 1)]ﬂ¢f[€t(pory>]}
Now,

n

: ZV?(Xt l)ﬂ—r (77Xt—1)16

O, = % Z V();t 1)5TN(’)’0a Xi-1)o¢let(pos Y0)] —

x dlen(po, V)] + 5 Z TP 1O Xim)B0s e po. 7))
where

%Xt 1 w Po;"/,Xt 1)]

wla'yl pOa’Y)Xt 1)
c Rp(k-i—l)’

wk+la’rk+1 pOa;\);?Xt*l)]
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M<:);7 Xt—l) = N(;\);v Xt—l)NT(:);a Xt—l) =

Wfale(Poa v, Xt—l)a.;T(Poa v, Xt—l) cen w1wk+1371T(Poa v, X 1)37,€+1T(Po7 7, Xt—l)
wk+1wla’7k+1 (var);aXt—l)a»;rlT(pOa%;)Xt—l) s W;%+187k+1T(p07'77Xt 1)87k+1T(p07:);7Xt—1>
€ M1y (R),
and
wi02 T(po, ¥, Xi-1) o wwE03 4, T (po, ¥, Xi1)
H(Y, Xi1) = : : = Mp(k+1)(R)>
wk+1wla'yk+171T(p07’f?athl) SR w}g+1a»yk+1T(p07’77Xt 1)

with w; € {0, 1}.

Remark 3.4.1. At time t and for any i # j, wyw; = 0. Thus

M (7, X,1) 0 0
- 0 My(~v, X '
M7, Xi1) = . 2(7 1) 0 S Mp(k+1)(R)a
0 0 M7, X1)

where 0 € M,,(R) is a nil matrix and

oT . oT 5 oT _ T N
Xt X . X, X,

a’Yi,l (p0777 t 1)8,}%1 (p()?FYJ t 1) a/}/i,l <p0777 t 1)8’71"1) (p0,7, t 1)

Ml(%? Xt—l) — W,Lz .
oT . oT _ oT N or B
8%@(”0’ v, Xt_l)a%yl (P, ¥, Xi-1) .. 6mp(po,'y, Xt_l)a%p (po, 7, Xi_1)

< MP(R)v

and

Hi(v, Xe-1) 0 e 0
=~ 0 Ho (v, X :
H, Xeo1) = . 2(’)’ 1) . € Myu41)(R),
0 % 0 Hp1 (3, K1)
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where, fort=1,...,k+1,
o*T -
X _— X,
P) ZQI(PO y Yy A 1) S (Po/% t 1)
Hi(¥, Xio1) = w} : e M,(R).
0*T ~ -
_— X, —_— X,
8%,13%@([)0’% t 1) 87§p(p0’7’ t 1)
Let
WF X = 2> L STME X, )86 (o )
9 t—1 m < VQ(Xt_l) ) t—1 flet 0,
1 ~
T 87 (MG, X)) Bosledlpo, 7))
Convergence of x(7v,X;_1) to x(70, X¢-1)
We have for any t =1,...,n,
’X(%’va%l) - X(’Yo, thl)‘
1< 1 S _
=|—-— — (3 My, X,_ /
’ m p VQ(Xt_l)/B (77 t 1)/6¢f[€t(p077)]
AL T X, )86 kp0. )
m pa V(Xt—l) Y, A1 flet Po, Y
b S LT M (0, X )86 (o0
2n pa V2(Xt,1) 0, t—1 f t 0, /O
S BT X Borledpo |
m r— V(Xt_1> Yo, A¢—1 flet Po; Yo
- 2717‘/2(th) ¥, Xi-1)Bé1[e:(po. V)] 1v A X

1
X ¢rlet(po,¥)] + m - WTtl)

n

1

B M (v, Xi-1)B¢[e:(po, 7)) —

n

1 1
2n ; V(Xt_l)

x B"H(v0, Xi-1)B0y[er(po, 7)) — % > mﬁTM(’YO,Xt_1)ﬁ¢'f[€t(P0,’7)]
t=1 t=

1 — 1 N
om 2 V)P e Xe1)B0 b0, 7)

1 < 1 -
=N — BT M(y0, X
+ %; VQ(XH)B (Y0, X4-1)3

x ¢'t[e1(Po; Y0)] — % Z V(); 1)5TH(’YOa Xt—l)ﬂﬁbf[&(/ooﬁo)]’
t=1 =
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LM | IECL



CHAPTER 3. TESTING THE CONDITIONAL MEAN OF A TIME-DEPENDENT
COEFFICIENTS CHARN MODEL: PART 1 35

_ i n 1 - / N _i n 1 . N
- ‘2”;V2<Xt1)'6 M(’YO’Xt_l)Bqéf[gt(pO?’Y)] Qntzlv2(th)/8 M(7>Xt—1)/8

n

x @lee(po, ¥)] + % Z_: ﬁﬂTM(%’Xt 1)B[er(po,Y0)] — 21 Z m

n

x B M (o, Xt—1)ﬁ¢/f[5t(/00, )]+ % Z mﬁﬂﬂﬁﬂ Xi-1)Boys(ee(po, )]

t=
n

1

T
m o V(Xt ) /6 H 707Xt 1)/6

IBTH("YO,Xt 1)5¢f €t P0>

n

% Z ﬁ,@T’H(fm, Xi-1)Bo¢let(po, ')’0)]’
t=1 =

V

X dfled(po,¥)] —

= Z Tae 18 M (0 X))o, 7)) — B7M (7. X180 (o, 7]}

+; ZVQ(X {87 M (30, X, 1) [ee(po. 70)] = BT M (0, X-1) 8610, 7]} |

n

1 1

|5 2 Ty (8T HG Xe0)B05 (o, 7)) = B0 Xic1)Bs el oo, )

|5 2 Ty (8T MO: Xic)Bos e 7] = TR0 Xi1)B0 (o )]}

< % Z # 65lepo, 7| |87 M (30, X, 1)5 — BT M, X))
Z W !BTM Yo, Xe-1)B| | [ee(po. ¥0)] — Dslee(po, 7)]|
Z |v ) o, A BTHE. X8 = BT H(v0, Xi1)B]

+ —Z ]V ] |87 H(v0, Xe-1)B| [éslee(po, )] — dylee(po, Y0)]]

- Aln + A2n + A3n + A4n'

Let

A = om Z V2 ‘(bf et(pPo, Y H ‘ﬁTM(’Ythfl)ﬁ - /BTM(%thl)ﬁ‘

1 ~
AQn - Z V? ‘ﬁ—r 707Xt—1)18’ ’qb/f[gt(pOa’YO)] - qb/f[gt(pOav)H
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Sn Qn Z |V |¢f Et(po ’Y | }IBTH 77Xt 1)5 /6 %(70aXt 1)/6|
Ay = o Z |V ] ‘5TH Yo, X1 5| 01lec(po, )] — drle(po; Y0)]l -

Now, we study each term.

Remark 3.4.2. E{¢f[e:(po,7)]} = 0.

= () f(x)dx

Proof: B(0,(ei(po. ]} = [ (o) fa)de = [ &

- /Rf’(x)dx = 0.

Remark 3.4.3. E{¢/[e:(po, )]} = I(f).

(@ _rw]
Proof: E{6)lepo. 1)) = [ o)) fyir =~ [ [f(:c) f%)]f (w)d

/f” dw+/¢f x)dz = I(f).

Since gzﬁ'f is c4-lipschitz, we have

n

1 1 -
Agp = Z W BT M (v0, Xe-1)8| |0} [e1(po, ¥0)] — ¢le(po, 7))

1

]' . =~ 2 2
<5 ; m%k&ﬂoﬁo) — (Pos MINBlpek+1)v” (Xi—1)-

We have

T<p07 ;\);a Xt—l) - T(va Yo, Xt—l)
V(X;1) '

le1(po, Y0) — 4(po, )| :'

Applying a Taylor expansion on &;(pg,-y) in a neighborhood of g, and in view of |(\Ag)|

we obtain

(5 — )" DyIT(A. X;1)]

le:(po. Y0) — €t(po. ¥)| = (3.6)

V(X 1)
_ |’%7_’70”p(k+1) Dy[T (5, X-1)] p(h 1)
B V(X))

< w(Xe—)| 7 — ’YOHp(kH

N V(X))
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Then,
Ay, < o Z ]V3 Cd) 17 = Yoll a1 HD ’Y,Xt—1)]Hp(k+1) 18115 1y (K1)
- Z e 17 = 0l 180l
k+1 7 3
_ = 2 n;(n) 1 v(X¢-1)
- Z Co ||7 70” (k+1) ||5H (k+1) n X nj(ﬂ) Z V(Xt_l)

We have

17— 70”p(k+1) < ln — 'YDHp(kH) - ||6/\/ﬁHp(k+l) =100 0.

By and by the ergodic theorem, for j = 1,...,n, almost surely, we have

_ 1 T v(X) )P / v(z) |
lim ——| = —=| dF;(x) < +0o0
n—r-+o0o T%(n) tTZj_l V(thl) R4 V($) ( )
Then,
hm Ay, = 0.
—> 400

By |(Ag)l we can write

1 1 ~ ~
Asn = m =1 m [bslee(po, V)| |BTHE, Xi-1)B — BT H (v, Xi-1) |
1 k+1 n (
<32~ ‘ \ [&slec(po, DINIBIIH; (3 Xi-1) = H; (90, X
j=1

Let J (=70, X¢—1) = H; (¥, Xi—1)—H; (Y0, Xi—1). Applying a first-order Taylor expansion
on ¢y in a neighborhood of £(po, o), for some e¢(po,7) lying between e.(po, o) and
e¢(po, ), we obtain
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k+1

n < Z ny(n Z ' Uqbf[gt(ﬂoﬁ)’o)“ + [et(po,¥)—

n o n,
j=1 i

—_——

(P0,70)|¢f[5t(P0 Y0)] + [e:(po, ¥) — €:(po, 0)|* ¢} [e4(po, )]] T =0, Xe—1)|ll

k+1

<> M ' —[l6steon, A 17 = 0 Xl
() 1 . ,

+Z n ) Z m lee(Po,¥) — e¢(po, Y0)| |#s[ee(Po, Y0)]]
J=1 J t=7j_1 -

o) 1L 1
X T — o0, X1 |Hp+z Jn W gl‘m ’5t(p077)_€t<p0770>’2
(ledpo, ] 1175 = 70 Xe 1)y

k+1 n.

<yt Z ' '|¢fat ool 1175 — 0. X0 )],
j=1 i
k+1

H (k+1) ||‘D[ (707Xt—1)]||p(k+1)

nj(n) 1
+jz n n](n ’

x | & [ec(po, 0)]| |||J (¥ =70, X )|l
k1

n;(n) 1
P \ 15— 30 ey 195 7600 X e
j=1
(oo, ] 1767~ 20 Xl
k+1
<y i Z 5| 167(po WIHIT G = 30 Xec)l]
= nj Xt 1) b
k+1 5
n; V(thl) ~ / =
+ n5(n) — (o, T — 0, X,
2= nJ )Z e |1 = Wl 197 o030 11T G =20 Xl
k+1 7j 2
n] 14 (thl ~ 2 ~
+ Z n nj ) tz V(thl) H’Y - 70Hp(k+1) C¢H|j(7 - ’707Xt—1)|HP'
Tj71

Remark 3.4.4. E{|¢¢[c:(po,7)]|} < oo.

Proof: In view of (Ao E(po ) = [ lestlsorte = [ [Tl s ao
:/R|f’(x)|dx < 00.
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Forj=1,....k+1,

B R0 X8 = Y BinBimm——

1<h<m<p

a (pOa Yo, Xt71)7
jh YVim

the function 92T/, ,0;m is a continuous function and since gril 17 = Yollpk+1) = 0,
by continuity, it is easy to conclude that E}E T (¥ — 0, Xiz1)|l], = 0.
By the ergoric theorem, for 7 = 1,...,n, almost surely, we obtain

Tj

1
y
* oo n(n) >

‘ 671 (P0s ) 1T F — 70 X)),

S VI(X)
i
1
—0x [ s an @Egortedon 1) =0
. 1 & I/(Xt—l) ~
o lim () tZ:_l V(X)) pesny |07 1€ (00s Y0 11T (5 = 0, Xem1) |1l
— tim 5l DN 4y @) 1) % TG — 0. Xl = 0
s Y Yollp(k+1) e | V() | 0, Re—1)]]]p
. & V(Xt71)2 ~ 2
o lim 2 VX 17 = Yol P ‘|||«7’Y Yo, X1l
v(z) | ~
= lm {5 — Yollpgesy i V(@) dFj(z) x cp x |[|[T(¥ = Y0, X1, = 0

Applying a first-order Taylor expansion to Ay, in a neighborhood of 4y, we obtain

Ay = o Z |V B 18" M1 (70, X4-1)B| [0 s[e(po, 7)) — ¢¢lee(po. Y0l
2n Z \V )] ‘ﬁ H (Y0, X1 /3‘ ‘ ¥ — o) D’Y[T(pOa%’aXt—l)]¢;”[5t(p07;7)]
<5 ZIV |H16H2k+1| V(X )P 1IA = ol sy
x (¢ [2:(po,¥)] — qbf[et(po,'ro)]+¢>f[6t(po,'yo)])
k—‘rl
- —Znﬁnnﬂ 15— ol 2 L Z IV v(X,1) 20l po.10)
k+1 ( "

n; 1
+ 3 Z||/3”p(k+l ||'7 '70” (k+1) —— Z m|y(xt—l)|2

n o n;
A —

(cbf[&(Po, ¥)] - ¢f[5t(P0,’)’o)])
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In view of [(Ag)| an by the ergodic theorem, we can easily show that

lim Ay, =0.
n—>+o0o

Now,

1 <& 1 . - T S
Ay = m tz:; m ’¢f[5t(P0,’Y)H ’:3 M (~v0,X¢-1)B8 — B M(77Xt—1)/6’

k+1 7
1 1 1 , _
. §;njmt;l VX, ) |0 lec(po, M| |8 [M;(v0, Xe—1) — M;(F, X-1)] By -

Applying a first-order Taylor expansion to ¢ and &, in a neighborhood of €;(po, o), for

—_——

some &;(po,7) lying between €,(po, o) and £,(po, ), we obtain

[0 lex(po. )| = [¢lz1(pos o)) + (c1(p0. 7) = e(Pos 10))$(=1(3)

< |#ec(po. ¥0)]| + |(ee(po, 7) — €:(pPo, ¥0))] ‘cbﬁﬁ(ét(poﬁ))‘ :

By the assumptions |(Ay)| and |(Ag), we obtain

V(thl)
}gbf «(po,y | |¢f 1(pPo,Y0) ‘ +co |7 — 'YOHp(k_H V(X 1) .
Furthermore, we have
k+1 Tj
1 n;(n) 1 1 ~
Ay, < = J . X M; (7, X, ;
n =5 JZ n n](n) t;l V2(X, Wf £¢(pPo,0) ‘ ‘5 ’)’0 —1) — g(’Y t—1)] 5;}
nj n) ¢ 17 = Yoll et V(X-1) T =
— X M (v, X 18
Z w2 [T 7| 187 M50, Xema) = My (3, X))
We have
|8 M (0, X-1) 8| =
oT oT oT oT
T Xi1)=—"0,,, X4 Xi1)— "o, ,, X
Bia 991 (70, X4 1)8%-71 (70],1, —1) O (70, Xy 1)8%20 (%],p? t—1) Bi1
wi | : : :
B;, oT X oT X oT X oT X B;,
7P i (70, t—1)—8%7 (’Yo]l, 1) —a%m (70, t_l)_a’yj,p (70, X¢-1) 3.p
= Z wjﬁjhﬁjma (P07’707 )8 (pOa’YOaXt 1)
1<h<m<p j:m

Remark 3.4.5. w? = w; € {0,1}.
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Then

18] [M(v0, Xe—1) — M; (75, Xe-1)] B
- Z w? BinBim

1<h<m<p

X {—a%h (Po; Y0, Xt—l)—a,_)%m (Po; Y0, Xi-1) — 7in (p0777Xt—1)87j7m (po,'y,Xt_l)} ,

We have
’%(Po, Yo, th)aijm (Po, Y0, Xi—1) — 88;; (P07, th)aijm (Po, 7, X¢-1)
= ‘%(Poﬁo,xt1)%(00,’7’0,)@1) - (987?/1 (Po,’Yo,th)gifm (P, ¥, Xi-1)
+ %(Po,%,xtl)aifm (pPo, Y, Xi—1) — %(Po,’7,xt1)aijm (Po, ¥, Xi-1)
< lﬁi?h (po, Yo, X¢—1) {aiij (Po; Y0, Xi—1) — aiJTm (Po,’77Xt1)]
+ ‘aiij (po, Y, Xi-1) {%(Poﬁoyxtl) - ;Yijh (Poﬁ»th)} ‘ :

A first-order Taylor expansion of 07'/0v; and 0T /0vjm, for h,m =1,...,p, in a neigh-
borhood of ~yq yields

oT oT oT - oT -
‘Wjﬁ<p07 Yo, Xt—l)%<p07 Yo, Xt—l) - M(PO» v, Xt—l)%(p(h v, Xt—l)

oT - oT =~
S ‘8’7]7h (907707 Xt—l) |:(70 - 7)D7 [M(p07’77xt—1):|:| ‘
oT

- - or ~
+ ‘Ehjm (po,¥: Xi-1) [(’Yo —3)D, {Wm(po,fy,Xt_l)H ‘
or ~

D, [m(ﬂoa v, Xt—l):|

oT ~
< (Po; Y0, X¢-1) ’ 170 = Yl pgia
’3%‘,/1 p(k+1) p(k+1)

oT ~
‘D’Y |:W],h(p0’ Y, Xt—l):|

oT " -
n \ o0 Xe) 10 Tl

p(k+1)
< 2 (X)) l1vo = Fllp1)-

Then,

18] 1M (0, Xem1) = M;(35, X)) 8] < 202Kl 90 = Allprny Y wiBinBiom:

1<h<m<p
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Finally we obtain

k+1 = 2 7 2
2 |')’0 'Y||p(k+1)21<h< <pWiBinBim v(Xi—4
A N < .7 sShsmsp ™) / c ’
Al Z i) Z x| [9rEpo )]
+§n] C¢||’Y ’YO” (k+1) Zl<h<m<pw]5]hﬁ]m Z v(Xi-1) ’
() 2 VD)
The summation Zlghgmgp wfﬂjﬂhﬁjﬁm is finite. By the ergodic theorem, for j =1,... n,
almost surely, we have
- lvo = Allpw) v(Xe-1)
lim € ,
n—Too n](n) thl V(Xt 1 ‘¢f t pO '70)]’
v(z) |
= im0 =Tl [ ||| AR @E oo} =0
and
- ’)’H (k+1) ’ v(z) |’
LB tz =0 /Rd V(z) dF;(x) = 0.
Tj—1
Thus,
Ix(, Xi-1) = x (70, Xi-1))| Tm> 0.
It results from above that
@n = Hn - An + Op(l),
where
1 « Ty
o 8= 500 {0 X )86 w0
1
—mﬂTH(%,Xt1)ﬁ¢f[€t(po,’7o)]},
1 n
o 1= S gy Vo Xealordeon |
O

3.4.2 Asymptotic behavior of the test statistic

Theorem 2. Assume that hold. Then, as n — 400, for any B € RPF+1)

under Hy,
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n(pOa’YOaﬁ)
9 ’
11. Hn — N(Oan(p07707/6))7

. A, —

where, for 1 < h <m <p,

k+1

Po ’707 Za] Z 6] h/ﬁj m7732 (pOa'YO)

1<h<m<p

(o) , 1 ar or -
5" 00.90) = 1) [ s (P 20:2) 52 —(po. 0. ) ).

Proof: We first Study of the asymptotic behavior of A,, under H,.

n

A= 5 - a8 MO X 0B oo, )

2n — Xi-1)
— mﬁTH(')’O, Xt—l)/BQbf [5t(Po7 '70)] }
k+1 Tj
— _Z Z V2 M; (0, Xi-1) B¢ [e¢(po, 70)]
-5 Z - Z mﬂ;—fﬂj(’)’o, Xt—l)ﬁj(bf[gt(PO)'YO)]

1o nj(n) 1 Ry [£:(Po,Y0)]
:_ZL_ S f‘/#

2j_1 n n](n) Nl 2(X4-1)
oT
Z B]hﬁ]m (p07'707X )a ] (vaﬂyOvXt—l)
1<h<m<p Tim
o n;(n) drlep 7
_Z Z flet\Po, 0 Z ﬁ ﬁ ( X
7,hMjm Po; Yo, t—1) 9
e n;(n t 1 V(X¢-1) 1<h<m<p 8% ha Tim
where
oT
B Mj(vo. Xe-1)Bj = Y ﬁghﬁ]m (Po,’)’o,X )8 — (po, Y0, X¢-1)
1<h<m<p Vim
and
B H (707Xt 1 Z /th/Bjm a (p07707Xt—1)-
1<h<m<p Y51 0jm

By the piece-wise stationarity and ergodicity, in view of [3.4.3] for any j = 1,...,n, we
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can write

: or
Jim > T 2 o0 X (00 XKoo

t=7j_1 1<h<m<p

X ¢/f[5t(/)0, Yo)]

5 gy X B o K)o 0. X)) bE{ 0]l (on 0}

1<h<m<p

1 8T ar
Z 5j,h5j,mj(f) /]Rd ( )8% (poa’YOa )87j7m(p0’707$)d}7}($)

1<h<m<p

h,m
S BinBimns™ (po. o) < o0

1<h<m<p

and

——— (Y0, Xt%)) brled(po;Y0)]

_ 8
t=Tj_1 1<h<m<p T3k OV jm

Z /Bj hﬁjm (70’x):| dF X E{¢f €y 1(p0 ’70)]}

1<h<m<p a% ha Tim

Then, almost surely, we have

k+1

n(po, Yo, B)
B D S S

2
1<h<m<p

Thus we can write

o, -, _ "1Po0.8)

2 ‘|—OP(1).

