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Chapitre 1

Introduction

1.1 Motivations

Dans cette thèse nous nous intéressons à la théorie spectrale et la théorie de la di�u-
sion pour des modèles non-auto-adjoints. Plus particulièrement nous souhaitons étudier
l'équation de Schrödinger linéaire

i∂tφ = Hφ, (1.1)

sur un espace de Hilbert avec un Hamiltonien non-auto-adjoint. Dans cette première partie
de l'introduction, nous donnons des motivations physiques justi�ant cette étude. Nous
présentons ici deux sujets di�érents. Le premier porte sur les systèmes dissipatifs, il s'agit
de systèmes physiques dans lesquels il n'y a pas de conservation d'énergie des états du
système au cours du temps ; on parle alors de systèmes non-conservatifs. Le second porte
sur les opérateurs PT -symétriques. Il s'agit d'opérateurs qui commutent avec l'opérateur
de parité et avec celui d'inversion du temps. Pour d'autres exemples d'utilisations des
opérateurs non-auto-adjoints en physique, le lecteur pourra consulter par exemple [4, 62]
ainsi que les références mentionnées dans ces travaux.

1.1.1 Les systèmes dissipatifs

Lorsqu'un système quantique S interagit avec un autre système quantique S ′, une par-
tie de son énergie peut être transférée au système S ′ et ceci de façon irréversible. Cette
perte irréversible d'énergie est un phénomène physique appelé dissipation quantique. En
particulier l'interaction entre S et S ′ peut aboutir à l'absorption de S par le système
S ′. Un exemple célèbre de modèle dissipatif est le modèle optique nucléaire introduit par
Feshbach, Porter et Weisskopf [37] en 1954. Le terme � optique � dans le nom du modèle
est une référence au phénomène de réfraction et d'absorption de la lumière dans un milieu
continu en optique. Ce modèle décrit l'interaction entre un neutron et un noyau. Lorsque
le neutron est envoyé sur un noyau complexe cible, il peut-être di�usé élastiquement ou
bien absorbé par le noyau. S'il y a absorption, le neutron et le noyau forment un nouveau
système appelé noyau composite. Ce concept a été introduit par Bohr [7] en 1936. Dans
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2 Chapitre 1. Introduction

le modèle optique nucléaire la force exercée sur le neutron est décrite par un opérateur de
la forme

H = −∆+ V − iW, (1.2)

agissant sur L2(R3,C), avec V réel et Im(W ) ≥ 0. Ici −∆ correspond à l'énergie cinétique
et V −iW est le potentiel associé à la force exercée par le noyau sur le neutron. Le caractère
dissipatif du système se traduit dans le fait que Im(W ) ≥ 0. Comme le neutron et le
noyau sont localisés en espace, V et W sont supposés à support compact ou décroissant
rapidement à l'in�ni. Sous cette forme,−iH engendre un semi-groupe fortement continu de
contractions {e−itH}t≥0 (pour tout t ≥ 0,

∥∥e−itH
∥∥
B(L2(R3,C)) ≤ 1). En particulier, si à l'état

initial, le neutron est dans un état normalisé φ0 (∥φ0∥L2(R3,C) = 1), alors à chaque instant
t ≥ 0 le neutron est dans l'état non-normalisé φt = e−itHφ0 solution de l'équation de
Schrödinger (1.1). La propriété de contraction du semi-groupe d'évolution associé à −iH
fait que l'application t 7→

∥∥e−itHφ0

∥∥
L2(R3,C) est décroissante sur [0,+∞[, la probabilité

que le neutron dans l'état φ0 soit absorbé par le noyau est alors

ρabs(φ0) := 1− lim
t→+∞

∥∥e−itHφ0

∥∥2
L2(R3,C) ,

et la probabilité que le neutron dans l'état φ0 soit di�usé par le noyau est donnée par

ρscat(φ0) := 1− ρabs(φ0).

Dans le cas où la probabilité d'absorption du neutron dans l'état φ0 est strictement plus
petite que 1, on s'attend à ce qu'il existe un état φ+ tel que ∥φ+∥2L2(R3,C) = ρscat(φ0) et

lim
t→+∞

∥∥e−itHφ0 − e−itH0φ+

∥∥
L2(R3,C) = 0. (1.3)

Le modèle optique nucléaire a été obtenu empiriquement dans le sens où les potentiels V
et W ont été déterminés grâce à des données expérimentales. Cependant sous sa forme
actuelle, les quantités physiques mesurées grâce à l'expérience sont très proches des quan-
tités physiques calculées grâce à ce modèle. Le problème décrit par l'équation (1.3) est une
motivation à l'investigation d'une théorie de la di�usion pour des opérateurs dissipatifs.
De nombreux auteurs ont étudié la théorie spectrale et la théorie de la di�usion pour
des opérateurs dissipatifs ; non exhaustivement, on peut citer les travaux Davies [14, 16],
Faupin et Fröhlich [35] et Martin [68] pour des opérateurs dissipatifs agissant sur des
espaces de Hilbert abstraits, Faupin et Nicoleau [34] pour des liens avec la matrice de
di�usion et Simon [85], Faupin [32], Wang et Zhu [92] pour les opérateurs de Schrödinger
dissipatifs. D'autres travaux liés aux nôtres sur les opérateurs dissipatifs ont également
été considérés, comme la théorie de la di�usion pour les opérateurs de Lindbald [17, 31],
des estimation dispersives pour des opérateurs de Schrödinger dissipatifs [91], ou encore
des méthodes de commutateurs de Mourre dans un cadre dissipatif [78, 79].
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1.1.2 Les opérateurs PT symétriques

Les opérateurs PT -symétriques sont une classe d'opérateurs non-auto-adjoints très étu-
diées en mécanique quantique. En e�et, comme l'ont observé Bender et Boettcher [5],
une large classe d'Hamiltoniens PT -invariants ont un spectre réel. Les opérateurs PT -
symétriques peuvent alors, dans certains cas, être pertinents en mécanique quantique.
Pour des opérateurs de Schrödinger, H = −∆+ V (x) sur L2(Rd,C), avec V un potentiel
complexe, PT -symétrique signi�e que

[H,PT ] = 0,

où [., .] est le commutateur. P est l'opérateur de parité, c'est à dire (P(φ))(x) = φ(−x) et
T est l'opérateur d'inversion du temps, (T (φ))(x) = φ(x). Si en plus de la PT -symétrie,
l'opérateur étudié possède une certaine C-symétrie, alors le spectre de celui-ci est réel.
Cependant comme cela est expliqué dans [64], pour qu'un opérateur soit pertinent phy-
siquement, il n'est pas su�sant que son spectre soit réel. En particulier, des cas mathé-
matiquement pathologiques peuvent se produire si CPT n'est pas un opérateur borné.
Mathématiquement il est alors peut-être plus pertinent, plutôt que de parler de CPT -
symétrie, de parler de quasi-hermicité dans le sens où il existe un opérateur positif Θ tel
que HΘ = ΘH⋆. Pour plus de détails sur la notion de quasi-hermicité, nous renvoyons à
[20, 83].

Bien sûr, de nombreux autres sujets concernant la théorie spectrale des opérateurs
non-auto-adjoints ont été étudiés, comme par exemple l'estimation du nombre de valeurs
propres et les estimations de Lieb-Thirring pour certains opérateurs non-auto-adjoints
[11, 42, 43]. De tels résultats sont en particulier aussi pertinents dans notre contexte (voir
l'hypothèse 1.2).

1.2 Présentation des problèmes étudiés

Dans la section 1.1, nous avons donné deux exemples di�érents d'applications des opé-
rateurs non-auto-adjoints en mécanique quantique. Dans cette section nous présentons
le modèle mathématique que nous avons étudié dans cette thèse ainsi que les di�érents
problèmes auxquels nous nous sommes intéressés pour ce modèle.

1.2.1 Le modèle

Soit (H, ⟨. , .⟩) un espace de Hilbert sur le corps des complexes. La convention que nous
choisissons est que ⟨. , .⟩ est linéaire par rapport à la seconde variable et anti-linéaire
par rapport à la première variable. De plus nous noterons B(H), l'espace vectoriel des
opérateurs bornés sur H pour la norme ∥.∥H. Nous considérons un opérateur H agissant
sur H de la forme

H := H0 + V,
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où H0 est un opérateur auto-adjoint borné inférieurement de domaine D(H0) et V est un
opérateur borné. Rappelons que H0 est borné inférieurement signi�e qu'il existe δ ≥ 0 tel
que pour tout u ∈ D(H0),

⟨u,H0u⟩H ≥ δ ∥u∥2H . (1.4)

On dé�nit la borne inférieure de H0 comme le plus petit réel δ satisfaisant (1.4). En
particulier, quitte à lui soustraire sa borne inférieure, on peut supposer que H0 est borné
inférieurement par 0. Pour l'opérateur V on suppose qu'il se factorise de la forme

V = CWC,

où C et W sont bornés. Ce type de décomposition a été introduit par Kato dans [55]. De
plus on suppose que C est un opérateur métrique, relativement compact par rapport à H0.
Un opérateur métrique est un opérateur positif et injectif. Dire que C est relativement
compact par rapport à H0 signi�e qu'il existe z ∈ ρ(H0), tel que CR0(z) est un opérateur
compact, où ρ(H0) est l'ensemble résolvant de H0 et R0(z) := (H0−z)−1 est la résolvante
de H0. Comme V est une perturbation bornée de l'opérateur auto-adjoint H0, alors H est
un opérateur fermé et −iH engendre un groupe d'évolution satisfaisant∥∥e−itH

∥∥
B(H)

≤ e|t|∥V ∥B(H) ,∀t ∈ R.

Nous dé�nissons le spectre essentiel de H comme le complémentaire dans C du spectre
discret noté σdisc(H). Le spectre discret de H est dé�ni comme l'ensemble des valeurs
propres discrètes telles que le rang de la projection de Riesz est �ni. Rappelons que si λ
est une valeur propre discrète de H, alors la projection de Riesz de H associée à λ est
dé�nie par

Πλ(H) :=
1

2πi

∫
γ

(z Id−H)−1dz,

Où γ est un cercle de centre λ et de rayon su�samment petit de sorte que l'intérieur du
cercle γ ne contienne que λ comme élément du spectre de H. Comme C est relativement
compact par rapport à H0 et que l'ensemble des opérateurs compacts est un idéal bilatère
de B(H), alors V est relativement compact par rapport à H0. Ainsi comme H0 est auto-
adjoint, le spectre essentiel de H0 et celui de H coïncident : σess(H0) = σess(H) (voir
par exemple [76, section XIII.4] pour plus de détails sur les perturbations relativement
compactes). La �gure 1.1 est un exemple d'illustration du spectre de H.

1.2.2 Description des problèmes étudiés

Dans cette sous-section nous présentons les problèmes que nous avons étudiés pour ce
modèle. Plus précisément, nous avons voulu comprendre la structure spectrale et la dy-
namique des solutions de l'équation de Schrödinger pour l'Hamiltonien non-auto-adjoint
introduit dans la section 1.2.1.
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Figure 1.1 : Spectre de H. Le spectre essentiel de H est représenté par les segments en gras.

Les croix représentent les valeurs propres de H. Comme H n'est pas auto-adjoint, il peut avoir des

valeurs propres de partie imaginaire non nulle.

1.2.2.1 Espace des états qui disparaissent asymptotiquement

Nous dé�nissons l'espace des états qui disparaissent asymptotiquement lorsque t → ±∞
(ou solutions évanescentes de l'équation de Schrödinger (1.1)), noté H±

ads(H) dans la suite
par

H±
ads(H) :=

{
u ∈ H, lim

t→±∞

∥∥e−itHu
∥∥
H = 0

}cl

,

où Acl désigne la fermeture d'un ensemble A. Pour le modèle optique nucléaire introduit à
la section 1.1.1, les états qui disparaissent en plus in�ni sont les états du neutron qui sont
absorbés par le noyau avec probabilité 1. L'objectif est de chercher une caractérisation de
H±

ads(H) en terme de sous-espace spectraux associés à l'opérateur H. Remarquons que si u
est une combinaison linéaire �nie de vecteurs propres de H associés à des valeurs propres
de partie imaginaire strictement négative, alors en utilisant le développement en série de
l'exponentielle, il n'est pas di�cile de voir que u ∈ H+

ads(H). En e�et, si par exemple λ est
une valeur propre de H de partie imaginaire strictement négative associée à un vecteur
propre u, alors ∥∥e−itHu

∥∥
H = et Im(λ) ∥u∥H −−−−→

t→+∞
0.

On noteH±
p (H) la fermeture de l'espace vectoriel engendré par les vecteurs propres généra-

lisés deH associés à des valeurs propres de partie imaginaire strictement négative/positive,

H±
p (H) := (Span {u ∈ Ker((H − λ)νλ), λ ∈ σdisc(H), ± Im(λ) < 0})cl ,

où νλ est la multiplicité algébrique de λ. Celle-ci est dé�nie comme la dimension du sous-
espace vectoriel limite de la suite des noyaux itérés (Ker(H − λ)k)k∈N associés à la valeur
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propre λ. On a alors l'inclusion

H±
p (H) ⊂ H±

ads(H).

La question de déterminer des conditions sous lesquelles la réciproque de cette inclusion
est vraie est un problème qui avait été soulevé par Davies dans [16] pour des opérateurs
dissipatifs. Pour plus de détails concernant les états qui disparaissent à l'in�ni, nous
renvoyons à la section 2.2.2.4.

1.2.2.2 Sous-espace spectral absolument continu

Nous dé�nissons le sous-espace spectral absolument continu de H par

Hac(H) := M(H)cl :=

{
u ∈ H, ∀v ∈ H,

∫
R

∣∣〈eitHu, v〉H∣∣2 dt ≤ cu ∥v∥2H
}cl

.

Quelques commentaires s'imposent pour justi�er cette dé�nition. Si H est auto-adjoint,
notre dé�nition coïncide avec celle du sous-espace spectral absolument continu dé�ni en
terme de mesure spectrale voir par exemple [15, Théorème 6.24]. On peut remarquer que si
u appartient à M(H) alors u est orthogonal à toute combinaison linéaire �nie de vecteurs
propres de H⋆. En particulier, on a l'inclusion

Hac(H) ⊂ Hp(H
⋆)⊥,

où Hp(H
⋆) est l'espace vectoriel engendré par l'ensemble des vecteurs propres généralisés

de H⋆,
Hp(H

⋆) := (Span {u ∈ Ker((H⋆ − λ)νλ), λ ∈ σp(H
⋆)})cl ,

où σp(H) est l'ensemble des valeurs propres de H.
En e�et, si par exemple u ∈ M(H) et v est un vecteur propre de H⋆ associé à une

valeur propre λ réelle alors comme∣∣〈eitHu, v〉∣∣ = et Im(λ) |⟨u, v⟩| ,

nécessairement, u est orthogonal à v.
Une question naturelle est de déterminer des conditions sur le modèle pour obtenir

l'inclusion réciproque
Hp(H

⋆)⊥ ⊂ Hac(H).

Établir cette autre inclusion donne une autre justi�cation de la pertinence de la dé�nition
du sous-espace spectral absolument continu. D'autres dé�nitions de sous-espace spectral
absolument continu pour des opérateurs non-auto-adjoints ont également été considérées
dans la littérature, notamment grâce à la théorie des dilatations. Pour une exposition de la
théorie des dilatation nous pouvons citer [15, chapitre 5] pour les opérateurs dissipatifs et
[74] pour les opérateurs non-auto-adjoints. Pour plus de détails concernant notre dé�nition
de sous-espace spectral absolument continu, nous renvoyons à la section 2.2.2.5.
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1.2.2.3 Théorie de la di�usion

Pour étudier le comportement asymptotique des solutions de l'équation de Schrödinger as-
sociée à notre opérateur H, nous voulons établir une théorie de la di�usion pour comparer
le comportement asymptotique des groupes d'évolution associés à H et H0. Le problème
est le suivant : pour tout u ∈ H existe-t-il u0 ∈ H tel que

lim
t→∞

∥∥e−itHu− e−itH0u0
∥∥
H = 0 ? (1.5)

On remarque que si u est un vecteur propre de H associé à une valeur propre λ de partie
imaginaire positive, alors comme∥∥e−itHu

∥∥
H = et Im(λ) ∥u∥H −−−→

t→∞
+∞,

il n'existe pas de vecteur u0 satisfaisant (1.5), car comme H0 est auto-adjoint, le groupe
d'évolution engendré par −iH0 est unitaire. De la même façon, si u est un vecteur propre
associé à une valeur propre de partie imaginaire négative, alors comme u ∈ H+

ads(H), on a∥∥e−itHu
∥∥
H −−−→

t→∞
0.

Le vecteur u0 répondant à (1.5) est le vecteur nul. Ces deux phénomènes peuvent se
produire car H n'est pas auto-adjoint et n'a donc a priori pas que du spectre réel. Par
ailleurs, si u0 est un vecteur propre généralisé de H associé à une valeur propre λ réelle,
alors en utilisant un développement en série entière, on observe que la norme de e−itHu0
explose polynomiale quand t→ +∞. Ces exemples montrent donc qu'il est nécessaire de
pouvoir projeter en dehors des vecteurs propres de H. On voit que résoudre le problème de
théorie de la di�usion est lié à l'existence d'un sous-espace spectral absolument continu,
à la caractérisation des états qui disparaissent à l'in�ni et plus généralement à l'existence
d'un théorème de décomposition spectrale. Dans le cas où u n'est pas un vecteur propre
généralisé de H, alors en utilisant que le groupe d'évolution associé à −iH0 est unitaire,
(1.5) se réécrit

lim
t→∞

∥∥eitH0e−itHu− u0
∥∥
H = 0.

En posant alors
W+(H0, H) = s-lim

t→+∞
eitH0e−itH(Id−Πp(H))

où s-lim désigne la limite forte et Πp(H) désigne la projection sur le sous-espace spectral
associé au spectre ponctuel de H (voir la sous-section 2.2.2.3 pour la construction de
Πp(H)), (1.5) revient à prouver l'existence de W+(H0, H) et étudier son image et son
noyau. On verra que sous nos hypothèses, la dé�nition de W+(H0, H) nécessite d'être
modi�ée a�n de pouvoir montrer son existence. La théorie de la di�usion et en particulier
l'étude des opérateurs d'onde a fait l'objet de très nombreux travaux dans le cas auto-
adjoint, voir par exemple Agmon [2], Enss [29, 30], Kato [58, 59], Kuroda [65, 66], Simon
[76, 85], Yafaev [94, 95]. Dans le cas non-auto-adjoint, c'est un peu moins le cas, cependant
nous mentionnons les travaux de Davies [14, 16], Faupin, Fröhlich [35], Martin [68] et
Faupin et Nicoleau [32] dans un cadre disspatif abstrait et ceux de Kato [55], Kako et
Yajima [54], Stepin [87, 88] dans le cas non dissipatif.



8 Chapitre 1. Introduction

1.2.2.4 Singularités spectrales

L'une des spéci�cités de cette thèse est d'autoriser H à avoir des singularités spectrales.
Les singularités spectrales sont des points du spectre essentiel de H qui ne satisfont pas
un certain principe d'absorption limite. Pour commencer dé�nissons la notion de point
spectral régulier pour H.

De�nition 1.2.1 (Point spectral régulier et singularité spectrale). Soit λ ∈ σess(H).

i) On dit que λ est un point spectral régulier sortant/entrant si λ n'est pas un point
d'accumulation de valeurs propres localisées en λ± i]0,+∞[ et si la limite

lim
ε→0+

CRH(λ± iε)CW

existe dans B(H). Si λ n'est pas un point spectral régulier sortant/entrant de H, on
dit que λ est une singularité spectrale sortante/entrante de H.

ii) On dit que λ est un point spectral régulier de H si λ est un point spectral régulier
entrant et sortant de H. Sinon on dit que λ est une singularité spectrale de H.

iii) On dit que l'in�ni est un point spectral régulier sortant/entrant de H s'il existe
m > 0 tel que pour tout λ > m, λ est un point spectral régulier sortant/entrant et
si l'application

[m,+∞[∋ λ 7→ CRH(λ± i0+)CW ∈ B(H)

est bornée. Si l'in�ni n'est pas un point spectral régulier sortant/entrant de H on dit
que H a une singularité spectrale sortante/entrante à l'in�ni.

Pour les opérateurs de Schrödinger les singularités spectrales correspondent aux réso-
nances réelles (voir section 1.3.3). La notion de singularité spectrale que nous présentons
ici est très proche de celle des articles [32, 34, 35]. Le lecteur pourra consulter la section
2.2.4 pour plus d'explications concernant les singularités spectrales.

1.3 Présentation des résultats principaux

Dans cette section nous présentons les hypothèses et les résultats principaux que nous
avons obtenus dans cette thèse ainsi que quelques unes de leurs conséquences. Nous illus-
trerons ces résultats avec l'exemple des opérateurs de Schrödinger.

1.3.1 Hypothèses sur le modèle

Tout d'abord nous présentons les hypothèses principales et nous introduisons au fur et
à mesure les notations et notions nécessaires. Pour plus de détails et de justi�cations
concernant ces hypothèses nous renvoyons aux sections 2.3.1 et 3.3.1.

Nous supposons que la résolvante de H0 satisfait un principe d'absorption limite avec
le poids C :
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Hypothèse 1.1. On a
sup

z∈C\R
∥CR0(z)C∥B(H) <∞.

Cette hypothèse assure en particulier que H0 a un spectre purement absolument
continu (voir [13, Proposition 4.1]).

Ensuite nous supposons que H a un nombre �ni de valeurs propres de multiplicité
algébrique �nie.

Hypothèse 1.2. H possède un nombre �ni de valeurs propres et chaque valeur propre
est de multiplicité algébrique �nie.

Rappelons que dans cette thèse, nous supposons que H peut avoir des singularités
spectrales. Ainsi il n'est pas possible de supposer que la résolvante de H satisfait un
principe d'absorption limite similaire à celui de l'hypothèse 1.1. Cependant nous supposons
que les singularités de la résolvante à poids de H sur l'axe réel sont � d'ordre �ni �. Tout
d'abord dé�nissons l'ordre d'une singularité spectrale.

De�nition 1.3.1 (Ordre d'une singularité spectrale). i) Soit λ ∈ σess(H) une singu-
larité spectrale sortante/entrante. On dit que λ est une singularité spectrale d'ordre
�ni s'il existe un entier n et ε > 0 tels que

sup
z∈D(λ,ε)∩C±

|λ− z|n ∥CRH(z)CW∥B(H) <∞. (1.6)

Sinon on dit que λ est une singularité spectrale d'ordre in�ni. Si λ est une singularité
spectrale sortante/entrante d'ordre �ni, on dé�nit son ordre comme le plus petit
entier satisfaisant (1.6).

ii) Si H possède une singularité spectrale sortante/entrante à l'in�ni, on dit que l'in�ni
est une singularité spectrale sortante/entrante d'ordre �ni s'il existe un entier n,
ε0 > 0, m > 0 et z0 ∈ ρ(H)\R tels que

sup
Re(z)>m

± Im(z)<ε0

|z − z0|−n ∥CRH(z)CW∥B(H) <∞. (1.7)

Sinon on dit que l'in�ni est une singularité spectrale sortante/entrante d'ordre in�ni.
Si l'in�ni est une singularité spectrale sortante/entrante d'ordre �ni, on dé�nit son
ordre comme le plus petit entier satisfaisant (1.7).

L'hypothèse suivante nous permet de gérer les singularités :

Hypothèse 1.3. H a un nombre �ni de singularités spectrales et chaque singularité spec-
trale est d'ordre �ni. De plus, pour tout intervalle fermé borné I ⊂ σess(H0), ne contenant
pas de singularités spectrales, il existe ε0 > 0 tel que

sup
Re(z)∈I

± Im(z)∈]0,ε0[

∥CRH(z)CW∥B(H) <∞.
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En�n l'in�ni n'est pas une singularité spectrale, il existe ε0 > 0, m > 0 tels que

sup
Re(z)>m

± Im(z)<ε0

∥CRH(z)CW∥B(H) <∞.

Comme cela est expliqué à la section 2.4.4, les valeurs propres de H plongées dans le
spectre essentiel sont des singularités spectrales. L'hypothèse 1.3 tient compte de cette
spéci�cité particulière. Dans la suite nous posons rj(z) =

(z−λj)
νj

(z−z0)
νj la fonction dé�nie sur

C\{z0} avec z0 ∈ ρ(H)\R et r∞(z) := 1
(z−z0)ν∞

. En posant alors

r(z) :=
∞∏
j=1

rj(z),

l'hypothèse 1.3 implique qu'il existe ε0 > 0 tel que

sup
Re(z)∈σess(H0)
± Im(z)∈]0,ε0[

|r(z)| ∥CRH(z)CW∥B(H) <∞.

C'est cette fonction r qui permet de régulariser les singularités spectrales lorsque la ré-
solvante à poids de H approche le spectre essentiel. De la même façon, on notera r+ la
fonction régularisant les singularités spectrales sortantes de H et r− la fonction régulari-
sant les singularités spectrales entrantes de H.

L'hypothèse suivante permet d'assurer l'existence des projections spectrales associées
à des valeurs propres plongées dans le spectre essentiel.

Hypothèse 1.4 (Opérateur de conjugaison). Il existe une application anti-unitaire conti-
nue J : H → H telle que

i) JD(H0) ⊂ D(H0) et ∀u ∈ D(H0), JH0u = H0Ju.

ii) JC = CJ et JW = W ⋆J .

De plus pour chaque valeur propre plongée dans le spectre essentiel, λ ∈ σess(H), la forme
bilinéaire symétrique

Ker((H − λ)mλ) ∋ (u, v) 7→ ⟨Ju, v⟩H est non dégénérée.

En�n pour certains résultats nous aurons besoin de l'hypothèse technique suivante.

Hypothèse 1.5. Le domaine de la restriction de H0 à HC dé�ni par

D(H0|HC
) := {u ∈ D(H0) ∩HC , H0u ∈ HC},

est dense dans HC pour la topologie de HC.
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1.3.2 Résultats principaux

Dans cette sous-section, nous détaillons les résultats principaux que nous avons obtenus
et nous donnons une idée des preuves et techniques que nous avons utilisées.

Nous introduisons d'abord quelques notations et remarques qui nous seront utiles dans
la suite. Dé�nissons HC := Ran(C) et munissons le de la norme ∥.∥HC

dé�nie par

∀u ∈ HC , ∥u∥HC
=
∥∥C−1u

∥∥
H .

Notons que ∥.∥HC
est bien dé�nie car C est injectif. Par ailleurs, munissons H de la norme

∥.∥C dé�nie par
∀u ∈ H, ∥u∥C = ∥Cu∥H .

Alors on peut montrer que le complété de H pour la topologie de la norme ∥.∥C coïncide
avec l'anti-dual (l'espace vectoriel des formes antilinéaires sur HC pour la norme ∥.∥H) de
HC noté H′

C . On obtient alors un triplet de Gelfand

HC ↪→ H ↪→ H′
C .

Grâce à cette construction, la condition (1.8) est équivalente au fait que

lim
ε→0+

R0(λ± iε)

existe dans B(HC ,H′
C), l'ensemble des opérateurs bornés de HC dans H′

C . Cette propriété
sera utilisée dans la suite pour caractériser les singularités spectrales de H. Pour plus de
détails concernant cette construction, le lecteur pourra consulter la section 2.2.3.

Théorème 1.3.1. Supposons que l'hypothèse 1.5 est satisfaite. Soit λ ∈ σess(H) tel que
la limite

CR0(λ± i0+)C := lim
ε→0+

CR0(λ± iε)C (1.8)

existe pour la topologie de la norme de B(H). Alors les conditions suivantes sont équiva-
lentes :

(i) λ est une singularité spectrale sortante/entrante de H,

(ii) λ est une valeur propre de H ′ associée à un vecteur propre Ψ ∈ H′±
C (λ).

Ici H′±
C (λ) désigne l'espace des états résonants sortants/entrants. Il est dé�ni par

H′±
C (λ) := Ker

(
Id+R0(λ± i0+)V ′) .

De plus, H ′ est le prolongement de H à H′
C que l'on construit en considérant l'opérateur

dual de H restreint à HC avec l'hypothèse 1.5, de même V ′ est le prolongement de V
à H′

C (voir 2.2.3.2). L'argument principal de la preuve du théorème 1.3.1 repose sur un
principe de Birman-Schwinger, (voir section 2.4.1) dans le sens où λ est un point spectral
régulier sortant/entrant si et seulement si Id+R0(λ± i0+)V ′ est inversible. Le théorème
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1.3.1 a des conséquences nouvelles aussi pour les opérateurs dissipatifs (voir section 2.4.6).

Les deux théorèmes qui suivent répondent aux questions introduites précédemment
concernant le sous-espace spectral des états qui disparaissent à l'in�ni et le sous-espace
spectral absolument continu.

Théorème 1.3.2. Supposons que les hypothèses 1.1-1.3 sont satisfaites. Alors

H±
ads(H) = H±

p (H).

Pour des opérateurs dissipatifs, des conditions pour que ce résultat soit satisfait ont
été données dans [35], en utilisant des résultats de théorie de la di�usion (en particu-
lier l'existence et les propriétés des opérateurs d'onde). La preuve que nous donnons du
théorème 1.3.2 ne repose pas sur les propriétés des opérateurs d'onde.

Théorème 1.3.3. Supposons que les hypothèses 1.1-1.4 sont satisfaites. Alors

Hac(H) = Ran(Id− Πp(H)) = Hp(H
⋆)⊥.

Les preuves de ces deux théorèmes reposent sur une formule de résolution de l'identité
� régularisée � qui tient en particulier compte du fait que H peut avoir un nombre �ni de
singularités spectrales dans son spectre essentiel. En e�et, si les hypothèses 1.1 à 1.4 sont
satisfaites, on peut montrer la formule suivante :

r(H) = r(H)Πdisc(H) + w-lim
ε→0+

1

2πi

∫
σess(H)

r(λ) (RH(λ+ iε)−RH(λ− iε)) dλ,

où Πdisc(H) désigne la projection sur le spectre discret de H dé�nie comme la somme
des projections de Riesz associées aux valeurs propres discrètes de H. En particulier cette
formule généralise la formule de résolution de l'identité bien connue pour des opérateurs
auto-adjoints. Si l'on enlève le facteur régularisant r dans le deuxième terme du membre
de droite de la formule précédente, on retrouve la formule de Stone qui permet de dé�nir
des projections spectrales. Les projections spectrales (sans le facteur régularisant) dans le
cas non auto-adjoint avaient été considérées plusieurs fois dans la littérature, par exemple
dans [70, 71] pour des opérateurs di�érentiels et dans [53, 87] pour des modèles abstraits
(voir section 2.5 pour plus de détails concernant cette formule). Finalement les théorèmes
1.3.2 et 1.3.3 ont pour conséquence la décomposition deH en somme directe J-orthogonale
suivante :

H = Hac(H)⊕H+
ads(H)⊕H−

ads(H)⊕Hb(H),

où Hb(H) est l'espace des états � bornés �, c'est à dire l'espace vectoriel engendré par
tous les vecteurs propres généralisés de H associés à des valeurs propres réelles.

Pour étudier la théorie de la di�usion pour notre modèle, nous dé�nissons les opéra-
teurs d'onde associés à H et H0 par

W±(H,H0) := s-lim
t→±∞

eitHΠac(H)r∓(H)e−itH0 .
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Donnons quelques explications ; comme mentionné précédemment il est nécessaire de pou-
voir projeter en dehors des vecteurs propres généralisés associés à H et, d'après le théo-
rème 1.3.3, ajouter la projection sur le sous-espace spectral absolument continu de H le
permet. Ajouter la fonction r∓(H) permet de régulariser les singularités spectrales en-
trantes/sortantes de H et ainsi prouver l'existence de ces opérateurs sous nos hypothèses.
Ces deux justi�cations sont nécessaires pour prouver l'existence des opérateurs d'onde,
comme cela est détaillé à la section 3.4.2.1. Par ailleurs l'étude de ces opérateurs d'onde
nous conforte dans le bien-fondé de leur dé�nition, puisqu'ils véri�ent les propriétés stan-
dards des opérateurs d'onde associés à des opérateurs auto-adjoints. Le théorème suivant
résume les propriétés que nous avons obtenues :

Théorème 1.3.4. Supposons que les hypothèses 1.1-1.4 sont satisfaites. Alors les opéra-
teurs d'onde W±(H,H0) existent. De plus ils sont injectifs, leurs images sont denses dans
Hac(H) et ils satisfont la propriété d'entrelacement

∀u ∈ D(H0), HW±(H,H0)u = W±(H,H0)H0u.

Pour prouver que ces opérateurs existent nous utilisons la méthode de Cook. Nous
en avons donné une version à la section 3.4.1. Pour utiliser cette méthode, l'argument
principal repose sur l'estimation suivante :

∃c > 0, ∀u ∈ Hac(H),

∫ ∞

0

∥∥Cr±(H)e∓itHu
∥∥2
H dt ≤ c ∥u∥2H .

Voir le lemme 3.4.5 pour la preuve de cette estimation.
Au vu des propriétés des opérateurs d'onde, il nous semble naturel de dé�nir la com-

plétude asymptotique des opérateurs d'onde comme le fait que leur image est fermée dans
Hac(H). En e�et, avec la proposition 1.3.4 si leur image est fermée on obtient qu'ils sont
inversibles dans B(H,Hac(H)). Cette notion est consistante avec celle qui existe déjà dans
le cas auto-adjoint. Nous avons obtenu une condition su�sante de complétude asympto-
tique que nous résumons dans le théorème suivant :

Théorème 1.3.5. Supposons que les hypothèses 1.1-1.4 sont satisfaites. Si H n'a pas de
singularité spectrale alors les opérateurs d'onde sont asymptotiquement complets.

La réciproque de ce théorème est toujours une question ouverte mais on s'attend à
ce que les opérateurs d'onde ne soient pas asymptotiquement complets si H possède des
singularités spectrales, comme cela a été prouvé dans le cas dissipatif dans [35]. En�n le
théorème 1.3.5 a comme conséquence le résultat suivant :

Théorème 1.3.6. Supposons que les hypothèses 1.1-1.4 sont satisfaites. Si H n'a pas de
singularité spectrale alors il existe m1 > 0,m2 > 0 tels que pour tout u ∈ Hac(H),

m1 ∥u∥H ≤
∥∥eitHu∥∥H ≤ m2 ∥u∥H .
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Ce théorème montre en particulier que pour une condition initiale dans le sous-espace
spectral absolument continu deH, alors en tout temps la norme de la solution de l'équation
de Schrödinger est contrôlée inférieurement et supérieurement par la norme de la condition
initiale. Un résultat similaire a été démontré dans [46] pour des opérateurs de Schrödinger
et dans [35] pour une classe abstraite d'opérateurs dissipatifs.

1.3.3 Exemple des opérateurs de Schrödinger

Dans cette section, nous montrons que nos résultats s'appliquent aux opérateurs de Schrö-
dinger sur Rd avec un potentiel satisfaisant une condition de courte portée. Plus spéci�-
quement, considérons

H = L2(Rd,C), d ≥ 3 impair, H0 = −∆, D(H0) = H2(Rd,C)
V un potentiel à valeurs complexes;

avec H2(Rd) l'espace de Sobolev usuel.

1.3.3.1 Singularités spectrales pour des potentiels à courte porté

Dans cette partie, nous donnons les conséquences du théorème 1.3.1 pour l'opérateur
H0 + V sous une conditions de courte portée sur V . Supposons que

x 7→ ⟨x⟩σV (x) ∈ L∞(Rd), σ > 1. (1.9)

En particulier, V décroit à l'in�ni et donc σess(H) = σess(H0). Par ailleurs, il est bien
connu que pour tout λ > 0,

⟨x⟩−δR0(λ± i0+)⟨x⟩−δ (1.10)

existe dans B(H) pour tout δ > 1
2
, où ⟨x⟩ = (1+x2)

1
2 , alors on peut décomposer V = CWC

en choisissant C l'opérateur de multiplication par ⟨x⟩−σ/2. Notons que si V satisfait la
condition de courte portée (1.9) avec σ ≥ 2 alors le principe d'absorption limite (1.10) est
satisfait pour tout λ ≥ 0. Ici HC est

HC = L2
σ/2 :=

{
f : Rd → C, x 7→ ⟨x⟩

σ
2 f(x) ∈ L2(Rd)

}
,

muni de la norme usuelle et son dual est donné par

H′
C = L2

−σ/2 =
{
f : Rd → C, x 7→ ⟨x⟩−

σ
2 f(x) ∈ L2(Rd)

}
.

Comme l'ensemble des fonctions lisses à support compact est contenu dans D(H0) ∩ HC

alors l'hypothèse 1.5 est satisfaite. Ainsi le théorème 1.3.1 s'applique et se réécrit sous la
forme suivante :

Proposition 1.3.2. Supposons que V est un potentiel à valeurs complexes satisfaisant
(1.9) avec σ > 1 (respectivement σ ≥ 2). Soit C(x) = ⟨x⟩−σ/2. Alors pour tout λ > 0
(respectivement λ ≥ 0), les conditions suivantes sont équivalentes :
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(i) λ est une singularité spectrale sortante/entrante de H au sens de la dé�nition 1.2.1,

(ii) Il existe Ψ ∈ H′±
C (λ) ⊂ L2

−σ/2, Ψ ̸= 0, tel que

(−∆+ V (x)− λ)Ψ = 0.

Les résultats de la proposition 1.3.2 avait déjà été obtenu par Wang dans [90, 91] avec
des arguments di�érents.

Pour plus de détails concernant les applications de cette caractérisation des singularités
spectrales, nous renvoyons à la sous-section 2.3.3.1.

1.3.3.2 Application pour des potentiels à support compact

Nous montrons ici que nous pouvons appliquer les théorèmes 1.3.2, 1.3.3, 1.3.4 et 1.3.5 à
H = −∆+ V (x) si V est une fonction essentiellement bornée à support compact.

