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Une breve introduction générale

Cette introduction générale de ma these se structure suivant trois grands axes. En section[I] je
présente I’état de I’art biologique des dynamiques adaptatives en se focalisant sur les hypotheses
biologiques qui régissent son cadre, ses succes et tout spécialement celui de I’équation canonique.
En section [2, je présente les deux principales approches mathématiques étudiant 1’équation
canonique des dynamiques adaptatives ainsi que l'objectif de cette these. Enfin, en section [3] je
présente les contributions de cette theése ainsi que 'organisation générale du manuscrit.

1 Etat de lart biologique en dynamiques adaptatives

Cette these, qui se place a 'interface entre mathématiques et biologie de I’évolution, part de
motivations biologiques en dynamiques adaptatives. Ce domaine récent de la biologie théorique
a été développé dans la seconde moitié des années 1990 par METZ ET AL [I71], DIECKMANN et
Law [72] et GERITZ ET AL [I12] [IT4]. Cette théorie étudie les liens entre écologie et évolution.
On entend par écologie, ’ensemble des interactions entre les individus et leur environnement en
incluant les autres individus de la population. L’évolution est a prendre au sens darwinien, c’est-
a~dire reposant sur trois mécanismes de base. Premierement, 1’hérédité qui permet la transmis-
sion des caractéristiques phénotypiques individuelles d’'une génération a l'autre. Deuxiemement,
une source de variation parmi ces caractéristiques : dans les modeles étudiés dans cette thése,
cette source de variation provient exclusivement de mutations. Enfin, un mécanisme de sélection
(naturelle) pouvant résulter de la compétition inter ou intra espéces : les individus les mieux
adaptés a leur environnement sont plus susceptibles de survivre et de se reproduire et donc de
transmettre leurs caractéristiques aux générations futures que ceux qui le sont moins.

Hypotheses biologiques. Pour fixer le cadre des dynamiques adaptatives, les biologistes
font quatre hypotheses biologiques simplificatrices.

(1) Population asexuée. Cette hypothese a pour objectif de simplifier le schéma de repro-
duction des individus en le supposant clonal : une cellule (ou une plante, certains animaux,
certains insectes, - - - ) meére donne deux cellules filles avec le méme patrimoine génétique.
Dans une population asexuée, les mutations qui sont des altérations permanentes du gé-
nome, sont considérées en dynamiques adaptatives comme agissant directement au niveau
du phénotype. Pour étre visible, i.e. ayant un effet phénotypique, les mutations doivent
affecter une partie codante du génome et altérer les propriétés chimiques des protéines
encodées [3]. 11 est biologiquement raisonnable de supposer que les mutations sont rares.

(2) Mutations rares. Cette hypothese est fondamentale pour introduire une séparation
d’échelle de temps entre une échelle écologique, rapide, correspondant aux interactions
entre les individus et une échelle évolutive, plus lente, correspondant a ’arrivée des muta-
tions. Puisque les mutations sont rares, le processus de sélection a suffisamment de temps
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pour éliminer les traits désavantageux dans la population, avant 'arrivée d’une nouvelle
mutation produisant un nouveau phénotype dans la population.

(3) Mutations (d’amplitude) petites. Cette autre hypotheése évolutive suppose que 'am-
plitude des mutations est petite au niveau des phénotypes, autrement dit, le phénotype
d’un individu mutant est légerement différent de celui de son géniteur.

(4) Grande (taille de) population. Cette hypothese écologique permet de considérer des
densités de population et de supposer leur dynamique déterministe. Noter toutefois que
les mutations arrivent aléatoirement.

Les hypotheses biologiques (2), (3) et (4) permettent d’introduire trois parametres d’échelle :

e p € [0,1] est égal a la probabilité d’occurrence d’'une mutation qui arrive au cours de la
vie des individus. Noter que lorsque p — 0, les mutations sont considérées rares alors que
pour p = 1, elles sont considérées fréquentes.

e 0 €]0,+00[ est lié a la taille des mutations. Noter alors que o — 0 signifie que les
mutations ont des effets phénotypiques petits.

e K € N* correspond a la taille de la population. Remarquer que lorsque K — —+oo, la
(taille de) population est considérée grande.

Sous les quatre hypotheses biologiques précédentes, les dynamiques adaptatives ont connu
un certain nombre de succes.

Succes. Les succes des dynamiques adaptatives viennent notamment de leur capacité a
proposer de nombreux outils [74, 212] [68] pouvant s’adapter & une large variété de situations
écologiques : interactions compétitives ou mutualistes, de type proie-prédateur, héte-parasite ou
encore plante-insecte.

L’un des outils centraux de la théorie des dynamiques adaptatives est celui du Trait Substitu-
tion Sequence (TSS). 1l s’agit d’un processus stochastique introduit dans [I71] [72] et mathéma-
tiquement étudié dans [14] 37, [47]. Ce modeéle markovien de sauts décrit les invasions successives
de mutants avantageur qui peuvent envahir et remplacer le trait résident d’une population mo-
nomorphique (i.e. que tous les individus de cette population portent le méme phénotype). Ce
modele s’obtient sous les hypotheses (1), (2) et (4) et une hypothése supplémentaire interdi-
sant la coexistence a long terme de deux traits distincts, appelée principe “Invasion Implique
Fization” (IIF). En supposant de plus ’hypothese (3), DIECKMANN et LAW ont proposé heuristi-
quement dans [72] une approximation du T'SS sous forme d’une Equation Différentielle Ordinaire
(EDO). Cette équation, appelée Equation Canonique des Dynamiques Adaptatives (abrégée par
CEAD) est un outil important des dynamiques adaptatives et 'objet central de cette these.

Equation Canonique des Dynamiques Adaptatives. L'équation canonique permet
de décrire, sur le long terme, le comportement du trait phénotypique dominant dans la population
comme illustré sur les figures suivantes. Ces illustrations numériques ont été générées grace au
package IBMPopSim de GIORGI ET AL [1106] et testées sur une version du modele biologique [140]
de KisDI.

Dans les Figures [1] et [2, on considére une population caractérisée par un seul trait phéno-
typique quantitatif et dont la population initiale est monomorphique de trait phénotypique de
valeur 1.

Lorsque K et o ne sont pas trop grands et p pas trop petit, comme pour la Figure [1} la
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FIGURE 1 — Simulation numérique de la dis- FIGURE 2 — Simulation numérique de la dis-
tribution des traits phénotypiques d’une cer- tribution des traits phénotypiques d’une cer-
taine population pour les parametres K = taine population pour les parametres K =
300, p =1, 0 = 0.0005. 300, p = 0.00003, ¢ = 0.2.

population évolue suivant un scénario relativement stable. Initialement concentrée autour du
trait phénotypique de valeur 1, la population se déplace progressivement vers une valeur de trait
phénotypique proche de 3,5 correspondant a celle du trait optimal, c’est-a-dire celui qui est le
mieux adapté pour survivre et se reproduire. Une fois ce point atteint, la population se stabilise
dans son état d’équilibre. L’équation canonique décrit la trajectoire de la courbe entre I'instant
initial ¢ = 0 et 'instant ¢ >~ 40000 ou la population est a I’équilibre.

La Figure [2] traite le cas des mutations rares, hypothese selon laquelle la théorie des dyna-
miques adaptative est fondée. Sur cette figure, on observe que I’évolution procéde par sauts et
décrit les invasions successives de mutants remplacgant le précédent trait résident. Autrement dit,
la Figure [2]illustre la convergence vers une approximation du TSS ot les mutations sont petites,
c’est-a-dire vers I’équation canonique. Noter que dans cette situation, le nombre de traits coexis-
tants au méme moment est de l’ordre de deux ou trois, alors que dans le Figure [I]la population
se concentre autour d’une certaine valeur de trait avec une petite variance phénotypique autour
de celui-ci.

L’objectif de cette these est de décrire la dynamique d’évolution du trait phénotypique do-
minant dans la population comme solution de I’équation canonique lorsque les mutations sont
fréquentes et dans le régime asymptotique de grande population (K — 400) et de petites mu-
tations (o — 0). La Figure [1] illustre précisément cette situation.

L’équation canonique est constituée de deux termes comme schématisée en Figure [3] L'un
des termes est un gradient de fitness décrivant la force de sélection qui pousse la population a
accroitre localement sa fitness. Le second terme décrit 'effet des mutations.
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CEAD = x | Effets des mutations

FiGURE 3 — Forme générale de 1’équation canonique.

Fitness. La fitness Fit(y,x) mesure la valeur sélective d’un individu y donné dans un
environnement donné incluant le reste de la population considérée de trait x. Cet individu peut
étre n’importe quel individu mutant (fictif) pouvant naitre dans la population considérée. La
maniere de construire un paysage de fitness dépend du contexte écologique [I72] et évolue, dans
le cas des dynamiques adaptatives, en méme temps que le changement évolutif de la population.
La Figure [ illustre la variation de la fitness en fonction du trait résident.

4 Valeurs sélectives

y — Fit(y, 1)

y — Fit(y, xo)

Traits

FIGURE 4 — Exemple de paysage de fitness (2D) en dynamiques adaptatives.

La fleche représente la mutation du trait résident x; en le trait x5 dont la valeur est
proche de x; a cause de I'hypothese (3). Cette mutation va ainsi changer le paysage adaptatif.
La Figure [4] capture donc l’aspect dynamique du paysage de fitness en dynamiques adaptatives.

2 Etat de I’art mathématiques en dynamiques adaptatives

Ce domaine récent des dynamiques adaptatives souléve de nombreuses questions mathéma-
tiques originales. En particulier, celle d’étudier le comportement en temps long du trait phéno-
typique dominant d’une population donnée comme solution de I’équation canonique sous diffé-
rents régimes asymptotiques. On présente ci-dessous deux approches mathématiques historiques
portant sur I’équation canonique et appelées respectivement “approche EDP des dynamiques
adaptatives” et “approche stochastique des dynamiques adaptatives” Ces deux approches sont
basées sur un modéle individu-centré (abrégé par IBM).

Modeéles individu-centrés. Un IBM est un modele dans lequel I'ensemble des événements
de naissance, mort, compétition, mutation de chaque individu est décrit en tout temps.

On considere une population structurée en trait phénotypique, de taille constante égale a K,
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ou les capacités de survie et de reproduction de chaque individu sont caractérisées par un trait
quantitatif x € R, i.e. une caractéristique globale soumise a sélection, e.g la capacité a absorber
des nutriments.

On s’intéresse a approcher, sur le long terme, la dynamique d’une grande population. L’état
de la population au temps t > 0 peut étre décrit par la mesure ponctuelle finie sur R, mise a
I’échelle par K, par

K 1 &
Vi P = ? Z 5a;i(t)7 (1)
i=1
ou z;(t) désigne le trait phénotypique du i®me individu au temps t. Les deux approches histo-

riques utilisent différentes combinaisons des hypotheses biologiques (2), (3) et (4) conduisant a
différentes versions de I’équation canonique. Ces approches considérent un parametre d’échelle
(en temps) sous lequel la distribution de la population sur ’espace des traits se concentre sur les
masses de DIRAC, i.e. des sous-populations dans lesquelles tous les individus ont le méme trait.
L’équation canonique correspond donc au mouvement des masses de DIRAC. Noter qu’en 2001
[14] est la premiére référence qui fournit un formalisme mathématiques rigoureux pour établir
I’équation canonique heuristiquement proposée par DIECKMANN et Law [72].

Approche EDP des dynamiques adaptatives. Une version de [102] permet d’étudier
le comportement de cet IBM sous une asymptotique de grande population (K — +00). Il est
prouvé que cet IBM converge en loi vers un processus déterministe obtenu comme solution
faible d’une certaine EDP. L’approche EDP des dynamiques adaptatives consiste a appliquer
une limite de petites mutations (o — 0) & ce processus déterministe, pour obtenir sur 1’échelle de
temps en 1/0 une nouvelle version de I’équation canonique de DIECKMANN-LAW décrite par une
équation d’HAMILTON-JACOBI avec contrainte. Il est également considéré dans cette approche
que les mutations arrivent fréquemment au niveau individuel. Cette idée originale a été proposée
en 2005 dans [75] par DIEKMANN, JABIN, MISCHLER et PERTHAME. Cette approche peut étre
résumée par la Figure [5] ci-dessous et correspond précisément a la fleche de droite :

[102] I75]
IBM EDP , CEAD2

FIGURE 5 — Résumé de 'approche EDP des dynamiques adaptatives.

Des extensions a cette approche sont notamment présentées dans [194), 160, [42), [174].

Approche stochastique des dynamiques adaptatives. Cette approche conduit, en
deux étapes, vers la premiere version de ’équation canonique proposée par DIECKMANN-LAW.
Cette approche stochastique peut étre résumée par la Figure [6] ci-dessous :

e Etape 1. Cette étape consiste a prouver que 'IBM ci-dessus converge vers le TSS sous
la double asymptotique de grande population (K — +00) et de mutations rares (p —
0) satisfaisant Kp — 0. Noter que la limite de mutations rares permet de séparer les
événements de mutation sur une échelle évolutive longue et la limite de grande population
permet d’étudier la compétition entre les individus, entre deux événements de mutation
sur une échelle écologique plus courte. Cette idée originale de séparation d’échelle de
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1377 [47]
IBM TSS , CEAD1

FIGURE 6 — Résumé de ’approche stochastique des dynamiques adaptatives.

temps, entre événements de mutation et interactions écologiques, a été proposée en 2006
par CHAMPAGNAT dans [37] et correspond a la fleche de gauche dans la Figure @ Le TSS
agit donc sur 1’échelle de temps des mutations 1/Kp. Noter que la Figure |2 illustre la
convergence de 'IBM vers le TSS en supposant les mutations petites.

e Etape 2. Cette étape consiste a prouver la convergence du T'SS vers la version originale de
I’équation canonique sous une asymptotique de petites mutations (o — 0) pour le scaling
en temps approprié de 1/02 (contre 1/o pour 'approche EDP) & cause des particularités
du modele biologique. Ce résultat de 2011 [47], du & CHAMPAGNAT et MELEARD, fournit
une justification mathématiques de I’équation canonique de [72] et correspond a la fleche
de droite de la Figure [0} L’échelle de temps impliquée pour observer le phénomene de
I’équation canonique & partir de I'IBM initial est 1/Kpo?.

Des extensions pour I’Etape 1 sont notamment obtenues dans [209] 43| 19, [154]
5ol [18] 24], 25]. D’autres extensions pour I'Etape 2 sont, par exemple, proposées dans
[166, 51, 43, B5]. Dans [6], BAAR ET AL étudient la convergence — en une étape — de
I'IBM vers ’équation canonique sous la triple asymptotique (K — +o00,p — 0,0 — 0).

Les approches EDP et stochastique sont intéressantes parce qu’elles permettent de prédire
le destin évolutif de communauté écologique mais elle restent néanmoins controversées par les
biologistes.