Now we prove that under Hy,

D
Hn —>N(0777<p0770?/6))
We consider the sequence
1
On;, = — ———B"N(y0, X, , , g=1...,
J \/ﬁ; V(XH)B (70, Xt—1)d¢[ee(Po, Y0)], 7 n

and we define for every t =1,...,n,

Yny = %mﬁw\fﬁ’o, Xi—1)05le(po, Y0)]-
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We use Corollary of Hall and Heyde (2014) to study of the asymptotic behavior of

O, ;-
First, we prove that {(@n,j, G,),j =1,...,n is a martingale sequence.

Let ¢, w € Z such that ¢ < w, then
7o

7}
')

£(0neb) ~B{ 5 32 By loton
(

_ IBTN’)’O,Xt 1)
22 AT

drle(po,Y0)]

drlec(po, o))

1 BTN (X
Vn tzq;l V(X¢-1)

B BTN (v, Xs-1)
_ %Z 7(X,) brler(po,Y0)]

1 Z E{BTN(’)’o,Xt—l) ]—"q}E{¢f[€t(PO:'70)]}'

+_

Vi o, UV

By Remark , we obtain
E(On0|7,) = One

Next, we check the first condition of Corollary of |Hall and Heyde, (2014):

Fi}

wai,tm_l»:lz@ BTN 0 Xe 0] o1 oo o)
— V2(X4-1)

Fiab

TN 07Xt 1
:—Z ﬁ VQ’YXt N )] {¢3f[5t(00,70)]

Since ¢; is independent of F;_; for t =1,...,n, then

> il = 1 3 LR e (et )

— [5 N; (707Xt 1)]

:%Z Z V2(X,o) B{¢iled(po. )]

o nn) 1 I(f)
=2 n n;(n) 2 V2(Xi-1)

t=7j_1

oT oT
X Z Bj,h/gj,mM(pOa'YOvXt—l)afyA (vaVO:Xt—l)-
]7 ]7m
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By the ergodic theorem, for any t = 1, ..., n, we obtain almost surely

7j

. 1 oT
nﬂfﬁm n; (1) t; VQ Xt ) Z Bjnb;, my (P07 Yo, Xt—l)a%m (P00, X¢-1)

1<h<m<p Jm

Z 5j,h5j,m77j,2’ !(po, o) < o0

1<h<m<p
Then,

n k+1

ngr—ri-loo E(wi,tlft 1 ZOéJ Z ﬁghﬁgmﬁﬂ (Po:")’o)
t=1 1<h<m<p

= 77(P07’YO7:6) < 0.

Finally, we check the Linderberg condition.
Let € > 0, by the Holder inequality we can write

S TE@WE g, e Fiot) <D EIWE | Fi)ES (L, 5e| Fict)
t=1 t=1

D )

Fi

x P3 (\¢n7t\ > e

Fi).

By Markov inequality, we can write

u 1 - /BTN('Y?Xt—)Q 2
;Ew’z"t%’f'*m” = E;{[ v2<§<t_1)1 | E5 {¢ilze(po, v0)][ Fie1 }

1 & B N0, X))
V3(Xy_1)

|}

E: {¢3[z0(po. Y0)]| Fies }

H

Es 3 |é¢lec(p0,Y0)]]

1 - |/8 N(707Xt 1)|
= nies tzz; V3(Xi-1) {\qﬁf’«[et(po,%)]

k+1 7j

1 n;(n)\: 1 1
a2 () e X g e X

t=7j-1

Fia}

E{ |04(e(po,0)] \3}
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By the ergodic theorem, in view of (A7), for any j = 1,...,k + 1, almost surely we can
write

7

. 1
i s 3 g 0 X0t )

7j

L 1 . 1 TN
= ngliloo mngriloo () t;1 V3 ‘5 (Y0, X1 ‘ E{‘¢f €t Po;’)’o)” }

=0 [ A BTN P Ammem
=0.

The conditions of Corollary of Hall and Heyde| (2014)) are completely verified. Then

under Hy we have

IL, 2 N(0,7(po, 70, B))- (3.7)

Consequently, under H, we have

0, 2 (1P 0B) i, o). (3:5)

Collecting the above results, the LAN property is established.

Denote the central sequence by

IL.(po. Y0, B) = 1L, \/—Z{ V(Xi-1) ’BTN('YOaXt—1)¢f[5t(l?0,’)’o)]}- (3.9)

Corollary 3.4.1. Assume that|(A, ) hold. Then, for any B € RP*+1  the sequences
{H[(,") :n > 1} and {H" = Hy:n > 1} are contiguous. Also, as n — +oo, under Hgl),

we have

IL.(po, Y0, B) = N (1( o, Yo, B): 1(Pos Yo, B)) -

Proof: For any 8 € RP*+1) using Theorem , as n — +oo and under Hy, we have

Hn(p07'707 /3) 2} N(07 U(Po;’Yo; ﬂ))

It results that, under Hy, as n — +o00,

@n 2} N <_M7U(p07707ﬂ>) :
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According to the above result, we can write, under Hy, as n — 400,

Hn(70718> D 0 77(907')’07/3) 01,2
( ®n ) _>N _WO’T’M ’ < 0-2,1 77(P07'707/8)> ’

where 015 = 091 = gm Cov(I1,,,0,) = lim [E(IL,0,)— E(I1,)E(©,)].

+o00 n—r-+oo

We have E(II,) = 0. Then
e (o) — i, [18) +5(1.8)] s

Then, under Hy, we have that

Hn(p0770716) D 0 77(907'70;:6) n(PO,’)’O»ﬁ)
N , (310
< > 7 _M (77(00,’707,8) 77(/)07’7075)) ( )

n

Using |Le Cam (1986]) or Droesbeke and Fine (1996), we obtain that the sequences {Hgl)
n > 1} and {Hé”) = Hy : n > 1} are contiguous, and that under Hgl), as n — +0o,

L (pos Y0, 8) = N (1(po, Y0, B): (o, Y0, B)).

O

("), we base our test on

For known =, and for any B € RP*+1_ for testing H, against H
the statistic

Hn(p07707/6)
To(Po,v0,8) = =————— =, 3.11
(pO v IB) Wn(p077076) ( )

where
L4 %n(p07707/3) = ﬁn('YOwB)a
k+1
* 7n(Po, Y0, B Zag > BinBimilys™ (Po, o),
1<h<m<p

m 1T oT . o
° 7/7\52’ )(pﬂa’YO) = [(f)/ VQ( )a <p07’707 )ary]’m(p()?’)lo?x)dﬂ(x)? where F} 18

the empirical distribution function of vector X; with components in [7;_1, 7;].

e An estimation of n§g’m)(p0, 7o) can be taken to be

. I(f) & 1 oT oT
; = X X,
7]],2(907 70) n](n) Z VQ(Xt—l) 373‘7;1 (907 Yo, At 1) avjym <p07 Yo, At 1)7

n;(n) .

and a; =
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Theorem 3. Assume that hold. Then, as n — +o0, forn any B € RP(*+1)
1. Under H@, E(po, Yo, ﬂ) 2) N(O, 1)

1. Under Hﬁ(,"), at level of significance « € [0, 1], the asymptotic power of test based on

771(907'70”6) is
Piox =1 —@(zq — (po,Y0.3)),

F=(r,...,7)" and z, is the (1 — a)-quatile of a standard Gaussian dis-

where T

tribution with cumulative distribution function ®.
iii. The test based on T, (po, o, B) is locally asymptotic optimal.

Proof of (f):
From Theorem 2] and Corollary [3.4.1 we can conclude that, under Hy as n — +o0,

IL.(po, Yo 0 Yo, Yo,
(e @) 2o n (oo | (1o M) ) oy
2 b) b) b b

n

The part (ij) is a direct consequence of Theorem [2[ and is briefly explained in the proof of
Corollary As explained there, the sequences of hypothesis are contiguous and we
have under H[(an), as n — 400 :

Hn(p0770716) i> N(n<p07707 /8)7 T](p0770716))'

By (3.10) and the Le Cam’s third lemma (Proposition 4.2 in |Le Cam| (1986))), under H[(,n),

as n — +o09o,

Hn(p()?’)/(]?ﬂ) i> N(n<p07707 /8)7 T](p()?’)/(]?ﬁ))'

We have that, under Hy,, as n — 400,

%n(pm Yo, ﬁ) — 7T(p0> Yo, /8)7

where 7(po, Y0, 8) = v/1(Po, Y0, B).

This convergence remains true under H é”) by contiguity. From Theorem , it can be seen

that, as n — +oo, under Hy,
Ta(Po, Y0, B) == N(0, 1),

Thus, by the Le Cam’s third lemma, we can conclude that under H ("), as n — 400,

Hn(p0770’18) D
%n(pO;PYO;IB) — N(W(Poa"loaﬁ)? 1)
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For n > 1, we can write

Hn(p07707/6) - Hn(p07’707ﬁ) % 7(/’07’70:5)

7n(Pos Y0, B) 7(po; Yo, B3) %n(l?o?’?’o?B).

It results that, under H én) and as n — 400,

Hn(p0770716)

D
W(po,')’o,ﬁ) — N(”(Poﬂ’oaﬁ% 1)

O

Proof of and :

To calculate the asymptotic power of our test statistic, we should calculate the asymptotic

I n
cumulative distribution of — M under H é ).
Tn(Pos Y0, B)
H Hn ) ) n
lim P<—(p°’7°’ ) H ') = Jim P<—(”° 0:8) . 1HS )
n—>+00 (pOa ’707 ) n—r+00 ﬂ-(p07 707 /8)

=1—®(z4 — 7(pPo,70,8)) (3.13)
= Pk,Tk

where ® is the cumulative distribution function of a standard Gaussian law with z, its
(1 — a)-quantile.

By Section 4.4.3 of Droesbeke and Fine (1996), the test based on 7,(poe, Yo, 3) is locally
asymptotically optimal. O

3.5 Conclusion

In this chapter, we have proved that the families of likelihood under study have a LAN
property. Next, we have proved the locally asymptotically optimality of our test built in
the case where the functions T, V' f and the parameters pg, 7o are known. An explicit
expression of the local power of the test is given. The case where these parameters are

unknown is considered in the next chapter.
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Chapter 4

Testing the conditional mean of a
time-dependent coefficients CHARN
model: Part 11

4.1 Introduction

In this chapter, we place ourselves in the framework of the model with functions
T,V and f having known parametric forms but with the parameter py assumed to be
unknown. This is the situation encountered in practice. Our idea here is to do the same
work as in the preceding chapter, with pg and -~y replaced by their estimators. Doing
this, similar results are established.

In the sequel, we discuss the parameter estimation, and we study the test statistic defined
in Chapter [3] when the estimators are substituted for the parameters. It is found that the

results remain asymptotically unchanged.

4.2 The functions involved in the model and the nui-

sarnce parameters are unknown

In this section, we give a brief review on parameter estimation in time series models com-
prised in CHARN models. We make additional assumptions and we study the asymptotic

behavior of the new version of the test statistic defined in the preceding chapter.

ol
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4.2.1 Parameters estimation

There are many methods for parameter estimation in time series models. Most of them
are of least-squares or maximum likelihood types. |[Ngatchou-Wandji| (2008)), Bollerslev
(1987) and many others study this problem. For linear models as ARMA, one can refer
to Brockwell et al.| (1990). Here, we summarize a more recent paper dealing with a special
CHARN model. For X; = (X¢,..., X;—p11) ", & = (61,0...,0)" and Cy = (cp,0,...,0) ",
Chen et al. (2018]) define many extension of GExpAR models, among which, the following

one

p
Xt =cCo+ Z (Ci + Wieiw(xtfiizi)Q) Xt—i + &¢. (41)

i=1
The authors prove the stationarity of this model. They show the implementation of VP

(variable projection) method to optimize its parameters. They denote by 6, and Oy,

respectively, the set of linear and nonlinear parameters:

L 2p+1
eL—(Co,Cl,ﬂ'l,...,Cp,ﬂ'p) e R

Oy = (Y1, 215 -+ Vps 2p) € R?P,
In order to apply VP method, they write the model as
X, =W(0y,X1)" .0 + <4,
where
(O, Xi1) = (1, X, X Xema)”,
Xy_g, Xy_ge2Ke2mzl® oy, Xt_p.e—thp—%)Q)T .
Then, they derive the parameter optimization problem by computing

(é\L,éN) = arggn%x V(OL,BN),
L.ON

where
1
V(6r,0y) =5 (62, 6x)]l5
and
r(0L7 ON) = (rm(eln 01\7)7 rmfl(eln 9N>, ce 7rp+1(0L7 9N))7
with

rt(eL, 91\/) =X; — ‘I’(ON, Xt—l)T-OLa
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denoting the residuals, and m being the length of the data.

They estimate the nonlinear parameters by

1 2

min - [|(1 - <I>(9N)<I>(9N)T).a:H2 :
oOn 2

where ®(0y) = (P(On, X, 1), ¥(On, Xy 2),..., ¥ (On, X)), ®(Ox)" is the Moore-

Penrose inverse of ®(0y), and € = (2, Tin—1, ..., Tp11) ' . Next, they derive the estima-

tion of the linear parameter by
BL = (P(HN)T.’B

Also, (Chatterjee and Das (2003)) study the asymptotics of parameter estimates in con-
ditional heteroscedastic models. They obtain the estimators by minimizing certain func-
tionals and by solving estimation equations. They establish the consistency of these
estimators and they find the asymptotic limit laws of the estimators. Next, they consider
a condition under which the asymptotic law is normal. Finally, they illustrat their paper
with a real data example.

Giraitis and Robinson| (2001)) use the Whittle estimation based on squared observations
to estimate the parameters of a class of ARCH models. The authors establish the \/n-
consistency and asymptotical normality of the estimators. Many conditions are introduced
for the squares to have short memory autocorrelation, by comparison with the work of
Zaffaroni and d’Italia (2003)), who establish the same properties on the basis of an alter-
native class of models with martingale difference levels and long memory autocorrelated
squares.

In a class of pure GARCH and ARMA-GARCH process, [Francq and Zakoian| (2004) use
the maximum likelihood method to estimate their parameters. The authors prove the
strong consistency and asymptotic normality of the quasi-maximum likelihood estimator
of the parameters of pure generalized autoregressive conditional heteroscedastic (GARCH)
process, and of autoregressive moving-average models with noise sequence driven by a
GARCH model. Also, Francq and Zakoian| (2007) establish the asymptotic distribution
of the quasi-maximum likelihood (QML) estimator for generalized autoregressive con-
ditional heteroscedastic (GARCH) processes, when the true parameters may have zero
coefficients. The authors show that this asymptotic distribution is the projection of a
normal vector distribution onto a convexe cone. Their results are obtained under mild
conditions. The main practical implication of these results concerns the estimation of
overidentified GARCH models.

Coming back to our work, recall that in the model , po € RP denotes the true pa-

rameter and p,, its consistent estimator. For any ¢t = 1,...,n, p € RP and v € RP*+D),
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define

ci(po) = X; — T(p;&flc;(t), Xi1)

(4.2)

For the treatment of this chapter, we need the following additional assumptions.

(B1) Assume that the model is identifiable, that is (p1,v1) # (p2,72) = T(p1 + 71 ©
w(t), Xy_1) # T(pa + 72 ©w(t), X, 1), for p1, ps € R? and ~;, v, € RPEHD,

(B2) The true parameter pog has a consistent estimator p, that satisfies the Bahadur

representation (see,e.g., Bahadur et al| (1960)) given by:
1 (P — po) = 1”2 ) Y(po. Xi)R(er(po, o)) +op(1), (43)
t=1

where
b T(x7p0) = (T1($7P0)7 R Tp(l’,po))T € R?

e Forany j=1,...,k+1, z € RY Ja > 0 such that / 1T (po, )| dF;(z) <
Rd

00.
. / IN(z)[*** f(z)dz < oo and /N(x)f(x)dx =0,
R R
(B3) For any j € {1,...,k+ 1}, h € {1,...,p}, suppose that

T(po,ﬂ?) orT

———————(po, Yo, x)dF;(x) < 00,

L 5o an ) < oo

(By) Foranyi=1,...,k+1and j=1,...,p, there exists a ball B(r) of radius r, such
that

I

p

oT
ap (%) (P,’Yo, x)

} < x(x),

(Bs) Assume that, for j =1,2,3 and a,b € {0, 1,2, 3},

A= [ ) < o

max 4 sup (3,7 (p, Yo, )llp, sup
peB(r) pEB(r)

oT
2
8p (aﬁy@]) (PK)’O, {23')

sup
pEB(r)

For any B € RP*+1) under Hy, the central sequence with true parameter is denoted by

I1,.(po, Yo, 3) and its estimated version by I, (pn, Yo, 3)-
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Remark 4.2.1.  [1] One can find in literature, numbers of models with functions T'(p,~, x)
satisfying |(Ba ) and |(Bs ).

[2] Assumption helps to study the distribution of the test statistic. It has been used
before in |Ngatchou-Wandji and Ltaifa (2021). It is satisfied by least-squares and
likelihood type estimators for some usual models within .

Remark 4.2.2. Assume that assumption holds. Then denote by p;j a consistent
estimator of pon + Bin//n on the basis of observations within [t;_1,7;[. Then one can
consider Bj,h = /n(pjn—pon) as an estimator of B;n, where poy is the estimation of pop,

on the basis of observations in [1,7].

Proposition 4.2.1. Under the assumption |(Bs ), |(A1 {(A1o ) we have:

1. Under Hy:

Vi(pn — po) = N(0,%).
ii. Under Hén), we have:

Vi(pn — po) = N (€.,5),

where
- ? Y(po,z) OT
= | N d ; ; —_— dF; RP
[ ¥@osto)sa) DNDIT [ o a)dF (o) € R,
and
k+1

5 / N () () 3 g / (o, )T (po, 2)dF; (z) € My(R).
R = R
Proof of (ED: From the Bahadur representation (4.3)), we consider the sequence:

J
Rn,j =n 2 Z T(PO, Xt—l)N[gt(p0>7O)]a ] = 17 <oy
t=1
It is easy to see that R, ; = v/n(pn — po) if 7 = n. We use the sequence R, ; to prove
that v/n(p, — po) converge to a normal law by applying Corollary of Hall and Heyde
(2014) that represents the modified version of the Central limit theorem of martingales.
We take assistance from Ngatchou-Wandji (2008) and [Ngatchou-Wandji| (2005)) to consider
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this new sequence:
Let u € R such that u = (uy,...,u,)". We observe that:

-
u R,;=— yi(s) € R,
: ﬁ; t
where

yi(u) = u' Y(po, Xs—1)N[e¢(po, Y0))-

It is easy to see that uTRn,j is centered for every j = 1,...,n. In this part, we follow the

same steps as in the proof of Theorem [2]

e We prove that {(uTanj,]-—j),j = 1,...,n} is a martingale sequence. Let q,w € Z

such that ¢ < w, we have

E{u' Ry 0|Fy} = ]E{uTan|}"}+\/_ZE{yt 8)|Fy}

t=q+1

= uTRn,q —+ Z E{UTT<p0,thl)N[gt(meYO)qu}

t=qg+1

=u' Ryq+ Z E{u" T (po, X;—1) JE{R[e:(po, 70)]}

t=q+1

Since E{R[e;(po,0)]} = 0 for every t € N, it follows that

E{u" R, w|F} =u' R,

0
e We check now the first condition of Corollary of Hall and Heyde| (2014). Since &,
is independent of F;_; for t =1,...,n, we can write
g 2

> E { )] |7 1} Zn 'E{ [u" T(po, X 1)X[r(po, w0)]] [ Fis }
t=1

= Zn [ (0o, Xi-1)]“ E {X%[4(po, Y0)] }

k+1 . 7 )
-2 s o 2 [T X[ E (o 0]}
j

t=7j_1

By the assumptions |(By), |(Bs)| and the ergodic theorem, for 7 = 1,...,k 4+ 1, we can
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write
7

> [0 (o0 X )] B epo. )} < [ [T (o0, a0

=Tj—1

n;(n),
X /RNZ(:B)f(:B)d:B < 0.

Then,
> (P} 5
P—

where

k41
x)dx a/qu, 2dF;(x).
/R ZJ 0 ]()

O
e Finally, we check the Linderberg condition, that is the second condition of Corollary
of [Hall and Heyde (2014)). In this purpose, we will prove that, as n — o0,

2
ZE{[’R 2yt :| ]l‘nf%yt(u)‘>e

Let € > 0, by Holder inequality, and Markov inequalities, we can write

Eq}ﬂiﬁ

.EA}E%@%@m3>e

S I R L P}

<3 %a—gnmpo,xt_nm (18 o0

k+1 ) Tj

\/—\/—Z n n]( Z ||UTT pOaXt 1 ||3E{|N 5t p0>70)]| }

tle
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By piece-wise stationary and ergodic theorem, for j = 1,...,k + 1, we obtain
R 7j
. j T 3 3
Jm 2 Z - n] 5 tz [T (oo, Xo-1)IPE { ¥lex(p0,10)]
=Tj—1
k41
—OXZ%/ o7 Vo, 2) iy (o) % [ NS
=0.
O

Then, using Corollary of Hall and Heyde| (2014), we conclude that, under H,, we
have

uTN/(pn — po) = N(0, ).
Which implies that, under Hy and as n — +oo,
Vi(pn — po) = N(0, %)

where X is the covariance matrix defined as

k+1

> = /R dea]/ (po, )T " (po, 2)dF;(x) € M,(R).