Il est bien connu que

sup
z∈C\R

∥∥⟨x⟩−sR0(z)⟨x⟩−s
∥∥
L2(R3,C) < +∞

pour tout s > 2. En particulier, l'hypothèse 1.1 est satisfaite. De plus comme V est un
opérateur à support compact, alors en appliquant les résultats de [43], l'hypothèse 1.2 est
satisfaite. L'hypothèse 1.3 est liée à la théorie des résonances. Les résonances sont dé�nies
comme les pôles du prolongement méromorphe de la fonction

{z ∈ C, Im(z) > 0} ∋ z 7→ (H − z2)−1 : L2(Rd,C) → L2(Rd,C)

en la fonction
C ∋ z 7→ (H − z2) : L2

c(Rd,C) → L2
loc(Rd,C), (1.11)

où L2
c(Rd) := {u ∈ L2(Rd), u à support compact} et L2

loc(Rd) := {u : Rd → C, u ∈
L2(K) pour tout ensemble compact K ⊂ Rd}. Les pôles de l'application (1.11) sont ap-
pelés résonances de H. On peut véri�er que les résonances réelles positives/négatives de
H sont en bijection avec les singularités spectrales sortantes/entrantes de H. De plus on
sait que H a un nombre �ni de résonances et, pour chaque résonance, à l'ordre de son
pôle correspond l'ordre de la singularité spectrale (voir [25]). Donc l'hypothèse 1.3 est
satisfaite. On en déduit alors la proposition suivante :

Proposition 1.3.3. Supposons que V soit un potentiel à valeurs complexes essentielle-
ment borné et à support compact. Alors

H±
ads(H) = H±

p (H).

Pour l'application du théorème 1.3.3, nous avons besoin de véri�er que l'hypothèse
1.4 est également satisfaite. Pour les opérateurs de Schrödinger, on peut choisir J comme
l'opérateur de conjugaison complexe. On obtient alors la proposition suivante :
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Proposition 1.3.4. Supposons que V soit un potentiel à valeurs complexes essentielle-
ment borné et à support compact. Si de plus pour chaque valeur propre λ plongée dans le
spectre essentiel de H, la forme bilinéaire

Ker ((H − λ)νλ) ∋ (u, v) 7→
∫
Rd

u(x)v(x)dx

est non dégénérée, où νλ désigne la multiplicité alébrique de λ, alors

Hac(H) = Hp(H
⋆)⊥.

Pour ces deux propositions, le lecteur pourra consulter la section 2.3.3.2.
Finalement sous les mêmes hypothèses que la proposition précédente, les résultats de

théorie de di�usion (voir section 3.3.3) se réécrivent de la façon suivante :

Proposition 1.3.5. Supposons que V soit un potentiel à valeurs complexes essentielle-
ment borné et à support compact. Si de plus pour chaque valeur propre λ plongée dans le
spectre essentiel de H, la forme bilinéaire

Ker ((H − λ)νλ) ∋ (u, v) 7→
∫
Rd

u(x)v(x)dx

est non dégénérée, alors W±(H,H0) existent, sont injectifs et d'image dense dans Hac(H).
De plus, si H n'a pas de singularités spectrales, alors les opérateurs d'onde sont asymp-
totiquement complets et il existe m1 > 0 et m2 > 0 tels que pour tout u ∈ Hac(H),

∀t ∈ R, m1 ∥u∥H ≤
∥∥eitHu∥∥H ≤ m2 ∥u∥H .

1.4 Organisation du manuscrit

Ce manuscrit de thèse est divisé en quatre parties.
Le première chapitre est l'introduction et un résumé des travaux de cette thèse. En

particulier, nous avons présenté les résultats principaux que nous avons obtenus et nous
nous sommes e�orcés de citer à quelle section ou sous-section du manuscrit des détails
pouvaient être trouvés.

Le second chapitre est la version la plus à jour de l'article rédigé en anglais par Jérémy
Faupin et l'auteur de cette thèse, intituée � Spectral decomposition of some non-self-adjoint
operators �. Il porte sur la partie décomposition spectrale, et plus spéci�quement sur les
résultats des théorèmes 1.3.1, 1.3.2 et 1.3.3.

Le troisième chapitre est une version à jour de l'article intitulé � Scattering theory
for non-self-adjoint operators � rédigé en anglais par l'auteur de cette thèse. Cette partie
porte sur la théorie de la di�usion pour le modèle présenté dans cette introduction et plus
particulièrement sur les résultats des théorèmes 1.3.4, 1.3.5 et 1.3.6.

Le quatrième chapitre, rédigé en français, est dans la continuité de ce qui est présenté
aux chapitre 2 et 3. La di�érence majeure est l'hypothèse que nous faisons sur le potentiel
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V : nous ne supposons pas que celui-ci est borné. L'une des di�cultés est que dans ce cas
−iH n'engendre pas un groupe d'évolution et donc, a priori, l'équation de Schrödinger
n'a pas de solution. Sous des hypothèses similaires à celles des chapitres 2 et 3, nous
construisons un calcul fonctionnel qui permet de construire des solutions à l'équation de
Schrödinger.





Chapter 2

Spectral decomposition of some

non-self-adjoint operators

We consider non-self-adjoint operators in Hilbert spaces of the form H = H0 + CWC,
where H0 is self-adjoint, W is bounded and C is bounded and relatively compact with
respect toH0. We suppose that C is a metric operator and that C(H0−z)−1C is uniformly
bounded in z ∈ C \ R. We de�ne the spectral singularities of H as the points of the
essential spectrum λ ∈ σess(H) such that C(H − λ ± iε)−1CW does not have a limit as
ε → 0+. We prove that the spectral singularities of H are in one-to-one correspondence
with the eigenvalues, associated to resonant states, of an extension of H to a larger
Hilbert space. Next, we show that the asymptotically disappearing states for H, i.e. the
vectors φ such that e±itHφ → 0 as t → ∞, coincide with the �nite linear combinaisons
of generalized eigenstates of H corresponding to eigenvalues λ ∈ C, ∓Im(λ) > 0. Finally,
we de�ne the absolutely continuous spectral subspace of H and show that it satis�es
Hac(H) = Hp(H

⋆)⊥, where Hp(H
⋆) stands for the point spectral subspace of H⋆. We thus

obtain a direct sum decomposition of the Hilbert spaces in terms of spectral subspaces
of H. One of the main ingredients of our proofs is a spectral resolution formula for a
bounded operator r(H) regularizing the identity at spectral singularities. Our results
apply to Schrödinger operators with complex potentials.

2.1 Introduction

We are interested in this paper in the evolution of a quantum system governed by the
time-dependent Schrödinger equation

i∂tφ = Hφ, (2.1)

with a non-self-adjoint operator H.
Non-self-adjoint `Hamiltonians' in Quantum Mechanics are considered in various con-

texts, see [4, 62] and references therein. We mention here two frameworks that are espe-
cially relevant for our study.

19
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As e�ective or phenomenological operators, non-self-adjoint operators are used to de-
scribe non-conservative phenomena. A celebrated example is the optical model in nuclear
physics describing both the elastic and inelastic scattering of a neutron � or a proton �
at a nucleus. It was introduced by Feshbach, Porter and Weisskopf [37] as an empirical
model allowing, in particular, the description of the formation of a compound nucleus [7].
In this model, the unnormalized state of the neutron at a positive time t is given by the
solution φt = e−itHφ to (2.1), with H = −∆ + V (x) a dissipative Schrödinger operator
in L2(Rd), Im(V (x)) ≤ 0. Part of the energy of the neutron may be transferred to the
nucleus, possibly leading to the absorption, or capture, of the neutron by the nucleus.
Mathematically, this is re�ected in the dissipative nature of the equation since, in par-
ticular, given a normalized initial state φ ∈ L2(Rd), we have that ∥e−itHφ∥L2 ≤ 1 for all
t ≥ 0. The probability of absorption

pabs(φ) := 1− lim
t→∞

∥∥e−itHφ
∥∥2
L2

does not vanish in general.
The nuclear optical model leads to predictions that correspond to experimental scat-

tering data to a high precision. Theoretical justi�cations of the model have been given
in [38�40] (see also [4, 41, 50]). The idea of the justi�cation consists in projecting out, in
the Schrödinger equation associated to the total system nucleus � neutron, the degrees of
freedom corresponding to the nucleus. This can be performed using Schur's complement
formula and leads to a Schrödinger equation for the neutron which is non-linear in energy.
The e�ective, non-self-adjoint Hamiltonian for the neutron is then obtained by averaging
over energy.

PT -symmetric operators constitute another widely used class of non-self-adjoint op-
erators in Quantum Mechanics. It was observed by Bender and Boettcher [5] that a large
class of `PT -invariant Hamiltonians' have real spectra and can therefore be quantum me-
chanically relevant in many situations. For Schrödinger operators, H = −∆ + V (x) on
L2(Rd), with V a complex potential, PT -symmetry means that

[H,PT ] = 0,

where P is the parity operator, (Pφ)(x) = φ(−x), and T the time-reversal operator,
(T φ)(x) = φ(x).

In recent years, PT -symmetric operators have attracted lots of attention, from the-
oretical studies showing that PT -invariant operators have real spectra under suitable
conditions [22, 61, 63, 64, 73, 84], to experimental studies revealing PT -symmetry-like
structures, in particular in optics [67, 77, 81]. See [26] for more references and more
recent developments, [64] for results on the pseudo-spectra of PT -symmetric operators,
and [9, 10, 93] for the study of PT -symmetric operators having continuous spectra. It
may also be worth mentioning that a mathematically related and, perhaps, more relevant
concept than PT -symmetry, is that of quasi-self-adjointness [20, 83]. We refer to [64] for
a relationship between quasi-self-adjointness and PT -symmetry.
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In this paper, we consider an abstract class of non-self-adjoint operators in a com-
plex Hilbert space H, of the form H = H0 + V . We suppose that H0 is a self-adjoint
operator with purely absolutely continuous spectrum and that V is a relatively compact
perturbation of H0. In particular, the essential spectra of H and H0 coincide. We sup-
pose furthermore that V admits a factorization as V = CWC, with W bounded and C a
strictly positive operator such that

sup
z∈C\R

∥∥C(H0 − z)−1C
∥∥
B(H)

<∞.

Such factorizations go back to the seminal work of Kato [55], see also [65].
We are interested in a spectral decomposition of the non-self-adjoint operator H, in

relation with the long-time behavior of the solutions to (2.1). Note that H being a
bounded perturbation of H0, the operator −iH generates a strongly continuous group
{e−itH}t∈R and hence, for any φ ∈ H, (2.1) admits a global solution R ∋ t 7→ e−itHφ ∈ H.

Roughly speaking, our main contributions can be summarized as follows. First, de�n-
ing the spaces of asymptotically disappearing states as

H±
ads(H) :=

{
φ ∈ H, lim

t→±∞

∥∥e−itHφ
∥∥
H = 0

}
,

we will show that H±
ads(H) coincide with the vector space spanned by all eigenvectors,

or generalized eigenvectors, corresponding to eigenvalues λ of H such that ∓Im(λ) > 0.
Next, de�ning the absolutely continuous spectral subspace Hac(H) of H as the closure of{

φ ∈ H, ∃ cφ > 0,∀ψ ∈ H,
∫
R

∣∣〈e−itHφ, ψ
〉
H

∣∣2 dt ≤ cφ ∥ψ∥2H
}
,

we will prove that Hac(H) = Hp(H
⋆)⊥, where H⋆ stands for the adjoint of H and Hp(H

⋆)
is the point spectral subspace of H⋆, i.e. the vector space spanned by all eigenstates or
generalized eigenstates of H⋆. These characterizations of H±

ads(H) and Hac(H) in turn
imply a J-orthogonal decomposition of the Hilbert space (for some conjugation operator
J , see Hypothesis 2.4 for precise conditions on J) given by

H = Hac(H)⊕H+
ads(H)⊕H−

ads(H)⊕Hb(H), (2.2)

where Hb(H) is the space of `bound states ', i.e. the closure of the vector space spanned
by all generalized eigenvectors of H corresponding to real eigenvalues. Hence we obtain
a decomposition of the Hilbert space into `scattering states ' (corresponding to elements
of Hac(H)), asymptotically disappearing states and bound states. This generalizes the
well-known spectral decomposition for self-adjoint operators without singular continuous
spectrum (in the case of self-adjoint operators H, of course, we have H±

ads(H) = {0}).
To prove these results, we will require that H only have �nitely many eigenvalues

(counting algebraic multiplicities) and �nitely many spectral singularities. As in previous
works concerning dissipative operators in Hilbert spaces [32, 34, 35], the notion of spectral
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singularities plays a central role in this paper. In our context, we will de�ne a spectral
singularity as a point λ of the essential spectrum of H such that one of the two limits

lim
ε→0+

C(H − λ± iε)−1CW

does not exist in the norm topology of B(H). We will prove that λ is a spectral singularity
of H if and only if it is an eigenvalue of an extension H ′ of H to a larger Hilbert space
H′

C , corresponding to an eigenstate (a `resonant ' state) belonging to a suitable subspace
of H′

C (the space H′
C will be de�ned as the anti-dual of Ran(C), equipped with a suitable

norm).
Our results concerning the spaces of asymptotically disappearing statesH±

ads(H) gener-
alize previous results for dissipative operators recently obtained in [35]. Our proof is more
direct, in particular it does not rely on the scattering theory for the pair (H,H0), which
was a crucial element of the proof in [35]. Our results showing that Hac(H) = Hp(H

⋆)⊥

seem to be new. It is worth mentioning that, contrary to previous results on absolutely
continuous spectral subspaces for non-self-adjoint operators (see [16] for dissipative oper-
ators and [60, 74] and references therein for a more general context), we do not use the
theory of dilations of contractive semigroups.

The abstract theory developed in this paper applies to Schrödinger operators H =
−∆ + V (x) on L2(Rd), under suitable decay assumptions on the complex potential V .
In this case, spectral singularities correspond to real resonances. Some of our results
on spectral singularities may thus be seen as abstract versions of corresponding well-
known properties in the theory of resonances for Schrödinger operators [25]. On the other
hand, the characterizations of the subspaces H±

ads(H) and Hac(H), as well as the spectral
decomposition formula (2.2), seem to give new results also in the context of Schrödinger
operators.

Before stating our results in more precise terms in Section 2.3, we begin with describing
in details the abstract setting studied in this paper in Section 2.2.

Notations. In what follows, given two Hilbert spaces H1, H2, the notation B(H1,H2)
stands for the set of bounded operators from H1 to H2. If H1 = H2, we set B(H1) :=
B(H1,H1).

If E is a Banach space and E ′ its anti-dual, we denote by

⟨u,Φ⟩E;E′ := Φ(u), Φ ∈ E ′, u ∈ E,

the usual duality bracket.
The domain of an operator A on a Hilbert space H is denoted by D(A). The spectrum

and resolvent set of A are denoted by σ(A) and ρ(A), respectively. For z ∈ ρ(A), we let

RA(z) := (A− z)−1

be the resolvent of A. In the case where A is the unperturbed operator H0, we will also
use the shorthand R0 := RH0 .
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We let C± := {z ∈ C, ±Im(z) > 0} and C̄± := {z ∈ C, ±Im(z) ≥ 0}. The complex
open disc centered at λ and of radius r is denoted by

D̊(λ, r) := {z ∈ C, |z − λ| < r}.

2.2 Abstract setting

2.2.1 The model

Let (H, ⟨. , .⟩H) be a complex separable Hilbert space. On H, we consider the operator

H := H0 + V, (2.3)

where H0 is self-adjoint and semi-bounded from below and V ∈ B(H) is a bounded
operator. In particular, H is a closed operator with domain D(H) = D(H0) and its
adjoint is given by

H⋆ = H0 + V ⋆, D(H⋆) = D(H0).

Without loss of generality, we suppose that H0 ≥ 0. Since H is a perturbation of the
self-adjoint operator H0 by the bounded operator V , −iH is the generator of a strongly
continuous one-parameter group

{
e−itH

}
t∈R satisfying∥∥e−itH

∥∥
B(H)

≤ e|t|∥V ∥B(H) , t ∈ R,

(see e.g [19] or [28]).
We assume that there exists a metric operator C ∈ B(H) such that C is relatively

compact with respect to H0 and V is of the form

V = CWC, (2.4)

with W ∈ B(H). We recall that a metric operator is a strictly positive operator, i.e.
C ≥ 0 and Ker(C) = {0}, see e.g. [3].

We mention that the semi-boundedness of H0, which we assume throughout the paper
for simplicity, can be relaxed, assuming for instance that H0 has a spectral gap.

2.2.2 Spectral subspaces, spectral projections

Recall that σ(H) stands for the spectrum of H and ρ(H) = C \ σ(H) its resolvent set.
As usual, the point spectrum of H is de�ned as the set of all eigenvalues of H,

σp(H) :=
{
λ ∈ C, Ker(H − λ) ̸= {0}

}
.

For each eigenvalue λ, we de�ne its algebraic multiplicities mλ(H) as the dimension of
the generalized eigenspace associated to λ,

mλ(H) := dim
( ∞⋃

k=1

Ker
(
(H − λ)k

))
.



24 Chapter 2. Spectral decomposition of some non-self-adjoint operators

×

×

×

×

×

×

×

×

×

×××
×××××× ××××××

×

Figure 2.1: Spectrum of H. The essential spectrum of H, represented by thick lines, coincides

with that of H0 and is contained in [0,∞). Eigenvalues of H are represented by crosses. The discrete

spectrum of H consists of isolated eigenvalues of �nite algebraic multiplicities which may accumulate at

any point of the essential spectrum. The point spectrum of H may also contain eigenvalues embedded in

the essential spectrum.

If λ is an isolated eigenvalue of H, we denote by

Πλ(H) :=
1

2πi

∫
γ

(z Id−H)−1 dz, (2.5)

the usual Riesz projection, where γ is a circle oriented counterclockwise and centered at
λ, of su�ciently small radius (so that λ is the only point of the spectrum of H contained
in the interior of γ) is �nite dimensional. The discrete spectrum of H, σdisc(H) is the set
of all isolated eigenvalue λ such that the range of the associated Riesz projection is �nite
dimensional.

Under our assumptions, since V is a relatively compact perturbation of H0, the essen-
tial spectrum σess(H) := σ(H)\σdisc(H) coincides with the essential spectrum of H0 and
the discrete spectrum σdisc(H) is at most countable and can only accumulate at points of
σess(H) (see [76, Corollary 2 of Theorem XIII.14]). See Figure 2.1.

It should be noted that there exist various de�nitions of essential spectra for non-self-
adjoint operators [27, Chapter IX], but these de�nitions coincide in our context. This
follows from the fact that H is a relatively compact perturbation of the self-adjoint oper-
ator H0 together with [76, Corollary 2 of Theorem XIII.14] and [27, Theorems IX.1.6 and
IX.2.1]. In turn, this shows that σess(H) coincides with the set of λ ∈ C such that H − λ
is not Fredholm.

We de�ne in addition the set of all eigenvalues embedded in the essential spectrum of
H:

σemb(H) := σp(H) ∩ σess(H).
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2.2.2.1 Eigenspaces corresponding to isolated eigenvalues

For λ ∈ σdisc(H), as the range of the Riesz projection (2.5) is �nite, it follows from
[76, Theorem XII.5 (d)] that Ran(Πλ(H)) is spanned by generalized eigenvectors of H
associated to λ, i.e., by vectors u ∈ D(Hk) such that (H − λ)ku = 0 for some 1 ≤ k ≤
mλ(H). In particular we have Ran(Πλ(H)) = mλ(H). In the case where H0 does not
have any point spectrum (which we will assume later on), as the essential spectra of H
and H0 coincide, the discrete spectrum of H coincides with the set of isolated eigenvalues
of H with �nite algebraic multiplicities.

We set
Hdisc(H) := Span {u ∈ Ran(Πλ(H)), λ ∈ σdisc(H)}cl ,

where Acl stands for the closure of a subset A ⊂ H. We will sometimes assume that the
discrete spectrum of H is �nite. The spectral projection Πdisc(H) onto Hdisc(H) is then
de�ned by

Πdisc(H) :=
∑

λ∈σdisc(H)

Πλ(H). (2.6)

We will also consider the following three subspaces of Hdisc(H):

H+
disc(H) := Span {u ∈ Ran (Πλ(H)) , λ ∈ σdisc(H), Im(λ) < 0}cl , (2.7)

H0
disc(H) := Span {u ∈ Ran (Πλ(H)) , λ ∈ σdisc(H), Im(λ) = 0}cl , (2.8)

H−
disc(H) := Span {u ∈ Ran (Πλ(H)) , λ ∈ σdisc(H), Im(λ) > 0}cl . (2.9)

Observe that H+
disc(H) is the closure of the vector space spanned by all generalized

eigenvectors corresponding to eigenvalues with negative imaginary part, and likewise for
H−

disc(H). The reason for these conventions will be understood later (see Theorem 2.3.2).
Clearly, if σdisc(H) is �nite, we have the following direct sum decomposition:

Hdisc(H) = H−
disc(H)⊕H0

disc(H)⊕H+
disc(H).

The corresponding spectral projections Π♯
disc(H), where ♯ stands for +, − or 0, are de�ned

as in (2.6).

2.2.2.2 Eigenspaces corresponding to embedded eigenvalues

Suppose now that λ is an eigenvalue of H embedded in its essential spectrum. The Riesz
projection corresponding to λ is then ill-de�ned, but, under some further conditions, one
can de�ne the spectral projection Πλ(H) as follows.

In the following (see Hypothesis 2.4 below), we will suppose the existence of a conju-
gation operator J , i.e. an antiunitary operator satisfying

JD(H0) ⊂ D(H0) and ∀u ∈ D(H0), JHu = H⋆Ju. (2.10)

We recall that J is called antiunitary if J : H → H is an antilinear, continuous, surjective
map such that J⋆J = Id, where J⋆ is de�ned by ⟨φ, Jψ⟩ = ⟨ψ, Jφ⟩ for all φ, ψ ∈ H. Note
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that the further property that J is involutive, J2 = Id, is usually required in the de�nition
of a conjugation operator. In some applications, the requirement that J is involutive may
however be too restrictive, see [4] and references therein. We will therefore not impose
this condition here.

Such an operator J establishes, in particular, a one-to-one correspondence between
Ker((H − λ)k) and Ker((H⋆ − λ̄)k) for all k ∈ N and hence

mλ(H) = mλ̄(H
⋆).

To shorten notation, let mλ = mλ(H) = mλ̄(H
⋆). In order to study the absolutely contin-

uous spectral subspace of H (see (2.17)�(2.18)), we will suppose that for each embedded
eigenvalue λ ∈ σess(H), mλ is �nite and the symmetric bilinear form

Ker
(
(H − λ)mλ

)
×Ker((H − λ)mλ) ∋ (u, v) 7→ ⟨Ju, v⟩H is non-degenerate. (2.11)

This implies that there exists a basis (φk)1≤k≤mλ
of Ker((H − λ)mλ) such that

⟨Jφi, φj⟩H = δij, 1 ≤ i, j ≤ mλ. (2.12)

We can then de�ne the spectral projection Πλ(H) onto the generalized eigenspace corre-
sponding to λ as

Πλ(H)u :=

mλ∑
k=1

⟨Jφk , u⟩H φk, u ∈ H. (2.13)

It is not di�cult to observe that Πλ(H) does not depend on the choice of the basis, is
a projection commuting with H, such that Πλ(H) ∈ B(H) and Πλ(H)⋆ = Πλ(H

⋆) (see
Proposition 2.2.1 below for a more precise statement), where

Πλ(H
⋆)u :=

mλ∑
k=1

⟨φk , u⟩H Jφk, u ∈ H, (2.14)

de�nes a projection onto the generalized eigenspace corresponding to λ for H⋆. Note
however that if (2.11) does not hold, it is not clear how to de�ne such a projection. In
fact, in the simplest case where mλ = 1, one easily veri�es that the condition ⟨Jφ, φ⟩ ≠ 0
for any φ ∈ Ker(H − λ) \ {0} is necessary to have the existence of a projection onto
Ker(H − λ) commuting with H.

The closure of the vector space spanned by all generalized eigenstates corresponding
to embedded eigenvalues of H will be denoted by

Hemb(H) := Span {u ∈ Ran(Πλ(H)), λ ∈ σemb(H)}cl .

If σemb(H) is composed of �nitely many eigenvalues with �nite algebraic multiplicities and
such that (2.11) holds, we will also use the notation

Πemb(H) :=
∑

λ∈σemb(H)

Πλ(H).
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2.2.2.3 Point spectral subspace

With the de�nitions of the spectral projections Πλ(H) given in Sections 2.2.2.1 and 2.2.2.2,
we have the following proposition, which covers both cases of isolated and embedded
eigenvalues.

Proposition 2.2.1. Suppose that there exists a conjugate operator J such that (2.10)
holds. Let λ be an eigenvalue of H with �nite algebraic multiplicity mλ. If λ ∈ σess(H),
suppose in addition that (2.11) holds. Then Πλ(H) ∈ B(H), Πλ(H) is a projection which
satis�es Ran(Πλ(H)) ⊂ D(H) and commutes with H. Its range and adjoint are given
respectively by

Ran(Πλ(H)) = Ker((H − λ)mλ), Πλ(H)⋆ = Πλ(H
⋆).

We have
(HΠλ(H))⋆ = H⋆Πλ(H

⋆),

and if λ, λ′ are two distinct eigenvalues of H satisfying the assumptions above, then

Πλ(H)Πλ′(H) = 0.

In the case of isolated eigenvalues, Proposition 2.2.1 follows from the de�nition (2.5) of
the Riesz projection Πλ(H) (see e.g. [76, Theorem XII.5]). In the general case, it su�ces
to observe that the restriction of H to each �nite direct sum of ranges of such projections
has a discrete spectrum (since each eigenvalue has �nite algebraic multiplicity) and that
the Riesz projections associated to these eigenvalues are given by the restrictions of (2.5)
or (2.13) to Hp(H). For embedded eigenvalues, we prove Proposition 2.2.1 in appendix
2.6.1.

We will assume below that H only has a �nite number of eigenvalues with �nite
algebraic multiplicities. Under this simplifying assumption, we set

Πp(H) :=
∑

λ∈σp(H)

Πλ(H),

and observe that
Πp(H)⋆ =

∑
λ∈σp(H)

Πλ(H
⋆) =: Πp(H

⋆).

The point spectral subspace of H is then de�ned by

Hp(H) := Ran(Πp(H)),

and likewise for H⋆. It satis�es

Hp(H) = Hdisc(H)⊕Hemb(H).

We also observe that under our assumptions, the point spectral subspace corresponding to
eigenvalues with positive/negative imaginary parts identi�es to the corresponding discrete
spectral subspace:

H+
p (H) := Span {u ∈ Ran (Πλ(H)) , λ ∈ σp(H), Im(λ) < 0}cl = H+

disc(H), (2.15)

H−
p (H) := Span {u ∈ Ran (Πλ(H)) , λ ∈ σp(H), Im(λ) > 0}cl = H−

disc(H). (2.16)
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2.2.2.4 Subspaces of asymptotically disappearing states

We de�ne the subspaces of asymptotically disappearing states as

H±
ads(H) :=

{
u ∈ H, lim

t→±∞

∥∥e−itHu
∥∥
H = 0

}cl

.

Note that H+
ads(H) and H−

ads(H) are closed. Using that for a generalized eigenvector
φ ∈ H±

p (H), the norm ∥e−itHφ∥H decays exponentially as t → ±∞, it is not di�cult to
verify that

H±
p (H) ⊂ H±

ads(H),

(see Proposition 2.5.6). In Theorem 2.3.2 below, we will give conditions under which this
inclusion becomes an equality.

2.2.2.5 Absolutely continuous spectral subspace

Let

M(H) :=

{
u ∈ H, ∃cu > 0,∀v ∈ H,

∫
R

∣∣〈e−itHu, v
〉
H

∣∣2 dt ≤ cu ∥v∥2H
}
. (2.17)

We de�ne the absolutely continuous spectral subspace of H, Hac(H), as the closure of
M(H) in H,

Hac(H) := M(H)cl. (2.18)

Note that if H is self-adjoint, then Hac(H) coincides with the usual absolutely continuous
spectral subspace of H (see [15, Theorem 6.24]).

Such a de�nition of an absolutely continuous spectral subspace for non-self-adjoint
operators goes back to [14], where dissipative operators, Im(V ) ≤ 0, are considered,
and the integral in (2.17) is taken over [0,∞) instead of R. For self-adjoint operators,
our de�nition and that of [14] coincide; this is however not the case for non-self-adjoint
operators. See Section 2.3.4 for a discussion comparing our results and those of [14, 16] for
the absolutely continuous spectral subspace of dissipative operators. Note also that other
de�nitions of an absolutely continuous spectral subspace for non-dissipative perturbations
of a self-adjoint operator have been considered in the literature, using the theory of
dilations. See [60, 74] and references therein.

Our de�nition of Hac(H) is motivated by the following fact: it is not di�cult to see
that if v is a generalized eigenvector of H⋆, then t 7→

〈
e−itHu, v

〉
H cannot belong to L2(R)

unless ⟨u, v⟩ = 0 (see Section 2.5.5). In other words

Hac(H) ⊂ Hp(H
⋆)⊥.

Theorem 2.3.3 will show that, under suitable assumptions, Hac(H) = Hp(H
⋆)⊥. This

generalizes the equality Hac(H) = Hp(H)⊥ which holds for self-adjoint operators without
singular continuous spectrum.
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2.2.3 Extension of the Hilbert space

In this section, we construct an extension of the Hilbert space H containing the `outgoing
and incoming resonant states' that will be introduced below (see De�nition 2.2.3). To
this end we consider a Gelfand triple de�ned in terms of the metric operator C appearing
in the de�nition (2.3)�(2.4) of H.

2.2.3.1 Gelfand triple

Recall that C is supposed to be relatively compact with respect to H0. Let

HC := Ran(C).

Since C is self-adjoint and injective, its inverse C−1 is a self-adjoint unbounded operator
with dense domaine D(C−1) := HC . We equip HC with the scalar product

⟨u, v⟩HC
:=
〈
C−1u,C−1v

〉
H , u, v ∈ HC .

It is not di�cult to verify that the identity operator from HC to H is a continuous
embedding, HC ↪→ H.

Let H′
C be the anti-dual of HC (the set of anti-linear continuous maps from (HC , ∥·∥H)

to C). Setting
⟨u, v⟩C := ⟨Cu,Cv⟩H , u, v ∈ H,

one veri�es that H′
C identi�es with the completion of H for the norm ∥.∥C associated to

⟨·, ·⟩C . Thus we obtain the Gelfand triple

HC ↪→ H ↪→ H′
C .

Now, given A ∈ B(HC) a bounded operator in HC , the anti-dual of A, denoted by
A′ ∈ B(H′

C), is de�ned by

⟨u,A′Ψ⟩HC ,H′
C
:= ⟨A⋆u,Ψ⟩HC ,H′

C
, Ψ ∈ H′

C , u ∈ HC . (2.19)

Since the restriction of C to HC belongs to B(HC), we can consider its anti-dual de�ned
by (2.19); we still use the symbol C ′ to denote the anti-dual of C|HC

. It is not di�cult
to show that, for all Ψ ∈ H′

C , C
′Ψ extends to an anti-linear continuous form on H which

identi�es to an element of H via the (anti-linear version of) the Riesz representation
theorem. The map C ′ : H′

C → H then extends to a bounded operator C ′ ∈ B(H′
C ,H)

satisfying
∥C ′∥B(H′

C ,H) ≤ 1.

Moreover, C ′ is an extension of C and for all Ψ ∈ H′
C , there exists a sequence (vn)n∈N ⊂ H

such that ∥∥C ′Ψ− Cvn
∥∥
H → 0, n→ ∞.

Note that the anti-dual of C−1 ∈ B(HC ,H), denoted by (C−1)′ ∈ B(H,H′
C), satis�es

C ′−1 = (C−1)′. Note also that H′
C is equipped with the scalar product

⟨Ψ ,Φ⟩HC′ := ⟨C ′Ψ , C ′Φ⟩H , Ψ,Φ ∈ H′
C ,

which is an extension of ⟨· , ·⟩C to H′
C .
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2.2.3.2 Extension of H

Our next concern is to de�ne the anti-dual of the operator

H = H0 + V = H0 + CWC.

First, we observe that since V = CWC belongs to B(H′
C ,HC), its anti-dual V ′ ∈

B(H′
C ,HC) is well-de�ned and given by

V ′ = CWC ′.

Now, in order for the anti-dual of the unbounded operator H0 to be well-de�ned, we will
assume (see Hypothesis 2.5 below) that

D(H0|HC
) := {u ∈ D(H0) ∩HC , H0u ∈ HC}

is dense in HC for the topology of HC . The anti-dual H ′
0 of H0 is then de�ned by

D(H ′
0) :=

{
Ψ ∈ H′

C ,∃α > 0,∀u ∈ D(H0|HC
), |⟨H0u,Ψ⟩HC ,H′

C
| ≤ α ∥u∥HC

}
,

and
⟨u,H ′

0Ψ⟩HC ,H′
C
:= ⟨H0u,Ψ⟩HC ,H′

C
, Ψ ∈ D(H ′

0), u ∈ D(H0|HC
).

In the same way, we can de�ne

D(H|HC
) := {u ∈ D(H0) ∩HC , Hu ∈ HC} ,

⟨u,H ′Ψ⟩HC ,H′
C
:= ⟨H⋆u,Ψ⟩HC ,H′

C
, Ψ ∈ D(H ′), u ∈ D(H|HC

).

Then it is not di�cult to see that D(H0|HC
) = D(H|HC

), D(H ′
0) = D(H ′), and

H ′ = H ′
0 + V ′ = H ′

0 + CWC ′.

Clearly, H ′ is an extension of H since for all u ∈ D(H0), we have

∀v ∈ D(H0|HC
), |⟨u,H0v⟩H| ≤ ∥H0u∥H ∥C∥H ∥v∥HC

,

which implies that u ∈ D(H ′
0) and that H ′u = Hu, using the anti-linear version of the

Riesz representation theorem.

2.2.3.3 The resolvent of H0

One of our main hypotheses (see Hypothesis 2.1) will imply that the limits

CR0(λ± i0+)C := lim
ε→0+

CR0(λ± iε)C (2.20)

exist for a.e. λ ∈ σess(H0), for the topology of B(H). In other words, the family of
operators (R0(λ± iε))ε>0 converges in B(HC ,H′

C) as ε→ 0+ and its limit is denoted by

R0(λ± i0+) ∈ B(HC ,H′
C).
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2.2.4 Regular spectral points and spectral singularities

In this section we de�ne the notions of regular spectral points and spectral singularities
that we consider in this paper.

De�nition 2.2.2 (Regular spectral point and spectral singularity). Let λ ∈ σess(H).

(i) We say that λ is an outgoing/incoming regular spectral point of H if λ is not an
accumulation point of eigenvalues located in λ± i (0,∞) and if the limit

CRH(λ± i0+)CW := lim
ε→0+

CRH(λ± iε)CW (2.21)

exists in the norm topology of B(H). If λ is not an outgoing/incoming regular
spectral point, we say that λ is an outgoing/incoming spectral singularity of H.

(ii) We say that λ is a regular spectral point of H if it is both an incoming and an
outgoing regular spectral point of H. If λ is not a regular spectral point, we say that
λ is a spectral singularity of H.

Our de�nition of a spectral singularity is related to that of [82] and to the notion of
spectral projections for non-self-adjoint operators [23], which will also be an important tool
in our paper. See (2.38) for the de�nition of the spectral projection 1I(H) corresponding to
a spectral interval I ⊂ σess(H) without spectral singularities. In [82], a spectral singularity
corresponds to an exceptional point λ0 outside of which the `spectral resolution' I 7→
1I(H) is countably additive and uniformly bounded. In our context, this is a weaker
requirement than that of De�nition 2.2.2, see Section 2.5.1.

De�nition 2.2.2 generalizes the de�nition of spectral singularities considered in the
context of dissipative operators in [32, 34, 35]. As we explain below (see Section 2.3.3),
for Schrödinger operators, H = −∆ + V (x) on L2(Rd) with V a complex, decaying
potential, spectral singularities correspond to real resonances. Clearly, in our abstract
setting, De�nition 2.2.2 depends on the choice of the decomposition V = CWC. For
Schrödinger operators, however, C is usually chosen as a multiplication operator C =
⟨x⟩−σ/2 for σ larger than some critical exponent σ0 > 0. It is then natural to consider the
intersection over all σ > σ0 to de�ne a resonance. See Section 2.3.3 for more details.

Various characterizations of the notions introduced in De�nition 2.2.2 will be given
in Section 2.4. Note in particular that, under the assumption that the limits (2.20)
exist, the operator W could have been put to the left of CRH(λ ± i0+)C in (2.21),
i.e. the limits in (2.21) exist if and only if the limits WCRH(λ ± iε)C, ε → 0+ exist.
Moreover, under the same assumption, we will show that λ is an outgoing/incoming
regular spectral point of H if and only if Id+R0(λ± i0+)V ′ is invertible in B(H′

C). (Here
it should be recalled that V ′ ∈ B(H′

C ,HC) and, assuming that the limits (2.20) exist,
that R0(λ± i0+) ∈ B(HC ,H′

C)). Hence spectral singularities are naturally associated to
resonant states de�ned as follows.
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De�nition 2.2.3 (Incoming/outgoing resonant states). Let λ ∈ σess(H) be a spectral
singularity of H. The space H′+

C (λ) ⊂ H′
C of outgoing resonant states corresponding to λ

is de�ned by
H′+

C (λ) := Ker
(
Id+R0(λ+ i0+)V ′) .