Controverses biologiques. En 2005, un numéro spécial de Journal of Fvolutionary Bio-
logy, consacré aux dynamiques adaptatives, comportait notamment un article critique décrivant
les hypotheses, outils et les principales controverses de cette théorie [212].

e Pour I’approche EDP. Dans [195], une critique biologique est formulée & I’encontre de
I'approche EDP & cause du tail problem : des populations exponentiellement petites qui
devraient en réalité s’éteindre, peuvent avoir une influence forte sur la dynamique d’évo-
lution de la population. En particulier, la vitesse d’évolution est trop rapide. Des modi-
fications de 1’équation d’HAMILTON-JACOBI ont été proposées dans [195] 173, 129] pour
résoudre ce probleme.

e Pour ’approche stochastique. La principale controverse dans [212] concerne I’approche
stochastique puisqu’elle est basée sur une hypotheése biologique non-réaliste : les muta-
tions sont supposées trop rares. En conséquence, le phénomeéne de I’équation canonique
a lieu sur une échelle de temps 1/Kpo? beaucoup trop longue. Les approches [169, 49
tentent de résoudre ce probléme.

Objectif de la these. L’objectif de cette these est de corriger la controverse biologique
sur les mutations rares en proposant des modeles probabilistes plus réalistes ou les mutations ne
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sont plus supposées rares. Plus précisément, notre objectif est d’évaluer mathématiquement les
conséquences d'une nouvelle hypothése biologique de mutations fréquentes (p = 1) sur I’équation
canonique en se plagant dans un régime asymptotique de grande population (K — +o00) et de
petites mutations (¢ — 0) comme schématisé dans la Figure

[40]
IBM , CEAD1

FIGURE 7 — Résumé de notre approche.

Remarquer que les deux limites ¢ — 0 et K — +0o doivent étre prises simultanément. En effet,
en prenant 0 — 0 sans K — 400, cela conduirait, comme dans [37, Remarque 3|, & extinc-
tion de la population avant qu’une évolution significative soit observée. A l'inverse, en prenant
K — 400 puis 0 — 0 cela conduit a 'approche EDP présentée ci-dessus.

D’autre part, noter qu’en un certain sens, notre étude peut étre vue comme une approche
intermédiaire entre les approches stochastiques et EDP. L’échelle de temps pour observer 1’équa-
tion canonique dans [47] est 1/Kpo? et dans notre cas 1/Ko? avec p = 1 d’ou la consistance
entre ces deux approches. On partage aussi avec 'approche EDP I’hypothése de mutations fré-
quentes au niveau individuel. Ainsi, notre approche se place sur une échelle de temps évolutive
intermédiaire satisfaisant . . 1

o S Ko S Kpo?

ou f(N) < g(N) signifie que f(N)/g(N) tend vers 0 quand N — +o00. De plus, notre approche
supprime le principal inconvénient de ’approche EDP (tail-problem) ot I’évolution est trop ra-
pide et celui de approche stochastique (mutations rares) ou I’évolution est trop lente. Ainsi,
notre approche semble donc étre la mieux adaptée pour résoudre ces diverses controverses bio-
logiques. Ce qui est nouveau ici, c’est la convergence directe de 'IBM vers I’équation canonique
dans le régime proposé. Une nouvelle approche implique donc une nouvelle démonstration. Ici,
notre preuve est fondée sur une analyse asymptotique lent-rapide que I'on développe en section
suivante.

3 Mes contributions

Notre modeéle. Dans cette thése, on étudie un modele individu-centré décrivant 1’évolu-
tion darwinienne d’une population asexuée et structurée en trait phénotypique. On considére une
grande population de taille constante, caractérisée par un taux de ré-échantillonage modélisant
les pressions de sélection, et un taux de mutation ou les mutations sont supposées fréquentes et
arriver au cours de la vie. Dans ce modele, I’état de la population a temps fixé est donné par
une mesure sur ’espace des traits et ’évolution de la population est décrite en temps continu
par le processus markovien (I/tK P ’U)t>0 de la forme .

Résultat principal. Le résultat principal de cette thése consiste & prouver la convergence
de cet IBM vers I’équation canonique de DIECKMANN-LAW, sous la double asymptotique de

grande population (K — +00) et de petites mutations (o — 0) et en supposant les mutations
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fréquentes (p = 1). Ce résultat n’est valide que pour une certaine gamme de parameétres o
(comme une fonction de K) qui doivent étre suffisamment petits mais pas trop non plus. Ce
résultat est basé sur une analyse asymptotique lent-rapide avec utilisation d’une méthode de
moyennisation nécessitant d’identifier et caractériser la composante limite rapide.

Analyse asymptotique lent-rapide. Notre composante lente correspond a la dyna-
mique du trait phénotypique moyen (th ) 50 1= ( Iz xufj}iﬁ(dx))»o qui opére sur 1’échelle de

temps 1/Ko?. Notons qu'il s’agit bien du trait moyen puisque I/tK 17 est une mesure de probabi-
lité. Notre composante rapide (uf( ) >0 agit, quant a elle, sur I'échelle de temps K et correspond

a la dynamique de la distribution des traits, centrée par rapport a la valeur du trait moyen et
dilatée en 1/0v'K, sur I'échelle de temps en 1/Ko? :

K
Zé 1 (xl(t)_ztf().

1
pt = 20
oV K

e Etude de la composante rapide. Le comportement en temps long de la composante
rapide est non-classique et correspond & celui d’une diffusion & valeurs mesures originale
que l'on interprete comme un processus de FLEMING-VIOT recentré. Ce processus est
défini comme le processus de FLEMING-VIOT original translaté par moins sa moyenne
empirique dont nous réalisons une étude détaillée dans cette these. Nous caractérisons
le processus de FLEMING-VIOT recentré par un probléme de martingale dont la preuve
d’existence est basée sur le probléeme de martingale du processus de FLEMING-VIOT ori-
ginal et des développements asymptotiques. La preuve d’unicité, quant a elle, est fondée
sur une version faible de la méthode de dualité et en supposant que la condition initiale
du processus de FLEMING-VIOT recentré ait tous ses moments finis. Cette version non-
classique de la relation de dualité permet de montrer que deux solutions au probleme de
martingale de FLEMING-VIOT recentré ont les mémes marginales finies 1—dimensionnelles
ce qui est suffisant pour conclure a 'unicité de la solution d’apres le résultat [94, Théo-
réme 4.4.2] de ETHIER-KURTZ. Enfin, on prouve par des arguments de couplage que ce
processus de FLEMING-VIOT recentré bénéficie de propriétés ergodiques (fortes) et d’une
caractérisation explicite de sa mesure invariante en exploitant une variante du modified
look-down de DONNELLY-KURTZ [78 [80].

e Méthode de moyennisation. La mise en ceuvre de notre méthode de moyennisation,
inspirée par KURTZ [144] est basée sur des arguments de compacité-unicité suivant trois
grandes étapes.

La premiére étape consiste & prouver la compacité des lois du couple (ZK K ) KN
ou I' désigne la mesure d’occupation de la composante rapide . La deuxieme étape
consiste a établir un probléme de martingale pour tous points d’accumulation de la fa-
mille des lois de (zK ,TK ) ren- La derniere étape identifie ces points d’accumulation en
deux temps. Dans un premier temps, on détermine la valeur limite I' de 'K en terme de
la limite de z¥ et en exploitant des arguments d’ergodicité, d’oll notre étude ergodique
du processus de FLEMING-VIOT recentré. Noter qu'un argument de DAwsON [60], basé
sur une extension de notre relation de dualité affaiblie, est aussi requis dans I’identifica-
tion de I'. Dans un second temps, on établit 'unicité au probleme de martingale de la
composante lente sachant que I' est donnée.

Cette méthode de moyennisation requiert, dans notre situation, l'introduction
de temps d’arrét pour controler les moments de la composante rapide et prouver qu’ils
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convergent en probabilité vers 400 en utilisant des résultats de grandes déviations sur
les marches aléatoires et des estimées de sortie de domaines. Notre méthode requiert éga-
lement de réduire le probléeme initial sur la droite réelle au cas du tore pour prouver la
tension de la composante lente. Puisque la composante lente limite est dirigée par 1’équa-
tion canonique qui est une EDO non-explosive, on choisit le tore suffisamment grand pour
conclure la preuve dans le cas de la droite réelle.

Contributions scientifiques. Cette theése a donné lieu a deux contributions principales :

N. CHAMPAGNAT and V. HAss. Ezistence, uniqueness and ergodicity for

the centered Fleming-Viot process. A apparaitre dans Stochastic Processes
and Their Applications (https ://doi.org/10.1016/j.spa.2023.09.006).

et

N. CHAMPACGNAT and V. HAss. Convergence of individual-based models
with small and frequent mutations to the canonical equation of adaptive
dynamics. Preprint (https ://arxiv.org/abs/2303.09936). 2023. Soumis a
Annals of Applied Probability.

qui correspondent respectivement aux chapitres |2| et |3| de ce manuscrit.

Organisation de cette these. Le chapitre [I| de thése est une version détaillée de cette
introduction et il se découpe en trois sections. La premiére section est consacrée & un déve-
loppement détaillé de la biologie des dynamiques adaptatives en se focalisant sur les équations
canoniques. L’approche heuristique de DIECKMANN-LAW y est précisée et mise en comparaison
avec d’autres approches en biologie de 1’évolution. Le phénomene de I’équation canonique des dy-
namiques adaptatives est également situé sur un axe temporel en lien avec d’autres événements
éco-évolutifs. Dans cette premiere partie, on construit également un modéle individu-centré qui
servira de base pour décrire les heuristiques mathématiques des deux approches historiques
mais aussi pour notre étude. Des extensions mathématiques a 1’équation canonique sont dis-
cutées ainsi que d’autres approches mathématiques avec un autre scaling temporel. Enfin, les
deux principales controverses biologiques aux approches EDP et stochastiques, qui sont décrites,
permettent de justifier notre étude comme une approche intermédiaire plus réaliste.

La deuxiéme section du chapitre [I| présente de facon pédagogique les théories mathématiques
utilisées dans cette these. Elles fournissent notamment 1’état de l'art et les méthodes pour le
processus de FLEMING-VIOT original ainsi que celles pour ’analyse asymptotique lent-rapide
avec méthode de moyennisation.

La troisiéme section du chapitre [T] est consacrée & présenter, plus en détail, les contributions
de cette theése dont une partie vise a étendre les méthodes de FLEMING-VIOT original au cas du
FLEMING-VIOT recentré et a 'implémentation de notre méthode de moyennisation stochastique
inspirée par KURTZ. On y présente également I’ensemble des difficultés et les solutions mises en
ceuvre pour obtenir nos différents résultats. Différentes perspectives naturelles y sont proposées.

Le chapitre [2| s’intéresse a des questions d’existence, d’unicité et d’ergodicité du processus de
FLEMING-VIOT recentré. Le chapitre [3] est consacré a la convergence de notre modele individu-
centré vers I’équation canonique dans le régime asymptotique de grande population et de petites
mutations tout en supposant que les mutations arrivent fréquemment au cours de la vie des
individus. Ce manuscrit s’acheve avec deux appendices qui regroupent tout d’abord les lemmes
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techniques pour la preuve d’existence du processus FLEMING-VIOT recentré puis les codes sources
permettant de simuler sous différents régimes la convergence de I'IBM vers I’équation canonique.

Bonne lecture!

XX



A brief general introduction

This general introduction to my thesis is structured along three main axes. In Section [1} I
present the biological state of the art of adaptive dynamics by focusing on the biological assump-
tions that govern its framework, its successes and especially that of the canonical equation. In
Section [2], I present the two main mathematical approaches to the canonical equation of adaptive
dynamics and the goal of this thesis. Finally, in Section [3| I present the contributions of this
thesis and the general organisation of the manuscript.

1 Biological state of the art in adaptive dynamics

This thesis, which is at the interface between mathematics and evolutionary biology, starts
from biological motivations in adaptive dynamics. This recent field of theoretical biology was
developed in the second half of the 1990s by METZ ET AL [I71], DIECKMANN and Law [72]
and GERITZ ET AL [I12] 114]. This theory studies the links between ecology and evolution. By
ecology, we mean all the interactions between individuals and their environment, including other
individuals in the population. Evolution is to be understood in the Darwinian sense, i.e. based
on three basic mechanisms. Firstly, heredity, which allows the transmission of individual phe-
notypic characteristics from one generation to the next. Secondly, a source of variation among
these characteristics: in the models studied in this thesis, this source of variation comes exclu-
sively from mutations. Finally, a mechanism of (natural) selection that may result from inter-
or intra-species competition: individuals that are better adapted to their environment are more
likely to survive and reproduce and thus transmit their characteristics to future generations than
those that are less so.

Biological assumptions. To set the framework for adaptive dynamics, biologists make
four simplifying biological assumptions.

(1) Asexual population. This assumption aims to simplify the reproduction scheme of
individuals by assuming it to be clonal: a mother cell (or a plant, some animals, some
insects, ---) gives two daughter cells with the same genetic inheritance. In an asexual
population, mutations, which are permanent alterations of the genome, are considered
in adaptive dynamics as acting directly on the phenotype. To be visible, i.e. to have
a phenotypic effect, mutations must affect a coding part of the genome and alter the
chemical properties of the encoded proteins [3]. It is biologically reasonable to assume
that mutations are rare.

(2) Rare mutations. This assumption is fundamental to introduce a time scale separation
between an ecological scale, fast, corresponding to interactions between individuals, and
an evolutionary scale, slower, corresponding to the arrival of mutations. Since mutations
are rare, the selection process has enough time to eliminate disadvantageous traits in
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the population, before the arrival of a new mutation producing a new phenotype in the
population.

(3) Small (amplitude) mutations. This other evolutionary assumption supposes that
the amplitude of mutations is small at the level of phenotypes, i.e. the phenotype of a
mutant individual is slightly different from that of its progenitor.

(4) Large population (size). This ecological assumption allows to consider population
densities and to assume that their dynamics are deterministic. However, mutations occur
randomly.

Biological assumptions (2), (3) and (4) allow the introduction of three scaling parameters:

e p € [0,1] is equal to the probability of occurrence of a mutation that occurs during the
life of the individuals. Note that when p — 0, mutations are rare, whereas when p = 1,
they are frequent.

e 0 € (0,+400) is related to the size of the mutations. Note then that o — 0 means that
mutations have small phenotypic effects.

e K € N* corresponds to the population size. Note that when K — 400, the population
(size) is large.

Under the previous four biological assumptions, adaptive dynamics have many successes.

Successes. The successes of adaptive dynamics come in particular from their capacity to
propose numerous tools [74], 212, [68] that can be adapted to a wide variety of ecological situations:
competitive or mutualistic interactions, of the predator-prey, host-parasite or plant-insect.

One of the central tools of the theory of adaptive dynamics is the Trait Substitution Se-
quence (TSS). This is a stochastic process introduced in [I71], [72] and mathematically studied
in [I4], 37, [47]. This Markovian jump model describes the successive invasions of advantageous
mutants that can invade and replace the resident trait of a monomorphic population (i.e. all
individuals of this population carry the same phenotype). This model is obtained under Assump-
tions (1), (2) and (4) and an additional assumption prohibiting the long term coexistence of
two distinct traits, called the “Invasion Implies Fization” (IIF) principle. Assuming furthermore
Assumption (3), DIECKMANN and LAW proposed heuristically in [72] an approximation of the
TSS in the form of an Ordinary Differential Equation (ODE). This equation, called the Cano-
nical Equation of Adaptive Dynamics (abbreviated as CEAD) is an important tool in adaptive
dynamics and the focus of this thesis.