Proof of : We recall that under Hy,, as n — +o0,

Viilpa — po) = N(0.3)
Ou(po.0.8) 2 N (= MO0 0B) 0, ).

2
where
k+1
n(po. Yo, B) = Z% > BiaBimns™ (o, o)
1<h<m<p
0" 0030 = 10) [ iy 320, 20:2) 52 (o 02 o),

We consider the sequence @Q,, = /n(pn — po). By Le Cam’s third Lemma, under Hy, as
n — +o0,

@n D 0
N ? )
(671(#’0,’)’0,5)) ~ _WO’T%”B) §
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where

£= lim Var(@n) COU(Qn, @n)
n—>r+oo (CO’U(Qn, @n) Var(@n) ’

Cov(Qn, On(po, Y0, 8) = Cov (ann(po,’)’o,ﬂ) — M)

2
= Cov (QnaHn(p07707/B))
= E{Qn (p07707 )} —E {QH}E{Hn<p0a70713)}

{\/_Z Xt 1) ﬁTN (70, X 1)¢f[5t(00770)]}
- E(Qn)T Z E {X;tl)ﬁTN(’Yo, Xi-1)d¢(et(po, ’Yo)]}

\/_Z{ { Xt 3 ﬁTN(’Yo’Xt 1)¢f[5t(90a70>]}

- BQuE { 8N (0 Xeon) | B sl )l |

Since E{¢[e/(po,Y0)]} = 0 and grfrl E(Q,) =0, then

Cov(Qn, ©r(po, Y0, B)

B L t=1 . {V(ijl)BTN(’YO’ Xi1)0; [gt(p()?'?’o)]}

= % Z]E {mzﬂ T (po, Xm_1)R(em(po, ,70))ﬂ N (7o, >‘(/t(_;()t¢f£€t(p07 “Yo)] }

BTN (70, Xi-1)9y[er(po, Y0)] }
V(X¢-1)

BTN (70, Xi—1)9y[et(po, Y0)] }
V(Xy-1) ’

— %ZE T (po, Xi—1)R(¢4(po,Y0))

L1 E{ﬂpo,xm_lm(em(po,vo))

Since ¢, is independent of F;_; and E{R[e,(po,0)]} = 0 and E{¢¢[e:(po,Y0)]} = 0. Then,

it follows that, for ¢t # m, we have

ﬁTN(70,Xt_1)¢ [ee(po,Y0)]
_t;1 { (P0; Xm—1)N[em(Po, 70)] V(Xt_]lc) }
t;ém

- % Z E{Y(po, Xm—-1)} E{X[emn(po, Y0)]} E {,3 ]‘\;E'}Y(Ota_)f)t—ﬂ

t,m=1
t#m

=0.

}E{qbf[st(po,%)]}
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With this,

Cov(Qn;, On(po, Y0, B)

= E {R[e¢(po, 70)]0¢et(po, Y0)|} % ZE {T(Pm Xi-1)

_ xT x)flx le - BTN(707Xt_1)
= [ M@ HZE{WO’X“) o)

S e )

N J/
-~

Vi

BTN(70> th) }
V(Xi-1)

By stationarity and ergodic theorem, we have

7j

V, = ! Z ij{T(Po,Xt 1)ﬁ a‘{/T((}ZS_?f)(t 1>]}

t=Tj—1
1 & X

= CL)J]E{ pO}( 1511 Zﬁjh p07'707X )}
j t _

a.s. & T(p(),.%') oT
RN ijBj,h /]Rd V@) o (po,x)dF;(x) < oo.

h=1
Then,
Cov(Qn, Onl(po, Y0, 8) m e,
where
PO: ) or
4 /R (x) deOz]w] Zﬂjh/ V@) 97 (po,x)dF;(x) < o0

Then, under Hy, we have

Qn D 0 DR
<@n(P0,’)’0,IB)> oM ((M) ’ (cg 77(P0,’)’0,ﬂ>>) .

From this result and Le Cam’s third lemma, under H l(n), as n tends to +o00,

\/ﬁ(pn - pO) =Qn g N((f’ Z)'

O
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4.2.2 Asymptotic behavior of the new test statistic

Recall from Chapter (3| that the test statistic is, in this case,

Hn<p7 Yo, ﬁ)

771([),’)/0,,6) = S (p o /8)7

and p must be substituted by its estimator. Here, the central sequence is denoted by

IL.(p,7,B) = \/_Z{ X ﬂTN(pa7>Xt1>¢f[5t(p7'7)]}'

Recall that, for every j = 1,...,k + 1, n;(n) is the number of observations between the
instants 7; and 7;_; and Fj be the common cumulative distribution function of X;’s with
components within these instants. Also, recall that nj(-,};’m)(po, 7o) has the expression

nj72 (pOaPYO) - ‘[(f) /]Rd ( )0/7] (p07707 )873,771 (po,’)/o,x)dﬂ(.f),

which depends on Fj and p.
An estimated version of n](f;’m)(po, ~o), denoted by nA(jZ’m)(pn, ~o0), is given by

57 00.90) = 10) | s e (02005 (00, 7)F ),

where f’] is the empirical distribution function of the observations between 7; and 7;_;.

We can write

_(hm) CI(f) & 1 ar or
n]b (p07’70> - W Z Vb( )a (pn7707X )a/yjm(pﬂmq/(]vxt—l)‘
t=7;_ s
Then, we denote by
k+1
77 pn7’707 Zaj Z ﬁj hﬁ] m7732 (pn7’70)

1<h<m<p

Tn(P0; Y0, B) = \/ Tn(Pn;, Y0, B),

where, for j =1,...,k+ 1, the a; is the estimator of o; = gm nj(n)/n.

The proof of the convergence of the central sequence is given by the following Proposition.

Proposition 4.2.2. Under the assymptions [(A1 H(Aio) and |(B1 ){(B5 ), for any n > 0,

for any consistent and asymptotic normal estimator p,, of po, we have, for any sequence

of positive integers s(n) such that n/s(n) — 0, as n — +o0.
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7.
Hn(p0770718) = Hn(ps(n)7707ﬂ) +0P(1)7 (44)
1.
%n(pnvﬁ)/o:/ﬁ) — W(pOa’YOaﬁ)' (45)

Proof of @): We aim to prove the convergence of the central sequence (3.9) to its
estimated version in order to verify that the test still be optimal when we replace the
parameter by its estimator.

In this purpose, we must prove that

P
Hn(pn7707/6)_nn(p07707’6) n—>+00 0.

Recalling (3.2]), we can write
Xy —T(p+v0w(t), X 1)

e (p,) VX, :
From which one has,
0 (p) = g T+ 7 0 (1) Xi)
- i T X (46)
and
%0 ) = g R0 Xi). (4.7)

Using a first-order Taylor expansion of &,(pn, o) in a neighborhood of pg, for some p,

lying between p,, and pg, from a simple calculations, we obtain

(pn - pO)
V(Xi-1)

For any p € R? and v, 8 € RP**D we define

€(Pn;Y0) = €1(Po,Y0) = IpT(Pn, Y0, Xi-1)- (4.8)

On(p,v,B) =log A, = tz:log {f [et (p,'v L P )} } —log {f[e:(p, Y]} + op(1).

NG
From this definition, we can conclude that the log-likelihood ratio test of Hy against H [(3”)

is O(po, Y0, 3). For p, lying between p,, and po, we write a second-order Taylor expansion

of I1,,(po, Yo, 3) around p,, and obtain

I1.(Po, Y0, B) =I(pn. 0. 8) + (Po — pn)  OpIla(pPn, Y0, B) (4.9)

(Po — Pn)Ta,%Hn(ﬁn,’Yo, B)(po — Pn)-

1
2
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We wish to prove that, under Hy, as n — 400,

(po — Pn)TﬁpHn(Pna Yo, B) = op(1) (4.10)

2P0 — pu) BT (590, B) (po — pr) = 0p(1). (4.11)

We start by (4.11]), and we observe that

1 ~
5(Po - pn) 1L, (P, Y0, B)(Po — pn)

< |lpo — pwll, || 0211, Pm’Y(b ), Ilpo = pall,

< ||\/ﬁ(p0_p’n)” H82 ﬁn7707 )‘p”po_pn“p

Using Proposition [£.2.1], under Hy and as n — +oo, we have
D
Vit(pa — po) B N0, 5).
Also, as n tends to infinity, we have

(Pn — Po) = 0.

Then, to prove (4.11)), it suffices to show that (1//n) H82 (Pns Yo, ﬁ)‘p tends in proba-
bility to some positive random variable.

Recall from (3.9)), that

IL.(p, 7, B) = \/—Z{ X)) TN(pjv,Xt_l)cbf[st(p,'v)]}

k+1 p

fzvxlzz%h Py Xia)ds o)

=1 h=1
In order to simplify the notations, let 77" = 9T /0~,, . We have

k+1 p

1 Il 1 -
ﬁé’pﬂn(pﬁo,ﬁ) = ﬁtZV(Xt > ;;ﬁmh{a T (p, 40, Xi1)dflee(0,Y0)]
+T7(p, Yo, Xi—1)0pslee(p, Y0)]}
n k+1 p
- %; V();t 1 E;Bm ha Wmh) (p7707Xt 1)¢f[€t(p7 70)]
1 n 1 k+1 p
+EZV(Xt N ZZB BT (p,v0, Xi—1) Opdfle(p, Y0)]

t=1 m=1 h=1
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Thus,
1 n k+1 p
a Hn Y Y m, a T’ymh ) 7X' )
oL (P Y0, B) = \/ﬁ;‘/xt D z:lhz;ﬂ h ) (P, Y0, Xi—1)d¢[ee(p: Y0)]
(4.12)
n k+1 p
1}:————}:X}fJ%WWWXHWTWVXQWMMPWH
nt1V2Xt1m1h1 ’ o ! 7

For any p € RP, we have

o1, (p, Yo,
apz)Hn(Pa Y0, 8) = (W)

<\/_ZV 1 Zzﬂmha (T7m) (ps 0, X 1)¢f[5t(/’>’70>])

=1 h=1
k+1 p
(\/—Z V2 = ZZB hT,Ymh(p ’YCHXt 1)8 T(p7707Xt 1) ¢}[€t(p770)]>
—1
1 1 2 o
Y T 3 Y aBh ) (e X))
t=1 =1 =1 h=1
1 n 1 k+1 p
D] 2 2 e (T7) (030 Xems) Gl
= 1 =1 =1
k+1 p
\/_ZVZ X 1 Zzﬁmh Twm’h) (p’70aXt—1)) (apT(Pa’YOaXt—l))T ¢/f[€t(P,’Yo)]
t= =1 h=1
l<:+1 p
\/_ZVQ; 1 ZZﬁth’ymh(p7707Xt l)a T(p,VO,Xt 1) (ﬁf[é}(ﬂ,’j/())]
=1) =1 h=1
k+1 p
\/—Zvaylg ) Zzﬂ AT (P, Y0, Xe—1) (0,1 (P, Y0, Xi-1)) (0T (P, Y0, Xi-1)) "
=1 =1 h=1
X ¢f[5t(P>’Yo)]
k+1 p
=%2Wyﬁzz%@mwm%&mmmm
= t=1) =1 h=1
k+1 p
ng Zzﬁmh Tﬂ/m}b (p7707Xt—l))(aPT<p7707Xt—1))T(Zsljc[gt(pa'yo)]
QT
IZW 225 AT (0,0, Xe—1) 2T (P, Y0, Xi-1) O [ee(p, Y0)]
=1 h=1
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1 k+1 p
\/—ng Xt 1 ZZB hT%nh(pv'YO:Xt 1)(8 T(p7707Xt 1))(8 T(p7707Xt 1))
m=1 h=1

X ¢f[5t(p7 Yo)]-
Multiplying by 1/+4/n and replacing p by p,, we obtain

\/— p I1.(Pn, Y0, B)
1 n 1 k+1 p
= T 2 2 Py (T77) B2 D)6 e B )]
b et
- gzm;;ﬁmha (T") By Y0 B0, T By Xi1) &) 0By 0)]
1 k+1 p
ZW;;@” I h<pn>’7’o,5)8 T(pn, X¢— 1)¢f[5t(l)n7’70>]
k+1 p
T Zﬁﬁ;;ﬁmﬂ”wpm%,ﬁ)a T (P, Xi-1)0p T (P, Xi—1) &} [et(Pns¥0)]

- Al,n(ﬂm Yo, /3) + A2,n(pm'707 /3) + AB,n(pm’YOHB) + A4,n(pn770716)7

where
n k+1 p
1 1
Al,n(p7707/3) = EZ Xt 1 ZZ/Bmha2 TA/Mh) (pa70a6)¢f[€t(p770)]
t=1 m=1 h=1
9 n 1 k+1 p
Azn(p, 70, B) = n m Z Z Bnn0p (T7") (P, Y0, 5)apTT(P7 Xi-1) ¢} [e¢(p,0)]
t=1 7/ m=1 h=1
1 n 1 k+1 p
Nsn(0,70,8) = ==Y e D D BT (0,70, B)0,T (p, Xi1) $[er(p, 0)]
L V2(Xi) m=1 h=1
1 n 1 k+1 p
A4,n(P7’70>5) = n VQ(T Z Zﬁ hTwmh(Pa ’)’Oaﬁ)a T(p, X 1)(9 T(P; X 1)
t=1 m=1 h=1
X ¢/}£ gt(p7 70)]

Recall that, for i = 1,...,4, we wish to prove that |||A;,(pn, Y0, 8)|||, tends to a finite

positive number as n — +o00.

Study of the asymptotic behavior of A, ,,(p,, ¥, 3).
Recall that

n k+1 p
_ 1 1 N _
A1,n(l)m’7’0,5) - n ; V(thl) mzﬂ ;ﬁm,hapT (pn7707/8)¢f[5t(pn770)].
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We have
k1 p
1AL (Pn, Y0, B, < Z ,V Z D 1Bl 1T (B 0 By |05 [4 (B ¥0)]]
=1 h=1
By the condition , we can write
1 n 1 k+1 p
1AL (Prs Y0, B[p < n Z |V (X,_ Z Z | B X (Xi=1) [@5[e (P Y0)]|
=1 h=1

k+1
< Lo '5"”' > P 1Bl

Adding and subtracting appropriate terms, we obtain

ZkH |5mh| Z X Xt 1
V(Xi-1)

AL (Pn, Y0, Bl < |¢f [£1(Pn; o)l = ¢rlen(po, o)l

S 1|ﬁmhy Z X(Xi-1)
V

+ X, 1)

|¢f let(Po, Y0)]] -

We know that, by a second-order Taylor expansion, for some 'Nﬁn lying between po and
Pn;
O ¢[et(Pn, 0)] — O[Et(P0, Y0)]
~ 1, . =~ ~
= (Pn = P0) ' Dptsle(P0,70)] + 5 (B — po) " 06 5[et(Prs Y0)] (B — o) -

2
Using (4.6) and (4.7)), we can write

Dp0¢let(Po; Y0)] = —ﬁaﬁ(po,%,Xt_l)gb}[gt(po’%)]?
p ! 5 =~ T ~
9p0sle(Pnsv0)] = V2(X,_1) <apT<pn770>thl)> <3pT(pn,70,Xt,1)> 1B Y0)]
- maﬁ@%’ Xt*l)(b}[gt(zjn?’yO)]-

Using the assumption [(B,)| and [(Ag), we obtain

Iovérleron < =) drleeou
(X)) | x(Xen) |,z
Ha ¢f 5t(pna70)] < Co V2 (Xt 1) + |V(Xt,1)| [Et(pna'VO)] .

By the assumption |(Ag)l we can write

| [€t(/§n,70)]‘ < ¢ (P Y0) — 5t(ﬁ07’)’0)‘ + @l (po; ¥0)]! -
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From on the inequality (3.6]), we can write

_ ‘ B — Po|| X(Xi 1)

(B 0) = sloo )| < )

Then
(B l| < co B — oo, i o] (413
Consequently,
Jezertei ], < co St + R (o fepa ]
R e
=Co —éz(é((i:ll)) (1 + ) Pn — Po p) + —H);(();(:ll)ﬂ |84 [ee(posv0)]] -

Hence,

165ee(Bus 70)] — b5ler(po0)]| < 115 — poll, Wfi—)”qbf[et(po,mn

ﬁn_po

)

316, pall o i (1]

+ 5 15 — ol “)ﬁ((Xt 1)> |9 le(po, 70)]] -

Finally,
18 — Poll, >omy Sy 1B ] = X2(Xyy)
AL (P Y0, B)], < - VX, ) ¢tlec(posv0)]|
~ 2 k+1
C n m
ar poup( ; ) Wl =
on — [V(Xi—1)
18 = Poll, Yomty >ohy [Bmn] &
- o Z V2 |¢f e(po, )|

ZkJrl |Bm h| Z X

+ |¢>f le+(Po,Y0)]| -

Applying the ergodic theorem on each term after the summation with respect to ¢, as
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n — 400, since g, is independent of F;_; and in view of Remark (3.4.4)), we obtain

_sz Plee(po, o)l —; é o) Z v2 & let(po,Y0)]]
I_T) ‘ agE{‘Gﬁ}[sfjl(Po,’)’o)H}/Rd %((z))dl«'}(x)

n—r+00 Zaj / |¢f ’f d33 )\02 < Q.

In the same lines, we obtain

n k+1
P e e <
|V Xt 1 |3 n—>+oco 4 J 03

and,

1 n X k+1

3 W |¢fetpo,7om;;—ja o [ 1)@ < .
In view of Remark ((3.4.4)),

k+1
I

—ZV r¢fet<po,vo>u—>Zaﬂa{\¢f&]lpmo \}/ SR F(a)

k+1

n—too ZO‘J A /Rd o ()] f(x)dz < oo.

Remark 4.2.3. As n — 400, in probability,

”ﬁn - pOHp < ”pn - pOHP — 0.

From Remark [£.2.3] since all the other terms are bounded, we can conclude that, as

n — +o00, in probability, we have

[1[A1n(p; 50, B)I] = 0.

Study of the asymptotic behavior of A, ,,(p,, ¥, 3).
Recalling (4.13]), we have

V(Xt 1)
V(Xia

’Qb/f[&(ﬁm’)’o)ﬂ < cyllpn — P0|| + }¢f & Poﬂ)’o)”
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Thus,
|l Pm’Yo | &2 &
’HAQn(pm’Ym |Hp = Z X Z Z ’Bm h’ Ha T’ymh(pna’ymxt 1)“
=1 h=1

x HapT P X |

k+1 p

P’le pn,%
_—z‘ (XYY s
m= lh 1
Zk‘—i—l Xt 1
<
> Xt 1 ‘st €t pn770)”
k 1
< 22 Al h:l |5m,h|c¢||Pn—PO|| X Xt 1 Xt 1)
: " V)
2Zk+1 X(X¢-1) ?

|0 [e¢(Po, Y0)]] -

n

By the ergodic theorem and in view of the assumption |(B,)} we have

lzn:X(th) (th):kii ZXth th)
n V3(Xiq) ‘= n n] ) 2 = V3(Xi-q)
k+1 2
a.s X (@)v(x)
Q; dF;(x
n—r 400 ; J/Rd V3(2L') ]( )
k+1
S Mz <o
Jj=1
Also, since ¢; is independent of F;_1, in view of |(A7)]
k+1
Z V2 |¢f ed(po,Y0)]| = Z () |<bf et(po, 70))|
j=1
k+1
eIy B Ll / 64(@)] f(a)de < .

Then, as n — +o0, |||A2,n(ﬁn,70,,3)|||p tends, in probability, to a positive real number.
It results that, as n — 400, |||A2.(Pn, Yo, B)|||, tends in probability to a positive finite

number.

Study of the asymptotic behavior of A; ,(p,, ¥, 3).
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Recalling that

k+1 p
~ 1
AB,n(pna'YOa - E V2 Xt 1 E E ﬂ hTWmh(pna'YOaﬁ)a T(pna707Xt 1)
m=1 h=1

x ¢f[€t(pna'70)]’
and using |(By)l{(Ag)| and (4.13]), we have

H'ASn(ﬁn:'VO: Bl
k+1 p

<0 ng ZZ\ﬂmh!\T%’”(PnWOaXt DT (B Yo, Xe-1)|, |6 [e2(Pns 0)]]
m=1 h=1
1 n k+1 p
S;Z 5 20 D Wl V(X)X 16 2 0]
t=1 m=1 h=1
1 n k+1 p y(Xt 1)
= ﬁz Zzwmhhf (Xi—1)x(Xi-1) [%Hpn poll, P V(X ) + | ¢t (po, 1)
t= m=1 h=1
< C¢ Hpn - po”p Z:’j:ll Zfl:l |ﬁm,h’ i VQ(Xt—l)X(Xt—l)
- " = V)P
k+1
m X X
+ Lm=1 iz 1P iy Z =1 )x(Xem) |9 ec(po. Y0)]] -

By the ergodic theorem,

) 1= (X)) (X . AR n;(n) 1 V2 (Xyo1)x (X1
lim =30 (Xe—1)x( )_ngrngﬁ 3 (X)X (Xi-1)

n=roo n |V(Xt,1)\3 = n nj(n) Nl ]V(Xt,1)|3
k+1 9
j=1 R ‘V(J})|
k+1
= Zaj Ag’% < 00
j=1

Again, since ¢, is independent of F;_1, in view of (A7)}

1 = (X th
Z( )x(

ngr—lf—loo E t=1 Vz(Xt |¢f Et pO,PYO)H
k1 7
_ nj(n) 1 v(Xi-1)X (Xt 1)
= lm Y E
A2 ) 2 vy el

_Za]/ V2 :C) dF E{‘st Erj_1 pOa'YO)H}
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k+1

2
= Z% Al )/d |0s(2)] f(z)dx < oo,
Thus, using (4.2.3)), as n — 400, |||As.,(Pn, Yo, B)|||, tends in probability to a finite pos-
itive real number.
It results that, as n — 400, |||As,(Pn, Y0, B)||], tends in probability to a finite positive

number.