The space H′−
C (λ) ⊂ H′

C of incoming resonant states is de�ned by

H′−
C (λ) := Ker

(
Id+R0(λ− i0+)V ′) .

As kernels of bounded operators, the vector spaces H′±
C (λ) are closed. We will prove

that eigenvectors associated to embedded eigenvalues of H belong to H′±
C (λ).

Note that in the case of complex Schrödinger operators, H = −∆+ V (x) on L2(Rd),
λ is usually called an outgoing/incoming resonance if the quotient vector space

Ker
(
(Id+R0(λ± i0+)V ′)

)
/Ker

(
(Id+R0(λ± i0+)V ′)|H

)
̸= {0},

where (Id+R0(λ± i0+)V ′)|H stands for the restriction of (Id+R0(λ± i0+)V ′) to H. An
outgoing/incoming resonant state then corresponds to an element of Ker((Id+R0(λ ±
i0+)V ′)) which does not belong to H. See Section 2.3.3 for more details.

2.3 Assumptions and main results

2.3.1 Hypotheses

In this section we detail our main abstract hypothesis. In Section 2.3.3 we will show that
they are satis�ed in the case of complex Schrödinger operators, under suitable assumptions
on the potential.

In our �rst hypothesis, we require that H0 satis�es a limiting absorption principle
(with weight C) at any point of the essential spectrum.

Hypothesis 2.1 (Limiting absorption principle for H0). We have

sup
z∈C±

∥∥CR0(z)C
∥∥
B(H)

<∞. (2.22)

Note that (2.22) implies (see e.g. [13, Proposition 4.1]) that the spectrum of H0 is
purely absolutely continuous, i.e. that σpp(H0) = ∅, σac(H0) = σ(H0), σsc(H0) = ∅,
where σpp(H0), σac(H0), σsc(H0) stand for the usual pure point, absolutely continuous
and singular continuous spectra of the self-adjoint operator H0.

By Fatou's Theorem, (2.22) yields that the limits CR0(λ±i0+)C exist for almost every
λ ∈ σess(H), in the norm topology of B(H), and that the map R ∋ λ 7→ CR0(λ± i0+)C ∈
B(H) is bounded (observe that CR0(λ± i0+)C = CR0(λ)C if λ ∈ R \ σess(H)).

Note also that Hypothesis 2.1 implies (see [55] or [76, Theorem XIII.25 and its corol-
lary]) that C is relatively smooth with respect to H0 in the sense of Kato, i.e. that there
exists a constant c0 such that

∀u ∈ H,
∫
R

∥∥Ce−itH0u
∥∥2
H dt ≤ c20 ∥u∥

2
H . (2.23)
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Recall that (2.23) is equivalent to

∀u ∈ H,
∫
R

(∥∥CR0(λ− i0+)u
∥∥2
H +

∥∥CR0(λ+ i0+)u
∥∥2
H

)
dλ ≤ 2πc20 ∥u∥

2
H , (2.24)

where λ 7→ CR0(λ± i0+)u denotes the limit of λ 7→ CR0(λ± iε)u in L2(R;H) as ε→ 0+

(see [55]).
Next we will assume that the point spectral subspace of H is �nite.

Hypothesis 2.2 (Eigenvalues of H). H has only a �nite number of eigenvalues and they
all have �nite algebraic multiplicity.

Hypothesis 2.2 prevents the essential spectrum of H from having an accumulation
point of eigenvalues. It does not exclude, however, the presence of eigenvalues embedded
in the essential spectrum of H.

Our next hypothesis concerns the spectral singularities of H. We will assume that
H has �nitely many spectral singularities with a `�nite order', in the sense that the
map z 7→ CRH(z)CW blows up at most polynomially as z approaches any spectral
singularity λ ∈ σess(H). We will also allow for singularities `at in�nity', in the sense that
z 7→ CRH(z)C may blow up polynomially as z tends to ∞ (z close to the real axis).

Hypothesis 2.3 (Spectral singularities for H). H only has a �nite number of spectral
singularities {λ1, . . . λn} ⊂ σess(H) and there exist ε0 > 0 and integers ν1, . . . , νn, ν∞ ≥ 0
such that

sup
Re(z)∈σess(H),±Im(z)∈(0,ε0)

1

|z − z0|ν∞
( n∏

j=1

|z − λj|νj
|z − z0|νj

)∥∥CRH(z)CW
∥∥
B(H)

<∞, (2.25)

where z0 is an arbitrary complex number such that z0 ∈ ρ(H), z0 ∈ C \ R.

The factors |z−λj|νj `regularize' the singularities of z 7→ CRH(z)CW as z approaches
λj. Dividing them by |z−z0|νj produces bounded terms. The factor |z−z0|−ν∞ regularizes
a possible singularity at ∞.

Observe that since λ1, . . . , λn are the only spectral singularities of H, for all λ ∈
σess(H) \ {λ1, . . . , λn}, the limits CRH(λ± i0+)CW exist in the norm topology of B(H).
The condition (2.25) then implies that the maps

σess(H) \ {λ1, . . . , λn} ∋ λ 7→ 1

|λ− z0|ν∞
( n∏

j=1

|λ− λj|νj
|λ− z0|νj

)
CRH(λ± i0+)CW ∈ B(H)

(2.26)
are bounded. Since, as we will show below (see Proposition 2.4.6), embedded eigenval-
ues are special spectral singularities, Hypothesis 2.3 is also a condition on embedded
eigenvalues.

As mentioned above, to study the absolutely continuous spectral subspace of H, we
require the existence of a `conjugation' operator J satisfying, in particular, JH = H⋆J .
(Note that we do not require that J be involutive, see Section 2.2.2 above for more details).
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Hypothesis 2.4 (Conjugation operator). There exists an antiunitary operator J : H →
H such that

(i) JD(H0) ⊂ D(H0) and ∀u ∈ D(H0), JH0u = H0Ju.

(ii) JC = CJ and JW = W ⋆J .

Moreover, for all embedded eigenvalues λ ∈ σess(H), the symmetric bilinear form

Ker
(
(H − λ)mλ

)
×Ker

(
(H − λ)mλ

)
∋ (u, v) 7→ ⟨Ju, v⟩ is non-degenerate. (2.27)

Here it should be recalled (see Section 2.2.2) that the main purpose of (2.27) is to
allow us to de�ne suitable spectral projections for embedded eigenvalues.

Our last technical hypothesis is required in order for the anti-dual operators H ′
0, H

′

to be well-de�ned, see Section 2.2.3 for more details.

Hypothesis 2.5. The domain of the restriction of H0 to HC, de�ned as

D(H0|HC
) := {u ∈ D(H0) ∩HC , H0u ∈ HC} ,

is dense in HC for the topology of HC.

2.3.2 Main results

Now we can state our main results. First, we characterize the outgoing (respectively
incoming) spectral singularities of H as eigenvalues of H ′ associated to eigenvectors be-
longing to the space of outgoing resonant states H′+

C (λ) (respectively H′−
C (λ)).

Theorem 2.3.1. Suppose that Hypothesis 2.5 holds. Let λ ∈ σess(H) and suppose that
the limits

CR0(λ± i0+)C := lim
ε→0+

CR0(λ± iε)C

exist in the norm topology of B(H). The following conditions are equivalent:

(i) λ is an outgoing/incoming spectral singularity of H,

(ii) λ is an eigenvalue of H ′ associated to an eigenvector Ψ ∈ H′±
C (λ).

Theorem 2.3.1 shows that λ is a spectral singularity of H if and only if the equation
H ′Ψ = λΨ has a solution Ψ in H′±

C (λ) (recall that H ′ is an extension of H, acting in
the Hilbert space H′

C which contains the original Hilbert space H). For non-self-adjoint
Schrödinger operators, this corresponds to λ being a real resonance of H = −∆+ V (x) if
and only if the equation (−∆ + V (x))Ψ = λΨ has a distributional solution such that Ψ
belongs to suitable weighted L2-spaces. See Section 2.3.3 for a more detailed discussion.

Theorem 2.3.1 also has various consequences that we will detail in Section 2.4. Here
we mention the following two consequences. We will show that the eigenvalues of H
embedded in the essential spectrum are special spectral singularities, see Proposition
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2.4.6. Moreover, in the particular case where H is dissipative, we will prove that H
cannot have outgoing spectral singularities unless its self-adjoint part, Re(H), already
has some, see Section 2.4.6.

Our next result shows that the subspaceH±
ads(H) of asymptotically disappearing states

at ±∞ (recall that H±
ads(H) has been de�ned in Section 2.2.2) coincides with the vector

space spanned by all generalized eigenstates ofH corresponding to eigenvalues λ ofH such
that ±Im(λ) < 0. In other words, the only solutions to (2.1) that vanish at as t → ±∞
are linear combination of generalized eigenstates corresponding to non-real eigenvalues.

Theorem 2.3.2. Suppose that Hypotheses 2.1-2.3 hold. Then

H±
ads(H) = H±

p (H). (2.28)

An analogous result was proven in [35] in the particular case of dissipative operators,
answering a question left as an open problem in [16]. The proof in [35] relies in an
essential way on the existence and properties of wave operators. Besides the fact that we
are considering non-dissipative operators, our proof here is more direct � we do not use
scattering theory � and allows for more general assumptions (compare Hypothesis 2.5 in
[35] and Hypothesis 2.3 of the present paper, where a singularity at in�nity of the weighted
resolvent is allowed). The core of our argument is a suitable spectral decomposition
formula, see Proposition 2.3.10 in the next subsection.

Next we will prove that the absolutely continuous spectral subspace of H de�ned in
Section 2.2.2 coincides with the orthogonal complement of the point spectral subspace.

Theorem 2.3.3. Suppose that Hypotheses 2.1-2.3 holds. If H has embedded eigenvalues,
suppose in addition that Hypothesis 2.4 holds. Then

Hac(H) = Ran(Id− Πp(H)) = Hp(H
⋆)⊥.

As mentioned before, in the particular case where H is dissipative, Theorem 2.3.3
may be compared with a result of [16]. The absolutely continuous spectral subspace for
dissipative operators is de�ned in [16] in the same way as in (2.17), but with the integral
taken over [0,∞) instead of R. Using the theory of dilations of dissipative operators, it is
then proven in [16] that within such a de�nition, the absolutely continuous spectral sub-
space coincides with the orthogonal complement of `bound states' (generalized eigenstates
corresponding to real eigenvalues). In our context where H is not necessarily dissipative,
the argument of [16] fails and there is no reason to choose positive times over negative
times to de�ne Hac(H).

Our de�nition of Hac(H) is also justi�ed by the following two facts. First, Theo-
rem 2.3.3 generalizes the well-known identity Hac(H) = Hp(H)⊥ which holds for self-
adjoint operators without singular continuous spectrum. Another justi�cation comes
from dissipative scattering theory. Indeed, combined with the results of [14, 16, 35,
68], Theorem 2.3.3 implies that, in the particular case where H is dissipative, we have
Ran(W−(H,H0))

cl = Hac(H), where W−(H,H0) := s-lim e−itHeitH0 , t → ∞, is the usual
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wave operator. This again generalizes the well-known relation which holds in the self-
adjoint case.

We mention that if H has no embedded eigenvalues, Hypothesis 2.4 can be dropped in
the statement of Theorem 2.3.3. This is also the case ifH is supposed to be dissipative (see
Proposition 2.5.10). In the general case, it is however clear that some assumption should
be added to treat the pathological case where the map in (2.27) is degenerate. Indeed,
considering the simplest case where mλ = 1, if ⟨Jφ, φ⟩ = 0 for any φ ∈ Ker(H − λ), then
one can check that Ker(H − λ) ⊂ Hp(H

⋆)⊥. Therefore, since Hac(H) should not contain
eigenstates of H, we do not expect that the equality Hac(H) = Hp(H

⋆)⊥ holds. Another
possibility to handle such pathological cases might be to suitably modify the de�nition of
Hac(H). We do not consider this possibility here.

To prove Theorem 2.3.3, we cannot rely on the theory of unitary dilations as in the
dissipative case studied in [16]. In the same way as for Theorem 2.3.2, our proof of
Theorem 2.3.3 relies on the spectral decomposition formula stated in Proposition 2.3.10.

The next remark gives the J-orthogonal spectral decomposition of the Hilbert space
mentioned in the introduction.

Remark 2.3.4. Combining Theorems 2.3.2 and 2.3.3, using in addition that J : Hp(H) →
Hp(H

⋆) is bijective and that the map Hp(H) ∋ (u, v) 7→ ⟨Ju, v⟩ is non-degenerate, we ob-
tain the following J-orthogonal direct sum decompositions of the Hilbert space:

H = Hac(H)⊕Hp(H)

= Hac(H)⊕Hdisc(H)⊕Hemb(H)

= Hac(H)⊕H+
ads(H)⊕H−

ads(H)⊕H0
disc(H)⊕Hemb(H),

the direct sum H0
disc(H) ⊕ Hemb(H) =: Hb(H) being the space of `bound states', i.e. the

closure of the vector space spanned by all generalized eigenvectors of H corresponding to
real eigenvalues (either isolated or embedded).

2.3.3 Application to Schrödinger operators

We suppose in this section that

H = L2(Rd), H0 = −∆ and V is a complex-valued potential.

For simplicity, we suppose that d = 3. (The following arguments easily generalize to any
dimension d ≥ 3 with d odd. In dimension d = 1 or if d is even the situation is more
subtle, due to the singularity of the weighted resolvent of −∆ at 0).

2.3.3.1 Spectral singularities for short-range complex potentials

We begin with showing that Theorem 2.3.1 can be applied to H = −∆+ V (x), under a
short-range condition on V . It is well-known that the limits

⟨x⟩−sR0(λ± i0+)⟨x⟩−s, λ > 0, (2.29)
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exist in the norm topology of B(H), for any s > 1
2
, where ⟨x⟩ := (1 + x2)

1
2 . Hence,

assuming that V satis�es the short-range condition

x 7→ ⟨x⟩σV (x) ∈ L∞(R3), (2.30)

with σ > 1, we can choose C to be the multiplication operator by ⟨x⟩−σ/2. The Hilbert
space HC then identi�es with the weighted L2-space

HC = L2
σ/2 :=

{
f : R3 → C, x 7→ ⟨x⟩

σ
2 f(x) ∈ L2(R3)

}
,

equipped with the usual norm, its dual being given by

H′
C = L2

−σ/2 =
{
f : R3 → C, x 7→ ⟨x⟩−

σ
2 f(x) ∈ L2(R3)

}
.

Since the set of smooth functions with compact supports is contained in D(H0)∩HC , one
easily deduces that Hypothesis 2.5 is satis�ed. Applying Theorem 2.3.1, we thus obtain
the following proposition.

Proposition 2.3.5. Suppose that V is a complex-valued potential satisfying (2.30) with
σ > 1. Let C(x) = ⟨x⟩−σ/2. Then for all λ > 0, the following conditions are equivalent

(i) λ is an outgoing/incoming spectral singularity of H in the sense of De�nition 2.2.2,

(ii) There exists Ψ ∈ H′±
C (λ) ⊂ L2

−σ/2, Ψ ̸= 0, such that

(−∆+ V (x)− λ)Ψ = 0. (2.31)

If Ψ in (ii) belongs to L2(R3), then λ is an eigenvalue of H. Otherwise, λ is usually
called a real resonance associated to a resonant state Ψ ∈ H′±

C (λ)\L2(R3). Such a resonant
state satis�es the outgoing/incoming Sommerfeld radiation condition

u(x) = |x|
1
2 e±iλ

1
2 |x|
(
a(

x

|x|
) + o(1)

)
, |x| → ∞,

with a ∈ L2(S2), a ̸= 0. By Proposition 2.3.5, one can choose any σ > 1. A resonant
state is thus a distributional solution to (2.31) belonging to L2

−σ/2.
Note that if V is real-valued, Agmon's fundamental work [2] shows that H = −∆+V

has no spectral singularities in (0,∞). Likewise, if H is dissipative, a simple argument
combined with [2] proves that H cannot have outgoing spectral singularities in (0,∞)
(see [91]). In general, however, spectral singularities cannot be excluded (see again [91]for
an example showing that, for any λ > 0, there exists a smooth, compactly supported
potential V such that λ is an incoming spectral singularity of H in the dissipative case).

At the threshold energy 0, the limiting absorption principle states that the limits

⟨x⟩−sR0(±i0+)⟨x⟩−s,
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exist in the norm topology of B(H) for any s ≥ 1. Note that, as we will argue in Section
2.4, the two limits above in fact coincide with the limit

⟨x⟩−sR0(0)⟨x⟩−s := lim
z→0,z∈C\R+

⟨x⟩−sR0(z)⟨x⟩−s.

(Note also that the limit ⟨x⟩−sR0(0)⟨x⟩−s′ exists, more generally, provided that s, s′ > 1/2
and s+ s′ > 2, see [53].) Assuming now that V satis�es the short-range condition (2.30)
with σ ≥ 2, we can choose C to be the multiplication operator by ⟨x⟩−σ/2 and proceed as
before. Since, as we will see in Section 2.4, 0 is an outgoing spectral singularity of H if
and only if it is an incoming spectral singularity of H, this gives the following proposition.

Proposition 2.3.6. Suppose that V is a complex-valued potential satisfying (2.30) with
σ ≥ 2. Let C(x) = ⟨x⟩−σ/2. Then the following conditions are equivalent

(i) 0 is a spectral singularity of H in the sense of De�nition 2.2.2,

(ii) There exists Ψ ∈ H′±
C (λ) ⊂ L2

−σ/2 such that

(−∆+ V (x))Ψ = 0.

Anticipating results that we will prove in the abstract setting in the case where H is
dissipative (see Section 2.4.6), we also have the following proposition.

Proposition 2.3.7. Suppose that V is a complex-valued potential such that Im(V ) ≤ 0
and Im(V ) < 0 on a non-trivial open set. Suppose that (2.30) holds with σ > 1 and let
C(x) = ⟨x⟩−σ/2. Then

H has no positive outgoing spectral singularities.

In particular, H has no positive embedded eigenvalues. Suppose that (2.30) holds with
σ ≥ 2. Then

0 is not a spectral singularity of H.

See Section 2.4.6 for a proof of Proposition 2.3.7. Note also that the results of Propo-
sition 2.3.7 have been established in [90, 91], using di�erent arguments.

2.3.3.2 Spectral decomposition for compactly supported complex potentials

We now show that Theorems 2.3.2 and 2.3.3 can be applied to H = −∆ + V (x) under
the condition that

V ∈ L∞
c (R3) := {u ∈ L∞(R3), u is compactly supported}. (2.32)

Similarly as in (2.29), we have

sup
z∈C±

∥∥⟨x⟩−sR0(z)⟨x⟩−s
∥∥
B(H)

<∞,
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for any s > 1. Hence, choosing C(x) = ⟨x⟩−s, Hypothesis 2.1 is satis�ed.
Assuming (2.32), it is known that H has only �nitely many eigenvalues with �nite

algebraic multiplicities. See, e.g., [43] and references therein. In particular, Hypothesis
2.2 is satis�ed.

To verify that Hypothesis 2.3 holds, we can rely on the theory of resonances, de�ned
as poles of the meromorphic extension of the weighted resolvent, see e.g. [25]. Assuming
(2.32), the map

{z ∈ C, Im(z) > 0} ∋ z 7→ (H − z2)−1 : L2(R3) → L2(R3)

is meromorphic and extends to a meromorphic map

C ∋ z 7→ R(z2) : L2
c(R3) → L2

loc(R3), (2.33)

where L2
c(R3) := {u ∈ L2(R3), u is compactly supported} and L2

loc(R3) := {u : R3 →
C, u ∈ L2(K) for all compact set K ⊂ R3}. Poles of the map in (2.33) are called reso-
nances of H. One then veri�es that a real resonance ±λ0 of H, with λ0 ≥ 0, corresponds
to an outgoing/incoming spectral singularity λ20 in the sense of De�nition 2.2.2. Moreover,
H has only �nitely many spectral singularities {λ1, . . . , λn} and Hypothesis 2.3 is satis�ed,
with νj the order of the corresponding resonances ±

√
λj, and ν∞ = 0. See e.g. [25] and

references therein for an exposition of the theory of resonances of Schrödinger operators,
and [35, Section 6] for a more detailed comparison between the notions of resonances and
spectral singularities considered in this paper.

Applying Theorem 2.3.2, we obtain the following result.

Proposition 2.3.8. Suppose that V is a complex-valued potential such that V ∈ L∞
c (R3).

Then
H±

ads(H) = H±
p (H).

To apply Theorem 2.3.3, we need to verify in addition that Hypothesis 2.4 holds.
Clearly, we can take the conjugation operator J as the complex conjugation. We then
obtain

Proposition 2.3.9. Suppose that V is a complex-valued potential such that V ∈ L∞
c (R3).

Assume that, for all embedded eigenvalues λ ∈ [0,∞), the symmetric bilinear form

Ker
(
(H − λ)mλ

)
∋ (u, v) 7→

∫
R3

u(x)v(x)dx is non-degenerate. (2.34)

Then
Hac(H) = Hp(H

⋆)⊥. (2.35)

In the case where H is dissipative, even if H has embedded eigenvalues, Proposition
2.5.10 below shows that condition (2.34) can be dropped. Moreover, under some `form-
subordinate smallness conditions', it is possible to show that H has no point spectrum
(see [33]; see also [12] for similar results for Pauli and Dirac Hamiltonians). If H does have
embedded eigenvalues, as explained before, (2.34) seems however necessary for (2.35) to
hold. We mention that an assumption comparable to (2.34) has been used, for threshold
eigenvalues, in the recent works [1, 89] to study the large-time behaviors of solutions to
Schrödinger equations with a complex potentials.
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2.3.4 Organisation of the paper and ingredients of the proof

The proof of Theorem 2.3.1 (given in Section 2.4.2) relies, in particular, on a `boundary
value version' of the Birman-Schwinger principle that we state and prove in Section 2.4.1,
see Proposition 2.4.1. This proposition extends a related result for dissipative operators
proven in [34, Lemma 4.1]. Further results concerning spectral singularities are proven in
Section 2.4.

As mentioned in the previous section, the main ingredient in the proofs of Theorems
2.3.2 and 2.3.3 is a spectral decomposition formula suitably modi�ed to take into account
the spectral singularities {λj}nj=1 of H. It can be stated as follows. Assuming Hypothesis
2.3, with ν1, . . . , νn, ν∞ de�ned by this hypothesis, we set, for all z ∈ C \ {z0},

r(z) := (z − z0)
−(ν1+···+νn+ν∞)

n∏
j=1

(z − λj)
νj , (2.36)

where we recall that z0 ∈ ρ(H), z0 ∈ C \ R. We then write

r(H) = RH(z0)
ν1+···+νn+ν∞

n∏
j=1

(H − λj)
νj ,

which de�nes a bounded operator in B(H). Note that if λj is an embedded eigenvalue
of H, then for any generalized eigenstate φj corresponding to λj, we have r(H)φj = 0
(provided that νj is large enough). We will prove the following proposition.

Proposition 2.3.10. Suppose that Hypotheses 2.1, 2.2 and 2.3 hold. Then

r(H) = r(H)Πdisc(H) + w-lim
ε→0+

1

2πi

∫
σess(H)

r(λ)
(
RH(λ+ iε)−RH(λ− iε)

)
dλ. (2.37)

Proposition 2.3.10 generalizes the well-known resolution of the identity formula for
self-adjoint operators to a class of non self-adjoint operators with �nitely many spectral
singularities. In particular, if H has no spectral singularities and ν∞ = 0 in Hypothesis
2.3, then we can take r = 1 and (2.37) reduces to

Id = Πdisc(H) + w-lim
ε→0+

1

2πi

∫
σess(H)

(
RH(λ+ iε)−RH(λ− iε)

)
dλ,

which corresponds to Stone's formula in the particular case where H is self-adjoint.
Equation (2.37) is also related to the notion of spectral projections for non-self-adjoint

operators [23, 24, 82], de�ned by

1I(H) := w-lim
ε→0+

1

2iπ

∫
I

(
RH(λ+ iε)−RH(λ− iε)

)
dλ, (2.38)

where I ⊂ σess(H) is a closed interval without spectral singularities. We mention that
such spectral projections were used in a stationary approach to non-unitary scattering
theory, for di�erential operators in [69, 70], and in an abstract setting in [47, 48, 52].
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We will recall in Section 2.5 that the spectral projections (2.38) are well-de�ned on
intervals without spectral singularities, and show that they induce a bounded Borel func-
tional calculus. In intervals containing spectral singularities, we will construct a `regular-
ized' functional calculus, which in turn allows us to prove Proposition 2.3.10. Based on
the latter, the proofs of Theorems 2.3.2 and 2.3.3 are given in Sections 2.5.4 and 2.5.5,
respectively.

Some extensions of results already appearing in the literature are collected in appen-
dices.

2.4 Spectral singularities

In this section we prove various characterizations of our de�nition of spectral singularities
(see De�nition 2.2.2). We will consider an arbitrary λ ∈ σess(H). Our main assumption
will be that the limits

CR0(λ± i0+)C := lim
ε→0+

CR0(λ± iε)C. (2.39)

exist in the norm topology of B(H).
We begin in Section 2.4.1 with a characterization of spectral singularities analogous to

the Birman-Schwinger principle for eigenvalues. Next we prove Theorem 2.3.1 in Section
2.4.2. In Section 2.4.3, we de�ne the set of spectral singularities for the adjoint operator
H⋆ and show that it coincides with the set of spectral singularities of H. Section 2.4.4
proves that eigenvalues embedded in the essential spectrum of H can be seen as particular
spectral singularities. In Section 2.4.5, assuming that (2.39) is regular with respect to λ
in a suitable sense, we show that the notion of spectral regularity introduced in De�nition
2.2.2 is a local property. We also consider the special case of spectral singularities located
at �endpoints� of the essential spectrum, and show that in this case outgoing and incoming
spectral singularities coincide. Finally, Section 2.4.6 is devoted to the particular case where
H is a dissipative operator.

2.4.1 Birman-Schwinger principle for spectral singularities

Assuming thatH0 satis�es a limiting absorption principle at λ, as stated in (2.39), we have
the following characterizations of the de�nition of a regular spectral point. Item (ii) can be
seen as a `boundary value' version of the Birman-Schwinger principle (see e.g. [6, 45, 49]
and references therein). The proof of the next proposition is a quite straightforward
extension to that of [34, Lemma 4.1], where the result is proven for dissipative operators.
It is therefore deferred to Appendix 2.6.2.

Proposition 2.4.1. Let λ ∈ σess(H) and suppose that the limits (2.39) exist in the norm
topology of B(H). Then the following conditions are equivalent:

(i) λ is an outgoing/incoming regular spectral point of H,
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(ii) Id+CR0(λ± i0+)CW is invertible in B(H),

(iii) Id +R0(λ± i0+)V ′ is invertible B(H′
C).

Proof. See Appendix 2.6.2.

It should be noted that, since C is relatively compact with respect to H0, the operator
CR0(λ ± iε)CW is compact in B(H), for all ε > 0. Hence CR0(λ ± i0+)CW is also
compact in B(H). By the Fredholm alternative, (ii) is then equivalent toKer(Id+CR0(λ±
i0+)CW ) = {0}. Likewise, (iii) is equivalent to Ker(Id + R0(λ ± i0+)V ′) = {0} since
R0(λ± i0+)V ′ is compact in B(H′

C).

2.4.2 Proof of Theorem 2.3.1

Now we turn to the proof of Theorem 2.3.1, which characterizes outgoing/incoming spec-
tral singularities as eigenvalues of the extended operator H ′ corresponding to eigenvectors
belonging to the space H±

C(λ) of outgoing/incoming resonant states.
Before proving Theorem 2.3.1, we need two preliminary lemmas. The �rst one is the

following well-known estimate of the operator norm ∥R0(λ ± iε)C∥, assuming that the
limits (2.39) exist.

Lemma 2.4.2. Let λ ∈ σess(H) and suppose that the limits (2.39) exist in the norm
topology of B(H). There exists c0 > 0 such that

∀ε > 0, ∥R0 (λ± iε)C∥B(H) ≤ c0ε
− 1

2 . (2.40)

Proof. See Appendix 2.6.2.

Next we show that, under our assumptions, R0(λ± i0+) are right inverses of H ′
0 − λ.

Lemma 2.4.3. Suppose that Hypothesis 2.5 holds. Let λ ∈ σess(H) and suppose that the
limits (2.39) exist in the norm topology of B(H). Then for all v ∈ HC, R0(λ ± i0+)v ∈
D(H ′

0) and

(H ′
0 − λ)R0(λ± i0+)v = v. (2.41)

Proof. Let v = Cφ ∈ HC . Since R0(λ± iε) converges to R0(λ± i0+) in B(HC ,H′
C), we

have, for all u ∈ D(H0|HC
),〈

(H0 − λ)u,R0(λ± i0+)v
〉
HC ;H′

C
= lim

ε→0+
⟨(H0 − λ)u,R0(λ± iε)Cφ⟩H

= ⟨u,Cφ⟩H ± lim
ε→0+

iε ⟨u,R0(λ± iε)Cφ⟩H .

It follows from (2.40) that

∥R0(λ± iε)C∥H = O
(
ε−

1
2

)
, ε→ 0+.
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Thus we obtain that, for all u ∈ D(H|HC
),〈

(H0 − λ)u,R0(λ± i0+)v
〉
HC ;H′

C
= ⟨u, v⟩H .

Since | ⟨u, v⟩H | ≤ ∥u∥HC
∥v∥H′

C
, this shows that R0(λ ± i0+)v ∈ D(H ′

0) and that (2.41)
holds.

Now we are ready to prove Theorem 2.3.1

Proof of Theorem 2.3.1. (i)⇒(ii) Suppose for instance that λ is an outgoing spectral sin-
gularity. By Proposition 2.4.1, Id + R0(λ + i0+)V ′ is not invertible in B(H′

C). Since
R0(λ+ i0+)V ′ is compact in B(H′

C), it follows from the Fredholm alternative that there
exists Ψ ∈ H′

C , Ψ ̸= 0, such that

−R0(λ+ i0+)V ′Ψ = Ψ. (2.42)

By Lemma 2.4.3, this implies that Ψ ∈ D(H ′
0) = D(H ′) and that

−V ′Ψ = (H ′
0 − λ)Ψ. (2.43)

Since H ′ = H ′
0 + V ′, this proves (ii).

(ii)⇒(i) Suppose now that λ is an eigenvalue of H ′ associated to an eigenvector Ψ ∈
H′+

C (λ), Ψ ̸= 0. Then

(H ′ − λ)Ψ = 0 with Ψ = −R0(λ+ i0+)V ′Ψ.

In particular,
(Id+R0(λ+ i0+)V ′)Ψ = 0,

and hence Id+R0(λ+ i0
+)V ′ is not invertible in B(H′

C). By Proposition 2.4.1, this proves
(i).

2.4.3 Spectral singularities of the adjoint operator

Recall that the regular spectral points and spectral singularities of H have been de�ned in
De�nition 2.2.2. The corresponding de�nition for the adjoint operator H⋆ is the following.

De�nition 2.4.4 (Regular spectral point and spectral singularity for H⋆). Let λ ∈
σess(H).

(i) We say that λ is an outgoing/incoming regular spectral point of H⋆ if λ is not an
accumulation point of eigenvalues located in λ∓ i (0,∞) and if the limit

CRH⋆(λ∓ i0+)CW ⋆ := lim
ε→0+

CRH⋆(λ∓ iε)CW ⋆ (2.44)

exists in the norm topology of B(H). If λ is not an outgoing/incoming regular
spectral point, we say that λ is an outgoing/incoming spectral singularity of H⋆.
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(ii) We say that λ is a regular spectral point of H⋆ if it is both an incoming and an
outgoing regular spectral point of H⋆. If λ is not a regular spectral point, we say
that λ is a spectral singularity of H⋆.

The following proposition shows that, under our assumptions, λ is an outgoing/in-
coming regular spectral point of H if and only λ is an outgoing/incoming regular spectral
point of H⋆.

Proposition 2.4.5. Let λ ∈ σess(H) and suppose that the limits (2.39) exist in the norm
topology of B(H). Then the following conditions are equivalents:

(i) λ is a regular outgoing/incoming spectral point of H,

(ii) λ is not an accumulation point of eigenvalues located in λ± i(0,∞) and

lim
ε→0+

WCRH(λ± iε)C

exists in the norm topology of B(H),

(iii) λ is a regular outgoing/incoming spectral point of H⋆.

Proof. Taking adjoints, it is clear that (ii) ⇔ (iii). We prove that (i) ⇒ (ii). Suppose
for instance that λ is an outgoing regular spectral point of H. By Proposition 2.4.1,
Id+CR0(λ + i0+)CW is invertible in B(H). We claim that Id+WCR0(λ + i0+)C is
invertible in B(H). Indeed, for all ε > 0, a direct computation gives

Id =
(
Id−(W (Id+CR0(λ+ iε)CW )−1CR0(λ+ iε)C)

)
(Id+WCR0(λ+ iε)C) .

Letting ε→ 0+, we obtain that

Id =
(
Id−(W (Id+CR0(λ+ i0+)CW )−1CR0(λ+ i0+)C)

) (
Id+WCR0(λ+ i0+)C

)
.

Thus Id+WCR0(λ+ i0+)C is injective. Since WCR0(λ+ i0+)C is compact, Fredholm's
alternative implies that Id+WCR0(λ+ i0+)C is bijective in B(H). Now, writing

WCRH(λ+ iε)C = (Id+WCR0(λ+ iε)C)−1WCR0(λ+ iε)C,

for ε > 0 small enough and next letting ε→ 0+, we deduce that limε→0+ WCRH(λ+ iε)C
exists in B(H).

The proof of (i) ⇒ (ii) in the case of an incoming regular spectral point as well as the
proof of (ii) ⇒ (i) are analogous.
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2.4.4 Embedded eigenvalues

In this section, we prove that given our de�nition of spectral singularities (see De�nition
2.2.2), an eigenvalue of H embedded in the essential spectrum is both an incoming and
an outgoing spectral singularity.

Proposition 2.4.6. Let λ ∈ σess(H) and suppose that the limits (2.39) exist in the norm
topology of B(H). If λ is an eigenvalue of H, then λ is both an outgoing and an incoming
spectral singularity of H.

Proof. Let λ be an eigenvalue ofH. There exists u ∈ D(H), u ̸= 0, such that (H−λ)u = 0.
Suppose by contradiction that λ is an outgoing regular spectral point of H. Since λ is
not an accumulation point of eigenvalues located in λ + i(0,∞), we can write, for ε > 0
small enough,

0 = CR0(λ+ iε)(H − λ)u = (Id+CR0(λ+ iε)CW )Cu+ iεCR0(λ+ iε)u. (2.45)

Lemma 2.4.2 yields
lim
ε→0+

εCR0(λ+ iε)u = 0.

Inserting this into (2.45), we obtain that

(Id+CR0(λ+ i0+)CW )Cu = 0,

which is impossible since Id+CR0(λ+ i0+)CW is injective by Lemma 2.4.1.
Similarly, λ cannot be an incoming regular spectral point of H. This concludes the

proof of the proposition.

It should also be noted that, by Theorem 2.3.1, the eigenvectors associated to an
embedded eigenvalue λ belong to H′±

C (λ).

2.4.5 Local spectral regularity

In this section, we show that the notion of spectral regularity introduced in De�nition 2.2.2
is a local property. We will need to distinguish the case of a spectral singularity embedded
in the interior of the essential spectrum of H from the case of an `endpoint spectral
singularity'. It should be noted that endpoints of the essential spectrum are sometimes
called `thresholds', but the notion of a spectral threshold also has di�erent meanings in
some contexts (see e.g. [51]). We mention that spectral singularities embedded in the
essential spectrum, either in the interior or at endpoints, have been recently studied, in a
Banach spaces setting, in [8].

Here we will say that a point λ ∈ σess(H) is a spectral endpoint of H if there exists
r > 0 such that either

σess(H) ∩ D̊(λ, r) ⊂ [λ,∞), (2.46)

or
σess(H) ∩ D̊(λ, r) ⊂ (−∞, λ]. (2.47)
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We say that λ is a left spectral endpoint if (2.46) holds and a right spectral endpoint if
(2.47) holds.

If λ belongs to σess(H), we will in this section make the assumption that there exists
r > 0 such that the maps

D̊(λ, r) ∩ C± ∋ z 7→ CR0(z)C (2.48)

extend by continuity to D̊(λ, r) ∩ C̄±.
The next proposition shows that the notion of spectral regularity is a local property.

Note that Item (ii) of Proposition 2.4.7 corresponds to the de�nition of a regular spectral
point in [34, 35], in the particular case where H is dissipative. The proof of the next result
being a quite straightforward extension of the proof of [34, Lemma 4.1], it is deferred to
Appendix 2.6.2.

Proposition 2.4.7. Let λ ∈ σess(H). Suppose that there exists r > 0 such that the maps
(2.48) extend by continuity to D̊(λ, r) ∩ C̄±. The following conditions are equivalent:

(i) λ is an outgoing/incoming regular spectral point,

(ii) There exists a compact interval Kλ ⊂ R whose interior contains λ, such that Kλ

does not have any accumulation point of eigenvalues of H located in C±, and such
that the limit

CRH(µ± i0+)CW := lim
ε→0+

CRH(µ± iε)CW

exists uniformly in µ ∈ Kλ in the norm topology of B(H).

Proof. See Appendix 2.6.2.

Proposition 2.4.7 has the following consequence.

Corollary 2.4.8. Suppose that for all λ ∈ σess(H), there exists r > 0 such that the maps
(2.48) extend by continuity to D̊(λ, r)∩ C̄±. Then the set of spectral singularities of H is
a closed set whose Lebesgue measure vanishes.

Proof. Let E := E+ ∪ E−, where

E± := {λ ∈ σess(H0), λ is an outgoing/incoming spectral singularity of H}.