Canonical Equation of Adaptive Dynamics. The canonical equation allows to des-
cribe the long term behaviour of the dominant phenotypic trait in the population as illustrated in
the following figures. These numerical illustrations were generated using the IBMPopSim package
by GIORGI ET AL [116] and tested on a version of the biological model [140] by KispI.

In Figures[8land [0 we consider a population characterised by a single quantitative phenoty-
pic trait and whose initial population is monomorphic with a phenotypic trait of value 1.

When K and ¢ are not too large and p not too small, as in Figure [§] the population evolves
according to a relatively stable scenario. Initially concentrated around the phenotypic trait of
value 1, the population gradually moves towards a phenotypic trait value close to 3.5 correspon-
ding to that of the optimal trait, i.e. the one best adapted to survive and reproduce. Once this
point is reached, the population stabilises in its steady state. The canonical equation describes
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FIGURE 8 — Numerical simulation of the dis-
tribution of phenotypic traits of a certain po-
pulation for the parameters K = 300, p = 1,
o = 0.0005.
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FIGURE 9 — Numerical simulation of the dis-
tribution of phenotypic traits of a certain po-
pulation for the parameters K = 300, p =
0.00003, ¢ = 0.2.

the trajectory of the curve between the initial time ¢ = 0 and the time ¢t ~ 40000 when the
population is in equilibrium.

Figure [0] deals with the case of rare mutations, the assumption on which the theory of
adaptive dynamics is based. In this figure, it can be seen that evolution proceeds by jumps
and describes the successive invasions of mutants replacing the previous resident trait. In other
words, Figure [J] illustrates the convergence to an approximation of the T'SS where mutations
are small, i.e. to the canonical equation. Note that in this situation the number of coexisting
traits at the same time is of the order of two or three, whereas in Figure [§] the population is
concentrated around a certain trait value with a small phenotypic variance around it.

The goal of this thesis is to describe the evolutionary dynamics of the dominant phenotypic
trait in the population as a solution of the canonical equation when mutations are frequent and
in the asymptotic regime of large population (K — 400) and small mutations (o — 0). Figure
] illustrates precisely this situation.

The canonical equation consists in two terms as summarised in Figure [I0]

CEAD = x | Mutations (‘,[I'(\(‘ts‘

F1GURE 10 — Generic form of the canonical equation.

One term is a fitness gradient describing the strength of selection that drives the population
to increase its fitness locally. The second term describes the effect of mutations.
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Fitness. The fitness Fit(y, z) measures the selective value of a given individual y in a given
environment including the rest of the considered population of trait z. This individual can be
any (fictitious) mutant individual that can be born in the population under consideration. The
way a fitness landscape is constructed depends on the ecological context [I72] and evolves, in
the case of adaptive dynamics, along with the evolutionary change of the population. Figure
illustrates the variation of fitness as a function of the resident trait.

4 Selective values

y — Fit(y, z1)

Traits

FIGURE 11 — Example of fitness landscape (2D) in adaptive dynamics.

The arrow represents the mutation of the resident trait x; into the trait o whose
value is close to x; because of Assumption (3). This mutation will thus change the adaptive
landscape. So, Figure [I1] captures the dynamic aspect of the fitness landscape in adaptive dy-
namics.

2 Mathematical state of the art in adaptive dynamics

This recent field of adaptive dynamics raises many original mathematical questions. In par-
ticular, that of studying the long term behaviour of the dominant phenotypic trait of a given
population as a solution of the canonical equation under different asymptotic regimes. Two histo-
rical mathematical approaches to the canonical equation are presented below, called respectively
“PDE approach to adaptive dynamics” and “stochastic approach to adaptive dynamics”. Both
approaches are based on an individual-based model (abbreviated as IBM).

Individual-based models. An IBM is a model in which the set of birth, death, compe-
tition and mutation events of each individual is described at all times.

We consider a phenotypic traits structured population, of constant size equal to K, where
the survival and reproduction capacities of each individual are characterised by a quantitative
trait « € R, i.e. a global characteristic subject to selection, e.g. the capacity to absorb nutrients.

We are interested in approximating the long term dynamics of a large population. The state
of the population at time ¢t > 0 can be described by the finite point measure on R, scaled by K,
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by

K 1 &
v P = — Z 5a;i(t)7 (2)

K=
where z;(t) denotes the phenotypic trait of the iM individual at time ¢. The two historical ap-
proaches use different combinations of the biological assumptions (2), (3) and (4) leading to
different versions of the canonical equation. These approaches consider a scaling parameter (in
time) under which the population distribution on the trait space concentrates on DIRAC masses,
i.e. subpopulations in which all individuals have the same trait. So, the canonical equation cor-
responds to the movement of DIRAC masses. Note that in 2001 [I4] is the first reference that
provides a rigorous mathematical formalism to establish the canonical equation heuristically

proposed by DIECKMANN and Law [72].

PDE approach to adaptive dynamics. A version of [102] allows us to study the
behaviour of this IBM under a large population asymptotic (K — 400). It is proved that
this IBM converges in law to a deterministic process obtained as a weak solution of a certain
PDE. The PDE approach to adaptive dynamics consists in applying a limit of small mutations
(o — 0) to this deterministic process, to obtain on the 1/0 time scale a new version of the
DIECKMANN-LAW’s canonical equation described by a constrained HAMILTON-JACOBI equation.
It is also considered in this approach that mutations frequently occur at the individual level. This
original idea was proposed in 2005 in [75] by DIEKMANN, JABIN, MISCHLER and PERTHAME.
This approach can be summarised in Figure [12| below and corresponds precisely to the arrow on
the right:

[102] I75]
IBM PDE . CEAD2

A 4

FIGURE 12 — Summary of the PDE approach of adaptive dynamics.

Extensions to this approach are presented in [194] 160, 42 [174].

Stochastic approach to adaptive dynamics. This approach leads, in two steps, to the
first version of the canonical equation proposed by DIECKMANN-LAW. This stochastic approach
can be summarised in Figure 13| below:

[31] 2%
IBM TSS , CEAD1

A 4

FIGURE 13 — Summary of the stochastic approach of adaptive dynamics.

e Step 1. This step consists in proving that the above IBM converges to the T'SS under the
double asymptotic of large population (K — +00) and rare mutations (p — 0) satisfying
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Kp — 0. Note that the limit of rare mutations allows separating mutation events on a
long evolutionary scale and the limit of large population allows studying the competition
between individuals, between two mutation events on a shorter ecological scale. This
original idea of time scale separation between mutation events and ecological interactions
was proposed in 2006 by CHAMPAGNAT [37] and corresponds to the left arrow in Figure
So, the TSS acts on the time scale of mutations 1/Kp. Note that Figure @] illustrates
the convergence of the IBM to the T'SS assuming small mutations.

e Step 2. This step consists in proving the convergence of the TSS to the original ver-
sion of the canonical equation under an asymptotic of small mutations (o — 0) for the
appropriate time scaling of 1/0? (against 1/0 for the PDE approach) because of the
particularities of the biological model. This result from 2011 [47], due to CHAMPAGNAT
and MELEARD, provides a mathematical justification for the canonical equation of [72]
and corresponds to the right arrow in Figure The time scale involved in observing the
phenomenon of the canonical equation from the initial IBM is 1/Kpo?.

Extensions for Step 1 are obtained in [209, 43| [19] 154], 55, 18, 24] 25]. Other
extensions for Step 2 are, for example, proposed in [166, 51, 43] 55]. In [6], BAAR ET AL
study the convergence — in one step — of the the IBM to the canonical equation under
the triple asymptotic (K — +oo,p — 0,0 — 0).

The PDE and stochastic approaches are interesting because they allow the prediction of the
evolutionary fate of ecological communities, but they remain controversial among biologists.

Biological controversies. In 2005, a special issue of the Journal of Evolutionary Biology,
devoted to adaptive dynamics included a critical article describing the assumptions, tools and
main controversies of this theory [212].

e For the PDE approach. In [I95], a biological criticism is formulated against the PDE
approach because of the tail problem: exponentially small populations that should in
fact become extinct, can have a strong influence on the evolutionary dynamics of the
population. In particular, the rate of evolution is too fast. Modifications of the HAMILTON-
JACOBI equation have been proposed in [195] [I73] 129] to solve this problem.

e For the stochastic approach. The main controversy in [212] concerns the stochastic
approach since it is based on a non-realistic biological assumption: mutations are suppo-
sed to be too rare. As a consequence, the phenomenon in the canonical equation takes
place on a time scale 1/Kpo? that is much too long. The approaches [169, 9] attempt
to solve this problem.

Goal of the thesis. The goal of this thesis is to correct the biological controversy about
rare mutations by proposing more realistic probabilistic models without assuming rare mutations.
More precisely, our aim is to mathematically evaluate the consequences of a new biological
assumption of frequent mutations (p = 1) on the canonical equation by placing ourselves in an
asymptotic regime of large population (K — 400) and small mutations (o — 0) as shown in

Figure

Note that both limits ¢ — 0 and K — 400 must be taken simultaneously. Indeed, taking
o — 0 without K — 400 would lead, as in [37, Remark 3], to the extinction of the population
before any significant evolution is observed. Conversely, taking K — 400 then ¢ — 0 leads to
the PDE approach presented above. On the other hand, note that in a certain sense, our study
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[40]
IBM _ CEAD1

FIGURE 14 — Summary of our approach.

can be seen as an intermediate approach between the stochastic and PDE approaches. The time
scale for observing the canonical equation in [47] is 1/Kpo? and in our case 1/Ko? with p =1
hence the consistency between these two approaches. We also share with the PDE approach the
assumption of frequent mutations at the individual level. Thus, our approach is placed on an
intermediate evolutionary time scale satisfying

1 1

1
<% < Tpo?

o
where f(IV) < ¢g(IV) means that f(IN)/g(N) tends to 0 when N — +o0. Moreover, our approach
removes the main drawback of the PDE approach (tail-problem) where evolution is too fast and
that of the stochastic approach (rare mutations) where evolution is too slow. Thus, our approach
seems to be the best suited to solve these various biological controversies. What is new here is the
direct convergence of the IBM to the canonical equation in the proposed regime. A new approach
therefore implies a new proof. Here, our proof is based on a slow-fast asymptotic analysis that
we develop in the next section.

3 My contributions

Our model. In this thesis, we study a individual-based model describing the Darwinian
evolution of an asexual, trait-structured population. We consider a large population of constant
size, characterised by a resampling rate modelling selection pressures, and a mutation rate where
mutations are assumed to be frequent and to occur over a lifetime. In this model, the state of
the population at a fixed time is given by a measure on the trait space and the evolution of the
population is described in continuous time by the MARKOV process (VtK P ’U)t>0 of the form .

Main result. The main result of this thesis consists in proving the convergence of this IBM
to the canonical DIECKMANN-LAW equation, under the double asymptotic of large population
(K — 400) and small mutations (¢ — 0) and assuming frequent mutations (p = 1). This result
is only valid for a certain range of parameters o (as a function of K) which must be sufficiently
small but not too small either. This result is based on a slow-fast asymptotic analysis using an
averaging method which requires the identification and characterisation of the limit fast com-
ponent.

Slow-fast asymptotic analysis. Our slow component corresponds to the dynamics of the
mean phenotypic trait (z{*) 0 = ( Jr xz/tl/(’éfg (dw))t>0 which operates on the time scale 1/Ko?.

Note that this is the mean trait since ytK 19 s a probability measure. Our fast component
(uf( ) 0> on the other hand, operates on the time scale K and corresponds to the dynamics
of the trait distribution, centered with respect to the value of the mean trait and dilated in
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1/oVK, on the time scale in 1/Ka?:

K
K ._
Pe = K Z 0_1 (zi(t)—2f)

i=1 VK

e Study of the fast component. The long time behaviour of the fast component is non-

classical and corresponds to that of an original measure-valued diffusion that is interpre-
ted as a centered FLEMING-VIOT process. This process is defined as the original FLEMING-
VIOT process translated by minus its empirical mean, which we study in detail in this
thesis. We characterise the centered FLEMING-VIOT process by a martingale problem
whose existence proof is based on the martingale problem of the original FLEMING-VIOT
process and asymptotic expansions. The uniqueness proof is based on a weak version
of the duality method and on the assumption that the initial condition of the centered
FLEMING-VIOT process has all its finite moments. This non-classical version of the dua-
lity relation allows to show that two solutions to the centered FLEMING-VIOT martingale
problem have the same 1-dimensional finite marginals which is sufficient to conclude that
the solution is unique according to ETHIER-KURTZ’s result [94, Theorem 4.4.2]. Finally,
we prove by coupling arguments that this centered FLEMING-VIOT process benefits from
(strong) ergodic properties and an explicit characterisation of its invariant measure by
exploiting a variant of the DONNELLY-KURTZ modified look-down [78], 80)].

e Averaging method. The implementation of our averaging method, inspired by KURTZ

[144], is based on compactness-uniqueness arguments following three main steps. The
first step consists in proving the compactness of the laws of the couple (zK JITK ) KeN>
where I' denotes the occupation measure of the fast component p’€. The second step
consists in establishing a martingale problem for all accumulation points of the family of
laws of (zK K ) ren+- Lhe last step identifies these accumulation points in two parts. In
the first part, we determine the limit value T’ of T' in terms of the limit of 2% and by
exploiting ergodicity arguments, hence our ergodic study of the centered FLEMING-VIOT
process. Note that a DAWSON’s argument [60], based on an extension of our weakened
duality relation, is also required in the identification of I'. In a second part, we establish
the uniqueness to the martingale problem of the slow component with I' given. This ave-
raging method requires in our situation the introduction of stopping times to control the
moments of the fast component and prove that they converge in probability to 400 using
results of large deviations on random walks and estimates of exit from an attractive do-
main. Our method also requires reducing the initial problem on the real line to the torus
case to prove the tightness of the slow component. Since the limiting slow component is
directed by the canonical equation which is a non-explosive ODE, we choose the torus
large enough to conclude the proof to the real line case.

Scientific contributions. This thesis has given rise to two main contributions:

N. CHAMPAGNAT and V. HAss. Ezistence, uniqueness and ergodicity for

the centered Fleming-Viot process. To appear in Stochastic Processes and
Their Applications (https ://doi.org/10.1016/j.spa.2023.09.006).

and
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N. CHAMPAGNAT and V. HAss. Convergence of individual-based models
with small and frequent mutations to the canonical equation of adaptive
dynamics. Preprint (https ://arxiv.org/abs/2303.09936). 2023. Submitted to
Annals of Applied Probability.

which correspond respectively to Chapters [2| and [3| of this manuscript.