Study of the asymptotic behavior of Ay, (p,, Y, 8).

Recalling that

n k+1 p
~ 1 1 ~
AP, v0,8) = — > V20X, ) DD Bun T (B0, X 1)
t=1 m=1 h=1
X (0T (Brs Y0, Xi-1)) (OpT Py Yo, Xe—1)) " Dflee(Pns Y0)].
By assumption |(A4g)],
c k+1 p
1A 40 (P 10, B[] < =2 Z W Z B [T (B0 Y0, K1)
m=1 h=1

X ||8PT(pn7 Yo, Xt—l) ”p .

By assumptions [(B,)| and |(Ag)], we obtain

¢Zk+1 |5mh| ZX Xt 1 Xt 1)
V2 Xt 1 '

|||A4,n(ﬁm'707ﬂ)|||p =

The ergordic theorem yields

k+1 Tj
Xth th) . ( Xth th)
| = 1
n—lg—r&-loonz V2(Xy_1) n—1>r—r‘:-100J;1 n n;(n Z V2(Xy_1)

Then, as n — +00, |||A4.(Pn, Y0, B)|||, tends in probability to a finite positive number.
Now, we proved that, for i =1,...,4, |||A;.(Pn, Y0, B)|||, is bounded.
We conclude that, as n — +oo, (1/y/n) |[|0211,(pn, Y0, B)|||, tends in probability to a
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finite positive real number, denoted by b.
Recall from (4.11)) that, as n — 400, we have

1 ~
5 ‘(pO - pn)Taan(pn7707/6)<p0 - pn)‘

< 2 [Vatpo — ol

=508 | o = pall

1
< 5 [Vnleo = pn), oo = pnll, <,
since under Hy, as n — 400, we have
\/H(PO - pn) - N(Oa E)?
by Remark (4.2.3), we conclude that

1 ~
§(Po - Pn)TaiHn(Pm')’oaﬁ)(Po — pn) = op(1). (4.14)
O
Treating (4.10)).
From (4.14]), we can write
Hn<p0> Yo, /6) = Hn(pn7 o, /6) + (pO - pn)Tapnn(pnv Yo, /3) + OP(l)' (415)

Now, we aim to prove that

(Po - pn)TapHn<pn770>/B) = OP(l)'

Now, as n — +00, adding and subtracting appropriate terms, we can write

,(p0, Y0, B) =1Lu(Pn, Y0, B) + (Po — Pn + Pstn) — Psn) ' Fplln(Pn, Y0, B) + 0p(1)
= IL.(Pns 70, B) + (Po — Psn) | Oplln(Pn, Y0, B)
+ (Pstn) = Pn) Opllu(Pn, v0, B) + 0p(1),
where {s(n)},>1 stands for a sequence of positive integers such that n/s(n) — 0 as

n — +00.
Observing that, as n — +oo,

Vi(po = pam) " = V/s(n)(po — psmy) " X = op(1).

It is easy to see that,

_|

(pO - ps(n))TapHn<pna Yo, /8) - \/H(PO - ps(n)) _apHn(pnu Yo, ﬁ)
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Then, it suffices to show that 9,11, (pn, Yo, 3)/+/n converges in probability to a random

vector.

Asymptotic behavior of 0,11, (pn, Y, 8)/Vn.

We can write the following decomposition

1
_apHn(pna o0, ﬁ)

\/_
k+1 p
T Z Xt 1) Z Z B nOp (T7™") (P Yo, Xi—1) @€t (Pns Y0)]
m=1 h=1
1 n 1 k+1 p
o Z V2(Xy-1) Z Z Bt T (P, Y0, Xi-1)0pT Py Yo, Xi—1) ¢}[Et(Pm Yo)]
t=1 /' m=1 h=1

= 61,n<pn7 Yo, 6) =+ UZ,n(pnu Yo, ﬁ)?

where
1 n k+1 p
Ul,n<p’n7707 ﬁz % Xt 1 ZZBWL ha T'Ymh) (pTL?’YOJXt 1>¢f[€t(pn770)]
t=1 m=1 h=1
1 n 1 k+1 p
O2,n(Pn, Y0, B) = —EZWZZ[gth%h(Pnﬁo,Xt 1)0pT (Pn, Y0, Xi-1)
m=1 h=1

x ¢slei(Pn, ¥0)]-

Study of the asymptotic behavior of U, ,(pn, Y0, 3)-

We have
1 n 1 k+1 p
||61,n(pn770a18)||p < EZV(XT ZZ|ﬂmh| 10, (T7mn )(pnv70aXt—1)||p P
=1 Y m=1 h=1
1l & 1 k+1 p
S VX, ) on] XX e (pn,
< n;V(Xt_l) ;;W al X(Xis1) [bslee (P, 0)]|

< Zk—H =1 |5mh’ Z X

|¢f [ee(Prs Y0)]] -

Adding and subtracting appropriate terms, we obtain,

k+1 Xt
(G|, < Zmmt e Lol 5 MR 1 ) s, 0]
t=1 t=1

n
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k+1
n D e 1Bl Z V |¢f [e:(po, Y0)]| -

We know that

orlee(PnsY0)] — @rlEr(Po, Y0)]

=~ (P = P0) 05T (o0 )4l )
1

V(X))
1

V2(X, 1) (pn

(Pn — pO)Ta§T<ﬁn, 70)¢}[5t(ﬁn770)]<pn — Po)

+ - pO)T(apT<ﬁn7 '70))(apT(ﬁm 70))T(pn - pO) (Zﬁ/; [8t(ﬁn7 70)]7
where p,, lies between p,, and pg.
Then, by assumption |(B,4), we obtain

1651 70)] — b5len(p0n10)]| < llm — poupw((x—tl)| 16, lec(Pos 0]

X(Xi-1)
V(Xt 1)

+llpn — pon?, [ |98 0]
T |9l (Bn )]
By (4.13), we can write

1)

|¢H€t(ﬁm’)’0)” < ¢y l|lpn — POH #

+ | ¢ le(po, Y0)]| »
since as n — +00,

O’flee(Pn, 0)] <
Then

|05let(Pn, Y0)] = &ler(Po, o)

X*(Xi-1)

< lon — ol 2= (6o 1| + el — pnl o)
o = poll SO 6 oo )]+ ollon — ol

< llew - po””yv(( 1))y |97lei(po, Y0)]| + csllpn = poll, (1 + [lon — poll, )—Q(éttll))
#lon - pouzgﬁ?‘—“l 641 (po 0]
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Thus,
||pn p ” Zk+1 |6mh‘
[61,0(pr: 70, B, < o n = Z V2 ‘st £(Po,Y0)]|

+

k 1
collpn — POH;% (1 +[lon = pollp) > . —1|Bm, hl < Z X*(Xio1)
n V(Xe-1)[?

Pn = poll2 Y4 Sy 1Bl <
+ ZW

n |¢f €t PO,’YO)H

S S | Bon] & 3 X (X
[V (

4 Lm=1 ! 1 Xt—1>)| |¢f[€t(P0;'YO)]|-

By the ergodic theorem, as &; is independent of F;_;, in view of Remark we
have

k+1
ZW ||¢f[at<pn,%>}|*2 72 — Z X r¢fet<pm~yo)u
7=1 ] t Tj—1
k+1

n—> oo Zo‘ﬂ/ dF / |95 ()] f(x)dr < oo.

In view of [(A7)|and following the same procedure for the other terms, we obtain

k+1

—Z L lerleon | 5 Zag/\aﬁf )| f@)dz 2 < oo,

n X 1 k+1
t— 3
Z |V Xt 1 |3 n-)-‘:—oo Zaj )\03 < 00,

1 k+1
E W— |¢f Et po,’Yo) oo ZOZJ / ‘st ‘f dl’)\OQ < 0.

We know that, as n — +o0,

P
lon = poll, = 0,

then we can easily conclude that, as n — +oo,

Ul,n(pvm'YOaﬁ) i 0¢c R?.

Study of the asymptotic behavior of U, ,(pn, Yo, ).
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Using the condition |(B,)} we have

||62,n(pn7 Yo, /8) ”p

k+1 p

1 & 1 )
< ;Z W 3D B 1T (0 Y0, BT (0 0, 5[0 (Prs70)]]

m=1 h=1

o ] Xt Xt ,
< L= Lo | h’z D 16 vl

Using [£.13] we can write

%”Pn POH;DZICJrl 1\5mh| Z Xt 1 Xt 1)
n |V Xt 1 ‘3

k+1
+Z 1|/8mh| Z Xt 1) Xt 1) ]gb}[é?t(PO?'YO)”'

||U2,n(pn7 o0, ﬁ)”p S

Since ¢, is independent of F;_; and using ergodic theorem, in view of|(.A; ), we obtain

k+1
(n)

X X n;
_Z t— 1 t— 1) ’¢f[€t Po,’)’o ’Z ANAYS

1 N V(X)X (Xiem1) |
n ng(n)Z V2(X, 1) |#5[£:(Po, v0)|

— ZaJ/Rd = dF /\d)f )| f(z)dz < 0.

Following the same procedure, we obtain

k+1

th th a.s
_Z V(X )P i ZO‘J 12 < oo

Then, as n — +0o0, it is easy to see that ||U2,n(pn, Y0, B)l|, tends in probability to a finite

positive real number. Then,

< ||Ul,n(Pn;'70,,3)||p + HUQ,n(pna'YOuB)”p < 0.

p

pna 707 /6)
|70
It results that

(Po — Psn)) " OpIln(pr, Y0, B) = op(1).

Thus,

H <p07707/8) H (pn7707/6) + (ps(n) - pn)TaPH”(pn7707ﬂ) + OP(l)' (416)

In order to treat the above equation (4.16)), we need the following lemma.
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Lemma 4.2.1. Assume that [(Bs) hold. Let {s(n)}n,>1 be a sequence of positive integers
such that n/s(n) tends to 0 as n — 4o00. For 7y, 3 € RPE+) Ps(n) s asymptotically in
the tangent space T, to the curve of 11, (p,~,B) at pn, defined as follow:

T, = {Z € Rp/ Hn(2a707/8) = Hn(pn770a/8) + (Z - pn)TapHn<pna'70>ﬁ)}-

Proof. Writing a second-order Taylor expansion of II,(psx), Y0, 3) in a neighborhood

of pr, for some py,) lies between py(,) and p,, we obtain

L (Ps(nys ¥0: B) = WP %0, B) + (Ps(ny = Pn) " oIl (P Y0, B)
1 ~
+ §(ps(n) - pn)Taf)Hn<ps(n)7707 /6) (ps(n) - pn)
To prove that, as n — 400, psm) belongs to T, it suffices to show that (pgu) —
Pn) " 1L (Psny: Y0, B)(Pstn) — Pn) = op(1).
To find the asymptotic distribution of v/n(psn) — pn), we add and substract appropriate

terms and we obtain

ﬁ(ps(n) - pn) = \/ﬁ(ps(n) — Po + Po — pn)
= \/ﬁ(ps(n) - pO) + \/ﬁ(pO - pn)

= 1/8(n — Po —\/ﬁ n{po —
Vs(n)(Psmy — P )m+\/_(p Pn)
= o0p(1) + vVn(po — pn).

Then, asymptotically, v/n(psm) — pn) have the same distribution as v/n(po — pr). This
means that \/n(psm) — pn) converges in distribution to a normal law.
Now, to prove that (psm) — pn)Tﬁgﬂn(ﬁs(n), Y0, B)(Ps(n) — Prn) = 0p(1), it suffices to show
that 9211, (Ps(n), Y0, B)/+/1 converges in probability to a random vector.
Recall that

73,2) n(Ps(n)s Y0, B)

= A1,n<ps(n) » Y0, /6) + A2,n(ﬁs(n)7 Yo, 6) + A3,n(ﬁs(n)7 Yo, /3) + A4,n<i)/s(n) » Y0, 13)7

where {s(n)},-, stands for a sequence of positive integers such that n/s(n) — 0 as
n — 400, p, is given by , and P, lies between py(,) and pq.
We have, as n — +00, [|Bym — Poll < [|Ps(n) — pol| 2 0, then,

ﬁs(n) — Po = OP(l)-

For some p, lying between p,, and po, we proved perviousely that |[|0211,. (P, Yo, B) |||,/ /7

converge in probability, as n — 400, to a finite positive number. By following the same
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strategy, we can prove that |[|02IL,(Ps(n), Yo, B)|lp/+/n converge in probability to a posi-
tive finite number, where p(, lies between py,,) and po.

Consequently,

(ps(n) - pn)Ta,Q;Hn(ﬁs(n)a Yo, /B) (ps(n) - pn) = OP(l)-

O

It results from Lemma that, as n — +00, py») belongs to the tangent space T,.
Thus, by replacing z by py,), we obtain

Hn(pS(n)v'YOuB) = Hn(ﬁnv'}'ﬂu@) + (pS(n) - pn)TapHn(pna'YOa/B) + OP(l)-
Finally, recalling (4.16)), we obtain

Hn(p07’707/6) = Hn(ps(n)7707ﬁ> + OP(l)'

O

Proof of : To prove (4.5)), it suffices to show that, as n — 400, (Pn, Y0,3) —
n(po, Yo, B). For any B € RF* D e have

1 (Pn> Y0, B) — 1(po, Yo, B)
k+1 k+1
- Za] Z /83 h/Bj mnjz pn770 Zaj Z 5] hﬂ] mnj2 (p07'70)
1<h<m<p 1<h<m<p
k+1

h,m
=3 > BB |E" (5n ) — agnls™ (po,0)|.

j=1 1<h<m<p

We add and substract appropriate terms and we obtain

(P> Y0, B) — 1(po; Yo, B) (4.17)
k+1

hym h,m

=> > BinBim [agnﬂ (Prs¥0) + 0iis™ (Pay Y0) — silys™ (Pu,¥0) — cills™ (o, o)

7=1 1<h<m<p

k+1

h,m h,m

=" > BinBim(@ — a)[35™ (P v0) — 05" (Po, ¥0) + 1'5™ (Po. Y0)]

7=1 1<h<m<p

k+1

h7

+ Z Z BJ hﬁ] maj 77]2 (pm70) 7]](’,2m)(p07'70)]

7=1 1<h<m<p

k+1

~ h,m h,m ~ h,m

=3 B |@ — @)™ (on ) — 5™ (o, w0)] + (@ — a)nls™ (po, %0)

Jj=1 1<h<m<p

k+1

h,m
+ Z Z 6] hﬁ] m(l/] 77]2 (pn770) 77](',2 )(pOa'YO)])

j=1 1<h<m<p
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where, for h =1,...,p,

~(h,m) 1)) 1 or oT
T/j,? <p0770) - N, ) Z Vz(l’) a/}/jﬁ (pOuWO:I)a <p07707x)'

j7m

For all j=1,...,k+ 1, we have

aj —Q; —— 0.
n—r+o0o

For j=1,...;k+1and h = 1,...,p, using the assumption |(Ag)| and the fact that the
T

functions V9 are bounded, it follows from the Lebesgue’s convergence theorem that
Vih

each term in the right-hand side of (4.17) tends to 0.

For testing H, against H (n), for any 3 € RP+1) | we consider the following statistic

Hn(ps(n) » Y0, /3)
%n(ps(n)a Yo, 5)

ﬁz(ps(nb Yo, /8) =

Theorem 4. (Optimality)
Assume that |(A; H(Aw)| and |(B1 {(Bs )| hold. Then, for any B € RP*+V we have

. Under Hy, as n — 400, E(ps(n)77076> 2, N(0,1).

1. Under local alternatives H[(.,n), at level of significance a €)0, 1], the asymptotic power
of the test based on the statistic Tn(psm), Y0, B) i Prrx = 1 — ®(24 — 7(po, Y0, 3)),
where z, is the (1 — a)-quantile of a standard Gaussian distribution with cumulative

distribution function ®.
. The test based on the statistic Tn(Ps(n), Yo, 3) is locally asymptotically optimal.

Proof: The statistic that we have is

Hn(/)s(n)?’)/(b /6)
%n(ps(n)a Yo, IB)

7;L(ps(n)a Yo, /6) =

We proved in Proposition (4.2.2) that
Hn(ps(n)7 Yo, B) = Hn(pOa Yo, IB) + OP(l)‘
Also, we proved that, as n — +o00,

~ P
7Tn(ps(n)a Yo, /6) - ﬂ-(p07 Yo, IB)
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Then, under Hy and as n — +00, we have

%n<ps(n) » Y0, /6)

lim =1.
n—>r+00 7T(p0a70aﬁ)
Then, under Hy and as n — +o00, we have
Hn(ps(n)a Yo, ﬁ)
%(Ps n 7’70a/6) = =
") 7Tn<ps(n)>70>/8)
_ Hn(pOa’YOaﬁ) + OP(l)
/ﬁn(ps(n)y Yo, /6)
I1,(po, Y0, 1
— (pO Yo 13) 1+ > Op(l)
71—n(ps(n)a Yo, :6) 7Tn(ps(n) » Y05 /6)
HTL ) Y ) ) 1
_ (Po; Y0, B) % T(Po; Yo B) _ x op(1)
71-n(ps(n)up)baﬁ) Hn(pO;VO;ﬁ) Wn(ps(n%’)/(]?ﬁ)
HTL I I ) 9 1
_ (Po; Y0, B) % AW(PO Y0, B) N x op(1)
7T<p0770718) 7.‘-n(ps(n)u’ymﬁ) Wn(Ps(n)/Y&ﬁ)

= 7;L<p07’707 /6)

The convergence of T, (ps(n); Y0, B) to 7(po, Yo, B) remains true under the local alternatives
H é") by contiguity. Then, under H gl) and as n — +o00, using Lecam’s third lemma, we

have

=)

E(Ps(n)a')’oaﬁ) - :((Z:((:)):zz:g)) 2> N(W(p0770716)a ]-)

)

Thus, we can say that the power of the test remains the same.
With this, we have established that

e The central sequence based on the estimated version has no effect to the power of
the test.

e The statistic based on the estimated version is asymptotically equivalent to that

based on the true parameter.

Then we conclude that the test remains optimal in the case where the nuisance parameter

is unknown with known ~,.

O
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4.3 The functions involved in the model and the pa-

rameters are unknown.

In practice, 79 may be unknown and has to be estimated. One of estimation methods is
the maximum likelihood. Denote by v, = v, + B/v/n, for some B € RP*+D _ Let 5, and
~o.n be respectively, the maximum likelihood estimator of =, and ~o.

We need the following additional assumptions
(B'y) Foranym=1,....k+1,h=1,...,p,
max {Sup—y |T'Ym’h (p’ v, .ZU)', Sup’y ||87T’Ym,h (p’ s l’) ||p(k’+1)7
oT
SUpP~ ’Ha?yTvm’h(p7 Y, x)Hlp(k—f—l)} < "i(‘r)v where T%n,h(p7 Y, LE) = m(pv Y, SL’)

(B'y) For j =1,... k+ 1, assume that, for u =1,2,3 and a,b € {0, 1,2, 3}

0 [ @R
5a,b —/]Rd V“(SL’) dF}( )< :

(B'3) Assume that v/n(o, —v0) = Op(1).