It follows from Proposition 2.4.7 that E+ and E− are closed. Hence E is closed. Moreover,
by the assumption that z 7→ CR0(z)CW extends by continuity to the real axis, we can
apply [94, Theorem 1.8.3], which implies that Id+CR0(λ± i0+)CW is invertible in B(H)
for a.e. λ ∈ σess(H). By Proposition 2.4.1, this proves that the Lebesgue measures of E+

and E− vanish.
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Our next concern is to characterize outgoing/incoming regular spectral points λ ∈
σess(H) as nontangential limits of the weighted resolvent CRH(z)CW , as z → λ. If λ is
a left spectral endpoint, we will assume that there exists r > 0 such that the map

{λ+ ν, |ν| < r, 0 < arg(ν) < 2π} = D̊(λ, r) \ [λ,∞) ∋ z 7→ CR0(z)C (2.49)

extends by continuity to {λ + ν, |ν| < r, 0 ≤ arg(ν) ≤ 2π}. Il λ is a right spectral
endpoint, we will assume that there exists r > 0 such that the map

{λ+ ν , |ν| < r, −π < arg(ν) < π} = D̊(λ, r) \ (−∞, λ] ∋ z 7→ CR0(z)C (2.50)

extends by continuity to {λ+ν , |ν| < r, −π ≤ arg(ν) ≤ π}. The next proposition proves,
in particular, that under these assumptions, outgoing and incoming spectral singularities
at endpoints coincide.

Proposition 2.4.9.

1. Let λ be in the interior of σess(H). Suppose that there exists r > 0 such that the
maps (2.48) extend by continuity to D̊(λ, r) ∩ C̄±. The following conditions are
equivalent:

(i) λ is an outgoing/incoming regular spectral point,

(ii) There exist a complex neighborhood Oλ of λ such that O±
λ := Oλ ∩C± ⊂ ρ(H)

and a continuous map γ : (0, 1] → O±
λ such that

lim
ε→0+

γ(ε) = λ and lim
ε→0+

CRH(γ(ε))CW

exists in the norm topology of B(H).

2. Let λ ∈ σess(H) be a spectral endpoint of H such that (2.46) holds. Suppose that
there exists r > 0 such that the map (2.49) extends by continuity to {λ + ν, |ν| <
r, 0 ≤ arg(ν) ≤ 2π}. The following conditions are equivalent:

(i) λ is an outgoing regular spectral point of H,

(ii) λ is an incoming regular spectral point of H,

(iii) There exist a complex neighborhood Oλ of λ such that Oλ \ [λ,∞) ⊂ ρ(H) and
a continuous map γ : (0, 1] → Oλ \ [λ,∞) such that

lim
ε→0+

γ(ε) = λ and lim
ε→0+

CRH(γ(ε))CW (2.51)

exists in the norm topology of B(H).

The same holds if (2.47) holds instead of (2.46), assuming that there exists r > 0
such that the map (2.50) extends by continuity to {λ+ν, |ν| < r, −π ≤ arg(ν) ≤ π}
and replacing Oλ \ [λ,∞) by Oλ \ (−∞, λ] in (iii).
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Proof. Consider the most di�cult case (2). We prove that (2)(i) ⇒ (2)(iii). Let λ ∈
σess(H) be an outgoing regular spectral point of H and suppose that (2.46) holds. By
Proposition 2.4.1, we know that Id+CR0(λ + i0+)CW is invertible in B(H). Since, by
assumption, the map (2.49) extends by continuity to {λ + ν, |ν| < r, 0 ≤ arg(ν) ≤ 2π}
for some r > 0, and since the set of invertible operators in B(H) is open, this implies that
there exists a complex neighborhood Oλ ⊂ D̊(λ, r) of λ, such that the map

Oλ \ [λ,∞) ∋ z 7→
(
Id+CR0(z)CW

)−1
(2.52)

is analytic. The usual Birman-Schwinger principle yields Oλ \ [λ,∞) ⊂ ρ(H). It then
su�ces to take γ(ε) = λ+ iδε, with δ > 0 small enough.

Next we prove that (2)(iii) ⇒ (2)(i). In the same way as in Proposition 2.4.1, the
existence of the limit (2.51) is equivalent to the invertibility of Id + CR0(γ(0

+))CW in
B(H). Note that the limit CR0(γ(0

+))C exists in the norm topology of B(H) since we have
assumed that there exists r > 0 such that the map z 7→ CR0(z)C extends by continuity
to {λ+ν, |ν| < r, 0 ≤ arg(ν) ≤ 2π}. We can then argue as before; this gives the existence
of a complex neighborhood Oλ of λ such that the map (2.52) is analytic and extends by
continuity to {λ + ν, |ν| < r, 0 ≤ arg(ν) ≤ 2π}. In particular, Id+CR0(λ + i0+)CW is
well-de�ned and invertible in B(H). Applying Proposition 2.4.1, this shows that λ is an
incoming regular spectral point of H.

The proof of (2)(ii) ⇔ (2)(iii) is identical. One proceeds analogously to prove (2)in
the case where (2.47) holds instead of (2.46).

Finally, the argument easily adapts to prove (1).

Note that in the case of an outgoing/incoming regular spectral point λ ∈ σess(H), our
proof shows that z 7→ CRH(z)CW has a nontangential limit at λ, in the sense that the
limit

lim
ε→0+

CRH(γ(ε))CW (2.53)

does not depend on the continuous curve γ : (0, 1] → C± such that γ(ε) → λ as ε → 0+.
See Figure 2.2. This property can also be deduced from Lindelöf's Theorem (see e.g. [80])
if the map z 7→ CRH(z)CW is known to be analytic and bounded in the domain O±

λ .

•λ

Oλ

γ

Figure 2.2: Outgoing spectral singularity located inside the essential spectrum. The �gure

shows an example of a curve γ : (0, 1] → O+
λ , where O+

λ = Oλ ∩ C+ and Oλ is a complex neighborhood

of λ. The thick line represents the essential spectrum of H.

Likewise, in the case of a regular spectral point λ located at a spectral endpoint of
H, the limit (2.53) does not depend on the continuous curve γ : (0, 1] → C \ [λ,∞) (or
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γ : (0, 1] → C \ (−∞, λ], depending on whether (2.46) or (2.47) holds). This is the reason
why the incoming and outgoing spectral singularities coincide. See Figure 2.3.

•λ

Oλ
γ

Figure 2.3: Spectral singularity located at an endpoint. The �gure shows an example of a curve

γ : (0, 1] → Oλ \ [λ,∞), where Oλ is a complex neighborhood of λ. The thick line represents the essential

spectrum of H.

We conclude this section with the following consequence of the previous propositions.

Corollary 2.4.10.

1. Let λ be in the interior of σess(H). Suppose that there exists r > 0 such that the
maps (2.48) extend by continuity to D̊(λ, r) ∩ C̄±. If λ is an outgoing/incoming
regular spectral point of H, then there exists a complex neighborhood Oλ of λ such
that H has no eigenvalue in Ō±

λ := Oλ ∩ C̄±,

σp(H) ∩ Ō±
λ = ∅.

2. Let λ ∈ σess(H) be a spectral endpoint of H such that (2.46) holds. Suppose that
there exists r > 0 such that the map (2.49) extends by continuity to {λ + ν, |ν| <
r, 0 ≤ arg(ν) ≤ 2π}. If λ is a regular spectral point of H, then there exists a complex
neighborhood Oλ of λ such that H has no eigenvalue in Oλ,

σp(H) ∩ Oλ = ∅.

The same holds if (2.47) holds instead of (2.46), assuming that there exists r > 0
such that the map (2.50) extends by continuity to {λ+ν, |ν| < r, −π ≤ arg(ν) ≤ π}.

Proof. It su�ces to combine Propositions 2.4.7 and 2.4.9.

2.4.6 Spectral singularities for dissipative operators

In this section, we focus on the particular case where the operator H is dissipative. Recall
that H = H0 + V with V ∈ B(H). We write

V = V1 − iV2, V1 = CW1C, V2 = CW2C,

whereW1 := Re(W ) andW2 := − Im(W ). Here the real and imaginary parts of a bounded
operator A ∈ B(H) are de�ned as usual by Re(A) := 1

2
(A + A⋆), Im(A) := 1

2i
(A − A⋆).

We suppose that
W2 ≥ 0,
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so that
H = H0 + V1 − iV2 =: HV1 − iV2

is indeed dissipative. Our purpose is to prove that if λ is an outgoing regular spectral
point of the self-adjoint part HV1 = H0 + V1, then λ is also an outgoing regular spectral
point for H. In other words, adding the `dissipative part' −iV2 cannot create outgoing
spectral singularities.

We begin with recalling the following easy lemma (see [16, Lemma 6.1] or [35, Lemma
3.1]). We include a proof for the convenience of the reader.

Lemma 2.4.11. Let λ ∈ R be a real eigenvalue of H. Then λ is an eigenvalue of HV1

and
Ker(H − λ) ⊂ Hp(HV1) ∩Ker(V2). (2.54)

Proof. Let u ∈ Ker(H − λ), u ̸= 0. Then

λ ∥u∥2H = ⟨u,Hu⟩H = ⟨u,HV1u⟩H − i
∥∥∥W 1

2
2 Cu

∥∥∥2
H
.

Since λ ∈ R, identifying the real and imaginary parts, we obtain that u ∈ Ker(W
1
2
2 C) ⊂

Ker(V2) and therefore Hu = HV1u = λu. This establishes (2.54).

Note that De�nition 2.2.2 of a regular spectral point of H applies to HV1 as well. In
other words, λ ∈ σess(HV1) is an outgoing/incoming regular spectral point of HV1 if

CRV1(λ± i0+)CW1 := lim
ε→0+

CRV1(λ± iε)CW1

exits in B(H). Otherwise, λ is an outgoing/incoming spectral singularity of HV1 . More-
over, Proposition 2.4.1 applied to HV1 shows that λ is an outgoing/incoming regular
spectral point of HV1 if and only if Id+CR0(λ± i0+)CV1 is invertible in B(H), which is
also equivalent to Id+R0(λ± i0+)V ′

1 being invertible in B(H′
C).

The next proposition is the main result of this subsection.

Proposition 2.4.12. Suppose that Hypothesis 2.5 holds. Let λ ∈ σess(H) and suppose
that the limits (2.39) exist in the norm topology of B(H). If λ is an outgoing regular
spectral point of HV1 then λ is an outgoing regular spectral point of H.

Proof. Suppose that λ is an outgoing regular spectral point of HV1 . Suppose also, by
contradiction, that λ is an outgoing spectral singularity of H. By Theorem 2.3.1, there
exists Ψ ∈ H+

C such that

Ψ = −R0(λ+ i0+)V ′Ψ and (H ′ − λ)Ψ = 0. (2.55)

Recall from Section 2.2.3 that V ′ ∈ B(H′
C ,HC) is given by V ′ = CWC ′. Since W =

W1 − iW2, this yields

⟨V ′Ψ,Ψ⟩HC ,H′
C
= ⟨W1C

′Ψ , C ′Ψ⟩H + i ⟨W2C
′Ψ , C ′Ψ⟩H ,
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and hence, since W2 ≥ 0,

Im
(
⟨V ′Ψ,Ψ⟩HC ,H′

C

)
= ⟨W2C

′Ψ , C ′Ψ⟩H ≥ 0. (2.56)

Now, using (2.55), we have

Im
(
⟨V ′Ψ,Ψ⟩HC ,H′

C

)
= − Im

〈
V ′Ψ ,R0(λ+ i0+)V ′Ψ

〉
HC ,H′

C

=
−1

2i

(〈
WC ′Ψ , CR0(λ+ i0+)V ′Ψ

〉
H −

〈
CR0(λ+ i0+)V ′Ψ ,WC ′Ψ

〉
H

)
=

−1

2i

(〈
WC ′Ψ , CR0(λ+ i0+)V ′Ψ

〉
H −

〈
WC ′Ψ , CR0(λ− i0+)V ′Ψ

〉
H

)
= lim

ε→0+
−ε ⟨WC ′Ψ , CR0(λ+ iε)R0(λ− iε)V ′Ψ⟩H

= lim
ε→0+

−ε ⟨R0(λ− iε)V ′Ψ ,R0(λ− iε)V ′Ψ⟩H ≤ 0. (2.57)

Equations (2.56) and (2.57) imply that W2C
′Ψ = 0. Inserting this into (2.55), we obtain

that
Ψ = −R0(λ+ i0+)V ′

1Ψ and (H ′
0 + V ′

1 − λ)Ψ = 0.

which is a contradiction since λ is a regular spectral point of HV1 .

Remark 2.4.13. The previous proof actually shows that, under the conditions of Propo-
sition 2.4.12,

λ is an outgoing spectral singularity of H ⇒ W2C
′Ψ = 0. (2.58)

Since C ′ is injective, this in turn yields

W2 is injective ⇒ H has no outgoing spectral singularities.

In the context of Schrödinger operators, one can also combine (2.58) with the unique
continuation principle (see e.g. [76, Theorem XIII.63]) to obtain Proposition 2.3.7.

Proof of Proposition 2.3.7. Let λ > 0. Assuming that (2.30) holds with σ > 1, suppose
by contradiction that λ is an outgoing spectral singularity of H. Then, by Proposition
2.3.5, there exists Ψ ∈ L2

−σ/2, Ψ ̸= 0, such that

(−∆+ V (x)− λ)Ψ = 0.

This implies that Ψ ∈ H2
loc(R3) and that |∆Ψ(x)| ≤ (∥V ∥L∞ + λ)|Ψ(x)| for a.e. x ∈ R3.

Now, since there exists a non-trivial open set U such that Im(V ) < 0 on U , (2.58) and
the fact that C(x) = ⟨x⟩−σ/2 imply that Ψ(x) = 0 on U . By [76, Theorem XIII.63], we
conclude that Ψ = 0. This is a contradiction.

The same argument holds for λ = 0 under the condition that (2.30) holds with σ >
2.
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2.5 Spectral resolution formula and spectral subspaces

In this section, we begin with constructing a functional calculus forH. In Section 2.5.1, we
consider the simplest case of intervals without spectral singularities, next, in Section 2.5.2,
we construct a regularized functional calculus in intervals possibly containing spectral
singularities. The latter is subsequently used in Section 2.5.3 to establish the spectral
resolution formula stated in Proposition 2.3.10. Finally we prove Theorems 2.3.2 and
2.3.3 in Sections 2.5.4 and 2.5.5, respectively.

2.5.1 Functional calculus in intervals not containing spectral sin-

gularities

Consider �rst a closed interval I ⊂ R that does not contain any spectral singularity of H.
We will furthermore assume that a limiting absorption principle holds for H in I, in the
sense that there exists ε0 > 0 such that

sup
Re(z)∈I,±Im(z)∈(0,ε0)

∥∥CRH(z)CW
∥∥
B(H)

<∞. (2.59)

Note that, in the same way as for H0, Fatou's Theorem and (2.59) yield that the limits
CRH(λ ± i0+)CW exist for almost every λ ∈ I, in the norm topology of B(H), and
that the map I ∋ λ 7→ CRH(λ± i0+)CW ∈ B(H) is bounded. The main purpose of this
subsection is then to de�ne a spectral projection for H in I by mimicking Stone's formula,
setting

1I(H) := w-lim
ε→0+

1

2πi

∫
I

(
RH(λ+ iε)−RH(λ− iε)

)
dλ. (2.60)

The next proposition shows that, under our assumptions, 1I(H) is a well-de�ned non-
orthogonal projection. The proof is similar to that given in [35] for dissipative operators.
For the convenience of the reader, a sketch of the proof of Proposition 2.5.1 focusing on
the di�erences with [35] is reported in Appendix 2.6.3.

Proposition 2.5.1. Suppose that Hypothesis 2.1 holds. Let I ⊂ R be a closed interval
and suppose that there exists ε0 > 0 such that (2.59) holds. Then the weak limit (2.60)
exists in B(H) and we have

1I1(H)1I2(H) = 1I1∩I2(H), (2.61)

for any closed intervals I1, I2 ⊂ I without spectral singularity, with the convention that
1∅(H) = 0. In particular, 1I(H) is a projection. Its adjoint is given by

1I(H)⋆ = 1I(H
⋆) = w-lim

ε→0+

1

2πi

∫
I

(
RH⋆(λ+ iε)−RH⋆(λ− iε)

)
dλ. (2.62)

Proof. See Appendix 2.6.3.
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We note the following representation formula which follows from our proof:

1I(H) = 1I(H0)−
1

2iπ

∫
I

R0(λ∓ i0+)CWCR0(λ± i0+)dλ

+
1

2iπ

∫
I

R0(λ± i0+)CWCRH(λ± i0+)CWCR0(λ± i0+)dλ, (2.63)

in the sense of quadratic forms onH×H. We recall that, for all u ∈ H, λ 7→ CR0(λ±i0+)u
denotes the limit of λ 7→ CR0(λ ± iε)u in L2(R;H) as ε → 0+, while, for a.e. λ,
CRH(λ ± i0+)CW is the limit of CRH(λ ± iε)CW as ε → 0+, in the norm topology of
B(H).

Under the same assumptions and using similar arguments, we also have the following
functional calculus. We denote by Cb(I) the set of bounded continuous functions on I.

Proposition 2.5.2. Under the conditions of Proposition 2.5.1, the map

Cb(I) ∋ f 7→ f(H) := w-lim
ε→0+

1

2πi

∫
I

f(λ)
(
RH(λ+ iε)−RH(λ− iε)

)
dλ ∈ B(H) (2.64)

is a Banach algebra morphism. Moreover, for all t ∈ R,

eitH1I(H) = w-lim
ε→0+

1

2πi

∫
I

eitλ
(
RH(λ+ iε)−RH(λ− iε)

)
dλ (2.65)

and for all z0 ∈ ρ(H),

RH(z0)1I(H) = w-lim
ε→0+

1

2πi

∫
I

(λ− z0)
−1
(
RH(λ+ iε)−RH(λ− iε)

)
dλ. (2.66)

Proof. See Appendix 2.6.3.

We mention that this functional calculus uniquely extends to a Borel functional cal-
culus, i.e. an algebra morphism L∞(I) ∋ f → f(H). See e.g. [44, Theorem 2.4].

2.5.2 `Regularized' functional calculus

Our next concern is to regularize the de�nition (2.60) in the case where the spectral
interval I contains spectral singularities. More generally, we will now consider a closed
interval I ⊂ R and a bounded holomorphic function

h : U → C, {z ∈ C, Re(z) ∈ I, |Im(z)| ≤ ε0} ⊂ U,

with ε0 > 0 and U open, such that

sup
Re(z)∈I,±Im(z)∈(0,ε0)

|h(z)|
∥∥CRH(z)CW

∥∥
B(H)

<∞. (2.67)
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We will also assume that

λ 7→ sup
0<ε<ε0

|h′(λ± iε)| ∈ L2(I), (2.68)

where h′ stands for the derivative of h. The `regularized spectral projection' for H in I is
then de�ned by(

h1I

)
(H) := w-lim

ε→0+

1

2πi

∫
I

(
h(λ+ iε)RH(λ+ iε)− h(λ− iε)RH(λ− iε)

)
dλ. (2.69)

In this context, Proposition 2.5.1 should be modi�ed as follows.

Proposition 2.5.3. Suppose that Hypothesis 2.1 holds. Let I ⊂ R be a closed interval.
Suppose that there exist ε0 > 0 and a bounded holomorphic function h de�ned on a complex
neighborhood of {z ∈ C, Re(z) ∈ I, |Im(z)| ≤ ε0} such that (2.67) and (2.68) hold. Then
the weak limit (2.69) exists in B(H) and its adjoint is given by(
h1I

)
(H)⋆ =

(
h1I

)
(H⋆) = w-lim

ε→0+

1

2πi

∫
I

(
h(λ+ iε)RH⋆(λ+iε)−h(λ− iε)RH⋆(λ−iε)

)
dλ.

Proof. See Appendix 2.6.3.

It is not di�cult to verify that, if H is self-adjoint, then (h1I)(H) = h(H)1I(H) (see
the proof of Proposition 2.5.3). However, under the assumptions of Proposition 2.5.3, this
formula does not make sense since 1I(H) is ill-de�ned in general.

Similarly as in (2.63), our proof will show that

(h1I)(H) = (h1I)(H0)−
1

2iπ

∫
I

h(λ)R0(λ∓ i0+)CWCR0(λ± i0+)dλ

+
1

2iπ

∫
I

h(λ)R0(λ± i0+)CWCRH(λ± i0+)CWCR0(λ± i0+)dλ, (2.70)

in the sense of quadratic forms on H×H.
One can also de�ne a `regularized functional calculus' on the set of functions

Cb,reg(I) :=
{
f : I → C, ∃g ∈ Cb(I), f = hg}.

Proposition 2.5.4. Under the conditions of Proposition 2.5.3, the map

Cb,reg(I) ∋ f 7→ f(H) ∈ B(H),

where

f(H) := w-lim
ε→0+

1

2πi

∫
I

g(λ)
(
h(λ+ iε)RH(λ+ iε)− h(λ− iε)RH(λ− iε)

)
dλ

is an algebra morphism and there exists c > 0 such that

∥f(H)∥B(H) ≤ c∥g∥L∞ , (2.71)
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for all f ∈ Cb,reg(I), with f = hg. Moreover, for all t ∈ R,

eitH
(
h1I

)
(H) = w-lim

ε→0+

1

2πi

∫
I

eitλ
(
h(λ+ iε)RH(λ+ iε)− h(λ− iε)RH(λ− iε)

)
dλ (2.72)

and for all z0 ∈ ρ(H),

RH(z0)
(
h1I

)
(H) = w-lim

ε→0+

1

2πi

∫
I

(λ−z0)−1
(
h(λ+ iε)RH(λ+ iε)−h(λ− iε)RH(λ− iε)

)
dλ.

(2.73)

Proof. See Appendix 2.6.3.

Again, this functional calculus uniquely extends to a Borel functional calculus. For
other de�nitions of functional calculi for general operators on Banach spaces under an
assumption of polynomial growth of the resolvent near the real axis, we refer to [18, 44].

2.5.3 Spectral resolution formula

We now turn to the proof of the resolution formula stated in Proposition 2.3.10. It relies
in particular on the following resolvent bounds.

Lemma 2.5.5. Suppose that Hypothesis 2.1 holds. Let I ⊂ R be a closed interval and
suppose that there exists ε0 > 0 such that (2.59) holds.

(i) There exists c > 0 such that, for a.e. λ ∈ I, for all ε ∈ (0, ε0),

∥RH(λ± iε)∥B(H) ≤ cε−1.

(ii) There exists c > 0 such that, for all ε ∈ (0, ε0), for all u ∈ H,∫
I

∥RH(λ± iε)u∥2Hdλ ≤ cε−1∥u∥2H.

Proof. See Appendix 2.6.3.

To prove Proposition 2.3.10, we will rely on the following construction. Assume that
Hypotheses 2.2 and 2.3 hold. Let σdisc,real(H) = {e1, . . . , ep} be the set of real, discrete
eigenvalues of H, with e1 < · · · < ep. Note that σdisc,real(H) is �nite by Hypothesis
2.2. Let δ > 0 be the distance between σdisc,real(H) and σess(H). For ε > 0 small
enough, we consider the complex open set Uε such that σ(H) ⊂ Uε and the boundary of
Uε is given by (i) small circles surrounding each discrete eigenvalue of H and no other
point of σ(H), (ii) rectangles whose opposite sides are given by the complex segments
[eℓ+δ/2+ iε, eℓ+1−δ/2+ iε] and [eℓ+δ/2− iε, eℓ+1−δ/2− iε] and (iii) the curve given by
the complex segments [ep + δ/2± iε, ε−3 ± iε], [ep + δ/2− iε, ep + δ/2+ iε] and the (long)
circle arc centered at the origin and joining the complex points ε−3+ iε and ε−3− iε. The
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circles and rectangles de�ned by (i), (ii) are oriented counterclockwise, while the curve
de�ned by (iii) is oriented clockwise. See Figure 2.4. We denote by Γ(i) the union of
curves de�ned by (i) and by Γε,♯ the unions of curves de�ned by ♯, where ♯ stands for (ii)
or (iii). If σdisc,real(H) is empty, then Γε,(ii) is absent and we replace ep − δ > 2 by −1 in
the de�nition of Γε,(iii) (�xing arbitrarily −1 as a real number such that −1 < inf σess(H)).

×

×

×

×

×

×

×

Figure 2.4: The contour Γε. The crosses and thick lines represent the eigenvalues and essential

spectrum of H, respectively.

.

Note that the proof of Proposition 2.3.10 is the only place where we use the assump-
tion that H0 is semi-bounded from below. Without much e�orts, we can replace this
assumption by the condition that H0 has a spectral gap.

We are now ready to prove Proposition 2.3.10. Recall that the function r has been
de�ned in (2.36), for some z0 ∈ ρ(H), z0 ∈ C \ R.

Proof of Proposition 2.3.10. In order to be able to apply Proposition 2.5.4 for a suitable
function h, it is convenient to add a decaying term to the regularizing function r. Hence
we set

r̃(z) := (z − z0)
−1r(z) = (z − z0)

−(ν1+···+νn+ν∞+1)

n∏
j=1

(z − λj)
νj , (2.74)

so that r̃ satis�es (2.68) in any interval I ⊂ R. Let C̄ := C ∪ {∞} denote the Riemann
sphere. We note that σ(H)∪{∞} ⊂ Uε∪{∞} and that Uε∪{∞} is an open set in C̄. The
function r̃ is extended to C̄ by setting r̃(∞) = 0. By the Riesz-Dunford functional calculus
(see e.g. [24, Section VIII.9]), using in particular that r̃ is analytic in a neighborhood of
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σ(H) ∪ {∞} in C̄, we have that

r̃(H) = − 1

2iπ

∫
Γε

r̃(z)RH(z)dz. (2.75)

We consider successively the contributions to this integral from Γ(i), Γε,(ii) and Γε,(iii).
The contribution from Γ(i) gives, by de�nition, the Riesz projection onto the discrete
spectral subspace of H,

− 1

2iπ

∫
Γ(i)

r̃(z)RH(z)dz = r̃(H)Πdisc(H). (2.76)

The contribution from Γε,(ii) gives, for each rectangle, four terms. The integrals over
the vertical segments are of order O(ε). This easily follows from the fact that z 7→
|r̃(z)|∥RH(z)∥B(H) is uniformly bounded on these segments, whose lengths are equal to
2ε. The sum of the integrals over the horizontal segments can be rewritten as

1

2iπ

∫ eℓ+1−δ/2

eℓ+δ/2

(
r̃(λ+ iε)RH(λ+ iε)− r̃(λ− iε)RH(λ− iε)

)
dλ.

Applying Proposition 2.5.3, we deduce that

w-lim
ε→0+

∫ eℓ+1−δ/2

eℓ+δ/2

(
r̃(λ+ iε)RH(λ+ iε)− r̃(λ− iε)RH(λ− iε)

)
dλ

=

∫ eℓ+1−δ/2

eℓ+δ/2

r̃(λ)
(
RH(λ+ i0+)−RH(λ− i0+)

)
dλ.

Therefore, the contribution to (2.75) from Γε,(ii) gives

w-lim
ε→0+

− 1

2iπ

∫
Γε,(ii)

r̃(z)RH(z)dz =
1

2iπ

p−1∑
ℓ=1

∫ eℓ+1−δ/2

eℓ+δ/2

r̃(λ)
(
RH(λ+ i0

+)−RH(λ− i0+)
)
dλ.

(2.77)
It remains to consider the contribution from Γε,(iii). As before, the integral over the

small vertical segment is of order O(ε). The sum of the integrals over the horizontal
segments can be rewritten as

1

2iπ

∫ ε−3

ep+δ/2

(
r̃(λ+ iε)RH(λ+ iε)− r̃(λ− iε)RH(λ− iε)

)
dλ.

First, we note that∫ ∞

ε−3

(
r̃(λ+ iε)RH(λ+ iε)− r̃(λ− iε)RH(λ− iε)

)
dλ = O(ε).
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Indeed, we have |r̃(λ± iε)| ≤ c|λ|−1 for λ large enough and hence, by the Cauchy-Schwarz
inequality,∫ ∞

ε−3

∣∣〈u, r̃(λ± iε)RH(λ± iε)v
〉
H

∣∣dλ ≤ cε
3
2∥u∥H

(∫ ∞

ε−3

∥∥RH(λ± iε)v
∥∥2
Hdλ

) 1
2

≤ cε∥u∥H∥v∥H,

the second inequality being a consequence of Lemma 2.5.5(ii). Hence

1

2iπ

∫ ε−3

ep+δ/2

〈
u,
(
r̃(λ+ iε)RH(λ+ iε)− r̃(λ− iε)RH(λ− iε)

)
v
〉
Hdλ

=
1

2iπ

∫ ∞

ep+δ/2

〈
u,
(
r̃(λ+ iε)RH(λ+ iε)− r̃(λ− iε)RH(λ− iε)

)
v
〉
Hdλ+O(ε)∥u∥H∥v∥H.

Combining this with Proposition 2.5.4, we obtain that

w-lim
ε→0+

1

2iπ

∫ ε−3

ep+δ/2

(
r̃(λ+ iε)RH(λ+ iε)− r̃(λ− iε)RH(λ− iε)

)
dλ

=
1

2iπ

∫ ∞

ep+δ/2

r̃(λ)
(
RH(λ+ i0+)−RH(λ− i0+)

)
dλ.

The integral over the circle arc in Γε,(iii) can be estimated as follows. Denote by Cε this
circle arc. For z ∈ Cε, |Im(z)| ≤ ε0, Lemma 2.5.5(i) implies that ∥RH(z)∥B(H) ≤ cε−1.
Using in addition that |r̃(z)| ≤ C|z|−1 = O(ε3) for z ∈ Cε, we obtain∣∣∣ ∫

Cε∩{|Im(z)|≤ε0}
r̃(z)RH(z)dz

∣∣∣ = O(ε).

For z ∈ Cε, |Im(z)| ≥ ε0, it su�ces to use that ∥RH(z)∥B(H) ≤ c together with |r̃(z)| ≤
C|z|−1 = O(ε3) to conclude that∣∣∣ ∫

Cε∩{|Im(z)|≥ε0}
r̃(z)RH(z)dz

∣∣∣ = O(ε3).

Putting together the previous estimates, we have shown that

w-lim
ε→0+

− 1

2iπ

∫
Γε,(iii)

r̃(z)RH(z)dz =
1

2iπ

∫ ∞

ep+δ/2

r̃(λ)
(
RH(λ+ i0+)−RH(λ− i0+)

)
dλ.

(2.78)
Equations (2.75), (2.76), (2.77) and (2.78), together with the fact that RH(λ + i0+) =
RH(λ− i0+) = RH(λ) if λ ∈ ρ(H), yield

r̃(H) = r̃(H)Πdisc(H) +
1

2iπ

∫
σess(H)

r̃(λ)
(
RH(λ+ i0+)−RH(λ− i0+)

)
dλ. (2.79)
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It remains to show that one can replace r̃ by r in the previous equation. For the �rst two
terms, we have that r̃(H) = RH(z0)r(H) by de�nition, while (2.73) in Proposition 2.5.4
implies ∫

σess(H)

r̃(λ)
(
RH(λ+ i0+)−RH(λ− i0+)

)
dλ

= RH(z0)

∫
σess(H)

r(λ)
(
RH(λ+ i0+)−RH(λ− i0+)

)
dλ.

Hence, applying (H − z0) to both sides of (2.79), we obtain (2.37). This concludes the
proof.

2.5.4 Proof of Theorem 2.3.2

Now we prove Theorem 2.3.2. We recall that H±
p (H) is the vector space spanned by

all generalized eigenstates corresponding to eigenvalues λ ∈ C such that ∓Imλ > 0 and
that H±

ads is the closure of {u ∈ H, limt→∞ ∥e±itHu∥H = 0}. We begin with proving the
following easy inclusion, H±

p (H) ⊂ H±
ads(H), which holds under the assumption that H

has �nitely many eigenvalues with �nite algebraic multiplicities.

Proposition 2.5.6. Suppose that Hypothesis 2.2 holds. Then

H±
p (H) ⊂ H±

ads(H).

Proof. We prove that H+
p (H) ⊂ H+

ads(H). Let λ ∈ σdisc(H) with Im(λ) < 0 and let
u ∈ Ran(Πλ(H)). For all t > 0, we estimate

∥∥e−itHu
∥∥
H ≤ 1

2π

∫
γ

et Im(z) ∥RH(z)u∥H dz,

where γ is the circle de�ned as in (2.5). Since γ ⊂ C−, we have

∥∥e−itHu
∥∥
H ≤ e−tδ

2π

∫
γ

∥RH(z)u∥H dz,

for some δ > 0. Hence u ∈ H+
ads(H). The proof of H−

p (H) ⊂ H−
ads(H) is analogous.

To prove the converse inclusion, we will use the following easy lemma. Recall that

Π±
disc(H) =

∑
λ∈σdisc(H),∓Im(λ)>0

Πλ(H), Π0
disc(H) =

∑
λ∈σdisc(H),Im(λ)=0

Πλ(H).

Lemma 2.5.7. Suppose that Hypothesis 2.2 holds. Then

H±
ads(H) ⊂ Ker

(
Π∓

disc(H) + Π0
disc(H)

)
.
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Proof. Let u ∈ H+
ads(H). We have(

Π−
disc(H) + Π0

disc(H)
)
e−itHu = e−itH

(
Π−

disc(H) + Π0
disc(H)

)
u. (2.80)

The restriction ofH to Ran(Π−
disc(H)+Π0

disc(H)) = H−
disc(H)⊕H0

disc(H) is a linear mapping
from a �nite dimensional space to itself, whose eigenvalues have non-negative imaginary
parts. Hence, by Lyapunov's Theorem,

lim
t→∞

∥∥e−itH
(
Π−

disc(H) + Π0
disc(H)

)
u
∥∥
H ̸= 0 unless

(
Π−

disc(H) + Π0
disc(H)

)
u = 0.

Since the left-hand-side of (2.80) tends to 0 as t→ ∞ (for u ∈ H+
ads(H)), we conclude that

indeed (Π−
disc(H)+Π0

disc(H))u = 0. Hence we have proven that H+
ads(H) ⊂ Ker(Π−

disc(H)+
Π0

disc(H)). The proof of H−
ads(H) ⊂ Ker(Π+

disc(H) + Π0
disc(H)) is similar.

Now we are ready to prove Theorem 2.3.2. We will use the regularizing function r
de�ned in (2.36), for some z0 ∈ ρ(H), z0 ∈ C \ R.

Proof of Theorem 2.3.2. In view of Proposition 2.5.6, it remains to show that H±
ads(H) ⊂

H±
p (H). We prove that H+

ads(H) ⊂ H+
p (H), the inclusion H−

ads(H) ⊂ H−
p (H) can be

proven in the same way.
Let u ∈ H+

ads(H). By Proposition 2.3.10, we can write

r(H)u = Πdisc(H)r(H)u+ ress(H)u, (2.81)

where

ress(H) := w-lim
ε→0+

1

2πi

∫
σess(H)

r(λ)
(
RH(λ+ iε)−RH(λ− iε)

)
dλ

is a bounded operator.
Clearly, since r(H) is bounded and commutes with e−itH , we have that r(H)u ∈

H+
ads(H). Lemma 2.5.7 then implies that r(H)u ∈ Ker(Π−

disc(H) + Π0
disc(H)). Inserting

this into (2.81) gives

r(H)u = Π+
disc(H)r(H)u+ ress(H)u. (2.82)

Now we show that u ∈ Ker(ress(H)). We have Ker(ress(H)) = Ran(ress(H)⋆)⊥ where, by
Proposition 2.5.3,

ress(H)⋆ = w-lim
ε→0+

1

2πi

∫
σess(H)

r(λ)
(
RH⋆(λ+ iε)−RH⋆(λ− iε)

)
dλ.

For all v = ress(H)⋆w ∈ Ran(ress(H)⋆), we can write

|⟨v, u⟩H| =
∣∣⟨e−itH⋆

v, e−itHu⟩H
∣∣ ≤ ∥∥e−itH⋆

v
∥∥
H

∥∥e−itHu
∥∥
H. (2.83)

By (2.71) and (2.72) in Proposition 2.5.4, we have∥∥e−itH⋆

v
∥∥
H =

∥∥e−itH⋆

ress(H)⋆w
∥∥
H ≤ c∥w∥H.
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Inserting this into (2.83), letting t → ∞ and using that u ∈ H+
ads(H), we obtain that

⟨v, u⟩ = 0. Hence u ∈ Ker(ress(H)) and therefore (2.82) reduces to

r(H)u = Π+
disc(H)r(H)u. (2.84)

We have proven that r(H)u belongs to H+
disc(H) = H+

p (H). Now the Riesz-Dunford
functional calculus shows that the restriction of r(H) to H+

p (H) is bounded invertible.
Hence we deduce that u ∈ H+

p (H). This concludes the proof.

2.5.5 Proof of Theorem 2.3.3

Recall thatHp(H) is the closure of the vector space spanned by all generalized eigenvectors
of H, and that the absolutely continuous spectral subspace of H has been de�ned in
Section 2.2.2. We want to prove that Hac(H) = Hp(H

⋆)⊥. We begin with the following
proposition which only requires that Hp(H) be �nite dimensional.

Proposition 2.5.8. Suppose that Hypothesis 2.2 holds. Then

Hac(H) ⊂ Ran(Id−Πp(H)) = Hp(H
⋆)⊥.

Proof. Let u ∈ M(H). We decompose

u = Πp(H)u+ (Id−Πp(H))u.