Organisation of this thesis. Chapter[l]of the thesis is a detailed version of this introduc-
tion and is divided into three sections. The first section is devoted to a detailed development of
the biology of adaptive dynamics with a focus on the canonical equations. The DIECKMANN-LAW
heuristic approach is explained and compared with other approaches in evolutionary biology. The
phenomenon of the canonical equation of adaptive dynamics is also situated on a temporal axis
in connection with other eco-evolutionary events. In this first part, an individual-based model
is also constructed as a basis for describing the mathematical heuristics of both historical ap-
proaches and for our study. Mathematical extensions to the canonical equation are discussed
as well as other mathematical approaches with a different time scaling. Finally, the two main
biological controversies in the PDE and stochastic approaches are described and our study is
justified as a more realistic intermediate approach.

The second section of Chapter [I] presents the mathematical theories used in this thesis in an
educational way. In particular, they provide the state of the art and methods for the original
FLEMING-VIOT process as well as those for the slow-fast asymptotic analysis with averaging me-
thod.

The third section of Chapter [1| is devoted to a more detailed presentation of the contribu-
tions of this thesis, part of which aims at extending the original FLEMING-VIOT methods to the
case of the centered FLEMING-VIOT and the implementation of our stochastic averaging method
inspired by KURTZ. We also present all the difficulties and the solutions implemented to obtain
our different results. Different natural perspectives are proposed.

Chapter [2| deals with questions of existence, uniqueness and ergodicity of the centered
FLEMING-VIOT process. Chapter [3]is devoted to the convergence of our individual-based model
to the canonical equation in the asymptotic regime of large population and small mutations while
assuming that mutations occur frequently over the lifetime of individuals. This manuscript ends
with two appendices which firstly include the technical lemmas for the existence proof of the
centered FLEMING-VIOT process and then the source codes allowing to simulate under different
regimes the convergence of the IBM to the canonical equation.

Enjoy reading!
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Let us group together some of the abbreviations used throughout this thesis:

e ODE Ordinary Differential Equation e PDE Partial Differential Equation
e SDE Stochastic Differential Equation e IBM Individual-Based Model
e TSS Trait Substitution Sequence e PES Polymorphic Evolution Sequence

e CEAD Canonical Equation of Adaptive Dynamics

In the sequel, when referring to a phenotypic trait of an individual, the terms “phenotype”
or “trait” will be used independently.

In this thesis we will limit ourselves to the study of the evolution of a single species. The
biological study of the adaptive dynamics of several interacting species is notably covered in

1611, 72, 14} [66].

1.1 Adaptive dynamics

The theory of adaptive dynamics is integrated in the general context of Darwinian evo-
lutionary biology. The ingredients and mechanisms of Darwinian evolution as well as several
modelling approaches to study some of these mechanisms are detailed in Section The
adaptive dynamics approach is developed in Section [I.1.2) where its historical background, its
fundamental ideas and some differences with population genetics and game theory are specified.
The biological assumptions that define its framework and the key notion of fitness are explained
in Section [1.1.2.1] The theory of adaptive dynamics has had many successes and two of them are
detailed in Sections|1.1.2.2land [1.1.2.3} the Trait Substitution Sequence (TSS) and the Canonical
Equation of Adaptive Dynamics (CEAD). The time scale of the CEAD is compared with other
eco-evolutionary events in Section We also present in this section the approach followed
in this thesis.

While the biological theory of adaptive dynamics is based on partly heuristic derivations, va-
rious aspects of this theory have been derived mathematically. Mathematical models of adaptive
dynamics describe the population at the level of individuals. This can be done with stochas-
tic Individual-Based Models (IBMs) which are described in Section In Section
we construct our IBM for a trait-structured population with constant size and we study its
behaviour under an asymptotic of large population. The derivations of this result provide the
foundations of the so-called PDFE approach of adaptive dynamics which leads to another version
of the DIECKMANN-LAW’s CEAD. The heuristics of this approach will be detailed in Section
Another approach, called the stochastic approach of adaptive dynamics is developed in
Section and numerically illustrated in Section Numerical illustrations of our study
are also presented. In Section some mathematical extensions to the CEAD are discussed
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in different biological frameworks. In Section [1.1.4.4] we present other approaches which use new
sets of combination of biological assumptions and so new time scale changes.

Although successful in predicting the evolutionary fate of ecological communities, both PDE
and stochastic approaches are criticised by the biological community. Section [I.1.4.6]is devoted
to explain some of these biological controversies. These controversies justify the interest of this
thesis as an intermediate approach to correct them. Our approach is detailed in heuristic way
in Section [1.1.4.5 We will see in Section the mathematical tools for its implementation and
Section [I.3] will be devoted to present our contributions.

1.1.1 Darwinian evolutionary biology

The modern theory of evolutionary biology has its origin in DARWIN’s book [57], where DAR-
WIN stated the famous basic principles of evolution, based on the principle of natural selection,
later summarised by the phrase “Survival as the fittest”. The theory of evolution through natural
selection, independently also conceived and described by WALLACE [58], is based on three basic
mechanisms:

e Heredity which allows the transmission of individual phenotypic characteristics from
one generation to another. Two forms are possible:
¢ by clonal reproduction, i.e. a mother cell gives two daughter cells with the same genetic
inheritance (as long as there was no error in the process of replication). It concerns
e.g. bacteria, many plants and fungi.

¢ by sexual reproduction, i.e. the genomes of two gametes recombine and form an orga-
nism including genetic material from both gametes.

e A source of variation on these individual phenotypic characteristics. In clonal repro-
duction, genetic mutationsﬂ are the main source of variation [68] although horizontal gene
transfer also exists in micro-organisms. In sexual reproduction, another possible source
of variation is gene recombination.

e Natural selection which can result from inter-species (e.g. predator/prey, hosts/pa-
rasites, plant/pollinator) or intra-species (e.g. competition for ressources or for repro-
duction) interactions. Individuals which are better adapted to their natural environment
survive and reproduce more likely and thus transmit their characteristics to a larger
number of descendants than the ones that are less adapted. This creates the natural se-
lection process and implies, on a large time scale, the disappearance of the disadvantaged
phenotypes and the persistence of the adapted phenotypes.

In this thesis, we will focus on clonal reproduction mechanism and consider mutations as the
main source of variation.

Evolutionary mechanisms, as understood nowadays, can be represented as in Figure [I.]]

Each individual is characterised by a genotype, which contains the full hereditary informa-

tion and encoded in the DNA. This genotype expresses into an individual phenotype during the
1

developpement and through the metabolism of this individual (see ﬂ in Figure|l.1f). The phe-
notype or trait of an individual describes his observable characteristics, such as morphological
or physiological characteristics (e.g. body size, rate of food intake, age at maturity). Individuals
of a given population, reduced to their phenotype, interact with each other, they compete e.g.

1. (Genetic) mutation: Permanent alteration of the genome of an organism and results e.g. from errors of copy
during a cell division.
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for resources (space, nutrients, energy, information) or with other species (predator/prey, host /-
parasite). This competition process affects each individual’s survival and reproduction ability

()

and thus induces a population dynamics (see —). From this competition follows a natural se-

d
lection process (see Q) which acts on the phenotypes (and not on the genotypes) (see Q)

and is a consequence of the differences between each individual’s reproductive efficiency. Note

that the population dynamics depends on the outer environment (see ﬂ), e.g. through na-
tural ressources or others species, which itself depends of the population interacting with the
other species or exploiting these resources. Thus, adaptation of phenotypes depends on the outer
environment and on the composition of the rest of the population. Population dynamics also

affects the frequencies of genotypes of a population through the mechanisms of reproduction and

mutation in the genome of the newborn individual (see Y, ang © ). Lastly, the environment

of an individual (including the other individuals of the population) may also have an effect on

h
the translation of its genotype to its phenotype during its development (epigenetics) (see Q)

Mutations

Sexual
Reproduction

(9)

(a)

Population
dynamics

Outer
environment

Genotype Phenotype

(h)

FIGURE 1.1 — Diagram of evolutionary mechanisms.

In view of this diagram of evolutionary mechanisms in Figure [1.1] simplifications and ap-
proximations have been proposed according to several approaches to study evolution: population
genetics, evolutionary game theory and adaptive dynamics. The last one, providing the biolo-
gical background of this thesis, is treated in details in Section and its modelling can be
represented by the blue part of Figure [I.1] Note that the theory of adaptive dynamics does not
take into account sexual reproduction and the translation of genotype into a phenotype.

e Population genetics. The theory of population genetics insists on the mechanisms of
sexual reproduction. More precisely, it is interested in the genetic differences within a
population and studies changes in the allele frequencies from one generation to another
but does not take into account the ecological interactions between individuals and with
their environment. This simplification makes it possible to model a realistic inheritance
law in order to understand the complex patterns of genetic variation and not consider
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explicitly phenotypes in the models [95]. It corresponds to the orange part of Figure
Population genetics was introduced at the beginning of 20" century in the fundamental
works of FISHER [98], HALDANE [122] and WRIGHT [214] which integrate the inheritance
principles of MENDEL in the Darwinian theory of natural selection.

In this approach, the population size is often assumed constant and the evolutio-
nary advantage of the individual, usually called fitness, is often an a priori given quantity
which depends only on genotypes. This allows to ignore the effects of the outer environ-
ment and the rest of the population [95]. In [214], WRIGHT introduced the concept of a
fixed adaptive landscape, described by the fitness, on which natural selection drives po-
pulations to reach a (local) maximum. We will come back to this idea in Section
(see also Section in the adaptive dynamics context).

e Evolutionary game theory. An alternative approach consists in the evolutionary game
theory. It ignores genes and sexual reproduction mechanisms to focus on studying pheno-
typic evolution in some interacting environment. This theory has its source in the works
of MAYNARD SMITH and PRICE [165]. In this context of game theory, the players are in-
dividuals of a population, the strategies are their heritable phenotypes, the payoff is their
evolutionary advantage in this environment and the population state changes according
to the rule of a certain game. Here, evolutionary advantage or fitness of an individual de-
pends on its phenotype and on the frequencies of the other phenotypes currently present
in the population [163]. Unlike population genetics, fitness is not a given constant quan-
tity but depends on the population in which the individuals live and interact with.

This theory studies successive invasions of ecological strategies i.e. analysing whe-
ther an alternative mutant strategy or rather phenotype that is initially rare can invade
the current population state [126] 163]. An important particular strategy studied is the
so-called Fwvolutionary Stable Strategy (ESS). If all individuals in the population adopt
the ESS, then no initially rare mutant strategy has a higher selective advantage (payoff)
and can thus invade the population [I63]. In other words, natural selection alone is suffi-
cient to prevent that mutant strategies successfully invade such a strategy. Evolutionary
game theory has been able to provide significant insight, with the idea of ESS, to explain
many complex and challenging aspects of biology such as the evolution of altruism in the
context of Darwinian evolution [I23]. Note that the notion of ESS will be discussed in
more detail in Section [1.1.2.3]in the context of adaptive dynamics.

1.1.2 Biological context of adaptive dynamics

Since the 1990s, a new theoritical branch of evolutionary biology has been developed signi-
ficantly for modelling phenotypical evolution in various complex ecological systems. This recent
approach, known as the theory of adaptive dynamics, grew out of the early work of evolutionary
game theorists. It has its origin in the three fundamental papers of HOFBAUER and SIGMUND
[126], MARROW ET AL [I61] and METZ ET AL [I72]. The following works of METZ ET AL [171],
DIECKMANN and Law [72] and GERITZ ET AL [112] [114], in the second half of the 1990s, which
integrates and expands the methods of evolutionary game theory [68] form the foundation of the
biological framework of adaptive dynamics: biological assumptions, methods, models and gra-
phical tools are introduced. The most detailed presentation of the basis and main consequences
of the theory of adaptive dynamics can be found in the fundamental article [I7I]. Note that the
introduction to adaptive dynamics, given in |36l B8, [5], served as basis for parts of this section.

5
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1.1.2.1 Biological assumptions, fitness and vocabulary

The goal of this section and the following is to present the main results of the theory of
adaptive dynamics. Here, we explain the biological ideas and assumptions needed in this fra-
mework, and we introduce the notions of fitness, invasion, and the principle of invasion implies
fixation. We will try to define as rigourously as possible the key biological notions, while remai-
ning sufficiently general to cover various situations. In particular, the following definitions must
not be understood in a formal mathematical way. In the next two sections, we will try to present
carefully and rigorously the T'SS model and the CEAD and its equilibrium.

Biological assumptions. To set the framework for adaptive dynamics, biologists make four
simplifying biological assumptions denoting by (BA):

e (BA 1) Asexual population. The population considered is asexual in order to sim-
plify the reproduction scheme by assuming it to be clonal to pay more attention to the
ecologyE] of the system. Mutations are assumed act directly, at the level of phenotypes,
as represented in Figure (dashed arrow in the blue part). To be visible, i.e. having a
phenotypic effect, mutations have to be non—synonymousﬂ affecting a coding part of the
genome and altering the chemical properties of the encoded protein [3], so it is biologically
reasonable to consider that the mutations are rare.

e (BA 2) Rare mutations. This assumption is fundamental to introduce a time scale
separation between an ecological scale, fast, which corresponds to population dynamics
and an evolutionary scale, slower one, which corresponds to the arrival of mutations. Since
mutations are rare, the selection process has enough time to eleminate disadvantageous
phenotypes in the population before a mutation produces a new phenotype. Therefore,
the number of coexisting phenotypes, at the same time in the population, is reduced as
much as possible, leading to an adaptive walk.

e (BA 3) Small mutations. Another evolutionary assumption is to suppose that muta-
tions have a small phenotypic effect, i.e. evolution acts slowly on quantitative individual
characteristics.

e (BA 4) Large population. The size of the population considered is large. This eco-
logical assumption allows to consider population densities and assume them to follow
deterministic dynamics. However, mutations remain stochastic.

Fitness and invasion. Under (BA 2), the only possible evolution for a monomorphic
populationE] with trait x is the arrival of a unique mutant trait y, followed by the death or the
survival of traits  and y. As long as the mutant subpopulation is small, competition between
individuals with trait y can be omitted, which corresponds classically in ecology to a Malthusian
growth, i.e. an exponential increase (or decrease) of the mutant population size.

For the stochastic Individual-Based Models (IBMs) as studied below (see Section [1.1.3.2)),
the appropriate notion of exponential growth rate, which measures quantitatively the adaptive
value of the mutant trait of the corresponding population, is given by the fitness. This leads to
the following biological definition (METZ ET AL [I72]), that we will illustrate and discuss below.

Definition 1.1.1. We call fitness, of the trait y € R with respect to the trait x € R and we
denote by Fit(y, x) the exponential growth rate of an initially small population with trait y, in a
monomorphic resident population with trait x, at equilibrium.