Remark 4.3.1. Let 7y, and o, be the mazimum likelihood estimator of ~y under Hy
and Hg”) respectively. In probability, asymptoticaly, we have

:);O,n == :?O,n + B/\/ﬁ

Let s(n) be any sequence of positive integers satisfying n/s(n) — 0, as n — +oc.

k+1)

When ~, is unknown, for testing H, against H (n), for any B € RPFD | our test statistic

can be expressed as follow

Hn(ps(n)7:770,s(n)7 B)
%n(ps(n) ) :)\/O,s(n) ) B)

E(ps(nﬁ 6\’0,8(71)7 /3) =

Proposition 4.3.1. Assume that [(Ai)H{(Awo ) |((BiH(Bs ) and |(B'1 H(B's ) hold. Then, for

any sequence s(n) of positive integers satisfying, as n — +oo, n/s(n) — 0, for any

sequence of consistent and asymptotically normal estimators {(Pn,Yon)n>1 of (Po,Y0)

and for any B € R D we have, under Hy and as n — +00,

Hn(p0>70718) = Hn(ps(n)va\/(),s(n)vﬁ) + 0P<1)-

Proof: The proof relies on a number of lemmas that we state and prove.
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Lemma 4.3.1. Assume that (A F (A ) [(Bi)H(Bs), and|(B'1 {(B'3) hold. Then, for any

sequence s(n) of positive integers satisfying, as n — +o0o, n/s(n) — 0, for any sequence of

consistent and asymptotically normal estimators {~on}n>1 of Yo and for any B € R+,

we have, under Hy and as n — +00,

Hn(Pof)’o,,@) - Hn(pOa;Y\O,s(n)aﬁ) + OP(l)'

Proof: Forany p € RP and (v, 3) € RP*+D x RPE+D for 4 the maximum likelihood or
the least squares estimator of vy, we write a first-order Taylor expansion of I1,,(po, Yo, 3)

in a neighborhood of 7y, and we obtain, for some 7, ,, lying between ~, and 7o,

Hn(p07707ﬁ) = Hn(pOa:?O,naﬁ) - (:)\IO,TL - 70)T87Hn(p07:?0,naﬁ)
1

+ §<:}\IOJL - VO)Tazan(p(h %O,nJ ﬁ) (;)\/O,n - 70)7
where
_ 831Hn(p07ﬂ707n7ﬁ> s 8f2ylypHn(POa'7o,naﬂ)
3$Hn(p07 %’O,nv ﬁ) = e S Mp(k—f—l)‘
azp'ylnn(poa ’70,7” ﬁ) s agpnn(p07 ’70,71) ﬁ)

Our aim is to prove that, under Hy, as n — +o0,

(%0,71 - 70)T87Hn<p07 :)\/O,na /8) = OP(1)7 (418)
(Fo.n = ¥0) 0311 (P0s Y05 B) (Fom — Y0) = 0p(1). (4.19)

Starting with (4.19), we observe that

‘(%,n - ’YO)Tainn(Poﬁo,m B) (Fon — ’70))

831_-[71(!)07:)70,717 IB)‘Hp(

< 1B = Yollygesry X || X [Fom = 0lay -

k+1)
Multiplying and dividing by /n, we obtain
‘(’%m - ’YO)Ta—QyHn(PO, ’70,717 B) Fon — ’70)‘

a’%Hn(p()? :?O,na /8) ’ ’ ‘

X || Fon — 70Hp(k+1) :

R 1
< |[vr(Fon — ’70)||p(k+1) x vn H

p(k+1)

The Proposition treats the case where p,, is an asymptotically normal estimator of
pPo. Same thing when 7y, is an estimator of . Then, using Proposition [4.2.1] under
Hy, as n — 400, v/n(Yon — o) converges in distribution to a normal distribution and

~o.n — Yo tends to 0 in probability as n — +oo.
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Then, to prove (4.19), it suffices to show that [||02IL,(po, Yo, B)|llpk+1)/+/7 tends in
probability, as n — 400, to some positive random variable. Recalling (3.9)), we have
I B'N X,
n(p,7,B) = \/—Z{ P Ve X 1)¢f[5t(p>7)]}

k+1 p

- % Z m DN BT (p, v, B)bsle(p. ).

m=1 h=1

Then,

-
O T (po, ¥, Xim1) = (w10, T (P, ¥, XKic1), - -+ Wha1 8y, T (p0, v, Ximy)) - € RPEFD,
and

a?yTwm’h <p07 s Xt—l)

M%H’YlTﬂ/m’h(p0777Xt—l) 0 . 0
— 0 w%‘H’WT'Ym’h (p07 Y, Xt—l) :
: T . 0

0 cet 0 wl%+1H‘Yk+1T (poa v thl)

€ Mp(k+1) (R)>

where, for any i = 1,...,k+1, H,, [T""(pg, 7y, X;_1)] is the Hessian matrix of 77" with
respect to ;.
We recall (3.2) and write, for any ¢ € N, p € R? and v € RP(E+D,

X =T(p+v0w) X1)

e (p,y) = VX)) ,
then,
D e(py) = ——— 8. T(p.~, Xo 1)
Yt pP,7Y) = V(Xt—l) Y P, Ai—1).
Remember that we wish to bound —|||82H (Po, Yo,n, B)|||pk+1)- Also, recall that

vn

76 LI, (po, v, B) = (Z X Z Zﬁm KT (po, Y, Xi— 1)¢f[5t(Po,’Y)]>

t=1 m=1 h=1
1 k+1 p
— _Z Xt 1 ZZBmha T’Ymh) (p0777Xt 1)¢f[€t(p0, )]
m=1 h=1
1 k+1 p
ZWMZZﬁth'th(pﬂvvaxt l)a T(po,’)’,Xt 1)¢f[€t(p0 7)]
m=1 h=1
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From this, for any p € R? and (v, 3) € RPF+1) x RPEHD | we have

7 I, (po, v, B) = \/15&, [0511,.(po, ¥, B)]

k+1 p

— _Z ;t y ZZBmha 70 (po, ¥, Xi—1)Pslet(po, )]

=1 h=1

n k+1 p
- _Z V2 Xt 1 ZZ a T’Ymh PO ’77Xt 1))(8‘7T(p0777thl))T(éI]C{gt(pO?’Y)]

=1 h=1
k+1 p

- —Z 7 Xt 3 Z i (Oy T (po, Y, Xi-1)) (05T (Po, ¥ K1) ' D len(po. V)]

1 p
o _Z V2 Xt 1 ZE: thﬁ/mh p0777Xt 1)8 T(p0777Xt 1)¢f[€t(p077)]
1 h=1

p

o Z V2 Xt 1) Z Z By T (po, ¥, Xi-1) (5T (po, ¥: Xi-1)) (5T (po, 7 thl))T

m=1 h=

X be[ft(Po”Y)]

n k41 p
= — 2T7mh X
Z - Xt y ZhZ B 02T (po, 7. Xo1)sler(po, 7))

m

n

k+1 p
-2 Z ZZ WO T (90,7, Xy 1)) (05T (0, 7> Xi-1)) 0 l4(Pos )]
1 h=1

p
o Z VQ ZZ T'Ymh p0777Xt 1)8 T(p07’77Xt 1)¢f[€t(p07’7)]

p

—Z V2 Xt ) mz: £ nn T (Po, Y, Xi-1) (05T (Po, s Xi-1)) (37T(Po,’)’7Xt—1))T
¢f[€t(p07 )]
Thus,
1 o~ — I~ — =
ﬁaznn(pm’yo,nwg) = ‘:‘17n<p0770,n7/3) - ‘:‘2,n(p0770,n7/3) (420)

- ES,n(pOa %;O,Tm /6) + E4,n(p07 :\770,1’1,7 /6)7

where
n k+1 p " "
‘—‘1 n(pO ’70 no /8 = n Z vV Xt 1 Z Z Bm,ha?yT%mh (p07 :?0,n>¢f[€t(p07 %70,11)]7
t=1 m=1 h=1
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9 n 1 k+1 p _
E2n(Pos Y ’Yo n B) = Z m Z Z B (05T (po, %O,n))(a’YT<p07 ’NYo,n))T
m=1 h=1

X (bf [6t<p07 70,71)]7
1
n

n k+1 p
- = 1
Zsn(P0, Vo0 B) = VR ST BT (po, Yo ) 02T (Po, Vo )
t=1 =1 =1 h=1
X ¢/f[€t<p0>§0,n)]7
1 n k+1 p
Zin(P0: Vo0 8) = nZ e Xt N ZZﬂthwpo,m) <0 T(po, %n))
t=1 m=1 h=1
< (87000 50,)) " Hlex(po. o)
Here, our main purpose is to show that, for i = 1,...,4, ’ E@n(Po,%M,,@) o) con-
’ p(k+1
verges to a finite positive number.
Study of the asymptotic behavior of El,n(po,:)s/o,n,ﬁ).
We have
121 (Po: Yo B)llpee+1)
1 k+1 p
- |||_ Z V(X—t Z Zﬁm ha o h(POa’Yo oy Xt 1)¢f[5t(P0a’Yo W) [p(e+1)
Y m=1 h=1
k+1 p
Z |V | Z Z |6m h| H|82T’Ymh(p0’,70 n?Xt 1>H|p(k+1 ’¢f[€t<p0770 n)”
=1 h=1
By assumption |(B';) , we obtain
" 1 n 1 k+1 p
1E1n(00: Yo Bl < 53 ey D D 1Bl w(Xe-)l6lex(po. 3o,
t=1 m=1 h=1
Adding and subtracting appropriate terms, we obtain
|||51,n(Po,’7o,mﬁ)mp(kﬂ)
1 n k+1 p
< o Z ]V( Z Z | Bun, | K (X 1)|¢f[5t(P07’Yo )|+ @rlee(pPo, Y0)] — drlee(Po, 0)]|
= m=1 h=1
k+1 p
< - Z |V i S 1Bl 5(Xe-1)lésler(Pos Vo) — 65lei(po W)
m=1 h=1
1 k+1 p
+ n Z |V( Z Z | Brnu| 5(Xe—1)|dr[e(Po, Y0)]-
t=1 m=1 h=1
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By a second-order Taylor expansion, for some 4 ,, lying between :~;’O,n and vy, we have

o¢let(po, ’:Yo,n)] — ¢ylet(po, o)

1 ~ )
- V(Xi1) (Yo — ’YO)T&YT(PO, Yo, Xt71)¢f[€t(p07 Yo)]
—1 Y - / . =
C Fom — Y0) "2T(Po, Ho,0, Xi-1)8s € (Po, Fo.0)] (Vo — Vo)
1

+ m(%,n —5) " (05T (po, Fo,n, Xi-1)) (D5 T (P, Yo.0, Xi-1)) ' (Yo — Y0)

x ¢lei(Po, Fon)]-
Then, using the assumption [(Ag)|, we obtain

o~ =~ (X
|9¢let(Po, Vo)l — Pslec(Po, Y0)Il < (Vo — Yollpisn) ‘/(Ttt |¢f &t Poa’)’o)H
= 2 V(Xy-1)
+ H')’o,n - ’)’OHp(kH) V(X—t_ ‘(bf e¢(po; o n)H
V(X1
+ ”'Yon 'YOH (k+1) W—t |¢f €t Po;’)’on)H-

Using the fact that ¢ is cs—lipshitz, we have, for any v € Rp(k+1)
|0 [e(po, 7)]| < co1
and
|0 le(Po, Fo)]| < colee(po. Fon) — €(Po,Y0)| + |0 et (o, Y0)]] -

From equality (3.6)), we obtain
W (Xe-1)] [[Yon — ’Yo||p(k+1)

let(Po, Yon) — €e(PoY0)| < VX)) )
from which we have
. . V(X 1)
|8 e:(Po, H0.0)]| < € 1500 = Yol sy V(Ttt) + | ¢ler(po, 10)]| - (4.21)
Thus,
~ ~ v(X
[9¢et(Po: Yo,u)] — OrlEe(Po: YOIl < 170, — Yollpea+1) V((Xtt 11 |9 [ee(po,v0)]|  (4.22)
= V(Xt_l) 2
+ ol Vo — Yollpwsny m
= (X 1
+ 1700 — 70||;2)(k+1) V(X—tt ’¢f Et Poa'Yo)H
2 (Xi1)
JrC¢>||’Yon 'YO|| (k+1) Wt) .
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Then,

|||El n(poa%ﬁ n7/8)|||p k+1)

k+1 p
Z IV ( Xt— )] Z Z |Brmn| £(Xo—1)|dyle(po, ¥ ")/O n)] — ¢¢let(po,Y0)]]
k+11 hpl
Z |V Z Z |Bm,n| £(Xi—1)| byl (o, 70)]
=1 h=1

¥ — vo||pk+1>z’f“ E Bl o= K(XK)v(Xm1) |,
< = ’
= Z V2(X, 1) ‘(bf[gt(p(”%)u

n
t=1
k+1 D = 3 n 2
+ Zm:l h=1 |6m,h| C¢||70,n - ’YOHp(kJ,-l) Z H(thl)l/ (thl)
n ~ V(X))
et LAmmw%m—wmwﬂ7lﬁxtl th ,
+ n Z |¢f[5t(90;’)’0)”
t=1
k n
X Z +1 |Bmh|c¢||70n 70” (k+1) Z K> Xt 1)
— [V(Xi—y)?
Zk—H |Bm h|
+ Z |V |¢f [e¢(Po, Y0)]]-

Applying suitably the ergodic theorem on each term in the right-hand side of the above

inequality, by assumption |(5’s)] since &, is independent of F;_1, in view of (A7) we
obtain

P2 o

n.i(n i (X)) v(Xy_q /
jr(z )n;n) ) <V2(;(t(1) ) 9slec(en. )l

t=Tj—1
k+1

2,3, /Rd%(())df’ ) E{]¢ler, 1 (po, 0)]]}

k+1

i e [ oho] renieof} < .
Also,
lzn:fﬁ(xt 1 Xt 1 — i H(Xt—l)l/2(Xt—1)
ne—= |V(Xi)? = )t:Tj_1 V3(X;_1)
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k+1
n—>+00 ZQJ/ V3 ](I)

k+1

(3)
;05
n—>+00 Z 7721

< 0Q.

Furthermore, since ¢; is independent of F;_; and based on |(\A7)],

1 o X )v(Xen)
E — VZ(Xpl) ‘¢f[5t(p07’70>]|
iz n;(n) 1 - R(Xe)v(Xe1) |,
- = jn n;(n) t—szl V2(X,_ 1) |0slee(po, Y0)]]
a.s. AR Ii(l’) X
m;g /Rdw—UEWf =72 (Po )]}
k+1
=Y s [ g @lf
=1 Re
< 00.

In the same lines, one shows that

1 n RS(X k+1
ng(x_l e Z% 03 < 00.

Also,
. X, , k+1
EZM |P¢let(Po, Y0)]| —‘>n_>+ 04] / |p5(2)|f(z)dx) 5(()11 < Q.

Since ZkH b |Bmn| and ¢, are finite, we have

Yo = Yollpr1y < [Fo0 = Yollpe+1) ~=77 0,

we conclude that, as n — 400,

o0 Fam ||, =0
(k+1)

Study of the asymptotic behavior of Ez,n(po,:)s/o,n,ﬁ).
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By assumption |[(5'1), we have

|||52n(p07570n75)|||p k+1)
0T (po, ’Y()th 1)
=1 h=1

K41 p
_Zv2
k+1 p
ZVQ ZZﬁmhF& (Xi-1)|6} (o, Vo))l

mlhl

oo 19 R0 70,

Using the inequality (4.21)), we obtain

K
2%”’)’% Yollprs1y Doy S0 1!5mh|z (Xi—1)v(Xi-1)
n

H’EQ,n(p07’70,na H) |V Xt . ‘3

k+1)

kL
22 et B ZV2 |¢f ed(po,Y0)]| -

By the piece-wise stationarity and the ergodic theorem, using |(B’s), we obtain

lzn:HQ(Xt 1 Xt 1 i: i 52(Xt71>V<Xt71)
n V(X)) n na ni(n) o= V(X)P

t=1 :

3
st re  V3(2)
k41

2, o (5%2) < 00.
n—r+oo 4 -
j_

Since S2FH S™_|8,,4| is a finite summation, since as n — +00, 170.n — Yollpk+1) = 0,
its result that

H/\
l\?v

~ k 1 k+1
2¢|1Y0.n — Yollp(rr1) D e i _1|Bmonl Z
n
Also, since ¢, is independent of F,_1, in view of [ 4;)| and [(B; DL we have

k+1
n;(n)

_ZVZ |¢f€t Po;Y0) ‘_Z

7j=1 tT1

|¢f €t pOa 70)“

k+1

RN a]/ !qﬁf |f dx5(()22)<oo

Hence, as n — +o0,

|H32,n(p07 ;\y/O,nv /6)H|p(k+1) < 0.
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Study of the asymptotic behavior of =5, (po, Yo, 3)-

Recall that

k+1 p
—_ ~ 1
Z3.1(P0s Yon, B) = E V2 E > Bm KT (0, N s Xe-1)2T(P0, Yo, Xi-1)
t=1 m=1 h=1

x ¢ [5t(P0770,n)]‘

Using the assumptions [(B;)| and [[(Ay)| we have

HES,n(pO> ’70,m ﬁ)H

p(k+1)
k41
< — m T'Ym h , 7}( X
<13y D sl [ X .
X ‘Qbf e p0770n)]
Zk—l—l |ﬁm h’
< = Z V2 ‘(bf €t pOaVOn)] :
Using the inequality (4.21)), we obtain
oz ol¥on = olloten) 2 Bl &
’H:?),n(pOa70,n7/6)‘|’p(k+1) < ? Z V3
Zk+1 |ﬁm h|
+ =1 ZVQ ‘¢f €t Pof)’o)”~

By the ergodic theorem, using |(5's)], as n — 400, we obtain

n k+1 7j
I B e P
|V Xt 1 |3 n nj |V Xt 1 |3
j=1 t Tj—
k+1
Z o
(0%
n—>+00 ! /d V3(z)
k+1

Furthermore, as n — 400,

~ k+1 n
C¢H’70,n - ’70”p(k+1) Zerzl Zﬁzl ’Bmh| Z Vs(Xt—l) I
n V3 3 ’
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Again, by the ergodic theorem, since ¢; is independent of F;_1, in view of |( A7)

k+1 (2)
ZVQ ‘¢f (po,Y0)] o0 Zag/ () / ‘¢f z)|f(z

k+1

=N / 62| () < oo,

We conclude that, as n — o0,

|H53,n(P07 %()JL? /B)H‘P(k""l) < 0.

Study of the asymptotic behavior of E4yn(p0,;)~v/0’n,[3).

Using the assumptions |(Ay)| and |(Ag)l we obtain

[1Z4.n(Po, %0 n 5)|Hp (k+1)
k+1 p

S ZV2 Zz‘ﬂmh‘ ‘T’ymh(p()a’YOnv

mlhl

) 2

p(k+1)

X

HEETS)

k1
< Co D met Db 1\5mh|zv2

By piece-wise stationarity and the ergordic theorem, in view of |(B’5), we obtain

1 i Vg(Xt,1 % / .T
n = V2(X;_1) n—r+oo V2(x)
kJrl
L, a; 62 < oo.
n—> 400 i 7730
Jj=

Then, as n — 400,

|HE4,n(p07 ;\y/(),n7 /B)H|p(k+1) < 0.

Then, fori = 1,...,4, we proved that |[|Z; ,(Pn, Y0, B)|||p@r+1) converges to a finite positive

number. From this, one will have that H‘@?lﬂn(po,;)v/(m,ﬁ) H X /+/n converges to a

) o p(k+1)
finite positive number.

For proving (4.19)), one can write

’(’AYo,n - 70)T33Hn(po, ’70,717 B) Fon — ’Yo)‘

1 ..
ﬁ(’?’o,n - ’70)

<

1 ~ ~
. %‘|’83Hn(p0770,n7 5)|Hp(k+1) |¥o.n — '70)|’p(k+1) :
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Using Propositon we can see that, under Ho , [[Yon — Yol 41y /V/R converges
to a finite positive number. Since 7, — v tends to 0 € RP*+Y) in probability, and

‘H&%Hn(po,%,n;ﬁ)“’p(kH) /+/n converges under Hj to some finite positive number, it
follows that

(Fom — 0) ' 0211, (po, %’0,n7 B) No.n — Y0) = op(1). (4.23)

Treating (4.18]).

Based on (4.14)), we can write
Hn(Pm o0, /6) - Hn(p07 :)\/O,m /8) - (%0,71 - ’YO)Ta'yHn(pOa:)\/O,m /6) + OP(l)-

Now, we prove that

(Yo — ’AYo,n)Taa,Hn(Pm Yo, B) = op(1).

By adding and subtracting appropriate terms, we obtain

I, (po, Y0, B) = IL.(pPo, Yon: B) + (Yo — Yo + Vo,5(n) — ;Y\O,S(n))—ra'yﬂn(p07:)\/0,n7 B) + op(1)
- Hn(pOa ﬁo,n’ /8) + ('70 - :)\/O,S(n))a’ynn<p07 :7\/0,717 /8)
+ (P/?O,s(n) - :)\IO,n)a'yHn(pO7 6\/0,117 B) + OP(1>7

where {s(n)},>1 stands for a sequence of positive integers such that n/s(n) — 0 as
n — +00.
Observing that, as n — +oo,

\/5(70 - '/?O,s(n))T =V 5(”)(70 - '/?O,s(”))T X

= 0p(1), (4.24)
it is easy to see that,
~ ~ ~ 1 ~
(Yo = Fo.5(m) ' 9511 (Po, Fon, B) = V(vo — 7o,s(n))T%87Hn(po, Yon: B)-

Then, it suffices to show that (1/v/n) 04I1,.(po,~o.n, 3) converge in probability, as n —

400, to a random vector.