Suppose by contradiction that Πp(H)u ̸= 0. Then there exists v ∈ Hp(H
⋆) such that

⟨u, v⟩H = 1. Indeed, if ⟨u, v⟩H = 0 for all v ∈ Hp(H
⋆), then u ∈ Hp(H

⋆)⊥ = Ker(Πp(H)).
Now, if v ∈ Hp(H

⋆) satis�es ⟨u, v⟩ = 1, the map t 7→
〈
e−itHu, v

〉
H cannot belong to

L2(R,C) since 〈
e−itHu, v

〉
H =

〈
u, eitH

⋆

v
〉
H

and the restriction of iH⋆ to Hp(H
⋆) is a linear mapping on a �nite dimensional vector

space.
This proves that Πp(H)u = 0 and hence that M(H) ⊂ Ran(Id−Πp(H)). Finally

taking the closure of M(H), we get the proposition.

To prove the converse inclusion, we will use the following easy lemma. Recall that r
has been de�ned in (2.36), for some z0 ∈ ρ(H), z0 ∈ C \ R.

Lemma 2.5.9. Suppose that Hypotheses 2.2 and 2.3 hold. Then

Ran
(
r(H)(Id−Πp(H))

)
is dense in Hp(H

⋆)⊥.

Proof. SinceH commutes with Πp(H), r(H) preservesHp(H
⋆)⊥ = Ran(Id−Πp(H)). The

adjoint of r(H)(Id−Πp(H)) is given by

[
r(H)(Id−Πp(H))

]⋆
=
[ n∏
j=1

(H⋆ − λj)
νj
]
RH⋆(z̄0)

(ν1+···+νn+ν∞)(Id−Πp(H
⋆)).
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Since the restriction of H⋆ to Ran(Id−Πp(H
⋆)) has no eigenvalues, the right-hand-side

of the previous equation restricted to Ran(Id−Πp(H
⋆)) is an injective operator, which

concludes the proof of the lemma.

Now we prove Theorem 2.3.3.

Proof of Theorem 2.3.3. By Proposition 2.5.8, we know that Hac(H) ⊂ Hp(H
⋆)⊥. To

prove that Hp(H
⋆)⊥ ⊂ Hac(H), since Hac(H) is closed, it su�ces by Lemma 2.5.9 to

show that
Ran

(
r(H)(Id−Πp(H))

)
⊂ Hac(H).

Let u = r(H)(Id−Πp(H))v ∈ Ran(r(H)(Id−Πp(H))). Let (vn)n∈N = (Cwn)n∈N be a
sequence in HC = Ran(C) such that vn → v as n → ∞ (recall that HC is dense in H).
We claim that

un := r(H)(Id−Πp(H))vn ∈ Hac(H). (2.85)

To prove (2.85), applying Proposition 2.3.10 and the fact that (Id−Πp(H))Πdisc(H) = 0,
we �rst observe that, for all φ ∈ H,

⟨un, φ⟩ =
〈
r(H)(Id−Πp(H))vn, φ

〉
= − 1

2iπ

∫
Λ

r(λ)
〈(
RH(λ+ i0+)−RH(λ− i0+)

)
vn, ψ

〉
dλ,

where, to simplify notations, we set Λ := σess(H) and ψ := (Id−Πp(H
⋆))φ. Next we

apply (2.72) in Proposition 2.5.4 and Plancherel's Theorem to obtain∫
R

∣∣〈e−itHun , φ
〉∣∣2

H dt

=

∫
Λ

∣∣〈r(λ) (RH(λ− i0+)−RH(λ+ i0+)
)
vn , ψ

〉
H

∣∣2 dλ. (2.86)

Using the resolvent identity

RH(z) = R0(z)−R0(z)VR0(z) +R0(z)VRH(z)VR0(z),

for all z ∈ ρ(H), we decompose∫
Λ

|r(λ) ⟨(RH(λ− iε)−RH(λ+ iε)) vn , ψ⟩H|
2 dλ

≤
∫
Λ

|r(λ) ⟨(R0(λ− iε)−R0(λ+ iε)) vn , ψ⟩H|
2 dλ

+

∫
Λ

|r(λ) ⟨(R0(λ− iε)VR0(λ− iε)) vn , ψ⟩H|
2 dλ

+

∫
Λ

|r(λ) ⟨(R0(λ+ iε)VR0(λ+ iε)) vn , ψ⟩H|
2 dλ

+

∫
Λ

|r(λ) ⟨(R0(λ− iε)VRH(λ− iε)VR0(λ− iε)) vn , ψ⟩H|
2 dλ

+

∫
Λ

|r(λ) ⟨(R0(λ+ iε)VRH(λ+ iε)VR0(λ+ iε)) vn , ψ⟩H|
2 dλ. (2.87)
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We claim that each term of the right-hand-side of the previous equation is bounded by
cn ∥φ∥2H, for some positive constant cn depending on n. We estimate each term separately.

For the �rst term in the right-hand-side of (2.87), it su�ces to use that H0 is a self-
adjoint operator with purely absolutely continuous spectrum (by Hypothesis 2.1), which
yields ∫

Λ

∣∣r(λ) 〈(R0(λ− i0+)−R0(λ+ i0+)
)
vn , ψ

〉∣∣2 dλ ≤ cn∥r∥2L∞ ∥ψ∥2H . (2.88)

Next, remembering that vn = Cwn and V = CWC, the second and third terms in the
right-hand-side of (2.87) are estimated as∫

Λ

|r(λ) ⟨(R0(λ± iε)CWCR0(λ± iε))Cwn , ψ⟩|2H dλ

≤ ∥W∥2B(H) ∥r∥
2
L∞ sup

λ∈Λ

(
∥CR0(λ± iε)C∥2B(H)

)
∥wn∥2H

∫
Λ

∥CR0(λ∓ iε)ψ∥2H dλ

≤ cn∥ψ∥2H, (2.89)

where we used Hypothesis 2.1 (and (2.24)) in the second inequality.
Finally, to estimate the fourth and �fth terms in the right-hand-side of (2.87), we

write similarly∫
Λ

|r(λ) ⟨(R0(λ± iε)CWCRH(λ± iε)CWCR0(λ± iε))Cwn , ψ⟩H|
2 dλ

≤ ∥W∥2B(H) sup
λ∈Λ

(
|r(λ)| ∥CRH(λ± iε)CW∥2B(H)

)
sup
λ∈Λ

(
∥CR0(λ± iε)C∥2B(H)

)
∥wn∥2H

×
∫
Λ

∥CR0(λ∓ iε)ψ∥2H dλ

≤ cn∥ψ∥2H, (2.90)

where we used Hypotheses 2.1 and 2.3 in the second inequality.
Inserting (2.87)�(2.90) into (2.86) and using that ∥ψ∥H ≤ ∥φ∥H, we deduce that∫

R

∣∣〈e−itHun , φ
〉∣∣2

H dt ≤ Cn∥φ∥2H.

Therefore, un ∈ Hac(H) for all n ∈ N. Since un → u in H as n→ ∞, and since Hac(H) is
closed, this implies that u ∈ Hac(H) and hence the proof of the theorem is complete.

Our last proposition shows that in the case where H is dissipative, Hypothesis 2.4 can
be dropped in the statement of Theorem 2.3.3. Using the notations from Section 2.4.6, we
know that the only possible generalized eigenvectors corresponding to a real eigenvalue of
H are eigenvectors in the usual sense, and that they are also eigenvectors of HV1 (and of
H⋆). Especially if λ ∈ R is an eigenvalue of H, then Ker((H − λ)2) = Ker(H − λ) (see
[35, lemma 3.3]) and we have

u ∈ Ker(H − λ) ⇒ u ∈ Ker(HV1 − λ) ∩Ker(V2) ⇒ u ∈ Ker(H⋆ − λ),
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see also Lemma 2.4.11. Choosing an orthogonal basis {e1, . . . , en} in Ker(H − λ), the
spectral projection corresponding to λ can then be de�ned in the usual way, setting

Πλ(H)u :=
n∑

j=1

⟨ej, u⟩ej, u ∈ H.

One readily checks that Πλ(H)⋆ = Πλ(H
⋆). The spectral projection Πp(H) onto the point

spectral subspace of H can then be de�ned as in Section 2.2.2. Modifying the previous
proof in a straightforward way, we deduce the following.

Proposition 2.5.10. Suppose that Hypotheses 2.1-2.3 hold and that H is dissipative,
Im(H) ≤ 0. Then

Hac(H) = Ran(Id− Πp(H)) = Hp(H
⋆)⊥.

2.6 Appendix

2.6.1 Proof of Proposition 2.2.1

In this appendix, we give a proof of properties of spectral projections associated to em-
bedded eigenvalues.

Proof of Proposition 2.2.1. We are in the case where λ is an embedded eigenvalue of H.
Let (φk)1≤k≤mλ

a basis of Ker((H − λ)mλ) permitting to de�ne Πλ(H) (see (2.13)). Then
the properties are proved in the following way

� Πλ(H)2 = Πλ(H) : Let u ∈ H, then

Πλ(H)Πλ(H)u =
n∑

k=1

⟨Jφk ,Πλ(H)u⟩H φk =
n∑

k,l=1

⟨Jφl , φk⟩H ⟨Jφk , u⟩H φl

=
n∑

k=1

⟨Jφk , u⟩H φk = Πλ(H)u.
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� ∀u ∈ D(H0), Πλ(H)Hu = HΠλ(H)u : Let u ∈ D(H0), then

Πλ(H)Hu =
n∑

k=1

⟨Jφk , Hu⟩H φk =
n∑
k

⟨JHφk , u⟩H φk

=
n∑

k,l=1

⟨Jφl , u⟩H ⟨Jφl , Hφk⟩H φk

=
n∑

k,l=1

⟨Jφl , u⟩H ⟨Jφk , Hφl⟩H φk

=
n∑

l=1

⟨Jφl , u⟩HHφl

= HΠλ(H)u.

� (Πλ(H))⋆ = Πλ(H
⋆) : Let u, v ∈ H, then

⟨Πλ(H)u, v⟩H =
n∑

k=1

⟨Jφk , u⟩H ⟨φk , v⟩H

=

〈
u,

n∑
k=1

⟨φk , v⟩H Jφk

〉
H

= ⟨u,Πλ(H
⋆)v⟩H .

2.6.2 Appendix to Section 2.4

In this appendix, we provide the proofs of Propositions 2.4.1 and 2.4.7. They consist
in a suitable adaptation of the corresponding proofs in [34] where the particular case of
dissipative operators have been considered.

Proof of Proposition 2.4.1. We prove the result in the case of an outgoing regular spectral
point, the proof in the case of an incoming regular spectral point is identical.

First we prove that (i)⇒(ii). Suppose that λ is an outgoing regular spectral point of
H. There exists ε0 > 0 such that, for all ε ∈ (0, ε0), RH(λ + iε) exists in B(H). The
resolvent identity gives

(Id−CRH(λ+ iε)CW )(Id+CR0(λ+ iε)CW ) = Id . (2.91)

Using that the limits in (2.39) exist, we obtain from (2.91) that

(Id−CRH(λ+ i0+)CW )(Id+CR0(λ+ i0+)CW ) = Id .

Thus Id+CR0(λ + i0+)CW is injective, and hence invertible in B(H) by the Fredholm
alternative.
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Next we prove that (ii)⇒(i). Suppose that Id+CR0(λ+i0
+)CW is invertible in B(H).

Suppose by contradiction that λ is an accumulation point of eigenvalues of H located in
λ + i(0,∞). Then there exists a sequence (εn)n∈N of positive real numbers such that
εn → 0 as n→ ∞ and, for all n ∈ N, vectors un ∈ H, ∥un∥H = 1, such that

(H − (λ+ iεn))un = 0.

Applying CR0(λ+ iεn) to this equations yields

CR0(λ+ iεn)(H − (λ+ iεn))un = (Id+CR0(λ+ iεn)CW )Cun = 0.

Since Id+CR0(λ + i0+)CW is invertible in B(H), for n large enough, Id+CR0(λ +
iεn)CW is also invertible. Therefore CR0(λ+ iεn)(H − (λ+ iεn)) is injective, which is a
contradiction since un ̸= 0.

It remains to show that CRH(λ + iε)CW converges in B(H) as ε → 0+. Since for
ε > 0 small enough Id+CR0(λ+ iε)CW is invertible in B(H), (2.91) gives

CRH(λ+ iε)CW =
(
Id+CR0(λ+ iε)CW

)−1 − Id,

This proves that

CRH(λ+ i0+)CW =
(
Id+CR0(λ+ i0+)CW

)−1 − Id

exists in B(H).

Before proving Proposition 2.4.7, we recall the proof of Lemma 2.4.2 which was used
several times in the main text.

Proof of Lemma 2.4.2. Consider for instance the operator R0 (λ+ iε)C. Let ε > 0, u ∈
H. We have

∥R0 (λ+ iε)Cu∥2H = ⟨R0 (λ+ iε)Cu,R0 (λ+ iε)Cu⟩H

=
1

2iε
⟨Cu, [R0 (λ+ iε)−R0 (λ− iε)]Cu⟩H

=
1

ε
Im (⟨u,CR0 (λ+ iε)Cu⟩H) .

Since the limits (2.39) exist, there exists c0 > 0 such that

sup
ε>0

Im (⟨u,CR0 (λ+ iε)Cu⟩H) ≤ c20 ∥u∥
2
H .

Hence

∥R0 (λ+ iε)Cu∥2H ≤ 1

ε
c20 ∥u∥

2
H .

This proves the lemma for R0 (λ+ iε)C. The proof for R0 (λ− iε)C is identical.
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Proof of Proposition 2.4.7. Again, we prove the result in the case of an outgoing regular
spectral point, the proof in the case of an incoming regular spectral point being identical.

(ii)⇒(i) is obvious. We prove that (i)⇒(ii). Suppose that λ is an outgoing regular
spectral point. By Proposition 2.4.1,

A(λ) := Id+CR0(λ+ i0+)CW

is invertible in B(H). Since the maps in (2.48) extend by continuity to D̊(λ, r)∩ C̄±, there
exists a compact interval Kλ ⊂ R whose interior contains λ such that, for all µ ∈ Kλ, A(µ)
is invertible. By Proposition 2.4.1, this implies that each µ ∈ Kλ is not an accumulation
point of eigenvalues located in µ + i(0,∞) and that, for all µ ∈ Kλ, CRH(µ + i0+)CW
exists in B(H). Finally, the fact that the limit

CRH(µ+ i0+)CW = lim
ε→0+

CRH(µ+ iε)CW = (Id+CR0(µ+ i0+)CW )−1 − Id

is uniform in µ ∈ Kλ follows from the continuity of the map z 7→ (Id+CR0(z)CW )−1 on
D̊(λ, r) ∩ C̄+.

2.6.3 Appendix to Section 2.5

Proof of Propositions 2.5.1 and 2.5.2. To prove the existence of the weak limit in (2.60),
we use twice the resolvent formula, which gives for ε ∈ (0, ε0), ε0 > 0 small enough,

RH(λ± iε) =R0(λ± iε)−R0(λ± iε)VR0(λ± iε)

+R0(λ± iε)VRH(λ± iε)VR0(λ± iε). (2.92)

Stone's formula for the self-adjoint operator H0 shows that

w-lim
ε→0+

1

2πi

∫
I

(
R0(λ+ iε)−R0(λ− iε)

)
dλ = 1I(H0) (2.93)

in B(H). Since for all u ∈ H, CR0(λ± iε)u converge in L2(I;H) as ε→ 0+ by Hypothesis
2.1, we deduce that the weak limits

w-lim
ε→0+

∫
I

R0(λ± iε)VR0(λ± iε)dλ = w-lim
ε→0+

∫
I

R0(λ± iε)CWCR0(λ± iε)dλ (2.94)

exist in B(H). For the last term from (2.92), we write

w-lim
ε→0+

∫
I

R0(λ± iε)CWCRH(λ± iε)CWCR0(λ± iε)dλ

= w-lim
ε→0+

∫
I

R0(λ± i0+)CWCRH(λ± iε)CWCR0(λ± i0+)dλ, (2.95)

where we used that, for all u ∈ H, λ 7→ CR0(λ ± iε)u converge in L2(I;H) as ε → 0+,
together with the fact that CRH(λ±iε)CW is uniformly bounded in ε ∈ (0, ε0) by (2.59).
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Since λ 7→ CR0(λ ± i0+)u belongs to L2(I,H) for all u ∈ H, combining the fact that
CRH(λ± iε)CW converges to CRH(λ± i0+)CW in B(H) for a.e. λ ∈ I and again that
CRH(λ± iε)CW is uniformly bounded in ε ∈ (0, ε0), we obtain

lim
ε→0+

∫
I

〈
u,R0(λ± iε)CWCRH(λ± iε)CWCR0(λ± iε)v

〉
dλ

=

∫
I

〈
CR0(λ∓ i0+)u,WCRH(λ± i0+)CWCR0(λ± i0+)v

〉
dλ, (2.96)

by Lebesgue's dominated convergence theorem.
Equations (2.92)�(2.96) prove that the weak limit in (2.60) exists. Moreover, for all

u, v ∈ H, we have that

⟨u,1I(H)v⟩ = ⟨u,1I(H0)v⟩ −
1

2iπ

∫
I

〈
CR0(λ∓ i0+)u,WCR0(λ± i0+)v

〉
dλ

+
1

2iπ

∫
I

〈
CR0(λ∓ i0+)u,WCRH(λ± i0+)CWCR0(λ± i0+)v

〉
dλ.

Equation (2.62) is easily proven, while (2.61), (2.65) and (2.66) follow as in [35]. Then
the Banach algebra morphism property (2.64) follows using arguments below and the
projection property.

Proof of Propositions 2.5.3 and 2.5.4. The proof has the same structure as that of Propo-
sitions 2.5.1 and 2.5.2, with the following modi�cations. First, (2.93) is replaced by the
following argument. We write∫

I

(
h(λ+ iε)R0(λ+ iε)− h(λ− iε)R0(λ− iε)

)
dλ

=

∫
I

h(λ)
(
R0(λ+ iε)−R0(λ− iε)

)
dλ

+

∫
I

(
[h(λ+ iε)− h(λ)]R0(λ+ iε)− [h(λ− iε)− h(λ)]R0(λ− iε)

)
dλ.

For the �rst term, since H0 is self-adjoint, we have

w-lim
ε→0+

1

2πi

∫
I

h(λ)
(
R0(λ+ iε)−R0(λ− iε)

)
dλ = h(H0). (2.97)

For the second term, we use the mean-value Theorem together with the Cauchy-Schwarz
inequality, writing for all u, v ∈ H,∫

I

∣∣〈u, [h(λ± iε)− h(λ)]R0(λ± iε)v
〉
H

∣∣dλ
≤ ε∥u∥H

(∫
I

(
sup

0<ε<ε0

|h′(λ± iε)|
)2
dλ
) 1

2
(∫

I

∥∥R0(λ± iε)v
∥∥2
Hdλ

) 1
2
. (2.98)
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The �rst integral is bounded by (2.68). The second integral can be rewritten as∫
I

∥∥R0(λ± iε)v
∥∥2
Hdλ =

∫
I

〈
v,R0(λ∓ iε)R0(λ± iε)v

〉
Hdλ

=
1

2iε

∫
I

〈
v,
(
R0(λ− iε)−R0(λ+ iε)

)
v
〉
Hdλ, (2.99)

from which we deduce that(∫
I

∥∥R0(λ± iε)v
∥∥2
Hdλ

) 1
2 ≤ cε−

1
2∥v∥H. (2.100)

Together with (2.97), (2.98) and (2.99), this implies that

w-lim
ε→0+

1

2πi

∫
I

(
h(λ+ iε)R0(λ+ iε)− h(λ− iε)R0(λ− iε)

)
dλ = h(H0).

The rest of the proof follows in the same way as in the proof of Propositions 2.5.1 and
2.5.2 (see in particular (2.94) and (2.95)), using that h(λ±iε) and h(λ±iε)CRH(λ±iε)CW
are uniformly bounded in ε ∈ (0, ε0).

In the proof of the spectral resolution formula stated in Proposition 2.3.10, we used
Lemma 2.5.5 which we now prove. The arguments are similar to those used in the previous
proofs.

Proof of Lemma 2.5.5. To prove (i), it su�ces to use the resolvent equation (2.92) to-
gether with the fact that V = CWC and the estimates ∥R0(λ±iε)∥B(H) ≤ ε−1, ∥CR0(λ±
iε)∥B(H) ≤ cε−1/2 (see Lemma 2.4.2) and ∥CR(H ± iε)CW∥B(H) ≤ c by (2.59).

To prove (ii), we use again (2.92), writing∫
I

∥RH(λ± iε)u∥2Hdλ ≤ 2

∫
I

∥R0(λ± iε)u∥2Hdλ

+ 2

∫
I

∥R0(λ± iε)CWCR0(λ± iε)u∥2Hdλ

+ 2

∫
I

∥R0(λ± iε)CWCRH(λ± iε)CWCR0(λ± iε)u∥2Hdλ.

By (2.100), the �rst term is bounded cε−1. The same holds for the second and third
terms, using again that ∥CR0(λ± iε)∥B(H) ≤ cε−1/2 and ∥CR(H ± iε)CW∥B(H) ≤ c.





Chapter 3

Scattering theory for some

non-self-adjoint operators

We consider a non-self-adjoint H given as the perturbation of a self-adjoint operator
H0. We suppose that H is of the form H = H0 + CWC where C is a bounded metric
operator, relatively compact with respect to H0, and W is bounded. We suppose that
C(H0 − z)−1C is uniformly bounded in z ∈ C \ R. We de�ne the regularized wave
operators associated toH andH0 byW±(H,H0) := s-lim

t→∞
e±itHr∓(H)Πp(H

⋆)⊥e∓itH0 where

Πp(H
⋆) is the projection onto the direct sum of all the generalized eigenspace associated

to eigenvalue of H⋆ and r∓ is a rational function that regularizes the `incoming/outgoing
spectral singularities' of H. We prove the existence and study the properties of the
regularized wave operators. In particular we show that they are asymptotically complete
if H does not have any spectral singularity.

3.1 Introduction

We are interested in this paper in the scattering theory for non-self-adjoint operators.
Non-self-adjoint `Hamiltonians' in Quantum Mechanics are particularly relevant in various
context, see e.g. [4, 62] and references therein for a detailed exposition.

In particular, non-conservative phenomena may be described by e�ective or phe-
nomenological non-self-adjoint operators. A famous model involving non-self-adjoint op-
erators is the nuclear optical model describing the interaction of a neutron (or a proton)
and a nucleus in Nuclear Physics. It was introduced by Feshbach, Porter and Weisskopf
in [37] as an empirical model taking into account the formation of a compound nucleus.
In this model, if the neutron is initially (at time t = 0) in the normalized state φ0, then
it evolves into the unnormalized state φt = e−itHφ0 at time t, where φt is the solution to
the Schrödinger equation

i∂tφt = Hφt. (3.1)

Here H = −∆+ V (x) is a dissipative operator acting on L2(R3,C), with Im(V (x)) ≤ 0.
Part of the energy of the neutron may be transferred to the nucleus, eventually leading to

71
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the capture of the neutron by the nucleus. The transfer of energy is mathematically illus-
trated by the dissipative nature of the `Hamiltonian' H. In particular, given a normalized
state φ0, the probability that the neutron escapes from the nucleus is given by

ρscatt(φ0) = 1− lim
t→∞

∥∥e−itHφ0

∥∥2
L2 .

and ρabs(φ0), the probability of absorption of the neutron by the nucleus, is given by

ρabs(φ0) = 1− ρscat(φ0).

If the neutron is initially in a state whose probability of scattering is not zero, then it is
expected that there exists a scattering state φ ∈ H such that ∥φ∥L2(R3,C) = ρscatt(φ0) and

lim
t→∞

∥∥e−itHφ0 − e−itH0φ
∥∥
L2(R3,C) = 0.

This motivated the development of a scattering theory for non-self-adjoint operators.
The nuclear optical model leads to predictions that correspond to experimental scatter-
ing data to a high precision. Theoretical justi�cations of the model have been given in
[38�40] (see also [4, 41, 50]). We mention the works [32, 34, 35] for an abstract dissipative
scattering theory and [72, 85] for dissipative Schrödinger operators. Moreover, scattering
theory for non-self-adjoint operators on Hilbert spaces has been considered in other con-
texts, see for example [54] for the construction of local wave operators assuming that a
limiting absorption principle holds, [87] for one-dimensional Schrödinger operators with a
complex potential on the half-line, [88] for an abstract framework on scattering theory for
non-self-adjoint operators under an assumption of Kato's smoothness of the perturbation,
and [55] in the case where the perturbation is not too large in Kato's sense.

We consider here an abstract class of operators of the form H = H0 + V acting on
a Hilbert space H, where H0 is self-adjoint with absolutely continuous spectrum and V
is a bounded operator relatively compact with respect to H0. In particular, the essential
spectrum of H and that of H0 coincide. We suppose that V decomposes into the form
V = CWC, with W bounded and C a bounded operator such that

sup
z∈C\R

∥∥C(H0 − z)−1C
∥∥
B(H)

<∞. (3.2)

Such factorizations go back to the seminal work of Kato [55].
We aim at constructing and studying the wave operators associated to H and H0. As

H is a perturbation of a self-adjoint operator by a bounded operator, −iH is the generator
of a strongly continuous group of evolution. We suppose in addition that H (and hence
H⋆) has a �nite number of eigenvalues with �nite algebraic multiplicities. We can then
de�ne the regularized wave operators associated to H and H0 by

W±(H,H0) = s-lim
t→±∞

eitHΠp(H
⋆)⊥r∓(H)e−itH0 . (3.3)

Here Πp(H
⋆)⊥ is the projection onto the orthogonal of the point spectral subspace of

H⋆, and r∓(H) are rational functions of H regularizing the incoming/outgoing spectral
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singularities of H. See below for precise de�nitions. In our context, spectral singularities
are de�ned as points of the essential spectrum of H where H does not satisfy a suit-
able limiting absorption principle (see De�nition 3.3.1 below). For Schrödinger operators
with a bounded, compactly supported potential, spectral singularities correspond to real
resonances (see e.g. [25]).

We are not aware of such a de�nition of regularized wave operators previously in
the literature, even in context of Schrödinger operators. In this paper, we prove that,
under suitable assumptions, the regularized wave operatorsW±(H,H0) exist, are injective,
and such that their ranges are dense in Ran(Πp(H

⋆))⊥. (We will recall from chapter 2
that Ran(Πp(H

⋆)⊥) coincide with the `absolutely continuous spectral subspace' of H,
see Subsection 3.3.4 for the de�nition of Hac(H). These properties therefore extend the
corresponding well-known properties that hold for wave operators in unitary scattering
theory, which supports our de�nition of W±(H,H0).

Finally we show that if H has no spectral singularity, then wave operators are asymp-
totically complete, in the sense that they de�ne bijections from H to Ran(Πp(H

⋆)⊥). A
consequence of Asymptotic Completeness is that the solutions of the Schrödinger equation
(3.1) with initial conditions in Ran(Πp(H

⋆)⊥) are uniformly bounded in time.

Notation. In the following, if H1 and H2 are two Hilbert spaces, B(H1,H2) stands
for the set of continuous linear operators from H1 to H2. If H1 = H2, we simplify the
notation by setting B(H1) = B(H1,H1). We let RB(z) := (B − z)−1 the resolvant of an
operator B. For H0, we denote R0(z) its resolvant. Moreover D(λ, ε) is the open disk
centered at λ with radius ε and C± = {z ∈ C,± Im(z) > 0}. Finally, the set of all integers
between 1 and n is denoted J1, nK and Acl is the closure of the set A.

3.2 Abstract setting

3.2.1 The model

Consider (H, ⟨. , .⟩H) a complex separable Hilbert space and an operator on H of the form

H := H0 + V, (3.4)

where H0 is self-adjoint and semi-bounded from below and V ∈ B(H) is a bounded
operator. In particular, H is a closed operator with domain D(H) = D(H0) and its
adjoint is given by

H⋆ = H0 + V ⋆, D(H⋆) = D(H0).

Without loss of generality, we suppose that H0 ≥ 0.
As H is a perturbation of the self-adjoint operator H0 by the bounded operator V ,

−iH generates a strongly continuous one-parameter group
{
e−itH

}
t∈R which satis�es∥∥e−itH

∥∥
B(H)

≤ e|t|∥V ∥B(H) , t ∈ R,

(see e.g [19] or [28]).
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We assume that there exists an operator C ∈ B(H), relatively compact with respect
to H0, such that V is of the form

V = CWC, (3.5)

with W ∈ B(H). Finally, we require that C be a metric operator, which means that C is
a positive and injective (see e.g. [3]).

3.2.2 Spectral subspaces, spectral projection

We let σ(H) be the spectrum of H and ρ(H) = C \ σ(H) its resolvent set. We de�ne the
point spectrum of H as the set of all eigenvalues of H,

σp(H) :=
{
λ ∈ C, Ker(H − λ) ̸= {0}

}
.

For each eigenvalue λ, we de�ne its algebraic multiplicity mλ(H) as the dimension of the
generalized eigenspace associated to λ

mλ(H) := dim

(
∞⋃
k=1

Ker
(
(H − λ)k

))
.

If λ is an isolated eigenvalue of H, we denote by

Πλ(H) :=
1

2πi

∫
γ

(z Id−H)−1 dz, (3.6)

the usual Riesz projection, where γ is a circle oriented counterclockwise and centered at
λ, of su�ciently small radius (so that λ is the only point of the spectrum of H contained
in the interior of γ) is �nite dimensional. The discrete spectrum of H, σdisc(H), is the set
of all isolated eigenvalues λ such that the range of the associated Riesz projection is �nite
dimensional.

As V is a relatively compact perturbation of H0, the essential spectrum σess(H) :=
σ(H)\σdisc(H) and the essential spectrum ofH0 coincide. Moreover, the discrete spectrum
σdisc(H) is at most countable and can only accumulate at points of σess(H). See Figure
3.1. We de�ne in addition the set of eigenvalues embedded in the essential spectrum of
H:

σemb(H) := σp(H) ∩ σess(H).

3.2.2.1 Eigenspaces corresponding to isolated eigenvalues

For λ ∈ σdisc(H), since the restriction of H to Ran(Πλ(H)) may have a nontrivial Jordan
form, Ran(Πλ(H)) is in general spanned by generalized eigenvectors of H associated to λ,
i.e., by vectors u ∈ D(Hk) such that (H − λ)ku = 0 for some 1 ≤ k ≤ mλ(H). Moreover
the dimension of the range of Πλ(H) satis�es dimRan(Πλ(H)) = mλ(H). We set

Hdisc(H) := Span {u ∈ Ran(Πλ(H)), λ ∈ σdisc(H)}cl ,
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Figure 3.1: Spectrum of H. The essential spectrum of H, contained in [0,∞), is represented by

thick lines and coincides with that of H0. The eigenvalues of H are represented by crosses. The discrete

spectrum of H consists of isolated eigenvalues of �nite algebraic multiplicities which may accumulate at

any point of the essential spectrum. The point spectrum of H may also contain eigenvalues embedded in

the essential spectrum.

where Acl stands for the closure of a subset A ⊂ H. We will sometimes assume that the
discrete spectrum of H is �nite. The spectral projection Πdisc(H) onto Hdisc(H) is then
de�ned by

Πdisc(H) :=
∑

λ∈σdisc(H)

Πλ(H). (3.7)

3.2.2.2 Eigenspaces corresponding to embedded eigenvalues

If λ is an eigenvalue of H embedded in its essential spectrum then the Riesz projection
corresponding to λ is ill-de�ned. Under some additional conditions, however, one can
de�ne the spectral projection Πλ(H) as follows.

In the following (see Hypothesis 3.4 below), we will suppose the existence of a antiu-
nitary operator J ∈ B(H) verifying

JD(H0) ⊂ D(H0) and ∀u ∈ D(H0), JHu = H⋆Ju. (3.8)

In particular, J establishes a one-to-one correspondence between Ker((H − λ)k) and
Ker((H⋆ − λ̄)k) for all k ∈ N and hence

mλ(H) = mλ̄(H
⋆).

To shorten notation, let mλ = mλ(H) = mλ̄(H
⋆). In order to de�ne projections onto the

generalized eigenspace associated to embedded eigenvalues, we will suppose that for each
embedded eigenvalue λ ∈ σess(H), mλ is �nite and the symmetric bilinear form

Ker
(
(H − λ)mλ

)
×Ker((H − λ)mλ) ∋ (u, v) 7→ ⟨Ju, v⟩H is non-degenerate. (3.9)
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This implies that there exists a basis (φk)1≤k≤mλ
of Ker((H − λ)mλ) such that

⟨Jφi, φj⟩H = δij, 1 ≤ i, j ≤ mλ.

Thus we can de�ne the spectral projection Πλ(H) onto the generalized eigenspace corre-
sponding to λ as

Πλ(H)u =

mλ∑
k=1

⟨Jφk , u⟩H φk, u ∈ H. (3.10)

It is not di�cult to observe that Πλ(H) is a projection commuting with H, such that
Πλ(H) ∈ B(H) and Πλ(H)⋆ = Πλ(H

⋆). For more detail about this projection, see sub-
section 2.2.2.2.

3.2.2.3 Projection onto the point spectrum

In the following we will suppose that H has a �nite number of eigenvalues with �nite
algebraic multiplicities, see Hypothesis 3.2. Thus the sum of all the projections associated
to generalized eigenspaces of H, de�ned by

Πp(H) :=
∑

λ∈σp(H)

Πλ(H)

is well-de�ned. Next we de�ne the point spectral subspace of H as the range of Πp(H),

Hp(H) := Ran(Πp(H)).

Finally, we observe that

Hp(H) =
∑

λ∈σp(H)

Ker(H − λ)mλ .

3.3 Assumptions and main results

3.3.1 Hypotheses

In this section we detail our main abstract assumptions. In Section 3.3.3 we will show that
they are satis�ed in the case of complex Schrödinger operators, under suitable assumptions
on the potential.

In our �rst hypothesis, we require that, at any point of its essential spectrum, H0

satis�es a limiting absorption principle with weight C.

Hypothesis 3.1 (Limiting absorption principle for H0). We have

sup
z∈C±

∥∥CR0(z)C
∥∥
B(H)

<∞. (3.11)
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Note that (3.11) implies (see e.g. [13, Proposition 4.1]) that the spectrum of H0 is
purely absolutely continuous, i.e. that σpp(H0) = ∅, σac(H0) = σ(H0), σsc(H0) = ∅,
where σpp(H0), σac(H0), σsc(H0) stand for the usual pure point, absolutely continuous
and singular continuous spectra of the self-adjoint operator H0.

Moreover, by Fatou's Theorem, (3.11) implies that the limits CR0(λ ± i0+)C exist
for almost every λ ∈ σess(H), in the norm topology of B(H), and that the map R ∋
λ 7→ CR0(λ ± i0+)C ∈ B(H) is bounded (observe that CR0(λ ± i0+)C = CR0(λ)C if
λ ∈ R \ σess(H)).

Note also that Hypothesis 3.1 implies (see [55] or [76, Theorem XIII.25 and its corol-
lary]) that C is relatively smooth with respect to H0 in the sense of Kato, i.e. that there
exists a constant c0 such that

∀u ∈ H,
∫
R

∥∥Ce−itH0u
∥∥2
H dt ≤ c20 ∥u∥

2
H . (3.12)

Recall that (3.12) is equivalent to

∀u ∈ H,
∫
R

(∥∥CR0(λ− i0+)u
∥∥2
H +

∥∥CR0(λ+ i0+)u
∥∥2
H

)
dλ ≤ 2πc20 ∥u∥

2
H , (3.13)

where λ 7→ CR0(λ± i0+)u denotes the limit of λ 7→ CR0(λ± iε)u in L2(R;H) as ε→ 0+.
Next we assume that the point spectral subspace of H is �nite.

Hypothesis 3.2 (Eigenvalues of H). H has only a �nite number of eigenvalues with �nite
algebraic multiplicities.

Hypothesis 3.2 prevents the essential spectrum of H from having an accumulation
point of eigenvalues. It does not exclude, however, the presence of eigenvalues embedded
in the essential spectrum of H.

Our next hypothesis concerns the spectral singularities of H. First we recall the
de�nition of a regular spectral point.

De�nition 3.3.1 (Regular spectral point and spectral singularity).

1. Let λ ∈ σess(H).

(i) We say that λ is an outgoing/incoming regular spectral point of H if λ is not
an accumulation point of eigenvalues located in λ± i (0,∞) and if the limit

CRH(λ± i0+)CW := lim
ε→0+

CRH(λ± iε)CW (3.14)

exists in the norm topology of B(H). If λ is not an outgoing/incoming regular
spectral point, we say that λ is an outgoing/incoming spectral singularity of H.

(ii) We say that λ is a regular spectral point of H if λ is both an outgoing and an
incoming regular spectral point of H. If λ is not a regular spectral point, we
say that λ is a spectral singularity of H.
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2. We say that in�nity is an outgoing/incoming regular spectral point of H if there
exists m > 0 such that for all λ > m, λ is an outgoing/incoming regular spectral
point and such that the map

[m,∞) ∋ λ 7→ CRH(λ± i0+)CW ∈ B(H)

is bounded. If in�nity is not outgoing/incoming regular spectral point of H, we say
that H has an outgoing/incoming spectral singularity at in�nity.

Next, we introduce the notion of order of a spectral singularity.

De�nition 3.3.2 (Order of a spectral singularity).

1. Let λ ∈ σess(H) be an outgoing/incoming spectral singularity of H. We say that λ
is a spectral singularity of �nite order if there exist an integer n and ε > 0 such that

sup
z∈D(λ,ε)∩C±

|λ− z|n ∥CRH(z)CW∥B(H) <∞. (3.15)

Otherwise we say that λ is an outgoing/incoming spectral singularity of in�nite
order. If λ is an outgoing/incoming spectral singularity of �nite order we de�ne its
order as the smallest integer satisfying (3.15).