2. Ecology: Study of the interactions between individuals and their environment including other individuals.
3. Non-synonymous: Change in the amino-acid chain of the protein encoded in the corresponding gene.
4. Monomorphic population: All the individuals of the population hold the same phenotypic trait.
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Note that the biological originality of this notion of fitness lies in the fact that it does not
depend only on the mutant trait value, as in most of the models in population genetics, but
also on the resident trait value. This leads to construct a dynamical invasion fitness landscape
which evolves along with the evolutionary change of the population (see Figure unlike in
population genetics where it remains fixed [214]. An invasion fitness landscape, in the case of a
1—dimensional continuously varying traits, is a 3—dimensional plot where the fitness function
is plotted as a surface depending on two variables (see [212, Section 2.5] to observe how the
population move on it). The way to construct an invasion fitness landscape depends on the eco-
logical context [I72]. Moreover, the idea of a fitness landscape co-evolving with the population
is initially proposed in [I61] then improved in [I71] [169].

Thanks to (BA 4), we can approximate the resident population dynamics by an Ordinary
Differential Equation (ODE) which admits, in the IBM studied below, a unique non-null globally
asymptotically stable steady state. In the previous definition, it is implicitely assumed that there
exists a unique equilibrium population state associated with trait. We will see below examples
where this is true. Hence, when the current population of trait x is close to this equilibrium,
determined by the underlying ecological dynamics, we can consider that the fitness of a given
mutant trait y, which has just appeared in this population, governs the possibility of invasion
of the descendants of this mutant in the population in the following way:

e if Fit(y,z) < 0, the (deleterious) mutant trait will disappear with a very high probability,
so invasion by the mutant is impossible,

o if Fit(y,z) > 0, invasion by the (advantageous) mutant is possible (but not sure since the
random fluctuations of the mutant population cannot be neglected, as long as the size of
its subpopulation remains small),

with an undetermined case when Fit(y,z) = 0 for y # x. The invasion is said to be successful
when the size of the mutant population (initially reduced to one individual) reaches a significant
size compared to the size of the resident population (see Section . Once the invasion of
mutant y is successful, the competition between x and y may drive both, one or none of them to
extinction. Thanks to (BA 4), the dynamics of this two traits is determined deterministically.
When only the mutant trait survives, we will say that fization has occurred. Furthermore, when
the mutant trait disappears we say that the residents strikes back [I81]. When the mutant and
resident traits both persist, we say that there is coexistence. If these both disappear, we say that
there has been evolutionary suicide [121], [71].

In addition, the fitness as defined above, satisfies the following biological property:
Vr € R, Fit(z,z) = 0. (1.1)
Indeed, when the resident population with trait = is at its equilibrium, the growth rate of a
single individual with trait = (seen as a mutant which is identical to the resident) has to be null.
Invasion-Implies-Fixation principle. Another common assumption in the context of stu-
dying a competitive population is called Invasion-Implies-Fization (IIF) principle [I13] given by

(ITF)  If a mutant’s trait invades in the population, it replaces entirely the previous resident
trait such that long term coexistence is excluded.

This will allow to define an evolutionary time scale where the population is monomorphic at all
times and where evolution proceeds by jumps from one phenotypic trait to another fitter one.
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1.1.2.2 Successes and application fields

Under these biological assumptions (BA), adaptive dynamics have had some successes no-
tably for its ability to propose tools that can be adapted to analyse and predict the evolution
of populations in a wide variety of ecological situations: e.g. to describe competitive or coopera-
tive interactions between different individuals or species, or to describe predator-prey, immune-
pathogen, host-parasite or plant-insect relationships. We can mention the study of the evolution
of virulence in a host-pathogen population [201], of seed size [I15] or of social behaviour [I51].
The differents tools of adaptive dynammics, used by modellers in ecology and evolution, are
described in numerous references [74), 212} [68].

TSS. A fundamental tool in adaptive dynamics is the so-called Trait Substitution Sequence
(TSS). This stochastic process has been introduced in [I71), [72] and mathematically studied in
[T4, 37, [47]. This pure jump MARKOV process, with values in the space of monomorphic trait
populations, allows to describe, at the population level, the successive invasions of advantageous
mutants (also called adaptive walks) that invade and settle in the population. Note that Figure
called Pairwise Invasibility Plot (PIP) and introduced in [I71], gives an illustration of this
evolution phenomenon.

The heuristics leading to the TSS model [I71} [72] is based on (BA 1), (BA 2), (BA 4) and
(ITF) principle. Note that (BA 2) induces a separation between the time scale of mutations and
those of births and deaths, that (BA 4) allows to predict deterministically the outcome of the
competition between a resident trait and a mutant trait and that (IIF) principle ensures that
two different traits of individuals cannot coexist, on a long time scale, because the competition
eliminates one of them.

FiGURE 1.2 — Example of PIP and possible paths of the TSS monomorphic.

As seen in Section [I.1.2.1] the possibility of invasion only depends on the sign of the fitness
function, so let us decompose the trait space according to the sign of Fit(y, x) as in Figure
From 1' and if we assume that the fitness function is of class ¢! (R2, R), we can write thanks

8
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to the implicit function theorem that

where the implicit function ¢ is continuous on R? and ¢! on R?\ {(az, x) ‘ x € R}. Hence, the

zeros of Fit are those on the straight line y = x and the zeros of ¢.

Note that + and — signs in Figuredesignate the sign of Fit(y, ). We start with a resident
monomorphic population with trait « in point A. For a mutant invasion with trait y occurs in
this population with trait x, the point (z,y) must belong to an area where Fit(y,x) > 0. That
is the meaning of the vertical arrows. The dashed horizontal arrows indicates that once invasion
occurred, there is fixation of the mutant. Once fixed, the population with trait y is the new
resident monomorphic population until it is replaced by a new mutant population and so on. So,
the arrows represent a sequence of mutant invasions which is stopped here in B after 7 iterations.

A key point is the fact that, while the time of mutations, the mutant trait and the invasion
of the mutant trait are stochastic, the direction of evolution in the T'SS is deterministic. As we
see above, it is established by the set of traits y such that Fit(y,z) > 0 when the TSS model is
in the state of a monomorphic population of trait x. Since, according to and under (BA
3), we see that only one evolution is possible locally depending on the sign of the gradient fitness
O Fit(z,x) := %Fit (y, x)|y:$ except when this derivative cancels. Indeed,

o if O1Fit(x,z) > 0, then Fit(y,z) > 0 for all y > = in a neighbourhood of z, and the
evolution (from the mutant point of view) can only proceed towards greater traits which
is represented by the single arrow 1 in Figure [1.2

e if O1Fit(x,z) < 0, then Fit(y,xz) < 0 for all y < z in a neighbourhood of z, and the
evolution can only proceed towards lesser traits which is represented by all the arrows |
in Figure [1.2

Note that the points z* such that 9;Fit (z*,2*) = 0 are called evolutionary singularities which
will review in Section |1.1.2.3] Note that from (1.2), we have ¢ (z*,z*) = 0. In other words,
(z*,x*) is an intersection point between the curve ¢(z,y) = 0 and the line y = = as wee can see

in Figure [I.2]

The approximation of the population dynamics by the T'SS under the additional assumption
(BA 3) constitutes the foundation of another biological concepts: the Canonical Equation of
Adaptive Dynamics (CEAD). This important advance of adaptive dynamics will be developed
biologically in Section [1.1.2.3| and mathematically in Section

The TSS model and its generalisations have revealed a powerful tool for understanding
various evolutionary phenomena, such as polymorphism or evolutionary branching. By polymor-
phism we mean the stable coexistence of different phenotypes, which arises if the (IIF) principle is
not assumed [I71] [72, [47]. Note that the TSS model has been generalised in differents contexts,
as trait-structured with horizontal gene transfer [18], age-structured population [209], multi-
resources chemostat population [43], predator-prey [55], population structured in phenotypic
trait under selection and neutral (genetic) marker [19], in a spatial context [I54] or populations
with a dormancy mechanism [24, 25].

Evolutionary branching and sympatric speciationlﬂ. Evolutionary branching is a di-

5. Speciation: Birth of two daughter species from a single mother species.
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versification phenomenon where selection pressures push a population, initially concentrated
around a single dominant phenotype, to split into two interacting subpopulations of different
dominant phenotypes. This phenomenon is firstly described in detail in [I71] (see also [112] TT4]).
Moreover, METZ ET AL identify the points in the phenotype trait space, where the evolutionary
branching is likely to happen, the so-called evolutionary singular strategies, and give a criterion
for evolutionary branching depending on the derivatives of the fitness function at these points.
Note that the concept of evolutionary singular strategies can be seen as a generalisation of the
ESS concept introduced in the context of evolutionary game theory [114].

The success of adaptive dynamics is also due to the fact that the mechanism of diversifica-
tion linked to evolutionary branching provides new insights into the fundamental issue on the
origin of species. Indeed, the most widely accepted speciation scenario assumes that a species
is divided into two geographically separated subpopulations (e.g. following the appearance of a
geographical barrier or the colonisation of a new habitat): this is allopatric speciation. The op-
posite scenario of sympatric speciation assumes that reproductive isolation takes place without
geographical separation and through various mechanisms related to natural selection (e.g. evo-
lution of reproductive preferences according to sexual traits). Although described in the context
of asexual reproduction, evolutionary branching has been proposed as a mechanism that may
cause sympatric speciation [I71], 70} [76] [47].

Developments/Extensions. The tools of adaptive dynamics have received numerous de-
velopments and extensions, among which we can mention the study of the dynamics of inter-
acting subpopulations, in order to determine, for instance, whether a mutant type, although
invasive, becomes extinct [I13] I11] or whether the invasion of the mutant leads to the ex-
tinction of the population by evolutionary suicide [121), [67, 96]. In [65], it is presented the
first application of adaptive dynamics outside the biological framework, by studying an econo-
mic system in which traits measure technological characteristics of products, mutations re-
present product innovations, selection is exerted by customers, and the environment is the
market in which products compete. Other extensions of adaptive dynamics standard models
are proposed e.g. to study the evolution of cancer under treatment [7]. Note that E. KispI
has compiled a list of references on the developments and applications of adaptive dynamics
at https://www.mv.helsinki.fi/home/kisdi/addyn.htm whose the application part includes
nearly 150 references.

However, these various successes remain to be qualified because the biological assumptions
that justify the approximations of the adaptive dynamics are discussed and controversial (see
[212]). We will come back to this in Section [1.1.4.6| to motivate the problem we study in this
thesis.

1.1.2.3 Canonical equation

The goal of this section is to introduce the central object of this thesis: the CEAD. Firstly,
we present the historical approach leading to this equation in the context of adaptive dynamics,
we explicit its expression and discuss its equilibrium states. Then, we compare the CEAD to
other approaches in quantitative evolutionary biology context.

In adaptive dynamics context. The CEAD was introduced heuristically by DIECKMANN
and LAw in [72] in order to provide a description, in the long term, of the evolutionary dynamics
of the dominant trait in a monomorphic competitive population as a solution of an ODE. This

10



1.1. Adaptive dynamics

ODE can be obtained as an approximation of the T'SS model, in the monomorphic case, under
the additional assumption (BA 3) (i.e. the trait of the mutant is only slightly different from
the trait of its progenitor). So, the heuristic leading to the CEAD is based on the biological
assumption (BA) and the (IIF) principle.

CEAD = X

Mutations effects ‘

FIGURE 1.3 — Generic form of the CEAD.

This equation consists in two terms and is summarised in Figure One term is a fitness
gradient describing the strength of selection that pushes the population to increase its fitness
locally. A second term which describes the effect of mutations. Assume that for any = € R, p(x)
is the probability that a mutation occurs in a birth, from an individual with trait x, according
to the mutation law m(x,-) and 7, the equilibrium density of a monomorphic population with
trait « (when there is no mutation). Then, the ODE of [72] writes, in the case of a monomorphic
initial population of trait x,

vt >0, j—j = X % /r h*m (z,dh), (1.3)
with z(0) := xo where [, h*m (x,dh) is the variance of the mutation probability m(z,-) which
is assumed symmetrical on R with respect to 0 for any x € R. Let us insist on the fact that,
the evolutionary rate dz/dt does not point in the direction that is the best for the whole popu-
lation, but in the direction that is the best from the mutant point of view [65]. The factor 1/2
is a scaling factor that takes into account that only half of the mutations have an effect on the
variation of x (those in the positive area of the fitness gradient).

DIECKMANN-LAW’s approach provided the conceptual background for modelling population
dynamics as a MARKOV process that incorporates reproduction, mutation and selection where
[14] is the first reference which provides a rigorous mathematical formalism.

For a 1—dimensional trait space, any solution of the canonical equation must converge
in a long time to an equilibrium state which corresponds to an evolutionary singularity. Once
the TSS has reached the neigbourhood of such an evolutionary singularity, biologists have classi-
fied the different possible behaviours of the mutation invasion dynamics [I71, [74]. These results
generalise of the game theoritical approach of evolution as presented above. In particular, they
extend the notion of ESS and describe the evolutionary transition leading to these equilibria,
so that one can predict in which ESS the population is going to settle. The type of evolutio-
nary singularities (ESS, Convergence Stable Strategy (CSS), Mutual invisability or Evolutionary
Branching) is characterised in terms of the derivatives of the fitness function.

For example, x* is an ESS if no other trait y in a neighbourhood of x* can invade the
equilibrium resident population with trait *, i.e. for any y close enough to z*, Fit (y,2*) < 0,
i.e. the function y — Fit (y,z*) admit a local maximum at z*. Therefore, z* is an ESS if
0% Fit (z*,2*) < 0 (with an undetermined case when 0% Fit (z*,2*) = 0). Conversely, note that
if 0%, Fit (z*,2*) > 0 then y — Fit (y,2*) admits a local minimum and so any mutant trait y
sufficiently close to 2* can invade the population with trait x*.

11



Chapter 1. A detailed introduction

Note that an ESS corresponds to an absorbing state for the monomorphic TSS model, so, in
this sense, the expression “evolutionary stable strategy” is somewhat incorrect.

In quantitative evolutionary biology context. The canonical equation proposed in [72]
is a derivation of those given in quantitative evolutionary biology. In this context, canonical
equations are well-known tools used to predict the evolutionary fate of ecological communities.

e Quantitative genetics. In quantitative genetics approach, there exists a structurally
similar canonical equation for sexually reproducing populations, introduced by LANDE
[148] and later extended to frequency-dependent selection [128, 211} I]. The canonical
equation of evolution, obtained by LANDE as a limit of quantitative genetics models, is
based on the principle of maximisation of the fitness with respect to its gradient (see
WRIGHT [214]). The general form of LANDE’s canonical equation is

% = x k(x), (1.4)
where W (x) is the fitness of trait  and k a non-negative coefficient which describes
the speed of evolution and is proportional to genetic vam’anceﬂ This equation describes
the long term Darwinian evolution of the mean phenotypic trait of biological population
driven by selection. The main difference between and lies on the fact that the
fitness in depends on the mutant and resident traits while in it depends only
on the mutant trait. Hence a fized fitness landscape in quantitative genetics approach.

e Evolutionary game theory. In the context of evolutionary game theory, Darwinian
evolution of quantitative traits in several co-evolutionary scenarios can be modeled as a
gradual process given by the solution of the following ODE which takes the form in the
1—dimensional case

% = x k(x), (1.5)
where W (y, x) is the fitness of individual with trait y in the environment determined by
the resident trait x, and k£ a non-negative coefficient which scales the rate of evolutio-
nary change. Dynamics of this kind have been proposed to approximate the evolutionary
dynamics of dominant strategies and studied by many authors e.g. as a hill-climbing pro-
cess on a adaptive landscape (or adaptive walks) [30] 311 [125] 126], B2] (see also [72] and
references therein).