Study of the asymptotic behavior of 9,11,(po, o1, B)/v/n-
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Recalling that

1 ~
ayHn(Pm 70,na /3)

T
1 k+1 p
= — Z v Xt 1 Z Zﬁm ha Tﬂ/mh(/)o Yo n)¢f[5t(p0770 n)]
m=1 h=1
1 n 1 k+1 p
— =) o~ B s T (0, Y0.1) 0T (Po, Yo.n) s [€1(P0, V0.0)]
0 2 VX ) 2 2
= ll)l,n(Po, ’AYo,m 5) - ﬂ)z,n(Po, %,m 5);
where
1 n 1 k+1 p
ll)l,n(Poa’Yo,mﬂ) = ﬁ - m mz::l hz::lBm,ha'yTA/m’h(p0770,n)¢f[€t<p07'70,71)]
1 n 1 k+1 p
~ o 'm, A~ ~ / ~
V2.1(P0; Yo, B) = n ; m n; hZ; B T (P0; Yo.n) 05T (Po, ’Yo,n)¢f[€t(Poa o))

Study of the asymptotic behavior of V; ,(po, 7o, 3)-

By assumption |[(51), we have

Hlbl n(p07 ;7\’0 ny ﬁ)H
k+1 p

<. ZW 5122 2 mal 102777 (o Sl 1 0 o)

=1 h=1
k+1 p

< — Z ]V Zzyﬁmh’“ (Xi-1) 9f[ec(Pos Yon)]l-

=1 h=1

Adding and subtracting appropriate terms, we obtain

||1-I)1,n(p07:)\/0,n7ﬂ)||p
1 n k+1 p
<0 & V] TR 2 2l KX)ol oo, B0 = élenon, 0] + ol on, )]
= m=1

- hpl

< - Z |V ] Z Z |Bonn| £(Xi—1) |@¢[ee(Pos Yon)] — @¢let(Po,Y0)]|
m=1 h=1
k+1 p

+%Z |V( Z Z | Brnn| 5(Xy—1) | D lec(pos 70)] |-

mlhl
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Using (4.22)), we can write

61leeonF0)] = drleeom ]| < [Fon — 2l | =5 | [6f1eeon 0]
eulon 0l [
+ [Fo.m — Yoll2 sy V(();(—ttl |0 e (posY0)]|
- colffn = Wl | S|

Then, as n — 400,

N 170, — Yollp(e+1) Zkﬂ |Bm.n| X X 1)
||ll)1,n(p0770,n718>||p§ peD) n — Z - 1 = }gb;"[et(p(hﬂy())”

n csl Vo — oll; (k+1) Zkﬂ |/Bmh| Z k(X)) (X 1)
V(X))

n
t=1

o — S Bl &= k(XK (Xen) |
+ - OH k+1)z : 11 ZK( V23(Vt(1) ) |¢f[5t(P0a'70)H

n
t=1

~ k 1 n
C¢>H’70n '70H k+1)2 h ‘5mh| K3 Xt 1
+ Z|

n V(Xi-1)]?

+

By a suitable application of the ergodic theorem, as ¢; is independent of F;_1, in view of

(A7), we obtain

Xt Xt , gy 1 & k(X )v(Xe) |,
—Z 1 ) ‘¢f[5t(ﬁ’0,’)’0)]’ = ; & :ln) n; (1) t:;l ul VQE;Z:(_D ) ‘¢f[5t(007’)’0)]’
k+1
n—r+4o00 Z / V2 dF IE{|¢f 87’] 1 pO 70)]|}
k+1

oo Zaa 11/ |¢f r)| f(z)dr < oo.

Following the same procedure, we obtain

1 (X )2 (Xic1)  as k+1
n <
" tz; & (Xt—l) n—>+o0 Z Oz] 2 1 0,
- k+1
1 k(X (X
;Z<#& wammm__ﬁz%u/mfv)w<w

t=1

SALMAN Youssef LM | IECL



CHAPTER 4. TESTING THE CONDITIONAL MEAN OF A TIME-DEPENDENT
COEFFICIENTS CHARN MODEL: PART 11 95

We know that

E)r-ri-l 1¥o.n = Yoll 1) = 0

then, it is easy to see that, as n — 400,

1.0 (Po, Fo.0: B, = 0.

Study of the asymptotic behavior of Vs, (po, Yo, 3).

We have
k+1 p
Hlb2n<p07’70n716>u k+1) = ZV2 Zz‘ﬁmh‘ ’T'Ymh Po, 'YOth 1)|
m=1 h=1

x ||67T<po,%,n,Xt_1>||,,(k+1) [624(Pos Fo)]|

Using the assumption |(Ay), we can write

>y oy Bl i
V2

||1|)2,n(P0,;Y\0,mﬁ)Hp(kH) < ‘¢f €t va’YO n)H .

Using (4.13)), we obtain

~ k‘+1
R ¢ Yo — '70H (k+1) Z et 1Bl S v 3(Xi-1)
[920(P0: Foms Bl 1) < Z

V3(Xy21)
Zk—i—l ’Bm h|
+ = Z V2 ‘¢f ei(po, Y0)]| -
Using the ergodic theorem and |[(Bs)], we obtain
|V Xt 1 |5 = n;j(n) Pl V3(Xy-1)

k+1

e 2 -

n—r+oo J R V3 .2?
k+1

3

m : 1(1])\(()’?)) < OQ.

]_
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In a similar way, we obtain

1 <= 2(Xm1) o, a.s o )\(2) )d
E; m |¢f[5t(p07'70)” —>n_>+oo ZIO‘J ¢f T < Q.
= j:

It is easy to see that, under Hy, as n — 400,

||1|)2,n(Po,’AYo,mB)|| (k1) < OO

From the asymptotic behavior of ¥y ,, and V5 ,, we can see that ||05IL,(po, Yo.n, 3) ||p(kJrl /v/n
is bounded. It results that

~ T ~
(’70 - ’70,5(11)) 8’7Hn(p07 Yo,n, /6) = OP(l)'
Thus,

~ ~ ~ T ~
Hn(Po» Yo, /3) = Hn(pOa 70,717 /3) + (70,3(71) - 70,71) a’ynn(pm '70,717 /6) + 0P<1)- (425)

To treat the previous equation, we need the following lemma.

Lemma 4.3.2. Let 7y, be a consistent and asymptotically normal estimator of vy €
RPEHD - Let {s(n)} o, be a sequence of positive integers such that n/s(n) tends to 0 as
n — 4o00. For pg € R? and B € Rr+1). No,s(n) s asymptotically in the tangent space 'fn
to the curve IL,(p,v,B) at Yo, defined as follow:

Tn = {y € Rp(k+1)/Hn(p0a yy/g) = Hn(p0>:7\/0,n7/6) + (y - ’/)707,1)T(97Hn(p0,$0,n,,3)} .

Proof: Writing a second-order Taylor expansion of I1,,(po, %o, 3) in a neighborhood of

~o.n, for some %0,3(71) lying between 7 s(») and 4y ,, we obtain

~ ~ ~ ~ T ~
Hn(p07 70,5(71)7 /6) = Hn<p07 Yo,n, IB) + (’YO,S(H) - 70,11) a‘yHn(pO’ Yo,n» ﬁ)

1

+ 5 (:)\/075(71) - ’70,71) a»QyHn(PO; %\/075(71)7 /3) ('/7\0,5(71) - ﬁo,n) .

To prove that, as n — 400, 7o, belongs to ’E’n, it suffices to show that

~ ~ \T = ~ ~
(70,s(n) - 70,n) ail—[n(p07 70,s(n)a /6> (VO,S(TL) - ’70,71) = OP(l)-
Then, we study the asymptotic distribution of \/n (§o,5(n) — o,»). By adding and sub-

tracting appropriate terms, we obtain

ﬁ(ﬁo,s(n) - 6\/0,71) - \/ﬁ(fy\O,s(n) + Yo — Yo — ?0,71)
= \/ﬁ (ﬁO,s(n) - 70) + \/_ (70 - %0 n)

= /s(n) (’70,5(71) )
= op(1) + v (Yo — Yon) -

70 n)
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It is easy to see that, as n — +00, /n(Fosm) — Yon) has the same distribution as
V1 (Yo — Yo,n) and then, v/n(osm)y — Yo,n) converge in distribution to a normal law.
Now, to prove that (%j(”) — Jon) aflﬂn(po,%’s(n),ﬁ) (Fo,5(n) — Vo) = op(1), it suffices
to show that 9211,(po, Vg s(n); B)/+/1 converges in probability to a random vector.

Using (4.26)), we can write
ﬁa’yl—[n (pO? 707s(n)7 /6)

= El,n(p07 ’/y\O,s(n)J /3) - E2yn<p07 :)/\O,s(n)J IB) o E3m«<p07 :Y\O,s(n)7 ﬁ) + E4,n (p07 ;Y\O,s(n)7 /6)7
where {s(n)},>1 stands for a sequence of positive integers, 7o ,, is an asymptotically normal
estimator of vy and 7 4, lies between ~o,s(n) and Yo.

2%, 0, which implies that
p(k+1)

Asymptotically, we have H%’S(n) — Y0

//7\0,5(71) — % = OP(]')'

0211, (pos Fo.0: )|
'y~ (pO 70,71 /3) (k41
positive random variable where 7, ,, lies between 7y, and ~o.
0211, ,: , H n con-
~ (NpO /70,8(71) /3) plet1) /\/_
verges in probability to a positive random variable, where ?075(@ lies between 7 5(») and

Yo-
It results that

Previously, we proved that ) : /+/n converges in probability to a

Following the same techniques, we can prove that

~ ~ T = ~ ~
(’Yo,s(n) - ’Yo,n> a?yHn(Po, Y0,5(n)> B) (’)’o,s(n) - 70777,) =op(1).
O
It follows from Lemma that, as n — +00, 7ps(n) belongs to the tangent space T,.
Replacing y by o,s(n), we obtain
Hn(pOa ﬁO,s(n)a /6) = Hn(Po, '/;’O,m ﬁ) + (ﬁo,s(n) - %O,n)Ta'yHn(pm :?O,na ﬁ) + OP(l)
Recalling (4.25]), we obtain
I, (po, Y0, B) = IL.(po, Yo,s(n), B) + op(1).
O

Lemma 4.3.3. Assume that [(A; J( Ao [(Bi (Bs) and [(B"y J[(B'3) hold. Let {Fon}n>1

be a sequence of consistent and asymptotically normal estimators of ~y. Let s(n) be

any sequence of positive integers such that n/s(n) — 0 as n — +o0o. Then, for any
B € RP*+D under Hy, as n — +o0o, we have,

Hn(pn7707/6) = Hn(ﬂ”?%’\(},é‘(n)?la) + OP(l)'
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Proof: Following the same technique as above and by applying Taylor expansion of

IL,(pn; Y0, B) in a neighborhood of 7y, for some 7,, lying between ~y and 7y, we

obtain
IL.(pr: Y0, B) = Wn(Pns Yon: B) — (Yo — ’YO)T 1L, (s Yo,n: B)
+ 5B = 70) (P T B) For — ).
We have

‘ (’/7\0,71 - ’YO)TanyHn(pny ;70,717 13) (:)\/O,n - 70) ’

~ 1 =~ -
= \/ﬁ(’)’o,n - ’70)T%53Hn(/0m Yo B)(Fon — o)

-

p(k+1)

< ||[vVn(Fom — 70)Hp(k+l) . NG HE)E/HN(pm’Yo,mﬁ)

Recall that, under Hy, /n(¥o, — o) converges to a finite Gaussian random vector and,
almost surely, as n — +00, 49, — Yo tends to 0 € RrE+D: we study the convergence of

8—2)/Hn(pn) ﬁo,nv B)/\/ﬁ
Based on the proof of Lemma we have

1 ~ _ ~ — ~
_ainn(prm ’70,717 IB) = :l,n(pna ’YO,m /6) - :2,n(pn> ’70,717 /6) (426)

n

- E3,n(p’n7 :)707717 B) + E4,n<pn7 ;?O,nu ﬂ)?

where
" 1 n 1 k+1 p
El,n(pna%;(],nwg) = Z 17/~ ) Z Z/Bm haQT’Ym (Pna')’o n?Xt 1)¢f[€t(pna70 n)]
L V(X 1)m 1 h=1
9 n 1 k+1 p
Z2.0(Pns Yo, B) = w2 V(X, ) ZZﬁmh (0Tt (Pm’)’Oth 1)) (04 T(pm’)’o )7
t=1 Xi-1 m=1 h=1
X (ﬁlf[gt(pnaﬁo,n)]?
" 1 n 1 k+1 p " .
= ~ —— - m, ~ 2 ~
._43,71(pn7’70,n7/8) - n pn Vz(thl) n;;ﬁm,hj—w h(Pn,’YO,mthl)a'yT(pm’YO,n’Xt*l)

1
X gb/f [Et(prw ’YO,n)]?
p

k+1
1
V2 Xt 1 § § B hT’Ymh(pnv"YOnaXt 1)
h=

t:1 m=1 1

X <87T<pn7§/0,n7 Xt—l) (a'YT(pna'%\:/O,n?Xt—l)) Qb}[gt(Pn;;Yo,n)}-

Based on the assumptions [(B1)H(Bs )| [(B"1)H(B’3)| and using the same techniques, we can
prove that (1/v/n) |[|021,(Pn; Yo, B)|||pk+1) converges to a finite positive number.

3

— ~ 1
:'4,n(pna 70,n7 /6) = -
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Thus, (1/v/n) [|[|0211,(Pn; Yon: B)|l|p(es1) converges, almost surely to a finite random pos-
itive number.

From these results, we can conclude that
(Fon = 0) "L (Pns Yo,0s B) Fon — o) = 0p(1).
Then we can write
Hn(p?’w Yo, /6) = Hn(p?’w ;Y\O,na /8) + (70 - ﬁo,n)T a’)’Hn(pna ;Y\O,na ﬁ) + OP(l)'
Adding and subtracting appropriate term, we obtain
~ ~ ~ ~ T ~
Hn(pna Yo, /6) = Hn(pna Yo,n;s /6) + ('70 — 7Y0,s(n) + Y0,s(n) — ’YO,n) a’yHn(pna Yo,n; B) + OP(l)
~ ~ T ~
- Hn(p'rw Yo,ns /6) + (70 - 70,s(n)) a’yHn(p'nn Yo,n» /8)
~ ~ AT ~
+ (')’o,s(n) - '70,71) aﬂyHn(p'm Yo,n, /8) + OP(1>‘
We start with the study of the asymptotic behavior of ('yo — 'T/O,S(n))T O 1L, (Prs Yon, B)-
Note that,
~ T ~ T
Vi (Yo = Fosmy) = V's(n) (Yo — Yo,sm)) e op(1).
We have
~ T ~ ~ T 1 ~
('70 - '70,3(71)) 87Hn(pn7 Yo,n; /6) = \/ﬁ (’YO - ’YO,S(TL)) %a'yﬂn(pna Yo,n, /8)

Then, to prove that this term tends to 0 as n — 400, it suffices to prove that, as n — 400,
|05 1L (Prs Yo, B)| i1y /+/n tends in probability to a finite positive number.
We have

1 ~
Taynn(pna '70,717 /6)

k+1 p
1
Z ZZﬁmha T’ymh(pnf‘fOnaXt 1)¢f[€t<pn770n)]
V(Xi1) m=1 h=1
1 n 1 k+1 p
- ZW(X 3 ZZBMT” " 0.0 Xi1)05T (P Yo )7 [E1(Prs Fon)]
t— =1 h=1
- 1blm(pna Yo,n, ﬁ) - 11)2,n<pn7 Yo,n, ﬁ>’
where
1 n 1 k+1 p
V10 (Pr: Yo, B) = ﬁz V(XT SN BT (P, Yom Xe-1)1[e1(Pns Fon)]
t=1 =1 h=1
1 n k+1 p
1b2n(pn7'70n>/8 nz V2 ZZﬁth’Ym h(pn,’)’on,Xt 1)8 T(pn:'YOn;Xt 1)
t=1 =1 h=1

X cb’f[et(pn,%,n)]-
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Study of the asymptotic behavior of V1 ,,(pn,Yon, 3) -

We have
1 n 1 k+1 p
d)l,n(pna :?0,7“ /6) = E Z m Z Z 5m,ha'yT’ym’h (Pn, ’/?O,na Xt—1)¢f [€t<pn7 ’/?O,nﬂ.
t=1 - m=1 h=1

Applying a first order Taylor expansion on 1, around =y, we obtain

1I)l,n(pna %0,717/6) = 1|)1,n(Pm Yo, /8) + (;Y\O,n - 70)1b1,n(pna :)V’O,na ﬁ)>

where 7, lies between 7, ,, and 7.

First of all, as n — +o00, we have
~ P
Yo,n — Yo — 0.

By the assumptions |(5;) and by the ergodic theorem, following the same techniques

as before, we can easily prove that

(:)\/O,n - ’)’0)11)1,n(/0nﬁo,n75) = OP(l)'

Study of the asymptotic behavior of Vs, (pn, Yo, B)-

From the same calculation as for Vo ,(po, Yo, 3), we can easily show that, as n — 400,

V2.1.(Pns Yon, B) tends to a finite constant. Then, we can write

~ ~ ~ T ~
Hn(pnupy()uﬁ) = Hn(Pna')’O,n;ﬁ) + (70,5(71) - 70,“) 8‘7Hn(pn770,n7/6) + OP(l)'

Now, as in a preceding situation, we must prove that 7, ) belongs to the tangent space
to the curve of IL,,(pn,y, 3) at Yo, as n — +oo.
By applying a second-order Taylor expansion on IL,(pn,Y0,s(n);3) in a neighborhood of

~o.n, We obtain

Hn(pn7 /VO,S(n)y /8) = Hn(pn7 Yo,n, /3) + (%075(71) - $O,n>a'ynn(pna Yo,n, /8)

1, ~ - ~ ~
+ _<'70,s(n) - '70,n)Ta$Hn(pna Y0,s(n); IB) (VO,S(n) - '70,71)7

2
where g (n) lies between 7 sy and o .
Then, to prove that 7y ) belongs to the tangent space to the curve of II,(pn,7,3) at

~o.n, it suffices to prove that

(:)\/O,s(n) - :)\/O,n)—ra?ynn(pnv :);O,s(n)a B) (:)\/O,s(n) - :)\/O,n) = OP(]-)-
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We have

~ ~ R N NLD
\/5(70,5(71) - '70,71) =V S(TL) (’YO,s(n) — 7 + Yo — '70,71)

s(n)
= /s(n)(Ao — oﬂ (Yo — Yo
= /5(1n)(Vo,5(n) ’Y)M‘i‘\/—(?’ Yo.n)

= op(1) +vVn(vo — Yon)-

That means, as n — +00, v/n(Fo,s(n) — Yo,n) converges in law to a normal distribution.

Also, we have

(:)\/075(n) - :)\/O,n)—ra?ynn(pna %//O,s(n)a ﬂ) (:)\/075(77,) - :)\/O,n)

_ - 1 ~ ~ ~
= \/ﬁ(7o,s(n) - 70,n)Tﬁa3Hn(pna Y0,s(n) > ﬁ) (70,s(n) - '70,n)-

We proved above that (1/y/n) [[|021L,(pn, ¥o,s(n): B)||lp(k+1) tends to a positive random
variable. It results that (Yo sm) — ﬁovn)T&%Hn(pn,’N)fo,s(n), B)(Fo,s(n) — Yon) = 0p(1). Then,
we conclude that

Hn(pn7707/6> - Hn(pn7;}/\0,n7ﬂ> + (:)\/O,s(n) - ’/)\’O,n)aynn(PmVO,m/B) + OP(]->7

from which it follows that 5 4,y belongs to the tangent space to the curve of I, (pn, 7, 3)

at %07” .
Therefore,

Hn(ﬂny'VOvB) = Hn(pn7§0,s(n)76) + OP(1)7

where {s(n)})n > 1 is a sequence of positive integers such that, as n — 400, n/s(n) —
0.

i
Returning to the proof of Proposition and by using Lemma [4.3.1] we have

IL,(Pn, Y0, B) = Wn(Pns Yo,5(n), B) + 0p(1).
We can write
o (Ps(nys Y0, B) = Hn(Psnys Yo,5(n), B) + 0p(1).
Using Proposition [£.2.2] we have

Hn(p07707/6) = Hn(ps(n)a’YO,,B) + OP(]')‘
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Also, we have

Hn(Po, o, ﬁ) - Hn(ps(n)a Ys(n)» /6)
= Hn<p07 Yo, /6) - Hn(ps(n)7 Yo, /8) + Hn(ﬂs(n)v Yo, /6) - Hn(ps(n)a Ys(n)» ﬁ)
= Hn<p0> Yo, /8) - Hn(pS(n)> Yo, 6) + OP(l)'

Finally, using the above results, we can write

Hn(p07707/8> = Hn(ps(n)aﬁo,s(n)aﬁ) + 0P<1)

For testing H, against H (n), for any 3 € RP+1) | we consider the following statistic

_ Hn<ps(n) s ﬁ(),s(n) ) 16)
Tn(Pstn), Y0, B)

Ta(Psn) Yo,5(n): B)

Theorem 5. (Optimality)
Assume that (A H(Aw ) [(Bi H(B5) and hold. Let s(n) be any sequence of

positive integers such that n/s(n) — 0 as n — +oo. Then, for any B € RP Y we have

1. Under Hy, as n — 400, ﬁ(ﬂs(n),;)’\o,s(n)u@) L N(0,1).

ii. Under local alternatives hypothesis HS | at level of significance o €]0, 1], the asymp-
totic power of the test based on the statistic Tp(Psn)s Yo,s(m): B) 15 Prrr = 1 —P(2q —
7(po, Y0, B3)), where z, is the (1 — a)-quantile of a standard Gaussian distribution

with cumulative distribution function P.
. The test based on the statistic Tn(Ps(n), Yo,s(), B) is locally asymptotically optimal.

Proof: The test statistic is

Hn(ps(n)aﬁo,s(n)aﬁ)
/ﬁn(ps(n)a ﬁO,s(n)a IB)

Ta(Psn)> Yo,sm): B) =
We proved in Proposition [£.3.1] that
1L, (po; Y0, B) = L (Ps(n): Yo,sn), B) + op(1).
We also proved that, as n — +o0,
Tn(Ps(n) Yo,.sn): B) = 7(po, 0, B).