2. If H has an outgoing/incoming spectral singularity at in�nity, we say that in�nity
is an outgoing/incoming spectral singularity of �nite order if there exists an integer
n, ε0 > 0,m > 0 and z0 ∈ ρ(H)\R, such that

sup
Re(z)>m

± Im(z)<ε0

|z − z0|−n ∥CRH(z)CW∥B(H) <∞. (3.16)

Otherwise we say that in�nity is an outgoing/incoming spectral singularity of in�nite
order. If in�nity is an outgoing/incoming spectral singularity of �nite order we
de�ne its order as the smallest integer satisfying (3.16).

Remark that λ is a spectral singularity of �nite order means that, in a neighborhood of
λ, the map z 7→ CRH(z)CW blows up at most polynomially as z approaches λ. Moreover
if the map z 7→ CRH(z)CW has a meromorphic continuation across σess(H), then the
spectral singularities of H correspond to poles of the meromorphic continuation of the
weighted resolvent of H, and the order of the spectral singularity correspond to the order
of the pole. This is in particular the case for Schrödinger operators (see 3.3.3).

In the following, we assume that H has a �nite number of spectral singularities and
that each spectral singularity has a �nite order.

Hypothesis 3.3 (Spectral singularities for H). H only has a �nite number of outgo-
ing/incoming spectral singularities in σess(H) ∪ {∞} and each spectral singularity has a
�nite order. Moreover, for all closed interval I ⊂ σess(H) not containing any spectral
singularity, there exists ε0 > 0 such that

sup
Re(z)∈I

±Im(z)∈(0,ε0)

∥∥CRH(z)CW
∥∥
B(H)

<∞.
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This hypothesis has the following consequence. Let λ1, . . . λn ∈ σess(H) be the spectral
singularities of H belonging to σess(H), of order ν1, . . . , νn < ∞, respectively, and let ν∞
be the order of ∞ in the case where ∞ is a spectral singularity (otherwise, we use the
convention that ν∞ = 0). Then there exists ε0 > 0 such that

sup
Re(z)∈σess(H)
±Im(z)∈(0,ε0)

1

|z − z0|ν∞
( n∏

j=1

|z − λj|νj
|z − z0|νj

)∥∥CRH(z)CW
∥∥
B(H)

<∞, (3.17)

where z0 is an arbitrary complex number such that z0 ∈ ρ(H), z0 ∈ C \ R. Note that
the factors |z−λj|νj `regularize' the singularities of z 7→ CRH(z)CW as z approaches λj.
Dividing them by |z − z0|νj produces bounded terms. The factor |z − z0|−ν∞ regularizes
a possible singularity at ∞.

Observe that since λ1, . . . , λn are the only spectral singularities of H, for all λ ∈
σess(H) \ {λ1, . . . , λn}, the limits CRH(λ± i0+)CW exist in the norm topology of B(H).
The condition (3.17) then implies that the maps

σess(H) \ {λ1, . . . , λn} ∋ λ 7→ 1

|λ− z0|ν∞
( n∏

j=1

|λ− λj|νj
|λ− z0|νj

)
CRH(λ± i0+)CW ∈ B(H)

(3.18)
are bounded. Since embedded eigenvalues are outgoing and incoming spectral singularities
(see section 2.4.4), Hypothesis 3.3 also concerns possible embedded eigenvalues. In the
following we will denote by rj the function that regularizes the spectral singularity λj, i.e.

rj(z) :=
(z − λj)

νj

(z − z0)νj
. (3.19)

In the same way, r∞ stands for the function that regularizes the spectral singularity at
∞, i.e.

r∞(z) := (z − z0)
−ν∞ . (3.20)

Moreover we let r+ be the product of all the functions rj where λj is an outgoing spectral
singularity, and r− be the product of all the functions rj where λj is an incoming spectral
singularity.

We also mention the following `local version' of (3.17) which will be useful in the
sequel. Obviously, since H has a �nite number n of spectral singularities, it also has a
�nite number of outgoing and incoming spectral singularities. Let J1, . . . , Jn be compact
intervals and J∞ be an interval such that i) for each j ∈ J1, nK, the interior J int

j of Jj
contains the outgoing/incoming spectral singularity λj and no other outgoing/incoming
spectral singularity, ii) J int

1 , . . . , J int
n , J int

∞ are disjoint, and iii) σess(H) =
⋃n

j=1 Jj ∪J∞. As,
for j ∈ J1, nK ∪ {∞}, rk is invertible in Jj for all k ∈ J1, nK ∪ {∞}\{j}, we deduce from
(3.17) the following local limiting absorption principle:

sup
Re(z)∈Jj

± Im(z)∈(0,ε0)

|rj(z)| ∥CRH(z)CW∥B(H) <∞.
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Finally, in order to de�ne the spectral projections onto the generalized eigenspaces
associated to embedded eigenvalues, we require the existence of a conjugate operator J
satisfying, in particular, JH = H⋆J .

Hypothesis 3.4 (Conjugate operator). There exists an antiunitary operator J : H → H
such that

(i) JD(H0) ⊂ D(H0) and ∀u ∈ D(H0), JH0u = H0Ju.

(ii) JC = CJ and JW = W ⋆J .

Moreover, for all embedded eigenvalues λ ∈ σess(H), the symmetric bilinear form

Ker
(
(H − λ)mλ

)
×Ker

(
(H − λ)mλ

)
∋ (u, v) 7→ ⟨Ju, v⟩ is non-degenerate. (3.21)

This condition ensures that the spectral projections (3.10) onto the generalized
eigenspaces associated to embedded eigenvalues are well-de�ned. See the discussion in
section 2.2.2.2 for more details.

3.3.2 Main results

In this section we state our main results. Recall from (3.3) that the wave operators
associated to H and H0 are de�ned by

W±(H,H0) := s-lim
t→±∞

eitHΠp(H
⋆)⊥r∓(H)e−itH0

We recall that Πp(H
⋆) is the sum of all the spectral projections onto the generalized

eigenspaces associated to the eigenvalues of H⋆ (either isolated or embedded into the
essential spectrum), and that Πp(H

⋆) is well-de�ned thanks to Hypotheses 3.2 and 3.4.
The projection Πp(H

⋆)⊥ = Id−Πp(H) is needed to project out the generalized eigenspace
associated to H, and the `regularizing operator' r∓(H) is needed to regularize the incom-
ing/outgoing spectral singularities of H. See section 3.4.2.1 for more details about the
justi�cation of this de�nition. In the same way as for (3.3), this `non-stationary' de�nition
of wave operators taking into account possible spectral singularities seem to be new. See
however e.g. [55] for general de�nitions of non necessarily unitary wave operators, under
assumptions ensuring the absence of spectral singularities.

Our �rst main result is the existence of the wave operators W±(H,H0) as well as
properties about their ranges and kernels.

Theorem 3.3.3. Suppose that Hypotheses 3.1-3.4 hold. Then the wave operators
W±(H,H0) exist. Moreover they are injective and their ranges are dense in Hp(H

⋆)⊥.

Once the existence of the wave operators W±(H,H0) is proven, it is not di�cult to
show that they satisfy the usual intertwining properties (see Proposition 3.4.7). One of
the ingredients to the properties of these operators is the studying of

W±(H0, H) := s-lim
t→±∞

eitH0r±(H)Πp(H)⊥e−itH
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in section ??. Because {e−itH0}t∈R is unitary, the existence of W±(H0, H) implies that for
all u ∈ RanW±(H0, H) there exists v ∈ H such that

lim
t→±∞

∥∥e−itHΠp(H
⋆)⊥r±(H)v − e−itH0u

∥∥ = 0. (3.22)

And (3.22) leads to u = W±(H0, H)v and

e−itH0u = Πp(H
⋆)⊥r±(H)e−itHv + o(1), t→ ±∞.

Next we want to study the inversibility of the wave operator W±(H,H0). We say that
W±(H,H0) is asymptotically complete if its range is closed. In particular, if the wave
operator W±(H,H0) is asymptotically complete, then it is invertible in B(H,Hp(H

⋆)⊥).
The next theorem give su�cient conditions for asymptotic completeness.

Theorem 3.3.4. Suppose that Hypotheses 3.1-3.4 hold and that H does not have any
spectral singularity. Then the wave operators W±(H,H0) are asymptotically complete.

A similar result is proved in [35] for dissipative operators. In particular, the previous
theorem implies that, if H does not have any spectral singularity, then H and H0 are
similar in the sense that

∀u ∈ Hp(H
⋆)⊥ ∩ D(H0), H0u = W±(H,H0)

−1HW±(H,H0)u.

Another consequence of Theorem 3.3.4 is the following result.

Theorem 3.3.5. Suppose that Hypotheses 3.1-3.4 hold. Suppose that H does not have
any spectral singularities. Then there exist m1 > 0, and m2 > 0 such that

∀t ∈ R, ∀u ∈ Hp(H
⋆)⊥, m1 ∥u∥H ≤

∥∥e−itHu
∥∥
H ≤ m2 ∥u∥H .

The second inequality shows that solutions of the Schrödinger equation{
i∂tut = Hut

u0 ∈ Hp(H
⋆)⊥

cannot blow up as t→ ±∞ and that the norm of ut is controlled by the norm of the initial
state u0. Related results have been established in [46] for non-self-adjoint Schrödinger
operators and in [35] for abstract dissipative operators.

Finally, using the de�nition of spectral projection associated to H in an interval I ⊂
σess(H) without spectral singularities (see (3.26) below), we can de�ne the local wave
operators associated to H and H0 on I by

W±(H,H0, I) := s-lim
t→±∞

eitH1I(H)e−itH0 .

The next theorem then shows thatW±(H,H0, I) are asymptotically complete in the sense
that the range of W±(H,H0, I) is equal to the range of 1I(H).

Theorem 3.3.6. Suppose that Hypotheses 3.1-3.3 hold. Let I ⊂ σess(H) be a closed inter-
val without any spectral singularity. Then W±(H,H0, I) is invertible in B(Ran(1I(H0)),
Ran(1I(H))).

Similar results have been obtained in [35] in abstract dissipative scattering theory, and
in [54] for a class of non-self-adjoint Schrödinger operators.
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3.3.3 Applications to Schrödinger operators

In this section we will show that our results apply to non-self-adjoint Schrödinger opera-
tors. We consider

H = L2(Rd,C), d ≥ 3 odd, H0 = −∆, D(H0) = H2(Rd,C),

where H2(Rd,C) is the usual Sobolev's space. It is well-known that σess(H) = [0,∞) and
that

sup
z∈C\R

∥∥⟨x⟩−δ(−∆− z)−1⟨x⟩−δ
∥∥
B(H)

<∞, δ > 1,

where ⟨x⟩ = (1+x2)1/2. Hence choosing C(x) = ⟨x⟩−δ with δ > 1, we see that Hypothesis
3.1 is satis�ed.

We suppose that

V ∈ L∞
c (Rd,C) = {u ∈ L∞(Rd) compactly supported}. (3.23)

It then follows from [43] that H has only a �nite number of discrete eigenvalues with �nite
algebraic multiplicities. In particular, Hypothesis 3.2 is satis�ed.

To verify that Hypothesis 3.3 holds, we rely on the theory of resonances. Resonances
are de�ned as poles of the meromorphic extension of the weighted resolvent, see e.g [25].
More precisely, assuming (3.23), the map

{z ∈ C, Im(z) > 0} ∋ z 7→ (H − z2)−1 : L2(Rd) → L2(Rd)

is meromorphic and extends to a meromorphic map

C ∋ z 7→ (H − z2)−1 : L2
c(Rd) → L2

loc(Rd),

where where L2
c(Rd) := {u ∈ L2(Rd), u is compactly supported} and L2

loc(Rd) := {u :
Rd → C, u ∈ L2(K) for all compact set K ⊂ Rd}. Poles of the extension of the resolvent
of H are called resonances. To a real resonance ±λ0 with λ0 ≥ 0 corresponds an outgoing
or/and an incoming spectral singularity λ20 in the sense of De�nition 3.3.1. The order of
the pole of the resonance coincides with the order of the spectral singularity. Hence, if for
example λ0 is an outgoing spectral singularity, there exists Vλ0 a closed real neighborhood
of λ0 whose interior contains λ0 and no other resonance, such that

sup
Re(z)∈Vλ

Im(z)<ε0

|λ0 − z|ν0 ∥CRH(z)CW∥B(H) <∞

where ν0 is the order of the pole of λ20 and ε0 > 0 is small enough. Furthermore, under the
assumption (3.23), H only has �nitely many spectral singularities {λ1, . . . , λn} of �nite
orders, and no spectral singularity at in�nity. This shows that Hypothesis 3.3 is satis�ed.
We refer to [25] for more details about the theory of resonances and [35] for more details
about the relation between resonances and spectral singularities.

Applying Theorems 3.3.3, 3.3.4 and 3.3.5, we obtain the following proposition.
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Proposition 3.3.7. Suppose that V ∈ L∞
c (Rd,C) and that for each eigenvalue embedded

in the essential spectrum of H, the symmetric bilinear form

Ker
(
(H − λ)mλ

)
∋ (u, v) 7→

∫
Rd

u(x)v(x)dx (3.24)

is non-degenerate. Then the wave operators W±(H,H0) associated to H = −∆ + V and
H0 = −∆ exist, are injective and their ranges are dense in Hp(H)⊥.

Moreover if H does not have any real resonance, then W±(H,H0) are asymptotically
complete and there exist m1 > 0 and m2 > 0 such that, for all u ∈ Hp(H)⊥,

∀t ∈ R, m1 ∥u∥H ≤
∥∥eitHu∥∥H ≤ m2 ∥u∥H .

Note that if H has no embedded eigenvalue, then the condition (3.24) is not necessary.
We mention that the condition (3.24) has been considered in [89] and [1], to study the
long-time behavior of solutions to the Schrödinger equation with a complex potential.

Finally we apply Theorem 3.3.6.

Proposition 3.3.8. Suppose that V ∈ L∞
c (Rd,C). Let I ⊂ [0,∞) be a closed inter-

val without any resonance. Then the local wave operators W±(H,H0, I) exist and are
asymptotically complete.

3.3.4 Organization of the paper and main ingredients

In this section we describe some of the main tools we will use in this paper.
To prove the existence of the wave operators W±(H,H0), it is useful to characterize

the spectral subspace Hp(H
⋆)⊥. We de�ne the absolutely continuous spectral subspace

of H as the closure of M(H) in H, where

M(H) :=

{
u ∈ H, ∀v ∈ H,

∫
R

∣∣〈eitHu, v〉H∣∣2 dt ≤ cu ∥v∥2H
}
. (3.25)

It follows from chapter 2 that, under our assumptions, Hac(H) coincide with Hp(H
⋆)⊥.

We will see that there exists c > 0 such that, for all u ∈ Hac(H),∫ ∞

0

∥∥Cr±(H)e∓itHu
∥∥2
H dt ≤ c ∥u∥2H .

The existence of the wave operators will then follow from this property, the equality
Hac(H) = Hp(H

⋆)⊥ and Cook's method (see [76] or [94]).
The properties concerning the kernel and the range of the regularized wave operators

mainly follow from the direct sum decomposition,

Hac(H)⊕Hp(H) = H,
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given in theorem 2.3.3. This is a generalization of the well-known spectral decomposition
for self-adjoint operators without singular continuous spectrum. Note that this direct sum
is J-orthogonal.

If I ⊂ σess(H) is a closed interval without any spectral singularity, we can de�ne the
spectral projection associated to H in I by setting

1I(H) :=
1

2πi
w-lim
ε→0+

∫
I

(RH(λ+ iε)−RH(λ− iε)) dλ. (3.26)

It follows from section 2.5 that, under our assumptions, (3.26) exists and is a projection.
Moreover (3.26) induces a bounded functional calculus in the sense that

∀t ∈ R, eitH1I(H) :=
1

2πi
w-lim
ε→0+

∫
I

eitλ (RH(λ+ iε)−RH(λ− iε)) dλ. (3.27)

In particular, {eitH}t∈R is uniformly bounded on the range of 1I(H). Such spectral pro-
jections for non self-adjoint operators have been considered by several authors, see [35]
for dissipative operators, [47] and [48] for general non-self-adjoint operators, [54] for wave
operators using a stationary approach and [69] and [71] for di�erential operators.

If I ⊂ σess(H) is a closed interval whose interior contains spectral singularities, then
we de�ne the `regularized spectral projection' associated to H in I by setting

(h1I)(H) :=
1

2πi
w-lim
ε→0+

∫
I

(h(λ+ iε)RH(λ+ iε)− h(λ− iε)RH(λ− iε)) dλ. (3.28)

where h is a function that regularizes the singularity of the resolvent at the spectral
singularity. More precisely, assuming in particular Hypothesis 3.3, h is chosen as

h(z) :=
∏
j∈SI

rj(z), SI := {j ∈ J1, nK ∪ {∞}, λj ∈ I is a spectral singularity}, (3.29)

where rj are de�ned in (3.19)�(3.20). Similarly as above, under our assumptions, (3.28)
exists and de�nes a Borel functional calculus in the sense that for all t ∈ R,

eitH(h1I)(H) :=
1

2πi
w-lim
ε→0+

∫
I

eitλ (h(λ+ iε)RH(λ+ iε)− h(λ− iε)RH(λ− iε)) dλ.

(3.30)
See section 2.5.2. In particular, {eitH}t∈R is uniformly bounded on the range of (h1I)(H).

Finally, we will use the following identity (see proposition 2.3.10) which generalizes
the well-known resolution of identity for self-adjoint operators to our context:

r(H) = r(H)Πdisc(H) (3.31)

+
1

2πi
w-lim
ε→∞

∫
σess(H)

(r(λ+ iε)RH(λ+ iε)− r(λ− iε)RH(λ− iε)) dλ,

where r is the regularizing function of Hypothesis 3.3.
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3.4 The Wave operators

3.4.1 Preliminary results

We begin with preliminary results that will allow us to prove the existence and study the
wave operators in the sequel.

Proposition 3.4.1. Suppose that Hypothesis 3.1 holds. Let A ∈ B(H) be such that there
exists c > 0 satisfying

∀u ∈ H,
∫ ∞

0

∥∥Ce±itH⋆

A⋆u
∥∥2
H dt ≤ c ∥u∥2H .

Then the strong limits

s-lim
t→±∞

AeitHe−itH0 and s-lim
t→±∞

eitH0e−itH⋆

A⋆

exist.

We can state a second version of the last proposition.

Proposition 3.4.2. Suppose that Hypothesis 3.1 holds. Let A ∈ B(H) be such that there
exists c > 0 satisfying

∀u ∈ H,
∫ ∞

0

∥∥Ce±itHAu
∥∥2
H dt ≤ c ∥u∥2H .

Then the strong limits

s-lim
t→±∞

eitH0e−itHA and s-lim
t→±∞

AeitH
⋆

e−itH0

exist.

The proofs of Propositions 3.4.1 and 3.4.2 are standard and based on Cook's method
(see e.g. [76] or [94]). For the convenience of the reader, we give a proof of Proposition
3.4.1 in Appendix 3.6.

3.4.2 The regularized wave operators W±(H,H0) and W±(H
⋆, H0)

We recall the following de�nition. Note that Πac(H) is the projection onto the absolutely
continuous spectral subspace of H de�ned in section 3.3.4.

De�nition 3.4.3. The regularized wave operators associated to H and H0 (respectively
to H⋆ and H0) are de�ned by

W±(H,H0) := s-lim
t→±∞

eitHΠac(H)r∓(H)e−itH0 ,

W±(H
⋆, H0) := s-lim

t→±∞
eitH

⋆

Πac(H)r̄∓(H
⋆)e−itH0 .

In this section we prove the existence and study the properties of these wave operators.
However, since De�nition 3.4.3 is not standard, we begin with a few remarks justifying it.
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3.4.2.1 Remarks on De�nition 3.4.3 of the regularized wave operators

To �x the ideas, we consider here the wave operator W−(H,H0). In the usual setting,
when H and H0 are self-adjoint operators acting on the same Hilbert space and when H0

has purely absolutely continuous spectrum, the common de�nition of the wave operators
W−(H,H0) is

W−(H,H0) := s-lim
t→−∞

eitHe−itH0 . (3.32)

Assuming for simplicity that H has �nitely many eigenvalues with �nite multiplicities and
no singular continuous spectrum, we can write, for all t ≥ 0 and u ∈ H,

eitHe−itH0u = eitHΠac(H)e−itH0u+ eitHΠp(H)e−itH0u,

and since Πp(H) is compact and H0 has purely absolutely continuous spectrum, it is
well-known that

Πp(H)e−itH0u −−−−→
t→−∞

0 (3.33)

(see e.g [94, Lemma 1.4.1]). Hence proving the existence of (3.32) is equivalent to proving
the existence of

s-lim
t→−∞

eitHΠac(H)e−itH0 .

In our context, however, the group {eitH} is not uniformly bounded (∥eitHΠp(H)∥B(H)

may even blow up exponentially as t→ −∞). Therefore (3.33) fails in general.
Still, a natural de�nition in our context might be

W−(H,H0) := s-lim
t→−∞

eitHΠac(H)e−itH0 . (3.34)

The next proposition however shows that if H has an outgoing spectral singularity, then C
is not locally relatively smooth with respect to H, and hence the usual Cook criterion do
not apply to prove the existence of (3.34). The purpose of adding a regularizing operator
in the de�nition of W−(H,H0) (see De�nition 3.4.3) is precisely to overcome this issue.

Proposition 3.4.4. Suppose that the assumptions 3.1-3.4 hold. Suppose there exists a
compact interval of J ⊂ σess(H) without eigenvalue of H and u ∈ H such that

lim
ε→0+

∫
J

∥CRH(λ− iε)CWu∥2H dλ = ∞.

Then, C is not H-smooth in the interval J .

Proof. Let v = CWu. Parseval's theorem gives∫ ∞

0

∥∥CeitHΠac(H)v
∥∥2
H dt =

1

2π
lim
ε→0+

∫
σess(H)

∥CRH(λ− iε)Πac(H)v∥2H dλ.
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Fixing ε > 0 small enough, we have∫
σess(H)

∥CRH(λ− iε)Πac(H)v∥2H dλ ≥
∫
J

∥CRH(λ− iε)Πac(H)v∥2H dλ

≥ 1

2

∫
J

∥CRH(λ− iε)v∥2H dλ− 1

2

∫
J

∥CRH(λ− iε)Πp(H)v∥2H dλ.

As J does not contain any eigenvalue of H,

lim
ε→0+

∫
J

∥CRH(λ− iε)Πp(H)v∥2 dλ

exists in H. Moreover, by assumption

lim
ε→0+

∫
J

∥CRH(λ− iε)v∥2H dλ =

∫
J

∥CRH(λ− iε)CWu∥2H dλ = ∞.

This prove that C is not H-smooth.

Based on the previous proposition, we believe that, in general, the limit (3.34) does
not exist. Another argument supporting our De�nition 3.4.3 come from the properties
proven later in this section, namely that W±(H,H0) exist, are injective and with ranges
dense in Hac(H).

To conclude this subsection, we underline that we could also have de�ned the wave
operators by using the regularizing operator r(H) instead of r±(H) in De�nition 3.4.3.
The advantage would have been to be able to rely on the functional calculus of section
2.5 to prove the existence of the wave operators. See the discussion about local wave
operators in Section 3.4.4 for related arguments proving the existence of wave operators
using the functional calculus. The `inconvenience' of using r(H) instead of r±(H) in
De�nition 3.4.3 is that `a part of' r(H) is super�uous for the strong limit to exist, which
may have the e�ect of somehow projecting out scattering states from the range of the
wave operators.

We mention that such de�nitions of wave operators with an `identi�cation' operator
appearing between the two evolution groups has been considered by Kato in [57], in a
general setting where the evolution groups act on di�erent Hilbert spaces. In the unitary
case, various properties of the wave operators depending on the assumptions made on the
identi�cation operator are given in [94].

3.4.2.2 Existence of W±(H,H0) and W±(H
⋆, H0)

Now we turn to the proof of the existence of the regularized wave operators W±(H,H0)
andW±(H

⋆, H0). It su�ces to apply Propositions 3.4.1 and 3.4.2 with A = r∓(H)Πac(H).
The following lemma shows that the conditions of Propositions 3.4.1 and 3.4.2 are indeed
satis�ed.
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Lemma 3.4.5. Suppose that Hypotheses 3.1-3.4 hold. Then there exists c0 > 0 such that,
for all u ∈ H, ∫ ∞

0

∥∥Cr∓(H)e±itHΠac(H)u
∥∥2
H dt ≤ c0 ∥u∥2H , (3.35)

and ∫ ∞

0

∥∥Cr̄∓(H⋆)e±itH⋆

Πac(H
⋆)u
∥∥2
H dt ≤ c0 ∥u∥2H . (3.36)

Lemma 3.4.5 proves that Cr−(H) is locally smooth with respect to H in the sense of
Kato in [0,∞), and that Cr+(H) is locally smooth with respect to H in the sense of Kato
in (−∞, 0]. Note also that if H does not have any spectral singularity, then r±(H) = Id
and this lemma shows that C is globally smooth with respect to H.

The proof of Lemma 3.4.5 is based on the following observation. If λj is a spectral
singularity of order 1, then, for all z ∈ ρ(H)\{z0}, if j ̸= ∞,

rj(H)− rj(z) = (H − λj)RH(z0)− (z − λj)(z − z0)
−1

= (H − z)RH(z0)(λj − z0)(z − z0)
−1.

Likewise, if j = ∞,

r∞(H)− r∞(z) = RH(z0)− (z − z0)
−1

= (H − z)RH(z0)(z − z0)
−1.

Next, if λj is a spectral singularity of order µj, then, if j ̸= ∞,

rj(H)− rj(z) = ((H − λj)RH(z0))
νj −

(
(λj − z)(λj − z0)

−1
)νj

=

(
(H − z)RH(z0)

(
λj − z0
z − z0

))νj
(

νj−1∑
k=0

((H − λj)RH(z0))
k

(
z − λj
z − z0

)νj−1−k
)
, (3.37)

while if j = ∞,

r∞(H)− r∞(z) =
(
(H − z)RH(z0) (z − z0)

−1)ν∞ (ν∞−1∑
k=0

RH(z0)
k (z − z0)

k+1−ν∞

)
.

Now we are ready to prove Lemma 3.4.5.

Proof of Lemma 3.4.5. Let u ∈ H. We will prove that there exists c > 0 such that∫ ∞

0

∥∥Cr+(H)e−itHΠac(H)u
∥∥2
H dt ≤ c ∥u∥2H . (3.38)

The other inequalities can be obtained in the same way. Parseval's identity gives∫ ∞

0

∥∥Cr+(H)e−itHΠac(H)u
∥∥2
H dt =

1

2π
lim
ε→0+

∫
R
∥Cr+(H)RH(λ+ iε)Πac(H)u∥2H dλ
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Let n+ denote the number of incoming spectral singularities. We partition σess(H) into a
�nite union of n+ + 2 interval Jj's such that i) J0 is an interval of the form (−∞, a] with
a < 0, |a| ≥ ∥V ∥B(H) + 1, ii) for all j ∈ J1, n+K, Jj is a compact interval whose interior
contains the incoming spectral singularity λj and no other incoming spectral singularities
and iii) Jn++1 is an interval of the form [b,∞), with b large enough, containing a possible
singularity at in�nity. We then obtain that, for all ε > 0 small enough,∫

R
∥Cr+(H)RH(λ+ iε)Πac(H)u∥2H dλ =

n++1∑
j=0

∫
Jj

∥Cr+(H)RH(λ+ iε)Πac(H)u∥2H dλ.

Therefore, to prove (3.38), it su�ces to prove that for all j ∈ J0, n+ + 1K, there exists
cj > 0 such that

lim
ε→0+

∫
Jj

∥Cr+(H)RH(λ+ iε)Πac(H)u∥2H dλ ≤ cj ∥u∥2H . (3.39)

First, we estimate the integral over J0. As H0 is self-adjoint and J0 ⊂ (−∞, 0), we remark
that for all λ ∈ J0, for all ε > 0 small enough,

∥R0(λ+ iε)∥ ≤ 1

dist(λ+ iε, σ(H0))
≤ 1

|λ+ iε|
.

Next, using the resolvent identity, we have

∥RH(λ+ iε)∥H ≤ ∥R0(λ+ iε)∥B(H) + ∥R0(λ+ iε)VRH(λ+ iε)∥B(H)

≤ 1

|λ+ iε|
+ ∥V ∥B(H)

1

|λ+ iε|
∥RH(λ+ iε)∥B(H)

≤ 1

|λ+ iε|
+ ∥V ∥B(H)

1

|a| − |ε|
∥RH(λ+ iε)∥B(H)

As ∥V ∥B(H) (|a| − |ε|)−1 < 1 we have that for all λ ∈ J0, for all ε > 0 small enough,

∥RH(λ+ iε)∥B(H) ≤
b

|λ+ iε|
,

for some positive constant b. Therefore we deduce that there exists c0 > 0 such that∫
J0

∥CRH(λ+ iε)r(H)Πac(H)u∥2 dλ ≤ c0

∫
J0

1

|λ+ iε|2
dλ ∥u∥2H .

As J0 is a closed interval not containing 0, Lebesgue's dominated theorem shows that

lim
ε→0+

∫
J0

1

|λ+ iε|2
dλ

exists. This proves (3.39) for j = 0.



90 Chapter 3. Scattering theory for some non-self-adjoint operators

Now let j ∈ J1, n+ + 1K. Writing

r̃j(H) :=

n++1∏
k=1
k ̸=j

rk(H) ∈ B(H),

and setting v = r̃j(H)u, we have∫
Jj

∥Cr+(H)RH(λ+ iε)Πac(H)u∥2H dλ =

∫
Jj

∥Crj(H)RH(λ+ iε)Πac(H)v∥2H dλ

≤ 2

∫
Jj

∥C (rj(H)− rj(λ+ iε))RH(λ+ iε)Πac(H)v∥2H dλ (3.40)

+ 2

∫
Jj

|rj(λ+ iε)|2 ∥CRH(λ+ iε)Πac(H)v∥2H dλ. (3.41)

To estimate (3.40), we use (3.37): for all j ∈ J1, n+K, we have∫
Jj

∥C (rj(H)− rj(λ+ iε))RH(λ+ iε)Πac(H)v∥2H dλ

=

∫
Jj

∥∥∥∥C (RH(z0)

(
λj − z0

λ+ iε− z0

))νj

A(λ+ iε)(H − (λ+ iε))νj−1Πac(H)v

∥∥∥∥2
H
dλ,

where

A(λ+ iε) :=

(
νj−1∑
k=0

((H − λj)RH(z0))
k

(
λ+ iε− λj
λ+ iε− z0

)νj−1−k
)
.

Clearly, for all λ ∈ Jj,

lim
ε→0+

C

(
RH(z0)

(
λj − z0

λ+ iε− z0

))νj

A(λ+ iε)(H − (λ+ iε))νj−1Πac(H)v,

exists in H. We claim that there exists ε0 > 0 such that

sup
λ∈Jj ,ε<ε0

∥∥∥∥C (RH(z0)

(
λj − z0

λ+ iε− z0

))νj

A(λ+ iε)(H − (λ+ iε))νj−1Πac(H)v

∥∥∥∥
H
<∞.

(3.42)
Indeed, it's clear that there exists ε1 > 0 such that

sup
λ∈Jj ,0<ε<ε1

∥A(λ+ iε)∥B(H) <∞.

A direct computation shows that λ 7→ RH(z0)(H −λ+ iε) is uniformly bounded in B(H)
on Jj with a bound independant of ε, thus there exist bj > 0 and ε2 > 0 such that

sup
λ∈Jj ,0<ε<ε2

∣∣∣∣ λj − z0
λ+ iε− z0

∣∣∣∣νj ∥∥CRH(z0)
νj(H − (λ+ iε))νj−1Πac(H)v

∥∥
H < bj ∥v∥H .
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So we get (3.42). Finally, using dominated convergence theorem, the map

Jj ∋ λ 7→ C

(
RH(z0)

(
λj − z0
λ− z0

))νj

A(λ)(H − λ)νj−1Πac(H)v

is in L2(Jj,H) and there exists aj > 0 such that∫
Jj

∥∥∥∥C (RH(z0)

(
λj − z0
λ− z0

))νj

A(λ)(H − λ)νj−1Πac(H)v

∥∥∥∥2
H
dλ

= lim
ε→0+

∫
Jj

∥∥∥∥C (RH(z0)

(
λj − z0

λ+ iε− z0

))νj

A(λ+ iε)(H − (λ+ iε))νj−1Πac(H)v

∥∥∥∥2
H
dλ

≤ aj ∥u∥2H . (3.43)

where in the last inequality we used that v = r̃j(H)u and that rj(H) is bounded.
For the integral over Jn++1 we have∫

Jn++1

∥C (r∞(H)− r∞(λ+ iε))RH(λ+ iε)Πac(H)v∥2H dλ

=

∫
Jn++1

∥∥∥CA(λ+ iε)
(
RH(z0) (λ+ iε− z0)

−1)ν∞ (H − (λ+ iε))ν∞−1Πac(H)v
∥∥∥2
H
dλ,

where

A(λ+ iε) :=

(
ν∞−1∑
k=0

RH(z0)
k (λ+ iε− z0)

k+1−ν∞

)
.

It is clear that for all j ∈ Jn++1,

lim
ε→0+

CA(λ+ iε)
(
RH(z0) (λ+ iε− z0)

−1)ν∞ (H − (λ+ iε))ν∞−1Πac(H)v

exists in H. Moreover, there exists ε1 > 0 such that for all λ ∈ Jn++1, for all ε > 0 smaller
than ε1,

∥CA(λ+ iε)∥B(H) ≤

(
ν∞ sup

k∈J0,ν∞−1K

(
|λ+ iε1 − z0|k+1−ν∞ ∥CRH(z0)∥kB(H)

))
<∞,

and a direct computation shows that

RH(z0)(H − (λ+ iε)) = Id+RH(z0)(z0 − (λ+ iε)).

So for all ε smaller than ε1,∥∥∥(RH(z0) (λ+ iε− z0)
−1)ν∞ (H − (λ+ iε))ν∞−1Πac(H)v

∥∥∥
H

≤
∥RH(z0)∥B(H)

|(λ+ iε1 − z0)|ν∞
(
1 + ∥RH(z0)∥B(H) |z0 − (λ+ iε1)|

)ν∞−1

∥Πac(H)v∥H

= O(λ−1), (λ→ ∞).
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Thus the map

Jn++1 ∋ λ 7→
∥RH(z0)∥B(H)

|(λ+ iε1 − z0)|ν∞
(
1 + ∥RH(z0)∥B(H) |z0 − (λ+ iε1)|

)ν∞−1

∥Πac(H)v∥H ,

is in L2(Jn++1,H). Finally with Lebesgue's dominated convergence theorem,

lim
ε→0+

∫
Jn++1

∥C (r∞(H)− r∞(λ+ iε))RH(λ+ iε)Πac(H)v∥2H dλ

exists and there exists a∞ > 0 such that∫
Jn++1

∥∥∥CA(λ) (RH(z0) (λ− z0)
−1)ν∞ (H − λ)ν∞−1Πac(H)v

∥∥∥2
H
dλ

= lim
ε→0+

∫
Jn++1

∥∥∥CA(λ+ iε)
(
RH(z0) (λ+ iε− z0)

−1)ν∞ (H − (λ+ iε))ν∞−1Πac(H)v
∥∥∥2
H
dλ

≤ a∞ ∥u∥2H . (3.44)

It remains to estimate (3.41). We use again the resolvent identity. For all j ∈ J1, n++
1K, and for all ε > 0 small enough, we have∫

Jj

|rj(λ+ iε)|2 ∥CRH(λ+ iε)Πac(H)v∥2H dλ

=

∫
Jj

|rj(λ+ iε)|2 ∥CR0(λ+ iε)Πac(H)v∥2H dλ

+

∫
Jj

|rj(λ+ iε)|2 ∥CRH(λ+ iε)CWCR0(λ+ iε)Πac(H)v∥2H dλ.

As for all j ∈ J1, n+ + 1K,

sup
λ∈Jj

0<ε<ε0

|rj(λ+ iε)| ∥CRH(λ+ iε)CW∥B(H) <∞

by Hypothesis 3.3, and since C is relatively smooth with respect to H0, there exists bj > 0
such that

lim
ε→0+

∫
Jj

|rj(λ+ iε)|2 ∥CR0(λ+ iε)Πac(H)v∥2H dλ

+ lim
ε→0+

∫
Jj

|rj(λ+ iε)|2 ∥CRH(λ+ iε)CWCR0(λ+ iε)Πac(H)v∥2H dλ

≤ bj ∥u∥2H . (3.45)

Combining (3.43), (3.44) and (3.45), we obtain (3.38), which concludes the proof of the
lemma.

Proposition 3.4.6. Suppose that Hypotheses 3.1-3.4 hold. Then the wave operators
W±(H,H0) and W±(H

⋆, H0) exist.

Proof. It su�ces to remark that Πac(H)r±(H) commute with H and then apply Lemma
3.4.5 together with Propositions 3.4.1 and 3.4.2.
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3.4.2.3 Properties of the wave operators

We derive in this section the main properties of the regularized wave operators. First we
have that they satisfy the usual intertwining properties.

Proposition 3.4.7. Suppose that Hypotheses 3.1-3.4 hold. Then for all t ∈ R, for all
u ∈ H,

eitHW±(H,H0)u = W±(H,H0)e
itH0u and eitH

⋆

W±(H
⋆, H0)u = W±(H

⋆, H0)e
itH0u.
(3.46)

In particular, W±(H,H0)D(H0) ⊂ D(H0), W±(H
⋆, H0)D(H0) ⊂ D(H0) and for all u ∈

D(H0),

HW±(H,H0)u = W±(H,H0)H0u and H⋆W±(H
⋆, H0)u = W±(H

⋆, H0)H0u. (3.47)

The proof is standard. We will recall it in Appendix 3.6. The last property shows that,
on the range of W±(H,H0), the evolution group generated by H acts like the evolution
group generated by H0.