Moreover, unlike (1.4) and (1.5) the CEAD (1.3|) gives explicit expressions for the fitness and
the coefficient k(x) as functions of individual parameters.

1.1.2.4 Adaptive dynamics: a multiscale phenomenon and the approach followed
in this thesis

The goal of this section is first to situate, on a graduated time axis, the phenomenon of the
CEAD in relation to other eco-evolutionary events as represented in Figure This represen-
tation corresponds to the probabilistic approach described in Section [I.1.4.2] In a second part,
the approach followed in this thesis will be explained.

6. Genetic variance: Part of phenotypic variance (related to a quantitative phenotype). Genetic variance has
three major components: the additive genetic variance, dominance variance, and epistatic variance.

12



1.1. Adaptive dynamics

Multiscale phenomenon. We denote N := {0,1,2,---} and N* := N\ {0}. In order to
graduate a time axis, let us introduce three scaling parameters in relation to the three biological
assumptions (BA 2), (BA 3) and (BA 4) made above:

e p € [0,1] is equal to the occurence probability of a mutation which arises during life at
the individual level. Note that p — 0 means the mutations are rare while p = 1 they are
frequent.

e 0 € (0,400) is linked to the size of a mutation. Note that ¢ — 0 means mutations
have a small phenotypic effect, i.e. evolution acts slowly on the individual phenotypic
characteristics.

e K € N* is linked to the size of the population. Note that K — +oo means a large
population. We assume that the size of the initial population is proportional to K.

Hence, the biological framework of adaptive dynamics requires the asymptotics K — 400,
p—0and o — 0.

Birth/Death Invasion Mutation CEAD Global e
Competition Extinction extinction
Ecological time scales Evolutionary time scales

FIGURE 1.4 — Time scales involved in adaptive dynamics in the stochastic approach.

Adaptive dynamics is a multiscale phenomenon involving ecological and evolutionary time
scales. The ecological time scale corresponds to interactions between individuals and is visible on
relatively short time. In particular, birth, death and competition events of each individual take a
time of the order of 1 to occur. Note that thanks to (BA 4) and once the invasion of the mutant
is successful, the competition between the mutant and resident populations takes a time O(1).
If we accelerate the time, we can observe on the time scale log(K), the successful invasion of
an advantageous mutant in the resident monomorphic population but also the extinction of this
resident population in favour of this mutant population. Therefore, the successive replacement
of resident trait by advantageous mutants take a time O (log(K)).

Thanks to (BA 2), the ecological time scale is separate from the evolutionary one, which is
visible over very long times as mutations events. Indeed, the population size being proportional
to K and mutations arising during life of each individual at rate p, the overall rate of appea-
rance of a mutant is proportional to Kp and satisfying Kp — 0 when K — +oc and p — 0.
So, the renormalisation of time 1/Kp corresponds to the time scale of mutations. Since muta-
tions are rare, the selection process has enough time to discriminate between phenotypes in the
population selecting the best adapted to survive before the arrival of a new mutation. In other
words, the phase of replacement of resident trait by a mutant trait takes place on a infinitesimal
time scale with respect to the mutation time scale. Hence, the time scale separation assumption
log(K) < 1/Kp is the suitable mathematical formulation of (BA 2). Note that, the T'SS model
acts on the mutation time scale 1/Kp. Thanks to (BA 3), scaling the size of the TSS’s jumps by
o, inducing a rescaling of time by 1/02, allows to observe the phenomenon of the CEAD on the
evolutionary time scale 1/Kpo?. Finally, on an exponential time scale, the global extinction of
the population can be observed, which corresponds in a language of large deviation and domain
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Chapter 1. A detailed introduction

exit [104] [64], to the time scale of the exit from a stable equilibrium neighbourhood.

Our approach. As will be seen in more details in Section the previous approach
is criticised because of too rare mutations. In this thesis, our goal is to correct this biological
controversy by studying mathematically, under a double asymptotic of large population (K —
+00) and small mutations (o — 0) the consequences of a new biological assumption of frequent
mutations (p = 1) on the canonical equation. More precisely, the goal is to determine from our
stochastic IBM, the long term behaviour of the mean phenotypic trait of the population. To do
this, we will assume o < K ~2 and we will prove that the time scale to observe the phenomenon
of the CEAD is in 1/Ko?. Recall that, in the approach presented above, the time scale for the
CEAD is in 1/Kpo?. In our case p = 1, so there is some consistency between this approach and
ours. In addition, both canonical equations are the same. However, note that the one we propose
is biologically more reasonable because it takes place on a shorter evolutionary timescale.

As we will see in Section [I.1.4.5] our goal can be formulated into a slow-fast asymptotic
analysis acting on two eco-evolutionary time scales. A slow scale corresponding to the dynamics
of the mean trait, driven by the CEAD, and acting on 1/Ko?. A fast scale corresponding to the
evolutionary dynamics of the centered and dilated distribution of trait and acting on K. This
slow-fast asymptotic analysis is based on averaging techniques and requires the identification and
characterisation of the long term behaviour of the fast component. This latter is non-classical
and corresponds to that of an original measure-valued diffusion which we interpret as a centered
FLEMING-VIOT process.

Before stating these results in Section we will introduce the notion of IBM in Section
.13 and construct our model in Section [I.1.3.2] Then in Section [I.1.4] we will present the
two main mathematical approaches leading to the CEAD and various extensions. Thanks to
the heuristic of the stochastic approach, given in Section [[.1.4.2] we will obtain an explicit
expression of the CEAD that we expect in our situation. The proof of this result is based on
FLEMING-VIOT processes and averaging techniques. Section [I.2]is dedicated to the introduction
of these two notions (FLEMING-VIOT processes in Section and averaging techniques in

Section .
1.1.3 Mathematical context

In this thesis, we study the evolution of an asexual reproducing population that is composed
of a finite number of individuals, each of them characterised by a 1—dimensional trait and
taking into account the interaction between the individuals. This can be done with a stochastic
IBM which we introduce in this section. The goal of Section [I.1.3.1] is to present this notion,
many examples of its use in the case of populations whose size can fluctuate and then in those
of constant size. The role played by Section [[.1.3.2] is to lay the foundations of our study by
constructing our stochastic model. This section is also devoted to study the behaviour of our IBM
under the asymptotic of large population in Theorem [I.1.2] which allows to compute explicitly
the fitness function. Finally, we propose some numerical simulations to illustrate, in particular,
the convergence of the IBM to the CEAD by testing several sets of parameters.

1.1.3.1 Individual-based models

While the biological theory of adaptive dynamics is based on partly heuristic derivations,
various aspects of the theory have been derived rigorously over the last years in the context of
stochastic IBM. An IBM is a system of interacting particle modelling Darwinian evolution at
the individual level, so including the three basic mechanisms of evolution: heredity, mutation,
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1.1. Adaptive dynamics

and selection. Such models involve a finite structured population in which the set of birth,
death, competition and mutation events are described for each individual. Note that, structured
populations are populations in which individuals differ according to variables that affect their
survival or reproductive capacities. These variables can be phenotypic, genotypic or behavorial
traits that are assumed to be hereditarily transmitted from a parent to its offspring unless a
mutation occurs. They can also be position, sex or age [143].

Let us insist on the fact that IBMs describe all events at a microscopic level and allow to
give a realistic description of these phenomena and to obtain macroscopic equations, at a large
population scale.

IBMs were first introduced in ecology as a tool to describe local interactions or complex
phenomena at the individual level [I86] 26] 27] [77), 118, [63]. Ecological studies using IBMs are
mainly numerical and the models are mostly posed in discrete space as systems of interacting
particles [I86] and more rarely in continuous space [26] 27, [77]. Many IBMs (with non-constant
population size) have been proposed and studied in the context of Darwinian evolutionary by the
biology community [I71], [73, 96] and the mathematical community [37, 39, [10]. Others are dis-
persal models in spatially structured populations where the trait is viewed as a spatial location
and mutations as dispersal [26, 27, 149, 102]. Other models, structured in age, were developed
in [50] and studied mathematically in [I87, 209], or structured in age and traits in [97) [166), [167].
Note that adding an age-structure allows to study life history traits, such as age at maturity,
or to consider senescence phenomena, e.g. to describe the fixation of deleterious genes or the
decrease of reproductive and survival capacities in the course of life [166].

Other IBMs consider population with fixed population size, so that births and deaths occur
simultaneously in so-called resampling (or swap phenomenon) events. The mutation and resam-
pling rate of an individual depends on its phenotype. When a mutation occurs, the new mutant
trait is close to its parent’s one yielding a slow variation of the trait. In population genetics,
the WRIGHT-FISHER model (and its extensions with selection, mutation or immigration), CAN-
NINGS model or the MORAN model are interested in the evolution of allele frequencies according
to various mechanisms [86]. In [99] [61], [60, 85], the authors construct the FLEMING-VIOT process
as a scaling limit of large population from the MORAN process. Several extensions exist, inclu-
ding frequency-dependent selection, recombination, other reproduction mechanisms [91, 117]. In
particular, the last article provides a bridge between population genetics and eco-evolutionary
models. Others, based on KERMACK-MCKENDRICK’s model, are interested in epidemiological
questions [I80} 182]. Apart from studying the forward going evolutionary process, as the classical
theory surrounding the MORAN model does, it is also common to focus on the restrospective
analysis, i.e. to look backwards in time e.g. the most recent common ancestor using the KINGMAN
coalescent process [95, [86].

1.1.3.2 Construction of the individual-based model

In this thesis, we are interested in modelling, at the individual level, the adaptive evolu-
tion of a trait-structured population, describing the capacity of a population to generate and
select trait diversity. More precisely, the survival and reproductive abilities of each individual is
characterised by a continuous quantitative phenotypic trait z € R, i.e. an overall characteristic
subject to selection such as body size at maturity.

Parameters of the model. We consider a discrete population of constant size K in conti-
nuous time. The individuals reproduce asezually during their lives, i.e. the reproduction scheme

is assumed clonal and die with frequency-dependent rates i.e. depending on the trait. Each birth
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of an individual occurs simultaneously with the death of another individual in the population.
A mutation occurs during life at the individual level. Each mutation has an amplitude of the
order of magnitude o € (0, 4+00).

We are interested in approximating the long term dynamics of a large population. We assume
that the number of individuals alive at each time ¢t > 0 is always equal to K. Let us denote
by z1(t),- - ,xx(t), the phenotypic trait values of these individuals at time ¢. The state of the
population at time ¢, can be described by the following finite point measure on R rescaled by K

K 1 &
v P = e Z )
i=1

where ¢§, is the DIRAC measure at z.

Biological parameters. For all x,y € R, let us introduce the following biological parameters:

e b(z,y) € Ry is the resampling rate, i.e. the rate of simultaneous birth of an individual
holding trait y and death of an individual holding trait x and it can be interpreted as
modelling a competitive pressure driving selection.

e O(z) € R, is the mutation rate of an individual holding trait x.

e m(x,dh) is the mutation law of the scaled mutation step h, born from an individual with
trait x, where the mutant trait is given by y := = + oh € R. It is a probability measure
on R.

e Fit(y,z) := b(z,y) — b(y, z) is the adaptive value or fitness of a mutant individual with
trait y in the population of (K — 1) individuals of trait z. Recall that the fitness can be
interpreted as the initial growth rate of a mutant individual y in a resident monomorphic

population with trait z. In Section [1.1.3.2] and Remark two distinct strategies are
given to recover the value of this fitness.

Let M;(R) be the set of probability measures on R, endowed with the topology of weak
convergence making it a Polish space [20]. We define for all K € N*,

1 K
Mk (R) = {K S 6

i=1

($i)1gig[{ € RK} (1.6)

the set of probability measures on R of K atoms of mass 1/K. For all £ € N, we denote by
€*(E,R) the space of functions of class ¢ from E to R and by 6;(F,R) the space of bounded
functions of class €*(E,R) with bounded derivatives where E is a metric space.

Let us now give the infinitesimal generator L?9 of the M; (R)—valued MARKOV process
yEpo . — (VtK P ’U)t>0 describing the ecological dynamics of the population with resampling. The

generator LP7 is defined for any bounded measurable map ¢ from M1 k(R) to R, by
K,p,o 595 53/
L2 5() = K [ v(do) [ wianiey) o (v- 2+ %) - o)

+ K/]Rﬁ(x)u(dx) /]R [(1 — p) o (dh) + pm(z, h)dh] [qb (1/ - % + 5"}”) - ¢(y)]

The first term describes the resampling event of one individual by another and the second
term describes the effect of mutations over the lifetime of individuals. Note that [I02] can be

(1.7)
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1.1. Adaptive dynamics

easily adapted to give the construction of the process (Z/tK P ’U)t>0 with POISSON point measures

=

whose generator is precisely given by (1.7) under the following assumptions, as recalled below.

Assumptions. Let us denote by (A) the following two assumptions:
(A1) The maps b : R? — Ry, and 6 : R — R are respectively in ¢Z2(R?,R) and 62(R,R)
and there exists 0 < b,b,60,0 < oo such that:

b<b(,)<b, and O<O(-) <.

(A2) There exists a measurable function m : R — R such that
Ve €R, Vh € R, m(z,h) <m(h)  and / m(h)dh < oo.
R

Construction of vP7 with POISSON point measures. Let us recall this construction. Let
(Q, F,P) be a probability space large enough to contain the following three independent random
objects:

(1) A My g (R)—random variable v} the initial condition.

(2) A Po1ssoN point measure N (ds,di, dj,da) on [0, +00) x N* x N* x [0, 1] with intensity

measure

. Lo N o S s
q1 (ds,di, dj,da) = ?bds kzzzl 0k (di) Zzzjl 0¢(dj)da

the resampling POISSON point measure.
(3) A PoissoN point measure N (ds, di,dh, da) on [0, +00) x N* x R x [0, 1] with intensity
measure
q2 (ds,di,dh,da) = —Hds Z Ok (di)m(h)dhde :
=1
the mutation POISSON point measure.

In order to solve the enumeration problem of the population traits, let us introduce the func-
tion H = (H',--- H*) : My x(R) = RE defined by H (4 S8_102,) = (2c1)s »2e(x0)),
where z (1) X -+ R (k) for the lexicographic order on R.

Let us introduce the process v'P with values in the SKOROHOD space D (R4, M1 g (R)) of

cadlag functions of R4 in M g (R), defined as

7 [ Lo Bty
K {1, K} J{1, K} ( )

{ o1t (w1577 ) 113 (1 KPU))}NI (ds,di,dj,da)

b

Iy K}/ I Lowtoeyion =)

{ o Kw)) (27 }N2 (ds,di,d,dey).
a<p 5 sh

The relation (1.8)) describes how to simulate exactly the process v5P7 (see [10, Section 6.4]
and Section|1.1.3.2)): the POISSON point measure associated with each type of event jumps more
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often than the process 7% should. We then decide whether a jump occurs by comparing a to

a quantity related to the rate of the corresponding event.