Thus, under Hy, as n — +o00, we have

lim Wn(ps(n)a Y0,5(n)s /3)

=1
n—r+o0 ﬂ-(p07707ﬂ)

Y
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and
Hn(ps '705 n 7/6)
T (Ps(n)> Yo,5(n): B) = = o)

’/Tn(ps( ’70 s(n) ﬁ)
_ I (Po Y0:B) + op(1)
( s(n)» 705 n)wB)
I, (po; Yo, 1
_ (POA’YO B) L L % op(1)
7Tn(ps(n)a Y0,s(n)> /6) 71-n(ps(n)a Y0,s(n)s /6)
]'_‘[TL Y Y 9 9 1
__lpo%.B) | 7lpovB) L < op(1)
ﬂ-n(ps(n)a Y0,s(n)> /6) ﬂ-(pOa Yo, /6) ﬂ-n(ps(n)a Y0,s(n)s ﬁ)
]:[n ) ) Y Y 1
_ (po, Y0, 8) X — 7(po 2’0 B) 4 x op(1)
W(Po,’)’o»,@) 7T-n(ps(n)7 Y0,s(n)s /8) (ps (n) 7/8)

E} 7;L(p07 Yo, ﬁ)

The convergence of /ﬁn(ps(n), ;7\/0,8(71,)7 B) to 7(po, Yo, B3) remains true under the local alter-
native H gl) by contiguity. Then, under H gl) and as n — 400, using Lecam’s third lemma,
we have

n(Psn)s Yo,5(n), B) D
N ) ) ’ 1).
(ps(n) 705n)713) ~ (ﬂ-(po v IB) )

>l) ’:I)

E(ps(n)v Yo, /8)
Then, we can say that the power of the test remains the same.
With this, we have established that

e The central sequence based on the estimated version has no effect to the power of
the test.

e The statistic based on the estimated version is asymptotically equivalent to that

based on the true parameter.

Then we conclude that the test remains optimal in the case where the nuisance parameter

and vy parameters are unknown.

4.4 Conclusion

In this chapter, we have treated the case where the functions 7" and V' have known forms

and the parameters are assumed to be unknown. We have assumed the existence of
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consistent and asymptotically normal estimators for pg and =, and we have proved the
asymptotic equivalence between the central sequence based on the estimators of these
parameters and that based on the true parameters. Furthermore, we have proved the-
oretically the local asymptotic optimality of our test, and we have derived an explicit
expression for its local power. The results of this chapter will be illustrated by a simula-
tion experiment in chapter [f] They will also be used to change-point study in the next

chapter.
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Chapter 5

Application to change-point study

5.1 Introduction

In this chapter, we apply the results of Chapter 4| to change-point study. We follow the
idea of [Ltaifa (2021) and [Ngatchou-Wandji and Ltaifa| (2021). However, the sequential
algorithm that we propose here is different from that proposed in these papers. The
algorithm proposed there are based on the use of the chronogram from which potential
change-points are found. The locations are then found around these change locations.
This presents an exhaustive search which is known to be time-consuming.

The new algorithm proposed here finds change-points at blind. It is more automatic and
do not require the eyes of the user. However, it is more exhaustive and therefore, time-
consuming.

This chapter is organized as follows. In Section and [b.3, we give a brief review of
some existing algorithm on change-points study. We describe our algorithm in the last

section.

5.2 Some algorithms for change-point detection and the

location estimation

Many papers study strategies for change-points detection and/or for estimating their
locations. Here, we review some of them, that propose algorithms based on these strategies

for change-points study.

105
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5.2.1 Automatic procedure based on parametric autoregressive
model (Auto-PARM)

In Davis et al.| (2006) an automatic procedure called Auto- PARM is proposed for modeling
a nonstationary time series by segmenting the series into blocks of different autoregressive
processes.

Consider k; as the change-point between the jth and the (j 4+ 1)th AR processes, with
7=1,...m, kg =1and k,, <T. Thus, the jth piece of the series is modelled as:

Xt = T j, kj—l <t< k‘j,
where {z;;} is an AR(p;) prcess:
Trg =V T OpTi-1,j + o+ Bjp i+ i

with 6; == (v, ¢j1, -, ¢j,pj,0§) the parameter vector corresponding to this AR(p;) pro-
cess, and {g;} as iid sequence with mean 0 and variance 1. This model assumes that the
behavior of the time series is changing at various times. Such a change might be a shift
in the mean, a change in the variance, and|0r a change in the dependence structure of the
process.

The best segmentation is the one that makes the maximum compression of the data pos-
sible measured by the M DL principle of Rissanen| (1998))). M DL is defined as

m—+1
MDL(m, ky, ooy ks D1y ooy Pma1) = logm + (m + 1) log T + Z log p;+
j=1
m+1 m—+1
pj+2 1; ~2
jzl 5 log T; + le 3 log(2777;),

where m is the number of the change-points located at ki,...,kp,,T; is the number of
observations in each segment j, p; is the order of the autoregressive model fitted to the
segment 7, and 7 is the Yule Walker estimator of o7 (Brockwell et al.| (1991)).

5.2.2 Smooth localized complex exponentials (Auto-SLEX ) func-

tions approach

In |Adak| (1998)) and Donoho et al.| (1998]), the segmentation is performed by using a cost
function based on the spectrum, called the evolutionary spectrum, because the calcula-

tion is done by the spectrum of each stationary interval. (Ombao et al.| (2002) created
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SLEX vectors (Smooth Localized complex Exponential) which are calculated by apply-
ing a projection operator on the Fourier vectors, to get a basis that is simultaneously
orthogonal and localized in time and frequency and is useful to compute the spectrum of
nonstationary time series.

The cost function of the block S; = [k;, kj41] is given by
cost(S) =Y log(as,) + B+/m;,
Sj

where g, is the SLEX periodogram, 3 is a penalty parameter generally equal to 1 (see
Donoho et al.| (1998)), and m; is the number of breaks in the block. The cost for a
particular segmentation of the time series is the sum of the costs at all the blocks defining

that segmentation is the one having the smallest cost.

5.2.3 Informational approaches

Information criteria that are used for the measure of goodness-of-fit of a model, can also
be used to detect change-points and estimate their locations. The most popular of the
information criteria is the Akaike Information Criteria (AIC'), introduced in 1973 for
model selection in statistics. This criterion has found many applications in time series,

outliers detection, robustness, and regression analysis. AIC' is defined as
AIC = Tlog(c%,) + 2p,

where 0%,,, is the maximum likelihood estimator of ¢%, and p is the number of free pa-
rameters.

A model that minimizes the AIC' is considered the appropriate model.

Another information criterion was introduced in [Schwarz et al.| (1978) and is commonly
referred to as BIC or SIC. The fundamental difference with the AIC' is the penalization
function, which penalizes more the number of model parameters and leads to an asymp-

totically consistent estimate of the order of the true model.

BIC is defined as:

BIC = Tlog(c3) + plog(T),

where 03, is the maximum likelihood estimator of o2, p is the number of free parameters,

and T is the length of time series.
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5.2.4 Binary segmentation

Another method for change detection is the binary segmentation (BS). In case where the
number of breaks is known, and in a multivariate space, Vostrikoval (1981)) proves the
consistency of this method. The test used is the CUSUM test. When the test detects the
break, the proposed stopping criterion is not easy. For this reason, Olshen et al.| (2004)
introduce a modification of the (BS) called circular segmentation method (CBS). They
test the hypothesis of no break in the mean of the data against the hypothesis of the
presence of breaks at the ends of the data.

Fryzlewicz| (2014]) proposes a new technique for estimating the number of breaks and
their locations in a univariate and non-stationary stochastic series. This method based
on CUSUM test is called Wild Binary Segmentation (WBS). Fryzlewicz| (2014)) proves its
consistency, and shows that it works even when the breaks are very close and/or of small
amplitude, unlike the BS method. |Fryzlewicz (2014) proposes two stopping criterions
for WBS. The first is based on the critical threshold, and the second one based on the
"strengthened Schwarz Information Criterion (sSIC)". He applies his method for detecting
breaks in financial data, more precisely, in S&P 500 indexes.

Baranowski et al.| (2019)) introduce a new method called NOT, which is a modification of
WBS. They apply their method to real data such as the global anomaly temperature and
the housing data in London. We can use the NOT method with "R" program not (see
Baranowski et al.|(2019)). The NOT method estimates the number of breaks in piece-wise
stationnary time series. Baranowski et al.| (2019) use the same model as |Fryzlewicz (2014)

given by the following stochastic equation
Y;t:ft—i_gta t=1,...,n,

where (Y;); stands for the series of observations, f; is an unknown function that verifies
some conditions, (&) is a centered white noise and n is the number of observations.
When f; is piece-wise constant, they consider the breaks in f;, and they study the breaks
in f; when f; is linear and piece-wise continuous. They study the discontinuity of f;
when f; is discontinuous, and they study the breaks in f/ when f; is piece-wise linear
without the continuity assumption. The NOT method has low computational complexity
and precision. NOT method is one of the most efficient method for the estimation and
the localization of the breaks. The calculation of NOT method is fast which gives it an
advantage regarding WBS method of [Fryzlewicz| (2014), SMVCE method of |Frick et al.
(2014) and the FDRSeg method of |Li et al.| (2016]).

Furthermore, we can see many other update for BS method, see |(Cho and Fryzlewicz

(2020), |Anastasiou and Fryzlewicz (2022). We can see a detailed discussion of these
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methods in |Ltaifal (2021)).

5.3 Some recent methods

Some more recent methods focus on the study of change detection at the beginning and

the end of a time series, and on weak change detection study.

5.3.1 |Horvath et al.| (2020)

Horvath et al| (2020) propose a new class of change-point test statistics that utilizes a
modified version of CUSUM test. It is called weighting and trimming scheme for the
cumulative sum (CUSUM) process inspired by Rényi (1953). Let Xi,..., X, denoted a

series of observations, n the sample size and consider the following shifted model
Xe=p+e, 1<t<mn,
where E(e;) = 0. The author aim to test
Ho: pr = po =+ = pp, against Ha @ g = pio =+ -+ = g 7 flyrg1 = =+ = i,

with some 1 < t* < n. For that, Horvath et al. (2020) generalize the statistic of Rényi

(1953)) and the test statistic considered has the following expression

S|

D, = D,(t,) = max

tn<t<n—tn t

s=t+1

where the standard CUSUM has the following expression

ZX— ZX

CUSUM = — max

n 1<t<n

This new class of statistics possesses superior power compared to traditional change-point
statistics based on the CUSUM process when the change-point is near the beginning
or the end of the sample. On the website https://github.com/haeran-cho/wem.gsc,
the authors propose an "R" code for detecting the change-points and estimating their

locations.
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5.3.2 |Ngatchou-Wandji and Ltaifa (2021

Now, we present the methods in Ngatchou-Wandji and Ltaita (2021)). These are for the
model (1.1)) with the autoregression function (the conditional mean) of the form

T(po+v ©w(t),Xyo1) = U(Xy-1) +v © w(?),

for some smooth function U. The authors give an explicit expression to the local power of
the test studied, which is a particular case of that obtained in this thesis. This power is
then used for detecting changes and estimating their locations. For the change detection,
an estimated version of the power is obtained as a function of potential change-points to
which several values are attributed. If the obtained power is significantly different from the
nominal level of the test, then the data contains at least one change-point. A sequential
algorithm is further constructed for estimating the locations of all possible changes. Note

that the potential change-points locations are determined from the chronogram.

5.4 Algorithm for break detection and location estima-

tion
5.4.1 The algorithm

There is at least one change in the time series at hand if the parameter of its distribution
is constant up to the time index 7; when it changes for the first time. Considering the
test constructed in this paper for testing the null hypothesis of no change against at least
one change, for any model from the class adjusted to the time series under study,
all the components of v in the null model will always be taken to be the same, say p1,
the parameter of the stationary model on [y, 1), while the first component of 5 would

be nil.

The test constructed in this work can do more than testing no change against at least
one change. To understand this, assume changes have been detected in the data by a
given method, and their locations have been estimated. Our test can serve as a screening
method for finding possible missing changes by this method. In this situation, one can
assume the changes already detected as well as their locations as known. With this, all
the components of 7, will no longer be the same, and some of the 7;’s in the model would
be considered as known. Thus, our test can be used for testing the null hypothesis of ¢

changes against at least ¢ + 1 changes, for some given ¢ € N.
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Recall that for any & > 1, Py« denotes the theoretical power of this test at Tk =
(71,...,7k), with the convention that Py, = «a, o € (0,1), the level of significance. Let
¢€(0,.1) and Xy, Xo, ..., X, (m << n), the m first stationary observations. With our

assumptions, m may be taken to be ny(n).

Our procedure for detecting changes in the time series Xi, Xs,..., X,, and estimating

their locations is described in the following algorithm.
Location 1 :
Put 7 =1 and Do
(A1): Take any t between 1 and m + j,

so that there is a large number of indices before and after ¢ (for example
t=1[(m+3)/2)).

Adjust model (I.1]) to X3, .., X,,4; with a potential change located at the
time index ¢t and apply the testing procedure studied.

If [Py — Py ro| > C,
Put 7 = m + j and Go to Location 2 (first change location estimated)
Else
Do j=j+ 1 and Go to (A1).
Location 2 :
Consider the next h observations to X,,:
Xo41y - X
Put 7 =1 and Do
(A2): Take any ¢ between 7 +1 and 7y +h+j +1
so that there is a large number of indices before and after ¢.

Adjust model (1.1)) to X 41,..., X, +44; With a potential change located
at the time index t and apply the testing procedure studied.

If |731,7—1 - PO,TO| > C»
Put 75 = 71 + h+j and Go to Location 3 (second change location estimated)

Else
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Do j =7+ 1 and Go to (A2).
Location i :
Let 7,_1 be the change location at step i-1
Put 7 =1 and Do
(Ai): Take any ¢ between 7,1 + 1 and 7,1 + h + j
so that there is a large number of indices before and after ¢

Adjust model (1.1I) to X, 4+1,...,X:_ 4nyj+1 With a potential change
located at the time index ¢ and apply the testing procedure studied

If |,Pl;r1 - PO,TO| > <7

Put 7, =7,_1+h+j,i=1i+1 and Go to Location i (ith change location

estimated)
Else

Do j =j+ 1 and Go to (Ai).

5.4.2 Comments

The change-point detection algorithm above is motivated by the idea that in the case of

no change, the magnitude of any eventual change would be nil or very close to 0, and
the estimated power would be close to the level of the test. Also, if there is at least one
change, then one can find one 7, for which the value of the parameter associated to the
observations before and after that time index are different. The test would then reject the

null hypothesis of no break. Next, at the correct locations, the power of the test should

be the largest.
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Chapter 6

Practical considerations

6.1 Introduction

In this chapter, we study the finite sample properties of our results. We apply them to
simulated data using "R" software. We first study the power of our test as a function
of the magnitudes of the breaks, when the breaks locations are assumed to be known.
Next, using an estimated version of the power where the magnitudes are replaced by their
estimators, we apply the algorithm described in Chapter [5| for detecting change-points

and estimating their locations.

6.2 Numerical study

In this part, we use the following particular CHARN model

0,3+ +51’3 X?
/8 ’ /6 7 0,3 0,3 T~ — t—1
X = poa + Y01 + % + { Po2 + Y02 + % Xiqe v (6.1)

+ (91 + 92Xt2_1)% Et,

where n denotes the number of observations and (&;); is a standard white noise. Here,
Po = (po1,po2:po3) € R® v = (701,%.2,7%,3) € R?, B1 = (Bi1,512,513) € R® and
0 = (01, 65) is assumed to be known.

The number of replications is N = 1000 and the nominal levels considered are a = 1%, 5%
and 10%.

First of all, we study the local power of the test constructed in chapters [3| and [4] For

113



6.2. NUMERICAL STUDY 114

fixed breaks, this power is a function of 3. Next, we apply our methods to change-point

study.

6.2.1 Power study
Case where v, =0

We start with the case v9 = 0, for po = (po.1,0,0), 6 = 1 and 6 = 0. It corresponds to
an AR(1) model, which reduces to

Xi=po1 +vOw(t)+ e

In this case, the hypotheses to be tested are:

Hy:v=0 against H: —

where ,3 = (ﬁl,l; 52,1) - RQ.
Fort=1,...,100, and a fixed break location, for example, at t = 40, the simulated data,

in this case, can be obtained from

X P01+&+5t t:]_,‘..,407

vn

X, = p01+5i+gt t=41,...,100,

vn

where (g;) is a sequence of standard Gaussian white noise.

Recall the expression of the power function 1} We use 7, = \/T(po, Y0, 3) an esti-
k+1

mator of m where 7, (po, Yo, 3 Zaj Z Binb;, m77]2 (po,'yo) with @; = n;(n)/n
1<h m<p

and nA(]hzm) (po, o) is the empirical estlmator of nj72 )(po, ~o) given by

Tj

_ I(f) 1 ar or
DHR X X
77],2 <p0770) ]( Z V2 Xt 1) aﬂyjh(p07707 t_l)a’}/]”m (p0a70a t—l)'

Tj—1

Here, I(f) = 1 since (&) is a standard white noise, ny(n) = 40 and nqg(n) = 60, V(z) =
and the partial derivative 91"/, and 071'/0v;, are equals to 1. For pg; = 0.8, 511 =0
and (21 = 5, the chronogram of the data is represented on Figure (/6.1a)).
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Power

Mm p‘ "! M\\ ‘”‘”\‘ (

‘ HU I W \H\ ‘ “m\‘““‘w‘ W ‘\Hl
‘ I» ‘\ \/ W“‘ M» \‘ \ }

‘u
\! \l

\M

(a) Model with po2 = po3 = b =

Y0,2 =03 =0 (b) Power of the test.

Figure 6.1: Power of test against a shifted white noise.

It is easy to see that the mean has a break at t = 40. Figure presents the power
of the test as a function of 8y and fs;. It is clear that the power increases when |3 1|
and |21 increase. When (1, = 21 = 0, the power is close to 1 — ®(Zy 5 — 0) =~ 0.05.
Next, we study the case where pg = (0, po2,0), #1 = 1 and 6, = 0. The test concerns the

change in the autocorrelation. Here, the model has the following expression

612
X, = —= | X;_ t=1,...,40
(p02+\/ﬁ t1+€t ) ) 9

Pa,2
X, = — 1 X t=41,...,100
t <p02+\/ﬁ t1+€t ) ) )

where (g;) is a sequence of standard Gaussian white noise.

In this case, the partial derivatives 0T'/0v;n (Y0, Xi—1) and 0T /07 m (Yo, Xi—1) are equals
to X;_1. For ppa = 0.5, the power as a function of magnitudes change 8 = (02, f2.2) is
presented in Figure (6.2b)).

(a) Model [6.1] with po1 = pos = 02 = Y01 = (b) Power of the test.
Y0,3 = 0.

Figure 6.2: Power of test in case of change in autocorrelation.
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Here, B8 = (B12,021). The power as a function of 3, for ;2 and (2 varying between
—10 and 10, is given in Figure (6.2b)). It is clear from this figure that the power increases
when |B; 2| and |fBs| increase. In the third case, we take pg = (po.1,p02,0), 61 = 1 and

02 = 0. This corresponds to the following model

Bll 6 1,2
X, = Pii
t p071+\/ﬁ+ /002"‘\/5

ﬁ21 622
Xt—ﬂ01‘|‘ + p072—|— Xt1+€t t:41,,100,
vn NG

where () is a sequence of iid standard Gaussian variables.
Here, 0T'/0v;1(po, Yo, Xi—1) = 1 and 9T /0v;2(po, Yo, Xi—1) = Xi—1. In this case, 3 have
4 components (81 = (11, f12) and B2 = (S2.1,P22)). To obtain a clear figure, we fix one

)th+€t t:1,...,40,
(6.2)

component of 5; and one of 5, and we study the power as a function of the remaining
components. With this, it results 4 figures. Figure shows that the power converges
to 1 when the magnitude of change increases.

Now, we take §; = 1 and #, = 0.02. Then, we have V() = v/1 + 0.0222. This corresponds

to the following model

ﬁll 512
Xt—/)01+ + ,002—|——7 Xt,1+\/1+0.02XtQ_18t tzl,...,40,
vn TVn
X, = po1 + f? + <p072—|— ﬁi\/f) X, ++/1+002X2% e, t=41,...,100,
n

where (g;) is a sequence of standard Gaussian white noise.
Here, po = (po0, po.1) € R?, B = (41, B2) € R**? with 1 = (b1, 512) and Ba = (Ba1, Ba2),

V(Xt) = 4/ 1 —+ 0'02Xt2717 8T/87j’1(p0,70, Xt—l) =1 and (9T/87j72(p0,70,Xt_1) = Xt—1~
As before, following the strategy explained above, we obtain Figure [6.4]

(6.3)

Case where «, and f are unknown

As said before, in practice, 79 and f are unknown and must be estimated. The theoretical
study of this case seems long and cumbersome. So, we do not try to tackle it here.
However, as in |Ltaifa) (2021) and |[Ngatchou-Wandji and Ltaifa (2021), we don’t study
theoretically the case where f is unknown. We use the least-squares method to estimate

~o and we estimate f by Parzen-Rosenbatt estimator (see Parzen (1962)) by

.T—Et
f nhQZ ( ) r € R,

no¢=1
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where

g = Xt _ T(pn + %n © w“)) Xt—l)
! V(X1) ’

where p,, and 4,, denote respectively the least-squares estimator of pg and ~g, h,, is the

smoothing parameter and K the kernel function having the following properties:
x) > 0 for any x € R (Positivity).

i K(
ii. /RK(a:)da: = 1 (density).

iii. /xK(x)dQ; = 0 (symmetry).
R

Now we calculate the power of the test using these estimators. We choose a Gaussian
kernel K and the band width h, = 02.n"'/®> where o2 stands for the sample variance.
We consider a sample of n = 100 observations, ni(n) = 40, ne(n) = 60 and we generate
the observations using model . The results for po1 = 0.8, pp2 = 0.2, pog =0, 0, =1
and Ay = 0.02 at level of significance 5% are given by Figure , and those at level
of significance 1% by Figure . It is clear that the test is more powerful in case of
exponential noise than in case of Gaussian noise.