In the following proposition we show that the regularized wave operators are injective
and that their ranges are dense in the absolutely continuous spectral subspace.

Proposition 3.4.8. Suppose Hypotheses 3.1-3.4 hold. Then W±(H,H0) and W±(H
⋆, H0)

are injective and we have

Ran(W±(H,H0))
cl = Hac(H) and Ran(W±(H

⋆, H0))
cl = Hac(H

⋆).

Proof. We show that W+(H,H0) is injective. The proof for the other wave operators
is similar. To show that W+(H,H0) is injective, we compute its kernel. Let u ∈
Ker(W+(H,H0)) then

lim
t→∞

∥∥eitHΠac(H)r−(H)e−itH0u
∥∥
H = 0.

Since r(H) = r−(H)r̃(H) for some bounded operator r̃(H), we also have that

lim
t→∞

∥∥eitHΠac(H)r(H)e−itH0u
∥∥
H = 0.

Next we claim that for all t ∈ R, for all v ∈ H,∥∥eitHΠac(H)r(H)v
∥∥
H ≥

∥∥Πac(H)r(H)2v
∥∥
H . (3.48)

Indeed, it follows from the functional calculus 3.31 (see also 2.5.2) that, for all t ∈ R,∥∥eitHΠac(H)r(H)v
∥∥
H ≤ ∥Πac(H)v∥H .

Hence, for all t ∈ R,

∥Πac(H)r(H)v∥H =
∥∥e−itHΠac(H)r(H)eitHv

∥∥
H ≤

∥∥eitHΠac(H)v
∥∥
H . (3.49)
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Applying the last inequality to r(H)u, we obtain (3.48).
Next, for all t ∈ R, applying (3.48) to v = e−itH0u, we have∥∥eitHΠac(H)r(H)e−itH0u

∥∥
H ≥

∥∥Πac(H)r(H)2e−itH0u
∥∥
H .

Then we write

r(H)2 = (r(H)− r(H0)) r(H) + r(H0) (r(H)− r(H0)) + r(H0)
2

Proceeding by double induction over the number of spectral singularities and the order of
each spectral singularity, it is not di�cult to see that r(H)− r(H0) is a compact operator
since C is relatively compact with respect to H0. Hence r(H)2 − r(H0)

2 is also compact.
Using the triangular inequality, we obtain that∥∥eitHΠac(H)r(H)e−itH0u

∥∥
H ≥

∥∥Πac(H)r(H0)
2e−itH0u

∥∥
H

−
∥∥(Πac(H)

(
r(H)2 − r(H0)

2
))
e−itH0u

∥∥
H .

As r(H)2−r(H0)
2 is compact, the second term in the right hand side of the last inequality

vanishes when t goes to ∞. Moreover, since u is in the kernel of the wave operators, we
have

0 = lim
t→∞

∥∥eitHΠac(H)e−itH0r(H0)
2u
∥∥
H ,

and since Πp(H) is a compact operator,

0 = lim
t→∞

∥∥Πp(H)e−itH0r(H0)
2u
∥∥
H .

Using Πp(H) + Πac(H) = Id, we then deduce from the previous estimates that

0 = lim
t→∞

∥∥e−itH0r(H0)
2u
∥∥
H .

As the evolution group associated to H0 is unitary and r(H0)
2 is injective (since H0 has no

eigenvalue), we conclude that u = 0, which proves that the wave operators are injective.
To show that Ran(W+(H,H0))

cl = Hac(H), it su�ces to use that Ker((W+(H,H0))
⋆)

= Hp(H
⋆) by Propositions 3.4.12 and 3.4.13 proven below.

Clearly, the last proposition shows that the regularized wave operatorsW±(H,H0) are
invertible from H to their range. In Section 3.5, we will give conditions in order to have
that W±(H,H0) are invertible in B(H,Hac(H)).

3.4.3 The regularized wave operators W±(H0, H) and W±(H0, H
⋆)

As shown by the proof of Proposition 3.4.8, an important ingredient to study the regu-
larized wave operators W±(H0, H) is to study their adjoint, in order to use the duality
property between the kernel of an operator and the orthogonal of its range. Formally, the
adjoint of W±(H0, H) are given by W±(H

⋆, H) where W±(H
⋆, H) are de�ned as follows.
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De�nition 3.4.9. The wave operators associated to H0 and H (respectively H0 and H
⋆)

are de�ned by

W±(H0, H) := s-lim
t→±∞

eitH0Πac(H)r±(H)e−itH ,

W±(H0, H
⋆) := s-lim

t→±∞
eitH0Πac(H

⋆)r̄±(H
⋆)e−itH⋆

.

In the remainder of this section we state the existence and study the properties of
these wave operators.

3.4.3.1 Existence of W±(H0, H) and W±(H0, H
⋆)

The existence of W±(H0, H) and W±(H0, H
⋆) follows in the same way as in the previous

section.

Proposition 3.4.10. Suppose that Hypotheses 3.1-3.4 hold. Then the wave operators
W±(H0, H) and W±(H0, H

⋆) exist.

Proof. It su�ces to apply Propositions 3.4.1 and 3.4.2 together with Lemma 3.4.5.

We mention the following interesting consequence of Proposition 3.4.10. Together with
the Banach-Steinhaus Theorem, the last proposition shows that

sup
t≥0

∥∥e−itHr+(H)Πac(H)
∥∥
B(H)

<∞ and sup
t≥0

∥∥eitHr−(H)Πac(H)
∥∥
B(H)

<∞, (3.50)

and

sup
t≥0

∥∥e−itH⋆

r̄+(H
⋆)Πac(H

⋆)
∥∥
B(H)

<∞ and sup
t≥0

∥∥eitH⋆

r̄−(H
⋆)Πac(H

⋆)
∥∥
B(H)

<∞.

(3.51)
In other words, when restricted to Ran(r∓(H)Πac(H)), the semigroups generated by ±iH
are uniformly bounded (roughly speaking Πac(H) projects out the generalized eigenstates
of H, while r∓(H) `projects out' the outgoing/incoming states corresponding to spectral
singularities). This should be compared to the result that can be obtained using the
functional calculus of 2.5.2, which only gives that the groups generated by ±iH are
uniformly bounded when restricted to the range of r(H)Πac(H).

3.4.3.2 Properties of W±(H0, H) and W±(H0, H
⋆)

The following intertwining properties follow in the same way as in the proof of Proposition
3.4.7 (see Appendix 3.6).

Proposition 3.4.11. Suppose that Hypotheses 3.1-3.4 hold. Then for all t ∈ R, for all
u ∈ H,

eitH0W±(H0, H) = W±(H0, H)eitH and eitH0W±(H0, H
⋆) = W±(H0, H

⋆)eitHu.



96 Chapter 3. Scattering theory for some non-self-adjoint operators

In particular, W±(H0, H)D(H0) ⊂ D(H0), W±(H0, H
⋆)D(H0) ⊂ D(H0) and for all u ∈

D(H0),

H0W±(H0, H)u = W±(H0, H)Hu and H0W±(H0, H
⋆)u = W±(H0, H

⋆)H⋆u.

The next proposition relates the wave operatorsW±(H,H0) to the adjoints of the wave
operators W∓(H0, H

⋆).

Proposition 3.4.12. Suppose that Hypotheses 3.1-3.4 hold. Then

(W±(H,H0))
⋆ = W±(H0, H

⋆) and (W±(H
⋆, H0))

⋆ = W±(H0, H)

Proof. We prove that (W±(H,H0))
⋆ = W±(H0, H

⋆) the second equality is obtained in the
same way. For u, v ∈ H, we have

⟨W±(H,H0)u, v⟩H = lim
t→±∞

〈
eitHΠac(H)r∓(H)e−itH0u, v

〉
H

= lim
t→±∞

〈
u, eitH0 r̄±(H

⋆)Πac(H
⋆)e−itH⋆

v
〉
H

= ⟨u,W±(H0, H
⋆)v⟩H .

This proves the result.

It should be noted that Proposition 3.4.12 and Hypothesis 3.4 yield

∥W±(H,H0)∥B(H) = ∥W±(H0, H
⋆)∥B(H) = ∥W∓(H

⋆, H0)∥B(H) = ∥W∓(H0, H)∥B(H) .

In the next proposition we characterize the ranges and kernels or W±(H0, H) and
W±(H0, H

⋆). Its proof relies on the characterization of the set of asymptotically disap-
pearing states of H, de�ned by

H±
ads(H) :=

{
u ∈ H, lim

t→±∞

∥∥e−itHu
∥∥
H = 0

}cl

. (3.52)

It follows from theorem 2.3.2 that, under our assumptions, Hads(H) coincide with the
direct sum of the generalized eigenspaces associated to eigenvalues with negative/positive
imaginary part, that is

H±
ads(H) = H±

p (H) := {u ∈ ker(H − λ)mλ , λ ∈ σp(H),∓ Im(λ) < 0} , (3.53)

where we recall that mλ is the algebraic multiplicity of the eigenvalue λ.

Proposition 3.4.13. Suppose that Hypotheses 3.1-3.4 hold. Then

Ker(W±(H0, H)) = Hac(H
⋆)⊥ = Hp(H), Ker(W±(H0, H

⋆)) = Hac(H)⊥ = Hp(H
⋆),

and
Ran(W±(H0, H))cl = H = Ran(W±(H0, H

⋆))cl.
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Proof. It follows from theorem 2.3.3 that Hac(H
⋆)⊥ = Hp(H) and likewise for Hac(H)⊥.

We prove that Ker(W+(H0, H)) = Hp(H), the equalities Ker(W−(H0, H)) = Hp(H) and
Ker(W±(H0, H

⋆)) = Hp(H
⋆) are proven in the same way. It follows from the de�nition

of W+(H0, H) that Hp(H) ⊂ Ker(W+(H0, H)). Hence we only need to prove the reverse
inclusion.

Let u ∈ Ker(W+(H0, H)). Using the unitarity of the group associated to H0, we have
that

lim
t→∞

∥∥e−itHr+(H)Πac(H)u
∥∥
H = lim

t→∞

∥∥eitH0r+(H)Πac(H)e−itHu
∥∥
H = 0.

Thus r+(H)Πac(H)u belongs to H+
ads(H). By the remark above, this implies that

r+(H)Πac(H)u ∈ H+
p (H) ⊂ Hp(H). Together with the fact that r−(H)Πac(H)u ∈

Hac(H), this yields
r−(H)Πac(H)u = 0. (3.54)

Finally as r−(H) is injective on Hac(H) (because the restriction of H to Hac(H) has no
point spectrum), we obtain that Πac(H)u = 0. This proves that u ∈ Hp(H).

The fact that Ran(W±(H0, H))cl = H follows from the facts thatW±(H
⋆, H0) are injec-

tive by Proposition 3.4.8 and that (W±(H0, H))⋆ = W±(H
⋆, H0) by Proposition 3.4.12.

3.4.4 The local regularized wave operators

It can be useful to de�ne local wave operators on an interval I of the essential spectrum.
In this section we de�ne the local regularized wave operators and we give their properties.

We recall that given a closed in interval I ⊂ σess(H0), h stands for the function de�ned
in (3.29) which regularizes the spectral singularities of H in I. It allows one to consider
a regularized spectral projection (h1I)(H) as in (3.28) which in turn induces a functional
calculus (3.30).

De�nition 3.4.14. Let I ⊂ σess(H) be a closed interval. We de�ne the local regularized
wave operators on the interval I by

W±(H,H0, I) := s-lim
t→±∞

eitH(h1I)(H)e−itH0 , W±(H
⋆, H0, I) := s-lim

t→±∞
eitH

⋆

(h̄1I)(H
⋆)e−itH0 .

Note that in the particular case where H does not have any spectral singularity in I,
then the local wave operators associated to H and H0 reduce to

W±(H,H0, I) := s-lim
t→±∞

eitH1I(H)e−itH0 W±(H
⋆, H0, I) := s-lim

t→±∞
eitH

⋆

1I(H
⋆)e−itH0 .

Since 1I(H) is a projection, then, in this case, Ran(W±(H,H0, I)) ⊂ Ran(1I(H)).

3.4.4.1 Existence of the local regularized wave operator

As in Section 3.4.2 for the regularized wave operators W±(H,H0), the proof of the exis-
tence of the local regularized wave operators W±(H,H0, I), is based on Proposition 3.4.1.
In order to apply this proposition, we need to prove that C(h1I)(H) is relatively smooth
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with respect to H0, which is the purpose on the following lemma. Note that the proof,
based on the functional calculus (3.30), follows a di�erent route from that of Lemma 3.4.5.
The inconvenient of functional calculus is that we need to regularized both outgoing and
incoming spectral singularities.

Lemma 3.4.15. Suppose that Hypotheses 3.1-3.4 hold. Let I ⊂ σess(H) be a closed
interval. Then C(h1I)(H) is relatively smooth with respect to H in the sense of Kato and
C(h1H⋆)(I) is relatively smooth with respect to H⋆.

Proof. It su�ces to show that there exists c > 0 such that, for all u ∈ H,∫ ∞

0

∥∥CeitH(h1I)(H)
∥∥2
H dt ≤ c ∥u∥2H , (3.55)

the proof of ∫ ∞

0

∥∥Ce−itH(h1I)(H)u
∥∥2
H dt ≤ c ∥u∥2H

being similar. Let u, v ∈ H. Using the integral representation (3.28) of (h1I)(H), for all
t ∈ R, we have〈

v , CeitH(h1I)(H)u
〉
H =

〈
v , CeitH0h(H0)1I(H0)u

〉
H (3.56)

− 1

2πi

∫
I

eitλh(λ)
〈
CR0(λ∓ i0+)Cv ,WCR0(λ± i0+)u

〉
H dλ

+
1

2πi

∫
I

eitλh(λ)
〈
CRH⋆(λ∓ i0+)CWCR0(λ∓ i0+)Cv ,WCR0(λ± i0+)u

〉
H dλ.

Let g±1 : R → C and g±2 : R → C be the functions de�ned by

g±1 (λ) = h(λ)
〈
WCR0(λ∓ i0+)Cv ,CR0(λ± i0+)u

〉
H 1I(λ)

= h(λ)
〈
v , CR0(λ± i0+)CWCR0(λ± i0+)u

〉
H 1I(λ),

and

g2(λ) = h(λ)
〈
WCRH⋆(λ∓ i0+)CWCR0(λ∓ i0+)Cv ,CR0(λ∓ i0+)u

〉
H 1I(λ)

= h(λ)
〈
v , CR0(λ± i0+)CWCRH(λ± i0+)CWCR0(λ∓ i0+)u

〉
H 1I(λ).

We claim that g±1 and g±2 are in L1(R,C)∩L2(R,C). Indeed for all λ ∈ I, by Hypotheses
3.1 and 3.3 and the Cauchy-Schwarz inequality, we have∣∣g±1 (λ)∣∣2 ≤ ∥h∥2∞ sup

z∈C±
∥CR0(z)C∥2B(H) ∥W∥B(H)

∥∥CR0(λ± i0+)u
∥∥2
H ∥v∥2H , (3.57)

and

∣∣g±2 (λ)∣∣2 ≤
 sup

Re(z)∈I
|Im(z)|≤ε0

(
|h(z)| ∥CRH(z)CW∥B(H)

)2( sup
z∈C±

∥CR0(z)C∥2B(H)

)
× ∥W∥2B(H)

∥∥CR0(λ± i0+)u
∥∥2
H ∥v∥2H . (3.58)
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Since C is relatively smooth with respect to H0, the function λ 7→ CR0(λ±i0+)u is square
integrable on I. Moreover, by the same argument and the Cauchy-Schwarz inequality,
there exists c1 > 0 such that∫

R

∣∣g±1 (λ)∣∣ dλ ≤
(∫

I

|h(z)|
∥∥WCR0(λ∓ i0+)Cv

∥∥2
H

) 1
2
(∫

I

∥∥CR0(λ± i0+)u
∥∥2
H

) 1
2

≤ c1 ∥u∥H ∥v∥H .

In the same way, we have ∫
R
|g2(λ)| dλ ≤ c2 ∥u∥H ∥v∥H .

Using (3.56), we deduce that there exists c3 > 0 such that∫ ∞

0

∣∣〈v , CeitH(h1I)(H)u
〉
H

∣∣2 dt ≤ c3

(∫
R

∣∣〈v , CeitH01I(H0)u
〉
H

∣∣2 dt
+

∫
R

∣∣ǧ±1 (t)∣∣2 dt+ ∫
R

∣∣ǧ±2 (t)∣∣2 dt),
where for i ∈ {1, 2}, ǧ±i is the inverse Fourier transform of g±i , i.e.

ǧ±i (t) :=

∫
R
eitλg±i (λ)dλ

As g±1 and g±2 are in L2(R,C), Plancherel's equality implies that there exists c4 > 0 such
that ∫ ∞

0

∣∣〈v , CeitH(h1I)(H)u
〉
H

∣∣2 dt ≤ c4

(∫
R

∣∣〈v , CeitH0h(H0)1I(H0)u
〉
H

∣∣2 dt
+

∫
R

∣∣g±1 (λ)∣∣2 dλ+

∫
R

∣∣g±2 (λ)∣∣2 dλ).
Inserting (3.57)�(3.58) into the last inequality and using that C is relatively smooth with
respect to H0, we obtain∫ ∞

0

∣∣〈v , CeitH(h1I)(H)u
〉
H

∣∣2 dt ≤ c5∥u∥2H∥v∥2H.

Using
∥∥CeitH(h1I)(H)u

∥∥
H = limn→∞

〈
vn , Ce

itH(h1I)(H)u
〉
H for some normalized se-

quence (vn)n∈N together with Fatou's lemma, this leads to (3.55).

Using this lemma we obtain the existence of the local regularized wave operators.

Proposition 3.4.16. Suppose that Hypotheses 3.1-3.4 hold. Let I ⊂ σess(H) be a closed
interval. Then W±(H,H0, I) and W±(H

⋆, H0, I) exist.
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Proof. It su�ces to apply Lemma 3.4.15 together with Propositions 3.4.1 and 3.4.2.

Similarly as before, the adjoints ofW∓(H
⋆, H0, I) andW∓(H,H0, I) are formally given

by

W±(H0, H, I) := s-lim
t→∞

eitH0(h1I)(H)e−itH W±(H0, H
⋆, I) := s-lim

t→∞
eitH0(h̄1I)(H

⋆)e−itH⋆

.

We then have the following existence result.

Proposition 3.4.17. Suppose that Hypotheses 3.1-3.4 hold. Let I ⊂ σess(H) be a closed
interval. Then the wave operators W±(H0, H, I) and W±(H0, H

⋆, I) exist and satisfy

W±(H0, H, I)
⋆ = W∓(H

⋆, H0, I), W±(H0, H
⋆, I)⋆ = W∓(H,H0, I).

Proof. Again, it su�ces to apply Lemma 3.4.15 together with Propositions 3.4.1 and 3.4.2
to obtain the existence. The adjoint properties follow from a direct computation.

3.4.4.2 Properties of the local regularized wave operators

In this section we reformulate the properties of regularized wave operators stated in Sec-
tion 3.4.2 for the local regularized wave operators. First we have the following intertwining
properties whose proofs, left to the reader, rely on the same arguments as those used in
the proof of Proposition 3.4.7.

Proposition 3.4.18. Let I ⊂ σess(H0) be a closed interval. Suppose that Hypotheses
3.1-3.4 hold. Then for all t ∈ R, for all u ∈ H,

eitHW±(H,H0, I)u = W±(H,H0, I)e
itH0u,

and
eitH

⋆

W±(H
⋆, H0, I)u = W±(H

⋆, H0, I)e
itH0u.

In particular, W±(H,H0, I)D(H0) ⊂ D(H0), W±(H
⋆, H0, I)D(H0) ⊂ D(H0) and for all

u ∈ D(H0),

HW±(H,H0, I)u = W±(H,H0, I)H0u and H⋆W±(H
⋆, H0, I)u = W±(H

⋆, H0, I)H0u.

Moreover,

(r1I)(H)W±(H,H0, I)u = W±(H,H0, I)r(H0)1I(H0)u, (3.59)

(r1I)(H
⋆)W±(H

⋆, H0, I)u = W±(H
⋆, H0, I)r(H0)1I(H0)u.

Note that (3.59) relies on the existence of the spectral projection and the interwining
property for the resolvant of H and H0, where the interwining property for the resolvant
of H and H0 is proved by using the Laplace's transform of the resolvant.

The next two propositions characterize the kernels and ranges of W±(H,H0, I) and
W±(H0, H, I). The proof of Proposition 3.4.19 relies on the same idea as that of Proposi-
tion 3.4.8, up to some technicalities due to the use of the regularized functional calculus
(3.30). Recall that h stands for the function de�ned in (3.29) which regularizes the spectral
singularities of H in I.
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Proposition 3.4.19. Suppose that Hypotheses 3.1-3.4 hold. Let I ⊂ σess(H) be a closed
interval. Then

Ker(W±(H,H0, I)) = Ker(1I(H0)) and Ker(W±(H
⋆, H0, I)) = Ker(1I(H0)).

Moreover,
Ran(W±(H,H0, I))

cl = Ran((r1I)(H))cl,

and
Ran(W±(H,H

⋆
0 , I))

cl = Ran((r1I)(H
⋆))cl.

Proof. We show that Ker(W+(H,H0, I)) = Ker(1I(H0)), the proof the other equalities
characterizing the kernels are similar. Let u ∈ Ker(W+(H,H0, I)), then

lim
t→∞

∥∥eitH(h1I)(H)e−itH0u
∥∥
H = 0.

Composing by (r1I)(H) and using the intertwining properties of Proposition 3.4.18, we
obtain

lim
t→∞

∥∥eitH(h1I)(H)e−itH01I(H0)r(H0)u
∥∥
H = 0.

Next since r = hr̃ for some rational function r̃, we also have

lim
t→∞

∥∥eitH(r1I)(H)e−itH01I(H0)r(H0)u
∥∥
H = 0.

We claim that for all t ∈ R, for all v ∈ H,∥∥eitH(h1I)(H)e−itH0v
∥∥
H ≥

∥∥(r1I)(H)2e−itH0v
∥∥
H . (3.60)

Indeed, for all t ∈ R, by the functional calculus (3.30) that {eitH}t∈R is uniformly bounded
on the range of h(H). Thus we have∥∥e−itH(r1I)(H)v

∥∥
H ≤ ∥v∥H .

Thus for all t ∈ R,

∥(r1I)(H)v∥H =
∥∥e−itH(r1I)(H)eitHv

∥∥
H ≤

∥∥eitHv∥∥H .
Applying the last inequality to (r1I)(H)eitH0v, we obtain (3.60). Now (3.60) yields

lim
t→∞

∥∥(r1I)(H)2e−itH01I(H0)r(H0)u
∥∥
H = 0.

and hence
lim
t→∞

∥∥(r1I)(H)3e−itH01I(H0)r(H0)u
∥∥
H = 0. (3.61)

Now let Ic := (σess(H) \ I)cl. We claim that

lim
t→∞

∥∥(r1Ic)(H)3e−itH01I(H0)r(H0)u
∥∥
H = 0. (3.62)
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Indeed, it follows again from the functional calculus (3.30) that there exists c > 0 such
that, for all t ∈ R,∥∥(r1Ic)(H)3e−itH01I(H0)r(H0)u

∥∥
H ≤ c

∥∥(r1Ic)(H)e−itH(r1Ic)(H)e−itH01I(H0)r(H0)u
∥∥
H .

Letting t go to ∞ yields

lim sup
t→∞

∥∥(r1Ic)(H)3e−itH01I(H0)r(H0)u
∥∥
H ≤ c ∥(r1Ic)(H)W+(H,H0, I

c)1I(H0)r(H0)u∥H .

Finally using the intertwining properties of Proposition 3.4.18 together with the facts
that 1I∩Ic(H0) = 0 since H0 has purely absolutely continuous spectrum, we obtain (3.62).
Proceeding in the same way, we have that

lim sup
t→∞

∥∥(r1I)(H)(r1Ic)(H)2e−itH01I(H0)r(H0)u
∥∥
H = 0.

and
lim sup
t→∞

∥∥(r1Ic)(H)(r1I)(H)2e−itH01I(H0)r(H0)u
∥∥
H = 0.

Summing the last two previous limits with (3.61) and (3.62) gives

lim sup
t→∞

∥∥(r1ess)(H)3e−itH0r(H0)1I(H0)u
∥∥
H = 0. (3.63)

Now r(H)3Πp(H) is compact under our assumptions and therefore

lim
t→∞

∥∥r(H)3Πp(H)e−itH01I(H0)r(H0)u
∥∥
H = 0. (3.64)

Summing (3.63) and (3.64), it follows from the spectral resolution formula (3.31) and the
triangular inequality that

lim sup
t→∞

∥∥r(H)3e−itH0r(H0)1I(H0)u
∥∥
H = 0.

Writing

r(H)3 = (r(H)2(r(H)−r(H0))+r(H)(r(H)−r(H0))r(H0)+(r(H)−r(H0))r(H0)
2+r(H0)

3,

and using that r(H)− r(H0) is compact, we obtain

lim
t→∞

∥∥(r(H)3 − r(H0)
3)e−itH01I(H0)r(H0)u

∥∥
H = 0.

and hence
lim
t→∞

∥∥e−itH01I(H0)r
4(H0)u

∥∥
H = 0.

Since r(H0)
4 is injective (because H0 has no eigenvalue) and {e−itH0}t∈R is unitary, we

conclude that u ∈ Ker(1I(H0)).
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Conversely, let u ∈ Ker(1I(H0)). Then

W+(H,H0, I)(r1I)(H0)u = 0

and using the intertwining properties of Proposition 3.4.18, we also have

(r1I)(H)W+(H,H0, I)u = 0. (3.65)

Moreover, using that
(r1Ic)(H)(r1I)(H) = 0,

as follows from the functional calculus (3.30), where Ic := (σess(H) \ I)cl, we obtain

(r1Ic)(H)W+(H,H0, I)u = 0. (3.66)

Now, we claim that
r(H)Πp(H)W+(H,H0, I)u = 0. (3.67)

Indeed, it su�ces to prove that W+(H,H0, I)u ∈ Hac(H), where we recall that Hac(H)
is de�ned as the closure of M(H), see (3.25). Since H0 has purely absolutely continuous
spectrum, there exists a sequence (un)n∈N ⊂ M(H0) such that (un)n∈N converges to u
when n → ∞. Using the intertwining properties of Proposition 3.4.18, we deduce that,
for all n ∈ N,∫

R

∣∣〈eitHW+(H,H0, I)un , v
〉
H

∣∣2 dt = ∫
R

∣∣〈eitH0un ,W+(H,H0, I)
⋆v
〉
H

∣∣2 dt
≤ cun ∥W+(H,H0, I)∥B(H) ∥v∥

2
H .

Thus (W+(H,H0, I)un)n∈N ⊂ M(H), which implies (3.67). Finally, using the spectral
resolution formula (3.31) together with (3.65), (3.66) and (3.67) we obtain

r(H)W+(H,H0, I)u = 0.

Since the restriction r(H) to Hac(H) is injective, it follows that u ∈ Ker(W+(H,H0, I).
The characterizations of the ranges follow from Propositions 3.4.17 and 3.4.20.

Now we turn to the study of the kernels and ranges of W±(H0, H, I).

Proposition 3.4.20. Suppose that Hypotheses 3.1-3.4 hold. Let I ⊂ σess(H) be a closed
interval. Then

Ker((h1I)(H)) = Ker(W±(H0, H, I)) and Ker((h̄1I)(H
⋆)) = Ker((W±(H0, H

⋆, I)).

Moreover we have

Ran(W±(H0, H, I))
cl = Ran(1I(H0)) and Ran(W±(H0, H

⋆, I))cl = Ran(1I(H0)).
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Proof. We show that Ker(W+(H0, H, I)) = Ker((h1I)(H)), the proof the other equalities
characterizing the kernels are similar. Let u ∈ Ker(W+(H0, H, I)). Then

lim
t→∞

∥∥eitH0e−itH(h1I)u
∥∥
H = 0

and therefore, by unitarity of eitH0 ,

lim
t→∞

∥∥e−itH(h1I)u
∥∥
H = 0.

Hence (h1I)u ∈ Hads(H)+ (see (3.52)) which in turn yields (h1I)u ∈ H+
p (H) by (3.53).

Thus we have
(h1I)(H)u = Π+

p (H)(h1I)(H)u.

Using (3.28) it is not di�cult to verify that, for all v ∈ H,〈
Π+

p (H)(h1I)(H)u, v
〉
H = 0.

Therefore Π+
p (H)(h1I)(H)u = 0 and hence u ∈ Ker((h1I)(H)).

Conversely, if u ∈ Ker((h1I)(H)), then by de�nition of W+(H0, H, I), we have u ∈
Ker(W+(H0, H, I)).

The characterizations of the ranges follow from Propositions 3.4.17 and 3.4.19.

3.5 Asymptotic completeness

In this section, we study a notion of asymptotic completeness for the wave operator
W±(H,H0).

De�nition 3.5.1. We say that the wave operator W±(H,H0) or W±(H
⋆, H0) is asymp-

totically complete if its range is closed.

This de�nition is motivated by Proposition 3.4.8. Indeed, we already know that,
under our assumptions, the wave operators W±(H,H0) are injective and that their ranges
are dense in Hac(H). Hence if the wave operators are asymptotically complete, they
are bijective. In the following we give conditions ensuring that asymptotic completeness
holds. Note that W−(H,H0) may be asymptotically complete while W+(H,H0) is not.

3.5.1 Asymptotic completeness and spectral singularities

Our �rst result shows that if H does not have any spectral singularity, then the wave oper-
ators are asymptotically complete. A similar result has been proved in [35] for dissipative
operators.

We recall that if H has no outgoing/incoming spectral singularities, then the wave
operators W±(H,H0) and W±(H0, H) reduce to

W±(H,H0) = s-lim
t→±∞

eitHΠac(H)e−itH0 , W±(H0, H) := s-lim
t→±∞

eitH0Πac(H)e−itH .
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Theorem 3.5.2. Suppose that Hypotheses 3.1-3.4 hold. Suppose that H does not have
any spectral singularity. Then W±(H,H0) and W±(H

⋆, H0) are asymptotically complete.

Proof. We prove that W+(H,H0) is asymptotically complete. By proposition 3.4.8, we
already know that Ran(W+(H,H0)) ⊂ Hac(H). Hence, to prove that the range of
W+(H,H0) is closed, it su�ces to show thatHac(H) ⊂ Ran(W+(H,H0)). Let u ∈ Hac(H).
Then

u = Πac(H)Πac(H)u = Πac(H)eitHe−itH0eitH0e−itHΠac(H)u.

As eitH is uniformly bounded in t ∈ R by (3.50), letting t→ ∞, we easily obtain

u = W+(H,H0)W+(H0, H
⋆)u.

Thus u ∈ Ran(W+(H,H0)), which concludes the proof.

Under the conditions of Theorem 3.5.2, we see in particular that W+(H,H0) is a left
inverse of W+(H0, H) and, as W+(H,H0) is invertible in B(H,Hac(H)), we have

W+(H,H0)
−1 = W+(H0, H).

Note also that the intertwining properties show that

Hu = W+(H,H0)H0W+(H0, H)u, ∀u ∈ D(H0) ∩Hac(H),

and
eitHu = W+(H,H0)e

itH0W+(H,H0)u, ∀u ∈ Hac(H), ∀t ∈ R.

In other words, the restriction of H to Hac(H) is similar to H0.
The next result is a reformulation of Theorem 3.3.5.

Theorem 3.5.3. Suppose that Hypotheses 3.1-3.4 hold. Suppose that H does not have
spectral singularities. Then there exist m1 > 0, and m2 > 0 such that

m1 ∥u∥H ≤
∥∥eitHu∥∥H ≤ m2 ∥u∥H , ∀u ∈ Hac(H), ∀t ∈ R.

Proof. Let u ∈ Hac(H). Using the functional calculus (3.27), we deduce that there exists
m2 > 0 such that for all t ∈ R, for all v ∈ H,∣∣〈v , eitHu〉H∣∣ = ∣∣∣∣ 1

2πi
lim
ε→0+

∫
σess(H)

〈
v , eitλ (RH(λ+ iε)−RH(λ− iε))u

〉
H dλ

∣∣∣∣
≤ m2 ∥u∥H ∥v∥H .

Thus ∥∥eitHu∥∥H ≤ m2 ∥u∥H .
For the other inequality, we use that for all t ∈ R,∥∥eitHu∥∥H =

∥∥W+(H,H0)e
itH0W+(H0, H)u

∥∥
H .
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By the remarks above, W+(H,H0) and W+(H0, H) are invertible in B(H,Hac(H)) and
B(Hac(H),H), respectively, and the evolution group generated by H0 is unitary. Hence
there exists m1 > 0 such that ∥∥eitHu∥∥H ≥ m1 ∥u∥H
This concludes the proof.

3.5.2 Completeness of the local wave operators

We recall that if I is a closed interval contained in σess(H) such that H does not have any
spectral singularity in I, the local wave operators associated to H and H0 reduce to

W±(H,H0, I) := s-lim
t→±∞

eitH1I(H)e−itH0

The next theorem shows that in this case W±(H,H0, I) are asymptotically complete in a
natural sense.

Theorem 3.5.4. Suppose that Hypotheses 3.1-3.4 hold. Let I ⊂ σess(H) be a closed inter-
val not containing any spectral singularity of H. Then W±(H,H0, I) and W±(H

⋆, H0, I)
are asymptotically complete in the sense that

Ran(W+(H,H0, I)) = Ran(1I(H)), Ran(W+(H
⋆, H0, I)) = Ran(1I(H

⋆)).

Proof. We prove the equality for W+(H,H0, I). The proof of the equalities for
W−(H,H0, I) and W±(H

⋆, H0, I) are similar. If I does not have any spectral singularity,
then with the interwining property,

W+(H,H0, I) = 1I(H)W+(H,H0, I) = W+(H,H0, I)1I(H0). (3.68)

So by proposition 3.4.19 and with (3.68) the restriction of W+(H,H0, I) to Ran(1I(H0))
is injective and Ran(W+(H,H0, I)) ⊂ Ran(1I(H)). We will show the reverse inclusion.
Let u ∈ Ran(1I(H)), then

u = 1I(H)u = eitH1I(H)e−itH0eitH0e−itH1I(H).

As t 7→ eitH1I(H)e−itH0 is uniformly bounded in B(H), then

u = eitH1I(H)e−itH0W+(H0, H, I)u+ o(1), (t→ ∞)

= W+(H,H0, I)W+(H0, H, I)u

This prove the reverse inclusion.

The previous result shows that ifH does not have any spectral singularity in I, then the
inverses of W±(H,H0, I) are W±(H0, H, I). It should be noted that in order to construct
the local wave operators on an interval I not containing any spectral singularity, it su�ces
to have the existence of the spectral projection in I. Next it follows from Theorem 3.3.6
that they are invertible, and hence in particular injective with closed range. In the general
case where I contains spectral singularities, on the other hand, we relied on the whole
spectral structure of H in order to prove that W±(H,H0, I) are injective (see Proposition
3.4.19).
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3.5.3 Remarks on the notion of asymptotic completeness

Theorem 3.5.2 shows that if H does not have any spectral singularities then the wave
operatorsW±(H,H0) are asymptotically complete. We conjecture that if H has a spectral
singularity, then the regularized wave operators are not asymptotically complete. We give
in this section partial results supporting this conjecture.

First we consider regularized wave operators with an `over-regularizing' operator in
the following sense. For the sake of simplicity, suppose that H has only one incoming
spectral singularity λ0 of �nite order ν0. Consider the regularized wave operator

W̃+(H,H0) := s-lim
t→∞

eitHΠac(H)(H − λ0)
ν0+1RH(z0)

ν0+1e−itH0 .

This de�nition should be compared to the De�nition 3.4.3 where the regularizing operator
is (H − λ0)

ν0RH(z0)
ν0 instead of (H − λ0)

ν0+1RH(z0)
ν0+1. In particular we have that

W̃+(H,H0) = (H − λ0)RH(z0)W+(H,H0),

whereW+(H,H0) is the regularized wave operator associated to H and H0 from De�nition
3.4.3. Under our assumptions, it follows from Proposition 3.13 that W̃+(H,H0) exists, is
injective and its range is dense in Hac(H). The next proposition shows that W̃ (H,H0) is
not surjective.

Proposition 3.5.5. Suppose that Hypotheses 3.1-3.4 hold. Then W̃ (H,H0) is not asymp-
totically complete.

Proof. Suppose that W̃ (H,H0) is asymptotically complete. Then its range is closed and
hence there exists c > 0 such that, for all u ∈ H,∥∥∥W̃ (H,H0)u

∥∥∥
H
≥ c ∥u∥H .

It then follows from (3.50) that there exists c1 > 0 such that

c1 lim
t→∞

∥∥(H − λ0)RH(z0)e
−itH0u

∥∥
H ≥ c ∥u∥H .

As (H − λ0)RH(z0)− (H0 − λ0)RH0(z0) is compact, we deduce that

c1 lim
t→∞

∥∥(H0 − λ0)RH0(z0)e
−itH0u

∥∥
H ≥ c ∥u∥H .

Finally, using that {e−itH0}t∈R is unitary and that RH0(z0) is bounded, this implies that
there exists c2 > 0 such that

c2 ∥(H0 − λ0)u∥H ≥ c ∥u∥H .

This is a contradiction because this would imply that H0 − λ0 is bijective (since it is self-
adjoint and injective with closed range), which is impossible since λ0 is in the essential
spectrum of H0.
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Our last result shows that if H has an incoming spectral singularity and if −iH is the
generator of a strongly continuous one parameter semigroup which is uniformly bounded
for positive times, then W+(H,H0) is not asymptotically complete. It's especially the
case if Im(V ) ≤ 0 because in this case −iH becomes dissipative and thus generates a
contraction semigroup.