In similar way to [102, Proposition 2.6], using ITO’s formula for jump process, we can prove
under (A) that a process solution of has for infinitesimal generator. Moreover, in
similar way to [102, Theorem 3.1], using GRONWALL’s lemma and denoting by 1 the constant

function equal to 1, we can prove that if E (<1, Vé( P U>) < 00, a such process satisfies for all

T>0,FE (supte[O,T] <17 VtK P 0>) < o0. We can prove in this case that there is no explosion of

the jump process, which makes it possible to deduce the existence and the uniqueness of the
solution 1P of (|1.8).

Limit of large population. For a measurable real bounded function f, and a measure
v € Mi(R), we denote (f,v) := [p f(z)r(dz). We fix K € N*, p € [0,1] and o € (0, 4+00).

First of all, we begin to give, for all f : R — R, the semi-martingale decomposition of
< f, I/tK P ’U> and a strong solution to a integro-differential equation satisfied by the deterministic

K,IM)

limit process of (Vt 0 when K — 400 with p and o fixed.

=

Adapting [I02, Lemma 5.2] and applying (1.7)) to the function ®(v) := (f,v) with f: R - R
bounded measurable, we obtain that

MEPeS = (560 (50 [ [ vy [ oo @bte) 1) - f)ds
_p /0 /R VP (d2)0(x) /R m(z, h)dh [f (z + oh) — f(2)]ds

is a square integrable martingale started from 0 with quadratic variation:

(MKl = Ilf/o [ vEre(da) [ v dg)bay) 1) - f@)ds
+ % /ot /1R VP (da)0(x) /R m(z, h)dh[f (z + oh) — f(x)]*ds.

It is standard to adapt the proof of [I02, Theorem 5.3], to establish the following result:

Theorem 1.1.2 (Version of FOURNIER-MELEARD’s result [102]). Under (A), let us consider a
process sequence (Z/KW’U) with p € [0,1], o > 0 fized, of infinitesimal generators |D such

converges in law for the weak topology on M (R) when K — 400

3
to some deterministic finite measure §o € M1 (R) and supy ey E << Vé(“ > ) < oo,

Then, for all T > 0, the sequence (VKJLO')KEN* converges in law in D ([0, T], M1(R)), when
K — +00, to a deterministic continuous function (&), € €° ([0,T], M1(R)). This measure-
valued function & is the unique solution of the integro-differential equation written in its weak
form: for all bounded and measurable functions f: R — R, for allt > 0,

KeN*

that the initial condition Vé( P

(.6 = f€o+//€sdw/£sdy (2,9) [f (y) — f(x)]ds

(1.9)
+p /0 /R £,(da)0(x) /R m(z, )R [f (z + oh) — f(z)]ds,

18



1.1. Adaptive dynamics

If for all ¢ > 0, & has density « — u(t,z) with respect to LEBESGUE measure, u(t,x) is a
weak solution of the following (strong) equation: for all € R, for all ¢t > 0,

Oty ) = ult ) ([ u(t,) by, ) — b )] dy)

(1.10)
+ = / (t,y)0 (y ) dy — pu(t,z)0(x).

In addition, we can prove [102, Proposition 5.4], under the assumption that &, has = — (0, x)

as density with respect to the LEBESGUE measure, then the solution (ft)tgo to (1.9) satisfies

for all ¢ > 0 that the measure & has a density = — u(t,z) with respect to LEBESGUE measure.

Note that the deterministic model given by is the basis of the PDE approach of adaptive

dynamics (see Section leading to a new version of the CEAD given in .

Fitness computations. The aim of this section is to recover the expression of the fitness
Fit(y, z) using deterministic approach and the study of equilibria, in two steps. According to
Definition and (BA 2), it is sufficient to consider the case where there is no mutation, i.e.
p = 0 to compute this fitness function.

Step 1. Preservation of mass and dimorphic state. Note that for all K € N*, p € [0,1] and
€ (0,+00), for all t > 0, <1,ytK’p"’> = 1. From Theorem |1.1.2} we have for all p € [0,1] and
o > 0 that

>0, (L&) = lm (L, =1,
in other words, there is mass preservation at the limit.
The following result ensures, in the case where there is no mutation, that if the process
(&t) >0 1s initially dimorphicm then it remains so for all time.

Proposition 1.1.3. Assume p =0 and (A). Let o € [0,1] and z,y € R. If & := apdy + (1 —
ap)dy, then there exists o : Ry — [0,1] such that a(0) = ag and satisfying the following logistic
ODE

vt >0,  d(t) = (b(z,y) —bly, ) a(t) (1 - at), (1.11)
in other words, for allt >0, a(t) = ao+(1_a0)exp(ci°[b(x RG] and we have
vVt >0, & =a(t)dy + (1 —alt)) dg. (1.12)

Proof. Let us consider a bounded measurable function f : R — R satisfying f(z) = f(y) = 0.
From (1.9), we deduce that (f,&) < (f,&) + (b—b+0—0) Jo(f, &) ds. By GRONWALL'’s
lemma, we obtain for all ¢ > 0,

(f,&) < (f.éo)exp ([b—b+0—0]t).

Now, (f,&) = aof(y) + (1 — ap) f(x) = 0. Hence, for all ¢t > 0, (f,&) = 0 and by continuity of
(&t)y>0, we deduce that there exists 5 : Ry — [0, 1] such that 3(0) =1 — ag and

V>0, &= a(t)d, + B(t)d,

7. Dimorphic population: A population in which the individuals have only two distinct phenotypes.
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As for all t > 0, a(t) + B(t) = (1,&) = 1, the announced relation ((1.12)) follows. Applying (1.9)
for all bounded measurable function f : R — R satisfying f(z) # f(y), we have that the process

(a(t));q is solution to (L.11]) which completes the proof. O

Step 2. Dynamic systems approach. Equation (|1.11) admits two equilibria: o* = 0 and
o = 1. Denoting by
Vv’va(O‘) = (b(x, y) - b(y7 x)) o (1 - a) )

the eigenvalue associated to the Jacobian matrix Jac (V) (o) is

A= (1=2a%) (b(z,y) — bly, z)).-

As the fitness function Fit(y, z) represents the initial growth rate of a mutant individual of trait
y in a monomorphic resident population of trait x, it is obtained from A* for the case a* = 0.
Hence the fitness function is given by

Fit(:U?m) = b(%,y) - b(yaaj)

We have in Figures and two phase portraits according to the sign of the fitness
Fit(y, x). Note that, in the case where Fit(y,z) > 0, the equilibrium o* = 1 is attractive and
o = 0 is repulsive which means that the invasion by the mutant is possible. However, in the case
where Fit(y,z) < 0 the equilibrium o* = 0 is attractive which means that the mutant invasion
is impossible. Note that in the case where the fitness function is zero, each point of the phase
portrait is an equilibrium for the autonomous vector field .

. 4 4 .
V. U N N 7
0 1 0 1
FIGURE 1.5 — Case where Fit(y,z) > 0. FIGURE 1.6 — Case where Fit(y,z) < 0.

Moreover, in our case the parameters of the microscopic model prevent the coexistence of
any two traits in the population on a long time scale. Indeed, they satisfy the Invasion-Implies-
Fization (IIF) principle [I13] (see section [1.1.2.1)) which implies:

(ITF)  For all x € R, almost all y € R such that Fit(y,z) > 0 satisfy Fit(z,y) < 0.
Note that Figure illustrates the (IIF) principle.

Numerical simulations. The goal of this section is to illustrate numerically the phenome-
non of the CEAD. We have performed numerical simulations of the process v%P7 for a classical
and simple model from the biological literature. The simulation is based on the acceptance-
rejection method of the construct given in . The R-source of the program, provided in
Appendix is based on the IBMPopSim package developed by GIORGI ET AL in [I16]. Note
that, other numerical simulations are proposed in Section [1.3.3] in the case of a more general
model in which the population size can fluctuate.

The biological model is adapted from Kispr [140] for which the trait space is X' := [0, 4] (and
not R as previously) and the parameters are:
1
1+ 1.2exp(—4(z —y))’

O(x):=1, c(z,y) =1 b(x,y) = (4—y) xc(x,y) (1.13)
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1.1. Adaptive dynamics

and m (x,dh) is a Gaussian distribution A (m, 02) conditional on the mutant trait remaining
in X.

Note that, in Figure is represented the invasion fitness landscape associated to the
invasion fitness Fit(y,z) = b(x,y) — b(y, x). The fitness landscape y — Fit(y, x), that evolution
seeks to maximise (locally), depends on the resident trait x, unlike in classical population genetics
models, where the fitness landscape is fixed once and forever. The arrow represents
the effect of a small mutation of the resident trait x; := 1.75 into the trait xzo := 2.25. Hence
the change of landscape when there is a change of resident trait.

} Fitness y — Fit (y, z1)

FIGURE 1.7 — Invasion fitness landscape of o
y — Fit(y, 2;) = b(z:,y) — by, ;) with 1 = FIGURE 1.8 — Profile of the competition func-

1.75 and 29 := 2.25. tion (x,y) — c(z,y).

Let us recall that b(x,y) is a resampling rate, i.e. the rate of simultaneous death of an
individual with trait z and birth of an individual with trait y and it can be interpreted as
modelling a competitive pressure driving selection. Here, it is composed of two terms which
both have a biological interpretation. Note that the first term ¢(z,y) depends only on z — y and
tends to 0 when x—y — 400 and to 1 when x —y — —o0. So, this function models an asymmetric
competition in favour of high traits as we can see in Figure [[.8 x feels little competition from
a smaller trait y, but strong competition from a higher trait y. Since the second term 4 — y
only depends on the reproducing trait and is favourable to small traits, evolution is expected to
select an optimal trait.

We performed simulations of KiSDI’s model, starting with a monomorphic initial condition
of trait 1 and varying the parameters K,p and o. Some of these simulations are presented in
the following figures and show a wide variety of evolutionary behaviours.

Note that, when K and o are not too large and p not too small, the population evolves
according to a relatively stable general scenario as in Figures [1.9] [I.10] [[.11} [I.13] and [T.14}: it
initially remains concentrated around the trait value equal to 1 that progressively moves towards
a trait * close to 3.5 corresponding to the optimal trait value of this population, in the sense
that it is best adapted to survive and reproduce. Once this point is reached, the population
stabilises in its steady state.

In order to better understand these phenomena, biologists have been interested in the case
where mutations are rare (very small p), on which the theory of adaptive dynamics is based.
Simulations show that the number of traits coexisting at the same time is restricted to a small
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Chapter 1. A detailed introduction

number, of the order of 2 or 3. As illustrated in Figure the evolution proceeds first by
jumps with appearances and then successive invasions of mutant traits replacing the previous
resident traits. In other words, Figure illustrates the convergence of our IBM to the TSS
approximation where the mutational effect is small, i.e. to the CEAD.

3.5
a5

30
|
a0
|

25
25

Traits
Traits

2.0
2.0
|

1.5
1.5

1.0
1.0

T T T T T T T T T T T T
0 100 200 300 400 500 0 5 10 15 20 25

Time Time

FIGURE 1.9 — Numerical simulation of the FIGURE 1.10 — Numerical simulation of the

trait distribution of the microscopic model trait distribution of the microscopic model
with parameters (1.13)) and K = 100, p = 0.1, with parameters (1.13) and K = 3000, p =
o = 0.03. 0.1, 0 = 0.03.

Note that is Section [1.1.4.2] we will establish, in a heuristic way, the convergence result
illustrated in Figure The assumption of rare mutations leads to a population where the
phenotypic variability is de facto reduced to a small number of phenotypes, which practically
never happens in real populations. The phenotypic variability is a fundamental feature of evolu-
tion since it gives to the population the opportunity to react to a sudden environment change.
We will come back to these biological criticisms in Section [1.1.4.6

This motivates our approach, developed in Section [I.1.4.5] which consists in replacing the
rare mutations assumption of Figure|[1.12] with an assumption of frequent mutations. More pre-
cisely, the goal of this thesis is to evaluate mathematically, under a simultaneous asymptotic
of large population (K — +o00) and small mutations (¢ — 0), the consequences of this new
biological assumption. Figures [I.13 and [I.14] illustrates the expected convergence result, in this
regime, from the IBM to the CEAD.

1.1.4 Canonical Equation

This section is devoted to the presentation of the state of the art about the mathematical
derivation of the canonical equation. Two main approaches have been developed so far and are
the subject of Sections [1.1.4.1] and [1.1.4.2l We will present, these two approaches, based on
the IBM of Section using different combinations of the biological assumptions (BA),
leading to different versions of the CEAD. In Section [I.1.4.3] we discuss some mathematical
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FIGURE 1.11 — Numerical simulation of the
trait distribution of the microscopic model
with parameters and K = 100, p =
0.001, o = 0.01.
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FIiGURE 1.13 — Numerical simulation of the
trait distribution of the microscopic model
with parameters (1.13)) and K = 300, p = 1,
o = 0.001.
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FIGURE 1.12 — Numerical simulation of the
trait distribution of the microscopic model
with parameters and K = 300, p =
0.00003, ¢ = 0.2.
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FIGURE 1.14 — Numerical simulation of the
trait distribution of the microscopic model
with parameters and K =300, p =1,
o = 0.0005.

extensions of the CEAD in different biological contexts. Finally, in Section [1.1.4.4] we present
other mathematical approaches using new sets of combination of biological assumptions (BA).
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Chapter 1. A detailed introduction

1.1.4.1 PDE approach of adaptive dynamics

The goal of this section is to present the PDE approach of adaptive dynamics which consists
in applying a limit of small mutations and strong selection to the deterministic process, solution
of PDE that was obtained as a large population limit of the IBM of Section This
original idea which was proposed in 2005 by DIEKMANN, JABIN, MISHLER and PERTHAME in
[75] allows to obtain, on the time scale 1/0, a new version of the DIECKMANN-LAW’s CEAD,
described by a HAMILTON-JACOBI equation with constraint. This approach can be summarised

by Figure bellow (right arrow).

[102] I75]
IBM . PDE . CEAD2

FIGURE 1.15 — Summary of the PDE approach of adaptive dynamics.

To obtain a simpler form of the PDE (1.10)), we introduce the following additional assump-
tions.

Assumptions (A3) (PDE approach of adaptive dynamics)
e For all z € R, 0(x) = 6y where 6 is some real constant.
e For all z,h € R, m(z, h) = m(h) where m € €j-(R,R) with compact support.
e For all zx € R, h — m(x,h) is symmetric on R with respect to 0.