It is important to know that we obtain the same result if we choose another kernel like

Epanechnikov, Uniform kernel, quadratic kernel, etc.

ppppp

(a) B1,1 =2 and P = 2.5 (b) 12 =1and Ba2 =15

(C) ﬁlyl =1 and ,8272 =1.2 (d) ,3172 =1 and ,82,1 =0.5

Figure 6.3: Power against an AR(1).
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(a) po = (0.6,0.2), 511 (b) po = (0.6,0.2), 512 = 1 and
2, B21 =25 B22=1.5

(c) po = (0'670'2)761,1 =1 and (d) po = (0'670'2)751,2 =1 and
B2,2 =15 ﬁz’l =1.5

Figure 6.4: Power against an AR(1).

(a) po,1 = 0.6, po2 = 0.2, po3 = (b) po1 = 0.6, po2 = 0.2, po3 =
0,0, =1 and 65 = 0.02 0,01y =1 and 65 = 0.02

Figure 6.5: Level of significance 5%.

(a) po1 = 0.6, po2 = 0.2, po3g = (b) po,1 = 0.6, po2 = 0.2, po3 =
0, 91 =1 and 92 =0.02 0, 01 =1 and 92 =0.02

Figure 6.6: Level of significance 1%.
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6.2.2 Breaks detection

In this section, we apply the strategy presented in chapter [5| to detect the breaks and
estimate their locations. In other words, we want to check if our method is able to detect
and localize the breaks or not. We first treat the case where there is no break. Next, we

study the case of multiple breaks in the data generated by many particular cases of model

61).

No break in the data

We start by calculating the asymptotic local power given by in case where there is
no break in the model , that means the case k = 0. We consider a sample of n = 200
observations generated from model , for 79 = 0 and f a standard Gaussian density.
For po1 = 0.5, po2 = po3 = 02 = 0 and

0, = 1, the asymptotic local power of our

test with different levels of significance is
plotted on Figures and [6.7] We can
see there that the local power does not ex-
ceed 0.1012 when o = 10%, does not ex- ¢
ceed 0.0507 when o = 5%, and does not
exceed 0.01018 when o = 1%. Then, for

hﬂw ‘\‘ ll‘. 'r ‘ll \“ l‘ | ‘\\\‘ |

0.05050 005085 0.05080 0.05065

any a = 1%, 5%, and 10%, for the values 0 so 100 120 20
¢ = 0.0002, 0.008 and 0.002, we keep the
null hypothesis and we conclude that there Figure 6.7: No break (a = 5%).

is no break in the data.

0.01017

001015

ol A ( I ‘“ (e m WW
T b

0.01013

01007 01008 041008 01010  0.1011

T T T T T
0 50 100 150 200 0 50 100 150 200

(a) No break (a = 1%). (b) No break (o = 10%).

Figure 6.8: No break in the data.
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One single break

We consider in this part the model (6.1)) with n = 200 and ~, = 0 and we treat two situ-
ations of breaks. First, the break happens in the parameter py; which induces a change

in the mean. Second, the break happens in pg» inducing a change in the autocorrelation.

First case

We take ppo = po3 =02 =0,60, =1, 511 =1 and f a standard Gaussian density. The

corresponding model is the following shifted white noise:

Xi1=po1+ % + &¢. (6.4)

N

The data are obtained for py; = 0 from the following shifted white noise model

Xt—l = Et, tzl,...77'1
Bia

Xt—l = —7—|—€t, t:7'1+1,...,n.
Jn

The power computed at any location is significantly different from the level of significance
«. The problem now is to estimate the location of 7;. The data are obtained for different
times of breaks: 7 = 40, 60, 100, 150. For oo = 5%, the asymptotic local power is plotted
on Figure (?77); for « = 1%, on Figure (??) and for a = 10% on Figure (?7).

From Figure (?77?), we can see that the power of the test is maximal at the corresponding
instant of break 7y; that means, the power of the test considered is a good tool for the
break detection in the mean. For py; = 0.5 and n = 200, Table shows different esti-

mation of break times for different values of /3 ;.

& 1 15 2 2.5 4
1
60 61 60 59 60 60
80 80 82 80 80 79
100 99 101 100 100 100
140 138 141 140 140 140
185 183 183 185 184 185

Table 6.1: Estimation of break location.
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Second case.

Here, we start by taking pp1 = po3 = 6 =0, 01 =1 and f a standard Gaussian density.

This corresponds to the following model

X1 = (PO,Q + %) X1+ &

We are thus studying the break in the autocorrelation. The data are obtained from the

following model
Xi1 = Po2Xt—1 + €, t=1,....11

Xiq = <P0,2+%)Xt—1+5t, t=m+1,...,n.

The power of the test is larger than the level of significance «, at any time index. The
problem now is to estimate 71, the location of the break. The data are obtained for
different times of break. Here, we need sufficient observations at the beginning to achieve
the stationarity of the first observations as explained in Chapter [5] For 1000 replications,
n = 200, pp2 = 0.3 and 7 = 100, 150, 170, and for o = 5%, we obtain Figure .

On Figure (6.9), we can see that the power of the test is maximal at the corresponding
instant of break, meaning that our method is a good tool for break detection in the
autocorrelation.

For pp2 = 0.3 and n = 200, Table shows different estimations of break detection for

different values of /3 o.

Pz 3 4 5 —6 8 .
T1 g
60 62 61 59 60 60 »
80 8 81 79 80 80
100 07 103 | 101 | 101 | 100 s |
140 142 | 141 | 138 | 140 | 140 :
185 183 | 184 | 187 | 186 | 185 : : 2 " .

Time

Table 6.2: Estimation of the break location

in the autocorrelation. Figure 6.9: Estimation of the break location

for 74 = 100 in a class of AR(1) models (first

case).

Third case
Here, we take pp3 =02 =0, 61 =1 and f is a standard Gaussian density. In this case, we

are studying the break the in parameters of the following model
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X1 =po1 + % + (Po,z + %) Xi1+e, t=1...,n (6.5)

The data are obtained from the following model

X1 = Po1 + po2Xi—1 + &, t=1,...,7,
Bi1 B2

X1 = por+ 2 (poa+ 22V X, e, t=m+1,...0m,

t—1 100,1 \/’ﬁ p0,2 \/ﬁ t—1 t 1

where () is a sequence of standard Gaussian white noise. We consider different values
of 7 and we monitor the power of test to evaluate if it can detect the break. We treat
many cases. First, we assume that 3, = 0, that means we verify if our test can detect
breaks in a class of models when the break happens only at pp;. That means, the
data are obtained by the following model

Xig = Po1 + po2Xi—1 + &, t=1,...,71
Xi1 = poa+t % +poaXi1te, t=11+1,...,n,

\/_
For n = 200, po1 = po3 = 02 = 0, poo = 0.5, 6; = 1 and o = 5%, Figure shows
the power for different values of 1. Table [6.4] shows the estimation of 71 obtained by our
method.
From Figure[6.10, we see that the power of the test is maximal around the correct instant
of break. This shows that our method is a good tool for breaks detection in case of AR(1)

models when a break occurs in pg ;.

Fra 1 1 15 P 9 £

T1 N

100 101 100 99 101 99 g 21

130 129 129 130 131 131 g Yo, fkv

155 156 155 155 156 155 ° M
Table 6.3: Estimation of the break locations ¢ 5” 10 150 e

Time

for many different 7, and different values of
Bia- Figure 6.10: Estimation of the break loca-

tion for 7 = 100 in a class of AR(1) models

(second case).
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Now, we generalize the previous case and we study the break at any of the parameters of

the following model

X1 = po1 + po2Xi-1+ &, t=1,...,7m,
X1 = 00,1+%+(p0,2+%)){t1+6t, t=mn+1,...,n,

The results for 7 = 100, 140, 160, 185, po1 = 0.5, po2 = —0.2, Bo1 = —3 and [ap = 2,
are given by Figure [6.11] For n = 200, o = 5%, 7, = 80, 100, 120, 140, 160, 185, and for
different values of § = (51,1, f1.2), the estimation of the break location is given in Table
6.41

gi’i) (2> <1) <_2> <_g> <_3> 2 e
: 1 2 1 3 2 )

n

80 78 81 82 80 80 . °

100 99 99 102 101 100 g 8

120 122 121 119 120 121 E

140 137 138 141 140 139 -

160 155 156 162 161 161 %

185 179 179 179 180 180

T T T
0 50 0o 135 150 200

Time

Table 6.4: Estimation of break location for

n = 200, po1 = 0.5, po2 = —0.2, po3 = O = Figure 6.11: Estimation of break location for
0, 0, =1 and a = 5%. different 7; in a class of AR(1) model (third
case).

Case of two breaks (k = 2).

The data to be studied are obtained from the following model

i

Xy = po1 + &t t=1,...,7,
B Bi1 B
Xi —Po,1+%+€t, t=n+1,...,m, (6.6)
X :p01+@+5t t=m+1 n
\ RV

where (&) is a sequence of standard Gaussian white noise. Our aim is to detect and
locate the changes for which the number and the locations are assumed to be unknown.
We consider different instants of break (71, 75) = (120,210) and (140, 240). For 5000 re-
olications, n = 300, pp1 = 0.2, for different values of 3, ; and (51, and different thresholds

corresponding to the choice of (, the results of detecting the breaks and estimating their
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locations are given on Table It is easy to see that the more ( is high, the more the
estimation of the breaks are far from the exact breaks locations. While, whenever ( is
very small, many false detections can appear.

Figure [6.12] shows the local power for 811 = 2, 5,1 = —1 and (71, 72) = (110,220). When
the local power crosses the threshold considered, which is the nominal level plus ¢ (0.051
in this figure), we consider that we are around the zone of a break and we calculate the
local power at the next few observations. The observation which has the maximum local
power will be considered a change-point. Next, we skip some observations (as assumed in
Chapter [5)), and after that, we repeat the same technique (sequential method).

The results shown in Table demonstrate that the algorithm presented in Chapter
is efficient for detecting more than one break in the parameters of CHARN models.
Compared to the other methods in literature, it is more accurate for detecting the weak
changes and estimating their locations. Our method is sensitive to the choice of (.

For a class of models (6.4)), for n = 300, oo = 5%, (71, 72) = (110,220), po1 = 0.3, 1,1 =
2, f21 = —1 and for ¢ = 0.06%, 0.09%, 0,1%, 0,13% and 0.15%, Table shows the

results of breaks locations estimation corresponding to different values of (.

(B, 1) (2, -1) | (3,-1) | (=1,3) (2, 3)
(11, 72)
(110, 220) (113, 221) | (115, 221) | (117, 222) | (112, 222)
¢ 0.1% 0.1% 0.1% 0.1%
(130, 230) (131, 234) | (131, 231) | (132,231) | (131, 234)
¢ 0.1% 0.1% 0.1% 0.1%
Table 6.5: Estimation of breaks locations (k = 2).
(B, ) (2, —1) 2,-1) | (2,-1) | (2, -1 | (2, -1
(11, 72)
(110, 220) (65,110,165,220) | (111,221) | (113, 221) | (117, 223) | (118, 225)
¢ 0.06% 0.09% 0.1% 0.13% 0.15%

Table 6.6: Breaks locations for the same magnitude of change and for different thresholds.
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Figure 6.12: Breaks locations estimation in the case of two breaks.
Case of three breaks (k = 3).
The data to be studied are obtained from the following model
Xt :p0,1+5ta t= ]-7' y T1
Xt :P01+@+5t7 t:Tl+1a"'77—2a
) \/ﬁ
X, =pos+ 2224 t=m+1 67
t = Po,1 \/ﬁ Et, = T2 yee e T3
X IPO,1+@+€L‘7 t=m+1,...,n,
\ /i

where (g;) is a sequence of standard Gaussian white noise. As before, we aim to detect

and locate the changes from which their number and their locations are assumed to be

unknown.

The results for 5000 replications, n = 400, po1 = 0.2, (11, T2, 73) = (90, 195, 310), and for
different values of 1, B21, f31 and for the same threshold corresponding to ¢ = 0.1%,

are shown in Table 6.7

(61,17 52,17 53,1)

(7_ - ) (27_]-705) (3a17_05> (_17274) (17273)
1,712,713

(90,195,310) (91,196,316) | (91,197,317) | (93,196,315) | (93,198,316)
¢ 0.1% 0.1% 0.1% 0.1%

Table 6.7: Breaks locations estimation in the case of three breaks.
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(Buis Bas Baa) (2,-1,1) (2,-1,1) (2,-1,1) (2,-1,1)
(7'1772,7'3)
(90,195,310) (50,90,140, | (91,196,314) | (91,196,315) | (94,198,319)
195,245,310)
¢ 0.06% 0.1% 0.13% 0.2%

Table 6.8: Breaks locations estimation in the case of three breaks for the same magnitude

of change and for different values of (.

The behavior of the local power corresponding to the case of 811 = 3, fa1 = —1, f51 =
—0.5 and ¢ = 0.1% is presented in Figure[6.13]

power
0.0525
I |

0.0515
|

0.0505
|

T T T T T
0 9100 1260 300318 400

Figure 6.13: Behavior of the local power of the test in case of three breaks in a class of
shifted models.

Now, we generalize the situation of detecting multiple change-points to be in a class of
models (6.5). The data under study are obtained from the following model

;

Xip = Po1 + po2Xi—1 + &, t=1,....n
Bia B1,2

X1 = popat—F—=+\(p2t+t—F— X1+, t=m+1,...,7,
NZD NZD

Xig = P01+ﬁ21+(p02+ﬁ22)X 1+e, t=m+1 T3

t— - , t— ty - goe ey y
N vn
P31 5

Xio1 = por+—+=+ — | Xi 14+, t=13+1,...,n,
Vn \/_
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where (g;) is a sequence of standard Gaussian white noise. The number of change-points
are assumed to be unknown and we aim to detect these weak breaks and estimate their
locations.

Note that, in this case, the code in "R" program took much more time than the above
situations which is related to the replications of the fitted AR(1) model on a large num-
ber of instants checked. For 5000 replications, n = 300, po = (po1,p02) = (0.2,0.3)
T = (1,72,73) = (90,190,275) and for different values of the components of B; =
(Bj1,Bi2), j = 1,2,3 and for the same threshold corresponding to ( = 0.1%, we obtain
Table [6.111

(71,72, T3) (90, 190, 275)
(61’ﬁ2753) g = 01%
[ 3 1 -1
(93,195,280)
2 3 1
[ 1 2 1]
(96,196,278)
| —05 1 ~1
[ 2 1 0.5 |
(94,193,277)
15 3 ~-1 |

Table 6.9: Estimation of the breaks locations in a class of AR(1) model.

The results presented in Table show that our method is efficient to detect the weak
breaks in the parameters of AR(1) models. Such breaks contain those in the autocorrela-
tion which is a very important result.

Again for AR(1) models, the data to be studied are obtained for a fixed values of
Bj, j = 1,2,3, and the same instants of break 7 = (71,7, 73). Table shows the
results of the corresponding estimates of change-points locations for different values of (.
When the threshold is too small, the local power crosses it early and then, a change-point
is detected which may be false alarm. This is what happens for ¢ = 0.7%. However, when
the threshold is high enough, the values of the local power doesn’t exceed the threshold
considered, especially when the values of the magnitudes of the change B;/y/n is too
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small. This is the case for ¢ = 2.5%.

(7_17 T2, 7—3)

90, 190, 275
(1317 ﬁ27 63) ( )

(56, 93, 142, 195, 245, 280)
¢=0.7%

31 [1] [ -1] ) (93,195, 280)

) 9 C = 01%
2] 3] |1
(3] [1] [ -1] (94,197, 282)
) ) C - 015%
2] 3] | 1]
31 [1] [ -1] (96, 283)
) ) C — 025%
2 3 1

Table 6.10: Estimation of the breaks locations in a class of AR(1) model for different
threshold.

AR-ARCH models.

Now, we treat the case of multiple change-points corresponding to the data obtained by
taken 0; = 1, 03 = 0.02 and pp3 = 0. Then, the data under study are generated by the
following AR-ARCH models

( Xt—l = p01+p02Xt 1—|—\/1+002X,52 1€t tzl,...,Tl
_ Bi1 512 o
X1 = /)01—1‘\/— 02+ Xi1+3/1+0.02X7 16, t=71+1,...,7,

thl —= po 1 —|— ?jﬁl (p02 /BL\/;) Xt,l + A/ 1 + 002Xt2—1€t7 t = T2 + 1, e ,Tg,
thl = p01+@—|— p02+@ thl—i_ 1+002X?52 1€t7 t:T3+1,...,n,
T VYn vn N
\
For n = 350, po1 = 0.2, po2 = 0.3, B1 = (3,—2), B2 = (1,1), B3 = (—2,4), the detection

of the changes are illustrated with Flgure.
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(B1, B2, Bs)

(7'1772,73)

(90, 190, 275)
¢ =0.1%

L]

(93,195,280)

(96,196,278)

power1

0.051 0.052  0.053  0.054

0.050

T
50

T
100

150

Time

200

250

300

350

(94,193,277)

Figure 6.14: Detection of multiple change-

points in a class of ARCH models
Table 6.11: Estimation of the breaks loca-

tions in a class of AR(1) model.

Collecting the results obtained above, in a class of AR-ARCH models, we can see that
our method is efficient and accurate for detecting multiple breaks in a class of non-linear

models.

6.3 Comparison with Horvath et al. (2020)

In a class of shifted model , Ltaifa (2021)) did a comparison between her method,
which is a particular case from ours, and other methods including the one of [Horvath et al.
(2020). She concluded that her method is more powerful for estimating the localization
of weak breaks.
In this section, we compare our method to that of Horvath et al| (2020) denoted by
SCUSUM, for a class of more general model. Recall the model (6.5),

Xe1=po1+ % + (Po,z*‘%) X1+, t=1,...,n.
For n = 200, in the case of one single break at 7 = 80, 120, 185, we do 1000 replications
and at each replication, we obtain a data generated by the same model with same
parameter values and we investigate the estimation of change-point by SCUSUM. For
a = 5%, po1 = 0.5, pop = —0.2 and different values of 8 = (811, f12)" we obtain Table
6.121
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During these 1000 replications, for most of them, SCUSUM has not been able to detect
any change-points. For that, we keep only the cases where this method detects a change,
and we calculate the mean of the change location estimated among these 1000 replications,
and we display it in Table |6.12]

It is obvious that our method is more accurate than SCUSUM for the detection of weak
changes in the parameters of model (6.5).

p 1’1) 2 1 —2 —2 -3
a0 ) G)E)
Our method 78 81 82 80 80
SCUSUM 95 99 86 122 99
71 = 120
Our method 122 121 119 120 121
SCUSUM 110 114 105 125 122
71 = 185
Our method 179 179 179 180 180
SCUSUM 105 103 122 114 101

Table 6.12: Breaks locations estimation obtained by our method and SCUSUM for dif-

ferent instants of break 7 and different magnitudes of change.

6.4 Conclusion

In this chapter, we have evaluated the performance of a new method for change-points
detection and for estimating the localization. The results obtained show that our method
is efficient on several models considered.

Compared to Horvath et al.| (2020)), it seems to be more efficient for detecting weak changes
and estimating their locations. It seems also more performant for detecting changes in the
earliest data and in the latest ones. This fact was already pointed out by Ltaifa| (2021)
and Ngatchou-Wandji and Ltaifal (2021)).
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Chapter 7

General conclusion and outlook

7.1 Conclusion

Ngatchou-Wandji and Ltaifa (2021) studied weak break in the mean of a class of CHARN
models. We have generalized their work to a class of more general CHARN models.

In our work, we studied weak breaks in the parameters of the function 7. We started our
work by assuming that the function 7', V' and the parameters pg and ~yy are known. We
established a LAN and a contiguity results. Also, we derived an explicit expression of the
local power of the likelihood test that constructed.

Next, we assumed that the function 7" and V' have known forms, but the parameters pg and
~o are unknown. First, we estimated these parameters, then we proved the convergence
between the central sequence based on the estimated parameters and the one based on the
true parameters. In this case, we derived an explicit expression of the local power, and we
proved that our test remains optimal if we replace the parameters with their estimators.
From these results, we used the theoretical power for detecting weak breaks in time series
through an algorithm that we constructed.

The simulation experiment that we constructed shows that our method can detect the
weak breaks in the mean of shifted white noise models. It can also detect weak breaks in
the autocorrelation, and in all the parameters of some AR models considered.

We can see that, in all the examples illustrated in the simulation part, the detection of
the break instants was exact or very close (differ for one or two instants) to the exact
instants of breaks. This is a good indicator of the efficiency of our method.

Compared to other method, like Horvath et al. (2020)), it seems to be more efficient for
detecting weak changes and estimating their locations. Sometimes, Horvath et al.| (2020)

method detects breaks in data having no break. This has not happened with our method
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when we choose a suitable (.

7.2 Outlook

With regard to the simulation results in the preceding chapter, our work seams inter-

esting and needs some extensions in many directions. In the sequel, we outline some

perspectives.

1.

1i.

iii.

1v.

At a theoretical point of view, our work is done with the assumption that the density

function f of g; is known. It can be interesting to study the case where f is unknown.

In our study the function V is assumed to be given. Our next purpose is to study
weak breaks in its parameters. These breaks induce changes in the conditional

variance.
We also plan to try the case where both the functions 7" and V' are jointly parametric.

At a practical point of view, the creation of an R package that uses our method to

detect the weak breaks in the data is something to be investigated.

It will be interesting to update the "code" and make it able to check if a future
observation is a break, in other words, we think to adapt the "R" program to the

on-line detection.
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