Proposition 3.5.6. Suppose that Hypotheses 3.1-3.4 hold. If {eitH}±t≥0 is uniformly
bounded and H has an incoming/outgoing spectral singularity then W±(H,H0) are not
asymptotically complete.

Proof. We prove the proposition forW+(H,H0). The proof forW−(H,H0) is very similar.
Suppose that W+(H,H0) is asymptotically complete. Then there exists c > 0 such that
for all u ∈ H,

∥W+(H,H0)u∥H ≥ c ∥u∥H .

Using that {eitH}t≥0 is uniformly bounded and arguing as in the proof of Proposition
3.5.5, we have that there exists c1 > 0 such that, for all u ∈ H,

∥r−(H0)u∥H ≥ c1 ∥u∥H .

Since r−(H0) is self-adjoint and injective, this would imply that it is bijective. However
r−(H0) is not bijective by de�nition, because spectral singularities of H are points of the
essential spectrum of H0.

3.6 Proofs of Propositions 3.4.1 and 3.4.7

In this appendix, for completeness, we recall the proofs of some standard results about
wave operators.

Proof of Proposition 3.4.1. We suppose that there exist c > 0 such that∫ ∞

0

∥∥Ce−itH⋆

A⋆u
∥∥2
H dt ≤ c ∥u∥2H . (3.69)

and we prove that the strong limit s-limt→∞AeitHe−itH0 exist. The existence of the other
strong limits are similar. We will show that for all u ∈ H,

lim
t→∞

AeitHe−itH0u

exists in H. We claim that for all t > 0, for all u ∈ H, we have

AeitHe−itH0u = Au+ i

∫ t

0

AeisHCWCe−isH0uds. (3.70)
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Indeed, let u ∈ D(H0) and t ∈ R, then as {eitH}t∈R preserves D(H0), then

AeitHe−itH0u = Au−
∫ t

0

∂s
(
AeisHe−isH0u

)
ds

= Au−
∫ t

0

AeisH(iH − iH0)e
−isH0uds

= Au− i

∫ t

0

AeisHV e−isH0uds.

As the equality

AeitHe−itH0u = Au− i

∫ t

0

AeisHV e−isH0uds

makes sense if u ∈ H, using that D(H0) is dense in H together with Lebesgue's dominated
convergence theorem, we deduce that (3.70) holds.

To prove that the limit in the left hand side of (3.70) exists when t → ∞, we show
that the integral in the right hand side of (3.70) converges when t → ∞, To do this, we
show that the integral satis�es a Cauchy criterion. As C is relatively smooth with respect
to H0, it follows from (3.4.5) that there exists c0 > 0 such that, for all x, y ∈ R,∥∥∥∥∫ y

x

AeisHCWCe−isH0uds

∥∥∥∥
H

= sup
v∈H

∥v∥H=1

∣∣∣∣∫ y

x

〈
Ce−isH⋆

A⋆v ,WCe−isH0u
〉
H ds

∣∣∣∣
≤ sup

v∈H
∥v∥H=1

∫ y

x

∣∣〈Ce−isH⋆

Av ,WCe−isH0u
〉
H

∣∣ ds
≤ sup

v∈H
∥v∥H=1

(∫ y

x

∥∥Ce−isH⋆

Av
∥∥2
H ds

)1/2(∫ y

x

∥∥WCe−isH0u
∥∥2
H ds

)1/2

≤ c0 ∥u∥H ,

where we used (3.69) and (3.12) in the last inequality. Since H is complete the map
s 7→ AeisHV e−isH0u belongs to L1([0,∞),H) and hence the limit of (3.70) exists when
t→ ∞.

Proof of Proposition 3.4.7. We show the proposition for W+(H,H0), the proof is similar
for the other wave operators. Let u ∈ H and t ∈ R. Then

eitHW+(H,H0)u = eitHeisHΠac(H)r−(H)e−isH0u+ o(1), (s→ ∞)

= ei(t+s)HΠac(H)r−(H)e−i(t+s)H0eitH0u+ o(1), (s→ ∞)

= eirHΠac(H)r−(H)e−irH0eitH0u+ o(1), (r → ∞)

= W+(H,H0)e
itH0u.
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This shows (3.46). To prove that W+(H,H0) preserves D(H0), it su�ces to use that

D(H0) =

{
u ∈ H, lim

t→0+

1

−it
(
e−itH − Id

)
u exists in H

}
.

together with 3.46. To prove (3.47), we use that

Hu = lim
t→0

1

−it
(
e−itH − Id

)
u

and (3.46) again.



Chapitre 4

Solutions de l'équation de Schrödinger

associée à une perturbation non bornée

d'un opérateur non-auto-adjoint

Dans ce chapitre nous considérons une perturbation non bornée et relativement compacte
d'un opérateur auto-adjoint agissant sur un espace de Hilbert. Le caractère non-borné de la
perturbation ne permet pas d'assurer, en général, que l'opérateur Hamiltonien engendre
un groupe d'évolution fortement continu à un paramètre. Le premier objectif est ainsi
de dégager des hypothèses sur le modèle pour obtenir l'existence d'un tel groupe. Nous
montrons ensuite comment les résultats obtenus dans les chapitres précédents peuvent
être généralisés au contexte présent.

4.1 Motivations et présentation du modèle

4.1.1 Présentation du modèle

Considérons un opérateur auto-adjoint H0 de domaine D(H0) agissant sur un espace de
Hilbert H, un opérateur C auto-adjoint de domaine D(C) dense dans H et W ∈ B(H)
tel que Ran(W ) ⊂ D(C). Nous dé�nissons l'opérateur V de domaine D(C) par

∀u ∈ D(C), V u = CWCu

et nous supposons que V est relativement compact par rapport à H0. En particulier
D(C) ⊂ D(H0) et pour tout z ∈ ρ(H0) l'opérateur VR0(z) est un opérateur compact.
En�n nous dé�nissons l'opérateur total H par

H := H0 + V, D(H) := D(H0).

Cette hypothèse sur V a pour conséquence que H est un opérateur fermé et que le spectre
essentiel de H et celui de H0 coïncident (voir [76, Corrolaire XIII.4.2]). Ce qui di�ère des
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chapitres précédents est que l'on ne fait pas l'hypothèse que V est borné. Dans la littéra-
ture, on trouve des résultats assurant l'existence de groupe d'évolution pour des perturba-
tions bornées d'opérateurs auto-adjoint et pour des perturbations non-bornées satisfaisant
une condition de régularité pour la topologie d'opérateur par rapport au groupe associé à
l'opérateur non perturbé (voir [15, Chapitre 3]). Sous les hypothèses que nous faisons ici, à
notre connaissance il n'y a pas de résultat général assurant l'existence d'un groupe d'évo-
lution associé à −iH. En particulier, l'existence de solutions non triviales pour l'équation
de Schrödinger (4.1) {

∂tu(t) = Hu(t)

u0 ∈ D(H0),
(4.1)

n'est pas garantie. Nous souhaitons dégager des hypothèses sur ce modèle, dans la conti-
nuité des travaux des chapitres 2 et 3 pour construire un groupe d'évolution associé à −iH.
Un exemple satisfaisant les conditions décrites dans ce chapitre, mais pas celles décrites
dans les chapitres précédents, serait un opérateur de Schrödinger sur L2(R3,C) avec un
potentiel V de la forme V (x) = e−|x|

|x| , où |.| est la norme euclidienne sur R3. La singularité
en 0 de ce potentiel fait que celui-ci n'est pas dans L∞(R3,C) et donc que V n'est pas
un opérateur borné sur L2(R3,C). Notons qu'ici en plus du fait que le potentiel n'est pas
un opérateur borné, nous a�aiblissons les hypothèses sur C dans le sens où celui-ci n'est
ni supposé positif ni injectif. L'hypothèse associée à la positivité de C est uniquement
utilisée dans le chapitre 2 pour construire le triplet de Gelfand et montrer le théorème
2.3.1 et l'hypothèse concernant l'injectivité de C est utilisée dans le même chapitre pour
prouver le théorème 2.3.3 et, encore une fois, pour construire le triplet de Gelfand. Nous
ne nous attacherons pas à pas montrer de résultat similaire ici, nous n'avons donc pas
besoin de telles hypothèses sur C.

Dans la suite nous renvoyons aux notations et aux explications du chapitre 2 pour les
notions de spectre essentiel.

4.1.2 Hypothèses

Les hypothèses que nous présentons ici vont être très similaires à celles des chapitres 2 et
3, cependant nous devons tenir compte du fait que C n'est pas borné.

Hypothèse 4.1. H0 a un spectre purement absolument continu.

Comme C n'est pas supposé injectif, l'hypothèse 4.2 ci dessous ne su�ra pas à assurer
que le spectre de H0 est purement absolument continu comme c'est le cas au chapitre 2
(voir par exemple la remarque sous l'hypothèse 2.1). L'hypothèse 4.1 est donc nécessaire
ici pour rester dans la continuité des travaux précédents.

Hypothèse 4.2. C est relativement lisse au sens de Kato par rapport à H0, c'est-à-dire
qu'il existe c0 > 0 telle que

∀u ∈ Hac(H0),

∫
R

(∥∥CR0(λ− i0+)u
∥∥2
H +

∥∥CR0(λ+ i0+)u
∥∥2
H

)
dλ ≤ 2πc20 ∥u∥

2
H . (4.2)
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Ici λ 7→ CR0(λ ± i0+)u est la limite de λ 7→ CR0(λ ± iε)u dans L2(R;H) quand
ε → 0+ (voir [55]). Pour rester dans la continuité des travaux précédents, nous aurions
pu supposer que la résolvante de H0 avec les poids C se prolonge en un opérateur borné
et satisfait un principe d'absorption limite (voir par exemple 2.1). Ce n'est cependant ici
pas nécessaire pour la suite de ce chapitre.

Hypothèse 4.3. Pour tout z ∈ ρ(H) l'opérateur CRH(z)C dé�ni sur D(C) se prolonge
en un opérateur borné dans B(H).

Notons que comme D(H) = D(H0), on a D(H) ⊂ D(C) car C est relativement
compact par rapport à H0. De plus cette hypothèse est très similaire à l'hypothèse 4.2.

L'hypothèse 4.3 permet de dé�nir la notion de point spectral régulier pour H. Cette
notion est semblable à celle que nous avons donnée à la section 2.2.2, nous la rappelons
ici.

De�nition 4.1.1 (Point spectral régulier et singularité spectrale). Soit λ ∈ σess(H).

i) On dit que λ est un point spectral régulier sortant/entrant si λ n'est pas un point
d'accumulation de valeurs propres localisées en λ± i]0,+∞[ et si la limite

lim
ε→0+

CRH(λ± iε)CW

existe dans B(H). Si λ n'est pas un point spectral régulier sortant/entrant de H, on
dit que λ est une singularité spectrale sortante/entrante de H.

ii) On dit que λ est un point spectral régulier de H si λ est un point spectral régulier
entrant et sortant de H. Sinon on dit que λ est une singularité spectrale de H.

iii) On dit que l'in�ni est un point spectral régulier sortant/entrant de H s'il existe
m > 0 tel que pour tout λ > m, λ est un point spectral régulier sortant/entrant et
si l'application

[m,+∞[∋ λ 7→ CRH(λ± i0+)CW ∈ B(H)

est bornée. Si l'in�ni n'est pas un point spectral régulier sortant/entrant de H on dit
que H a une singularité spectrale sortante/entrante à l'in�ni.

Soulignons qu'à part la construction du triplet de Gelfand faite à la section 2.2.3.1,
les propriétés démontrées à la section 2.4 sont toujours valables si l'on suppose que les
résolvantes à poids de H et de H0 se prolongent en des opérateurs bornés.

Nous rappelons aussi la dé�nition de l'ordre d'une singularité spectrale.

De�nition 4.1.2 (Ordre d'une singularité spectrale). i) Soit λ ∈ σess(H) une singu-
larité spectrale sortante/entrante. On dit que λ est une singularité spectrale d'ordre
�ni s'il existe un entier n et ε > 0 tels que

sup
z∈D(λ,ε)∩C±

|λ− z|n ∥CRH(z)CW∥B(H) < +∞ (4.3)
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Sinon on dit que λ est une singularité spectrale d'ordre in�ni. Si λ est une singularité
spectrale sortante/entrante d'ordre �ni, on dé�nit son ordre comme le plus petit
entier satisfaisant (4.3).

ii) Si H possède une singularité spectrale sortante/entrante à l'in�ni, on dit que l'in�ni
est une singularité spectrale sortante/entrante d'ordre �ni s'il existe un entier n,
ε0 > 0, m > 0 et z0 ∈ ρ(H)\R tels que

sup
Re(z)>m

± Im(z)<ε0

|z − z0|−n ∥CRH(z)CW∥B(H) <∞ (4.4)

Sinon on dit que l'in�ni est une singularité spectrale sortante/entrante d'ordre in�ni.
Si l'in�ni est une singularité spectrale sortante/entrante d'ordre �ni, on dé�nit son
ordre comme le plus petit entier satisfaisant (4.4).

Cela nous amène à l'hypothèse sur les singularités spectrales de H.

Hypothèse 4.4. H a un nombre �ni de singularités spectrales et chaque singularité spec-
trale est d'ordre �ni. De plus, pour tout intervalle fermé I ⊂ σess(H0), ne contenant pas
de singularités spectrales, il existe ε0 > 0 tel que

sup
Re(z)∈I

± Im(z)∈]0,ε0[

∥CRH(z)CW∥B(H) <∞.

Pour toute singularité spectrale λj, nous noterons rj la fonction dé�nie sur C\{z0} par

rj(z) =
(z − λj)

νj

(z − z0)νj
,

régularisant la singularité spectrale λj, où νj l'ordre de la singularité spectrale et z0 ∈
ρ(H). Nous noterons r∞ la fonction régularisant la singularité spectrale à l'in�ni dé�nie
sur C\{z0} par

r∞(z) =
1

(z − z0)ν∞
,

où ν∞ est l'ordre de la singularité spectrale à l'in�ni. Si I est un intervalle de σess(H), en
notant alors SI les indices de l'ensemble des singularités spectrales de H dans l'intervalle
I classés par ordre croissant, on dé�nit sur C\{z0} la fonction r régularisant toutes les
singularités spectrales de H par

rI(z) =
∏
j∈SI

rj(z).

De plus, si I = σess(H), on note simplement r cette fonction.
Rappelons que le théorème de Fatou combiné avec l'hypothèse 4.4 assure en plus que

lim
ε→0+

r(λ± iε)CRH(λ± iε)CW

existe dans B(H) pour presque tout λ ∈ σess(H). Pour plus de détails concernant cette
hypothèse, nous renvoyons aux remarques sous les hypothèses 2.3 et 3.3.
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4.2 Opérateurs spectraux

Dans cette section nous allons expliquer pourquoi les projections spectrales et les projec-
tions spectrales régularisées ainsi que leur calcul fonctionnel associé (introduit à la section
2.5) ont toujours du sens ici et ce qui di�ère dans les preuves de leur existence.

4.2.1 Existence des opérateurs spectraux

Soit I un intervalle fermé de σess(H). On dé�nit les projections spectrales � régularisées �
associées à l'opérateur H sur I par

(rI1I)(H) := w-lim
ε→0+

1

2πi

∫
I

(rI(λ+ iε)RH(λ+ iε)− rI(λ− iε)RH(λ− iε)) dλ, (4.5)

où rI est la fonction régularisant les singularités spectrales sur l'intervalle I (voir la re-
marque sous l'hypothèse 4.4). Si I ne contient pas de singularité spectrale on aura rI = 1
et on dé�nira

1I(H) := w-lim
ε→0+

1

2πi

∫
I

(RH(λ+ iε)−RH(λ− iε)) dλ, (4.6)

la projection spectrale associée à H sur l'intervalle I. En particulier les propriétés véri-
�ées pour (rI1I)(H) sont également véri�ées pour 1I(H). La proposition suivante établit
l'existence de (rI1I)(H) sous nos hypothèses.

Proposition 4.2.1. Supposons que les hypothèses 4.1-4.4 sont satisfaites. Soit I un in-
tervalle fermé de σess(H), alors (rI1I)(H) existe et appartient à B(H). De plus si I ne
contient pas de singularité spectrale alors 1I(H) est une projection.

Avec les hypothèses 4.2 et 4.3, C est relativement lisse au sens de Kato par rapport
à H0 et la résolvante à poid de H se prolonge en un opérateur borné, la preuve de la
proposition 4.2.1 s'obtient en répétant la preuve de la proposition 2.5.3. De plus, au sens
des formes quadratiques sur H×H, l'opérateur (rI1I)(H) s'écrit

(rI1I)(H) = r(H0)1I(H0)−
1

2πi

∫
I

rI(λ)R0(λ± i0+)CWCR0(λ± i0+)dλ

+
1

2πi

∫
I

rI(λ)R0(λ± i0+)CWCRH(λ± i0+)CWCR0(λ± i0+)dλ,

où λ 7→ CR0(λ±i0+) est la limite dans L2(I,H) de λ 7→ CR0(λ±iε) quand ε→ 0+ et λ 7→
rI(λ)CRH(λ± i0+)CW est la limite presque partout de λ 7→ rI(λ± iε)CRH(λ± iε)CW
dans B(H).
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4.2.2 Calcul fonctionnel régularisé

Dans cette section nous allons dé�nir un calcul fonctionnel continu pour H en utilisant
les projections spectrales que nous avons introduites à la section précédente.

Soit I un intervalle fermé de σess(H), notons Cb(I) l'ensemble des fonctions continues
bornées sur I. Il est bien connu que muni de la norme ∥.∥∞, où

∀f ∈ Cb(I), ∥f∥∞ = sup
x∈I

|f | ,

Cb(I) est un espace vectoriel normé complet.
Nous dé�nissons l'espace vectoriel des fonctions régularisé sur I par

Cb,reg(I) := {f : I → C,∃g ∈ Cb(I), f = rIg},

que nous munissons de la norme

∥.∥reg : Cb,reg(I) → R+

f 7−→ ∥g∥∞ .

On alors peut véri�er que Cb,reg(I) est complet pour la norme ∥.∥reg. De plus, on dé�nit
l'espace vectoriel des polynômes régularisés par

Preg(I) := {rIP | P ∈ R[x]},

où R[x] est l'ensemble des polynômes à coe�cients dans R à une indéterminée et si I est
borné, alors Preg(I) est dense dans Cb,reg(I) pour la topologie de ∥.∥reg.

La proposition suivante établit alors un calcul fonctionnel régularisé pour H.

Proposition 4.2.2. Supposons que les hypothèses 4.1-4.4 sont satisfaites. Soit I un in-
tervalle fermé de σess(H), alors l'application

T : Cb,reg(I) −→ B(H)

f 7→ (f1I)(H),

où

(f1I)(H) := w-lim
ε→0+

1

2πi

∫
I

g(λ) (rI(λ+ iε)RH(λ+ iε)− rI(λ− iε)RH(λ− iε)) dλ

est bien dé�nie et est un morphisme continu d'espaces de Banach. De plus (f1I)(H)
s'écrit au sens des formes quadratiques par

(f1I)(H) = f(H0)1I(H0)−
1

2πi

∫
I

g(λ)rI(λ)R0(λ± i0+)CWCR0(λ± i0+)dλ

+
1

2πi

∫
I

g(λ)rI(λ)R0(λ± i0+)CWCRH(λ± i0+)CWCR0(λ± i0+)dλ. (4.7)
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Avant de démontrer la proposition 4.2.2 nous allons montrer un lemme qui nous sera
utile dans la suite.

Lemme 4.2.3. Supposons que les hypothèses 4.1-4.4 soient satisfaites. Soit I ⊂ σess(H)
un intervalle fermé, alors pour tout u ∈ H,∫

I

∥rI(λ± iε)RH(λ± iε)u∥2H dλ = O(
1

ε
) ∥u∥2H , ε→ 0+. (4.8)

Démonstration. Soit u ∈ H, soit ε > 0 assez petit, alors∫
I

∥rI(λ± iε)RH(λ± iε)u∥2H dλ

=

∫
I

⟨rI(λ± iε)u, rI(λ± iε)RH⋆(λ∓ iε)RH(λ± iε)u⟩H dλ. (4.9)

Or d'après l'identité de la résolvante,

RH⋆(λ± iε)−RH(λ∓ iε) = 2iRH⋆(λ∓ iε)C Im(W )CRH(λ± iε)

∓ 2iεRH⋆(λ∓ iε)RH(λ± iε).

Ainsi (4.9) se réécrit,∫
I

∥rI(λ± iε)RH(λ± iε)u∥2H dλ

= ± 1

2iε

∫
I

⟨rI(λ± iε)u, rI(λ± iε) (RH⋆(λ± iε)−RH(λ∓ iε))u⟩H dλ (4.10)

∓ 1

ε

∫
I

⟨rI(λ± iε)CRH(λ± iε)u, rI(λ± iε) Im(W )CRH(λ± iε)u⟩H dλ. (4.11)

On utilise encore l'identité de la résolvante :

∀z ∈ ρ(H), RH(z) = R0(z)−RH(z)VR0(z)

= R0(z)−R0(z)VR0(z) +R0(z)VRH(z)VR0(z).

En appliquant alors la première égalité à (4.11) et la deuxième à (4.10) et en utilisant
les même techniques que pour prouver que les projections spectrales régularisées existent
(voir les preuves des propositions 2.5.1 et 2.5.3 en appendice 2.6.3), ce qui est possible
grâce aux hypothèses 4.2 et 4.4, on obtient que les intégrales dans (4.10) et (4.11) sont
uniformément bornées par une constante indépendante de ε multiplié par ∥u∥2H, ce qui
montre (4.8).

Démonstration de la proposition 4.2.2. Commençons par nous placer dans le cas où I est
un intervalle compact. Montrons que pour tout n ∈ N⋆, pour tout u, v ∈ D(H0),

⟨T (x 7→ xnrI(x))u, v⟩ = ⟨Hn(rI1I)(H)u, v⟩H . (4.12)
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Pour n = 1 on a

⟨H(rI1I)(H)u, v⟩H

= lim
ε→0+

1

2πi

∫
I

⟨H (rI(λ+ iε)RH(λ+ iε)− rI(λ− iε)RH(λ− iε))u, v⟩H dλ

= lim
ε→0+

−ε
2π

∫
I

⟨(rI(λ+ iε)RH(λ+ iε) + rI(λ− iε)RH(λ− iε))u, v⟩H dλ

+ lim
ε→0+

1

2πi

∫
I

⟨λ (rI(λ+ iε)RH(λ+ iε)− rI(λ− iε)RH(λ− iε))u, v⟩H dλ

= lim
ε→0+

−ε
2π

∫
I

⟨(rI(λ+ iε)RH(λ+ iε) + rI(λ− iε)RH(λ− iε))u, v⟩H dλ

+ ⟨T (x 7→ xrI(x))u, v⟩H . (4.13)

Il su�t donc de montrer que le premier terme dans le membre de droite de (4.13) est nul
pour obtenir (4.12). Pour tout ε > 0 assez petit, on a

ε

2π

∫
I

⟨(rI(λ+ iε)RH(λ+ iε) + rI(λ− iε)RH(λ− iε))u, v⟩H dλ

=
ε

2π

∫
I

⟨(rI(λ+ iε)RH(λ+ iε)− rI(λ− iε)RH(λ− iε))u, v⟩H dλ

+ lim
ε→0+

ε

π

∫
I

⟨rI(λ− iε)RH(λ− iε)u, v⟩H dλ. (4.14)

Comme la projection spectrale régularisée existe sur l'intervalle I, le premier terme du
membre de droite de (4.14) tend vers 0 quand ε → 0. Par ailleurs comme I est borné,
d'après l'inégalité de Cauchy-Schwarz, on a∫

I

∥rI(λ− iε)RH(λ− iε)u∥H dλ ≤ |I|
(∫

I

∥rI(λ− iε)RH(λ− iε)u∥2H dλ

) 1
2

,

et avec le lemme 4.2.3, on a que le deuxième terme du membre de (4.14) tend vers 0
quand ε → 0+. Finalement, en procédant ensuite par récurrence sur n on obtient (4.12).
De plus, pour tout u ∈ D(H0), on a

T (xnrI)u = Hn(rI1I)(H)u.

Par ailleurs comme les monômes régularisés forment une base de l'espace vectoriel des
polynômes régularisés, on obtient que pour tout P ∈ Preg(I), pour tout u ∈ D(H0),

T (P )u = P (H)(rI1I)(H)u.

En particulier l'équation (4.7) est satisfaite pour tout P ∈ Preg(I). Finalement comme
l'ensemble des polynômes régularisés sur I est dense dans l'ensemble des fonctions ré-
gularisées continues bornées sur I, alors en utilisant par exemple [76, Théorème I.7] T
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se prolonge de façon unique à Cb,reg(I), et en particulier, l'équation (4.7) se prolonge à
Cb,reg(I). Ceci prouve que T existe et est bien dé�nie si I est borné. De plus, il est clair
que dans ce cas T satisfait la propriété de morphisme. Par ailleurs, en utilisant (4.7),
comme pour tout f ∈ Cb,reg, pour tout u, v ∈ H, on a

⟨T (f)u, v⟩H = ⟨f(H0)1I(H0)u, v⟩H

− 1

2πi

∫
I

g(λ)rI(λ)
〈
CR0(λ∓ i0+)u,WCR0(λ± i0+)v

〉
H dλ

+
1

2πi

∫
I

g(λ)
〈
CR0(λ∓ i0+)u,WrI(λ)CRH(λ± i0+)CWCR0(λ± i0+)v

〉
H dλ,

et qu'avec l'hypothèse 4.2, C est relativement lisse au sens de Kato par rapport à H0,
et qu'avec l'hypothèse 4.4, λ 7→ rI(λ)CRH(λ ± i0+)CW est uniformément bornée dans
B(H) sur I et que g est bornée sur I, alors

|⟨T (f)u, v⟩H| ≤ ∥g∥∞ ∥u∥H ∥v∥H ≤ ∥f∥reg ∥u∥H ∥v∥H , (4.15)

ce qui montre que T est continue et satisfait l'équation fonctionnelle

T (f) = (grI1I)(H)

dans B(H).
Maintenant, si I n'est pas borné, alors en approchant I par une suite d'intervalles

bornés (In)n∈N et en utilisant que (4.15) ne dépend pas de I, on peut alors faire tendre n
vers +∞ dans l'équation (4.7) et grâce au théorème de convergence dominée, on obtient
que T existe, est bien dé�nie pour tout I ⊂ σess(H) et que c'est un morphisme d'espaces
de Banach.

Si I ne contient pas de singularité spectrale, alors le calcul fonctionnel se réécrit pour
les fonctions appartenant à Cb(I) et T est dé�ni par

∀f ∈ Cb(I), T (f) =
1

2πi
w-lim
ε→0+

∫
I

f(λ) (RH(λ+ iε)−RH(λ− iε)) dλ.

De plus le fait que 1I(H) soit une projection dans de cas fait de T un morphisme d'algèbres
de Banach.

4.2.3 Construction du groupe d'évolution

Nous avons à présent tous les outils nécessaires pour construire le groupe d'évolution as-
socié à −iH. Soit I ⊂ σess(H). Pour tout t ∈ R, la fonction I ∋ x 7→ gt(x) := e−itxrI(x)
appartient à Cb,reg(I). On peut donc appliquer le calcul fonctionnel régularisé de la pro-
position 4.2.2 à la suite de fonctions (gt)t∈R. Ceci permet de construire une solution faible
à l'équation de Schrödinger (4.1).
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Proposition 4.2.4. Supposons que les hypothèses 4.1-4.4 sont satisfaites. Soit I un in-
tervalle fermé de σess(H). Alors pour tout u0 ∈ D(H0), l'application

R ∋ t 7→ T (I ∋ x 7→ e−itxrI(x))u0

est solution au sens des formes quadratiques de l'équation de Schrödinger.

Démonstration. Supposons pour commencer que I est borné. Pour tout t ∈ R, posons
gt : I ∋ x 7→ e−itxrI(x), alors comme gt appartient à Cb,reg(I), d'après la proposition
4.2.2, T (gt) est bien dé�ni et est un opérateur borné. Soit u ∈ D(H), montrons que
R ∋ t 7→ T (gt)u ∈ H est solution de l'équation de Schrödinger avec condition initiale u.
Soit v ∈ H, alors d'après la proposition 4.2.2, on a

⟨v , T (gt)u⟩H =
〈
v , e−itH0rI(H0)1I(H0)u

〉
H

− 1

2πi

∫
I

e−itλrI(λ)
〈
CR0(λ∓ i0+)u,WCR0(λ± i0+)v

〉
H dλ

+
1

2πi

∫
I

e−itλ
〈
CR0(λ∓ i0+)v ,WrI(λ)CRH(λ± i0+)CWCR0(λ± i0+)u

〉
H dλ.

En utilisant que t 7→ e−itH0 est un groupe d'évolution et le théorème de dérivation sous le
signe intégrale dans les deux derniers termes du membre de droite de l'équation précédente,
(les dominations proviennent du fait que C est relativement lisse par rapport à H0 d'après
l'hypothèse 4.2, que λ 7→ rI(λ)CRH(λ± i0+)CW sont bornées sur I d'après l'hypothèse
4.4 et que I est borné) alors on a,

∂t (⟨v , T (gt)u⟩H) =
〈
v ,−iH0e

−itH0rI(H0)1I(H0)u
〉
H

− 1

2πi

∫
I

(−iλ)e−itλrI(λ)
〈
CR0(λ∓ i0+)u,WCR0(λ± i0+)v

〉
H dλ

+
1

2πi

∫
I

(−iλ)e−itλ
〈
CR0(λ∓ i0+)v ,WrI(λ)CRH(λ± i0+)CWCR0(λ± i0+)u

〉
H dλ.

Puis en utilisant la dé�nition de la projection spectrale régularisée, on obtient

∂t (⟨v , T (gt)u⟩H)

=
1

2πi
lim
ε→0+

∫
I

〈
v ,−iλe−itλ (rI(λ+ iε)RH(λ+ iε)− rI(λ− iε)RH(λ− iε))u

〉
H dλ

= ⟨v ,−iHT (gt)u⟩H , (4.16)

où (4.16) a été obtenu de la même façon que (4.13), ce qui montre le résultat.
Maintenant si I n'est pas un intervalle borné, alors en l'approchant par une suite

d'intervalles compacts (In)n∈N, on peut montrer que

1

2πi

∫
In

〈
v ,−iHe−itHrI(λ)

(
RH(λ+ i0+)−RH(λ− i0+)

)
u
〉
H dλ
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converge uniformément, par rapport à t vers

1

2πi

∫
I

〈
v ,−iHe−itHrI(λ)

(
RH(λ+ i0+)−RH(λ− i0+)

)
u
〉
H dλ,

ce qui permet d'obtenir le résultat.

La proposition suivante montre que si I ⊂ σess(H) est un intervalle ne contenant pas
de singularité spectrale alors la solution de l'équation de Schrödinger (4.1) donnée grâce
au calcul fonctionnel est en fait naturellement associée à un groupe d'évolution.

Proposition 4.2.5. Supposons que les hypothèses 4.1-4.4 sont satisfaites. Soit I un
intervalle fermé de σess(H) ne contenant pas de singularité spectrale, alors pour tout
u0 ∈ D(H0), l'application

R ∋ t 7→ T (I ∋ x 7→ e−itx)u0

est solution au sens des formes quadratiques de l'équation de Schrödinger (4.1). De plus
cette application satisfait la propriété de groupe.

L'existence de la solution provient de la proposition 4.2.4. La propriété de groupe est
liée au fait que dans le cas où I est un intervalle sans singularité spectrale, T est un
morphisme d'algèbres.

4.3 Perspectives

Dans ce chapitre nous avons montré comment construire une solution de l'équation de
Schrödinger pour une condition u ∈ D(H0). Cependant, si on décompose le spectre de
H comme réunion disjointe du spectre discret et du spectre essentiel et que l'on dé-
montre une formule de décomposition spectrale similaire à celle de la proposition 2.3.10,
ce qui est caché ici est qu'en construisant une solution de (4.1) pour une condition initiale
u ∈ D(H0), on a projeté u sur le sous-espace spectral associé à l'intervalle I ⊂ σess(H)
que l'on considère. Une perspective envisagée est de construire une solution de (4.1) sans
projeter sur un sous-espace spectral. Pour cela, l'idée serait de munir Ran(r(H)) d'une
topologie satisfaisante a�n de voir les opérateurs spectraux comme des opérateurs de
B(Ran(r(H)),H), puis de construire un calcul fonctionnel similaire à celui de la propo-
sition 4.2.2. En�n, obtenir une formule de décomposition spectrale similaire à celle de la
proposition 2.3.10 permettrait de construire une solution de (4.1) pour toute condition
initiale u ∈ Ran(r(H))∩D(H). Il faut souligner d'ailleurs que Ran(r(H)) est dense dans
Hp(H

⋆)⊥. De plus, une telle construction devrait permettre de caractériser également
les états qui disparaissent à l'in�ni. En�n grâce au calcul fonctionnel construit ci-dessus,
on peut penser qu'il est raisonnable (en faisant les hypothèses nécessaires) de dé�nir un
sous-espace spectral absolument continu comme au chapitre 2 et que celui-ci satisfera la
caractérisation d'orthogonalité avec Hp(H

⋆).
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Abstract

In this thesis, we consider non-self-adjoint operators in Hilbert spaces of the form H =
H0 + CWC, where H0 is self-adjoint, W is bounded and C is bounded and relatively
compact with respect to H0. We suppose that C is a metric operator and that C(H0 −
z)−1C is uniformly bounded in z ∈ C \R. We de�ne the spectral singularities of H as the
points of the essential spectrum λ ∈ σess(H) such that C(H−λ± iε)−1CW does not have
a limit as ε→ 0+.

First we study the spectral structure of this model. We prove that the spectral sin-
gularities of H are in one-to-one correspondence with the eigenvalues, associated to re-
sonant states, of an extension of H to a larger Hilbert space. Next, we show that the
asymptotically disappearing states for H, i.e. the set of vectors φ such that e±itHφ → 0
as t → ∞, coincide with the generalized eigenstates of H corresponding to eigenvalues
λ ∈ C, ∓Im(λ) > 0. Finally, we de�ne the absolutely continuous spectral subspace of H
and show that it satis�es Hac(H) = Hp(H

⋆)⊥, where Hp(H
⋆) stands for the point spectral

subspace of H⋆. We thus obtain a direct sum decomposition of the Hilbert spaces in terms
of spectral subspaces of H.

Next we study the asymptotic behavior of e±itHφ as t to ∞ through scattering theory.
We de�ne the regularized wave operators associated to H and H0 by W±(H,H0) :=
s-lim
t→∞

e±itHr∓(H)Πp(H
⋆)⊥e∓itH0 where Πp(H

⋆) is the projection onto Hp(H
⋆) and r∓ is

a rational function that regularizes the `incoming/outgoing spectral singularities' of H.
We prove the existence and study the properties of the regularized wave operators. In
particular we show that they are asymptotically complete if H does not have any spectral
singularity.

Finally we construct solutions to the abstract Schrödinger equation associated to H
in the case where the non-self-adjoint perturbation CWC is unbounded.

Our results apply to Schrödinger operators with complex potentials.



Résumé

Dans cette thèse, nous considérons un opérateur non auto-adjoint sur un espace de Hilbert
de la forme H = H0 + CWC, où H0 est auto-adjoint, W est un opérateur borné et C
est un opérateur relativement compact par rapport à H0. De plus on suppose que C est
un opérateur positif et injectif tel que CR0(z)C est uniformément borné pour z ∈ C\R.
Nous dé�nissons les singularités spectrales de H comme l'ensemble des λ ∈ σess(H0) du
spectre de H tel que CRH(λ± i0+)CW n'a pas de limite quand ε→ 0+.

D'abord nous étudions la structure spectrale de ce modèle. Nous prouvons que les
singularités spectrales de H sont en bijection avec les valeurs propres, associées à des états
résonants, d'une extension de H à un espace de Hilbert plus gros. Ensuite nous montrons
que les états qui disparaissent à l'in�ni pour H, c'est à dire l'ensemble des vecteurs φ
tels que e±itHφ→ 0 quand t→ ∞, coïncident avec l'ensemble des combinaisons linéaires
de vecteurs propres généralisés de H associés à des valeurs propres λ ∈ C, ∓Im(λ) > 0.
Finalement, nous dé�nissons le sous-espace spectral absolument continu de H et montrons
qu'il satisfait l'égalitéHac(H) = Hp(H

⋆)⊥, oùHp(H
⋆) est le sous-espace spectral ponctuel

de H⋆. Ainsi nous obtenons une décomposition en somme direct de l'espace de Hilbert en
terme de sous-espace spectraux de H.

Ensuite nous étudions le comportement asymptotique des états e±itHφ du système au
temps t à l'aide de la théorie de la di�usion. Nous dé�nissons les opérateurs d'onde associés
à H et H0 par W±(H,H0) := s-lim

t→∞
e±itHr∓(H)Πp(H

⋆)⊥e∓itH0 , où Πp(H
⋆) est la projec-

tion sur Hp(H
⋆) et r∓ est une fonction rationnelle régularisant les singularités spectrales

entrantes/sortantes de H. Nous prouvons l'existence de ces opérateurs d'onde régularisés
et étudions leurs propriétés. En particulier, nous montrons qu'ils sont asymptotiquement
complets si H n'a pas de singularités spectrales.

En�n, nous construisons des solutions de l'équation de Schrödinger abstraite associée
à H dans le cas où la perturbation CWC n'est plus bornée.

Nos résultats s'appliquent à des opérateurs de Schrödinger avec des potentiels à valeurs
complexes.
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