Heuristics of the approach. We remain, in this paragraph, at an informal level and refer
to [75] and other cited references for details. Note that these approaches, based on assumptions
of small and frequent mutations, employ asymptotic analysis to derive a HAMILTON-JACOBI
equation. The scaling proposed in [75] consists in a time scaling in 1/0. We then obtain the
following PDE: for all x € R, for all £ > 0,

0o ) = o) ([ wolts) oy, ) — bl )]y

; (1.14)
+ PO ) [up (t, 2 + oh) — ug(t, )] dh.
g JR
The change of unknown function
ug(t,x) = exp <W> (1.15)
o

is known in quantum mechanics as the WKB Ansatz and has already been used for reaction-
diffusion equations with a scaling similar to the above in [103, [IT]. We obtain for all = € R, for
allt >0

@%@@=A%@MMW%M%M@

+ pho /R m(h) [exp (%(t’ z+oh) — ¢t x)) . 1} dh,

g
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1.1. Adaptive dynamics

which suggests the convergence, when o — 0, of ¢, to a solution ¢ of the HAMILTON-JACOBI
equation

6tg0(t, l‘) = /R [b(y7 1’) - b(xa y)] Mt(dy) +p90H (8$()0(t7 x)) ’ (116)

where for all t > 0, u; is a measure on R, obtained as a weak limit of u,(t,-) when o — 0: for
all bounded function f: R — R, [p f(z)ue(t, z)dx — Jg f(x)pi(dx) and
o—>

H(6) = [ m(h) (exp (oh) ~ 1) dh
is an Hamiltonian operator.

This approach has been used in many works for variants of this model (with non-constant
population size) [196], 69, 130} 202, 160]. Assumptions (A3) come from [I60] and allow to control
uniformly in o the total density [ u,(t,z)dz of the population.

Note that equation shows that, when we have uniform controls on the total population
density: [ uq(t, z)dz < C for some constant C' > 0, we must have for all ¢ > 0 that ¢(t,-) < 0.
Indeed, if we had max,er ¢(t,2) > 0 for some time ¢ > 0, then also ¢, (¢, ) > 0 uniformly in o for
t, x in some open set (by uniform continuity). But this is impossible since [ exp (@) ds < C.
Thus, we obtain a HAMILTON-JACOBI equation with the constraint max,er ¢ (f, ) < 0 for
all t > 0. Moreover, note that from (L.15]), for all ¢ > 0 there exists z € R such that ¢(t,z) = 0
which means the population at the limit is concentrated on

Zy = {y € R‘gp(t,y) = 0}
that is to say, p; can only give mass to the zeros of ¢ at time ¢.

Note that H(0) = 0 and that for all ¢ > 0, 0,¢(t, ) = 0 at a maximum point for x — (¢, x),
hence we expect to have [p [b(y, z) — b(z,y)] pe(dy) < 0 for all z € Z,, since, from (1.16), other-
wise the condition that max,cr ¢(t,z) = 0 would be violated just after time ¢. Moreover, since
for all ¢ > 0, max,ecr ¢(t,z) = 0, we expect to have [ [b(y,z) — b(z,y)] ue(dy) = 0 for at least
one x € Z,. Unfortunately, these conditions are in general not sufficient to characterise p;. Ho-
wever, under the additional assumption that for all ¢ > 0, there exists a unique z*(¢) such that
@ (t,z*(t)) = 0, that is to say = — ¢(z,t) admits only one maximum at z*(¢) (for instance if
for all £ > 0, z ~ ¢(,t) is concave [I60]), then y; must be equal to d,«(;) (since it must have
mass 1) the solution of the HAMILTON-JACOBI equation can be uniquely characterised
[13], (194, 42 [174].

CEAD of the PDE approach. Let us assume that for all £ > 0, there exists a unique
x*(t) such that z — ¢(z,t) admits only one maximum at z*(¢). So, we deduce in the one hand
that 9, (t, 2*(t)) = 0 and the other hand that

weakly
ug(t,y)dy P S+ (t) (dy) - (1.17)
In particular,
Owp (t,x) = b (x*(t), z) — b(x,x*(t)) + plo H (Opp (t,x)) . (1.18)
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Chapter 1. A detailed introduction

It is now assumed that t — x*(t) is differentiable. Then, we obtain from 0,¢ (t,z*(t)) = 0
and the chain rule that

Ofpp (t, 2™ (1)) + &% (1) 07, (t,2*() = 0
and from that
020 (t,x) = Oab (2*(1), ) — Db (, 2*(1)) + O, (L, x)/ him(h) exp (hdzp(t, z)) dh
R

— O\Fit (a*(¢), x) + 02, 0(t, ) / m(h) exp (hdwp(t, ) dh.
R
Hence, using the symmetry around 0 of h — m(h) we have

D2, (t, x*(t)) = Oy Fit (z*(t), 2*(t)).

T

Therefore, we deduce a new form of the CEAD presented in (|1.3):

vt > 0, *(t) [—c?iccp (t,:c*(t))]fl x O Fit (z*(t), z*(t)), z*(0) = xp. (1.19)
This equation consists in two terms: the first one scaling the rate of evolutionary change,
proportional to mutational variance in adaptive dynamics (or genetic variance in quantitative
genetics) ; the second one the gradient of the fitness. In this way, may be seen as a
generalisation of the CEAD or LANDE’s equation to a case where the mutations are not
assumed to be very rare (on the contrary to adaptive dynamics) and such that the genetic
variance is explicitly expressed in terms of the second-order derivative of the function .

FIGURE 1.16 — Two possible profiles for ¢ FIGURE 1.17 — Dispersion of the support
concave where | has a higher curvature than ¢-. around the dominant trait x*(¢).

Note that 92, (¢, *(t)) is a non-positive coefficient because z*(t) corresponds to a maximum
of  — ¢(t,x). Therefore one can read the direction in which z*(¢) moves from the selection
gradient 0 Fit (z*(¢), z*(¢)) and the speed of motion is governed by 92,¢ (¢, 2*(t)). Note that, if
for some t > 0, x — ¢(t, x) is very concave, as the orange curve in Figure near its maximum
z*(t), then —92 ¢ (t,2*(t)) >> 0 i.e it is very non-negative and so [—92,¢ (t,x*(t))]_l is very
small in . Thus, in this case the speed of evolution of the optimal trait is slow. In this case,
we see that the phenotypic distribution of the population is closer to the dominant/mean trait
x*(t) than for larger values of —92, ¢ (¢, 2*(t)) as we can see in Figure With the orange curve.

Some derivations of this approach have been used in various fields as population systems
with adults and juveniles are considered in [33] or evolution of mutualism in [96].
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1.1. Adaptive dynamics

1.1.4.2 Stochastic approach of adaptive dynamics

The goal of this section is to present heuristically the stochastic approach of adaptive dyna-
mics leading, in two steps, to the first version of the CEAD initially proposed by DIECKMANN-
LAw in [72]. This approach can be summarised by Figure bellow.

[37] 2%
IBM TSS , CEADI1

FIGURE 1.18 — Summary of the stochastic approach of adaptive dynamics.

Our first goal is to present a support concentration result on the IBM of Section ie.
to guarantee the convergence of this process, on the time scale of (rare) mutations, to the TSS,
with values in finite sums of DIRAC masses. For this purpose, we will combine simultaneously a
limit of rare mutations (p — 0), allowing to separate mutation events on a long evolutionary time
scale, and a limit of large population (K — +00), allowing to study the competition between
two mutations on a shorter ecological time scale satisfying Kp — 0. This original idea of time
scale separation, between mutations and birth and death events, was proposed by CHAMPAGNAT
in [37] and corresponds to the left arrow in Figure [1.18]

Our second goal consists in proving the convergence of the T'SS to the original version of
the CEAD under an asymptotic of small mutations (¢ — 0) and when the time is rescaled in
an unusual way by 1/0? (versus 1/ for the PDE approach), because of the particularities of
the biological model. This result, due to CHAMPAGNAT ET AL [I4], provides a mathematical
justification of the canonical equation of [72]. Note that, in [37, [47], births and deaths are not
simultaneous and mutations do not occur during life, but one can be convinced that their pro-
posed approach will work in our situation.

Step 1. Convergence to the TSS. The following result proves that, under a double limit
of rare mutations (p — 0) and large population (K — 400), the IBM converges, on the time
scale of mutations (in 1/Kp), to a pure jump MARKOV process with values in the space of
monomorphic trait populations, called TSS.

Theorem 1.1.4 (Version of CHAMPAGNAT’s result [37]). Let o € (0, 1] be fized. Let us consider
(A), that Vé(’p’a := 0, for some x € R be fired and assume that K — 400 and p — 0 such that

1
vC > 0, log(K) < p < exp(CK). (1.20)

Then, the process (Vf/(’l’;f

to the pure jump homogeneous MARKOV process (A7), with values the set of DIRAC masses
such that for all t > 0,

)t>0 converges, in the sense of finite-dimensional marginals on Ml(R)

o
t:(;Xfa

8. More precisely, for the topology of M1 (R) induced by the applications v +— (f,v) where f : R — R bounded
measurable function.
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Chapter 1. A detailed introduction

where the R—valued MARKOV process (X{),q is such that X§ = x has for infinitesimal gene-
rator, for all bounded measurable function ¢ : R — R,

L7pla) i= 5 [ (ol +oh) — p(a))6(a)

g

[Fit (x + oh, )],
b(xz+och,z+ oh)

m(z, h)dh (1.21)

where [a]4 denotes the positive part of a € R.

The process A7 is called TSS and was introduced in [I71], first worked out in [72] and rigou-
rously studied in [37]. This process was extended to the case of Polymorphic Evolution Sequence
(PES) in [I71), 47] where the coexistence of several distinct traits in the population is allowed.

Note that, Assumption ensures the separation of three time scales: the invasion/extinc-
tion time scale (log(K)), the mutation time scale (1/Kp), and the overall population extinction
time scale (exp(CK)) (see Figure[L.4)). Theorem[I.1.4means that on the time scale of mutations,
the population is at all times monomorphic, and that the phase of replacement of a resident trait
by a mutant trait occurs (the so-called fization of the mutant trait) on a time scale infinitesimal

compared to the mutations.

[Fit(z+oh,2)] |
b(z+oh,x+oh)
individual of trait y of the form y := x + oh (the trait of the mutant is only slightly different

from the trait of its progenitor) is factorised as follows: f(x) is the mutation rate of an individual
[Fit(z+oh,2)]
b(z+oh,z+oh)

The rate of jump 0(x) m(x, h) from a resident individual of trait = to a mutant

of trait x on the time scale 1/Kp, m(z,h) is the density of the mutation law and
is the invasion probability of a mutant of trait y = = + oh.

Proof intuitions of Theorem[1.1.4 Tt is divided into two main phases: firstly the arrival of a
mutation, secondly the invasion and fixation or extinction of the mutant.

e Phase 1. Arrival of a mutation. We start with a monomorphic population of trait x:
I/é(’p’a = J;. On the initial time scale, the arrival rate of a mutant is K x 6(x) x p where
the first factor is the number of individuals having the trait x, the second factor is the
mutation rate of an individual of trait x and the third factor is the mutation probability.
On the 1/Kp time scale, we thus obtain a mutation rate of #(x) in the population of trait
x, in other words if we note 75 the arrival of the first mutation, then KprX converges to
a random variable with an exponential law of parameter 6(z). The mutant trait is then

given by y = 2 + o0 H where H is a random variable following the law m(z, h)dh.

e Phase 2. Invasion and fixation or extinction of a mutant. The study of this
second phase can be summarised in Figure below. We will distinguish three steps in
the invasion and fixation of a mutant y in a monomorphic population of trait x.

¢ Invasion step. At the moment when the mutant trait appears (at time ¢ = 0 in
Figure , its density in the measure I/é{ 7 is 1/K (a single individual). In other
words, at the arrival of the mutant, the population 1/5( P — %636 + %éy is di-
morphic. We will call the density of trait u € {z,y} in the population v/ " the
number N5 := <]l{u}, VtK’p’J>. Note that, before the next mutation, (NtK’y) is a

t>0
{O, %, %, e ,1} —valued MARKOV jump process with initial condition Né(’y =1/K
and with transition rates as follows:
. 1 . K
° %—J;—( at rate Kb(x,y)x%x KZ
. 1 K —
. %%ZK at rate Kb(y,z) X szi
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Population density

O (log(K)) o) O (log(K))

FI1GURE 1.19 — The three steps of invasion and fixation of a mutant y in a monomorphic resident
population of trait x.

for all ¢ € N* where, in the first case, the first factor is the global resampling rate of
a resident individual of trait x by a mutant individual of trait y, the second factor
is the probability of selecting a resampling individual of trait x and the third is the
probability of selecting a mutant individual of trait y in the population. As long as
i < K (i.e. the mutant population is negligigle), these rates can be approximated by

o i—i+1 at rate i x b(zx,y)
o i—i—1 at rate i X b(y,x)

If we denote by Bp(b, d) the transitions rates of a branching process with birth rate per
individual b and death rate per individual d, the transition rates of a Bp(b(x,y), b(y, x))
branching process are recognised above. This branching process, starting from a single
individual at the beginning, and denoted by (Z), has the survival probability

[b(xa y) - b(y7 m)]_t,_
b(z,y)
This suggests that the probability of mutant invasion is [b(z,y) — b(y, z)]. /b(z,y).

This argument can be made rigorous by proving, by comparison (couplings) with two
branching processes

P(Z > 0,Vt>0) =

Z' ~ Bp (1 —&)b(z,y), b(y, z)) and Z? ~ Bp (b(z,y), (1 —e)b(y, z))

such that
Z} < NV < 72 (1.22)
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Chapter 1. A detailed introduction

up to the stopping time ¢; := inf {t >0 ‘NtK’y > ¢ or the next mutation occurs},

that the probability of the mutant population NtK Y reaching a fixed ¢ > 0 den-
sity (see Figure , is close to [b(w,y) — b(y, )], /b(w,y) and the probability of
the mutant population extinguishing before reaching the density ¢ is close to 1 —
[b(z,y) — b(y,x)], /b(x,y). Moreover, both events take place in O(log(K)) time with
high probability. Note that as long as the mutant density is low, the dynamics of the
resident population is close to what it would be in the absence of mutants, so NtK v
remains close to 1. So, the invasion step, between 0 and t1, can be interpreted as the
transition of the mutant density from 1/K to a small fixed ¢ > 0 level (which should
tend towards 0 to complete the proof).

If there is extinction of the mutant y, we have finished this phase and we wait for
the arrival of a new mutation. Note that invasion is only possible if Fit > 0, i.e. if the
branching process (Z), is super-critical.

¢ Competitive step. Once the mutant invasion is successful, i.e. once NtK Y reaches
the density ¢, for large K, NtK Y is close to the solution of the logistic equation
of Proposition [I.1.3] with cy = e. This allows us to approximate the joint dynamics of
(NtK’x, NtK’y> with initial condition (1—¢,¢), represented in dotted line in Figure |1.19
between t; and t5. We then note that this ODE converges to the attractive equilibrium
(0,1). Thus, the density of mutants reaches the 1 —¢ level and the density of residents
reaches the € level at some time ty (see Figure such that to — t; = O(1) (where
the O(1) depends on ) with high probability.

¢ Fixation of the mutant population/Extinction of the resident population.
This last step consists in using, in similar way as in the first step, comparisons with
branching processes to bound the resident population from time t¢3 (see Figure
as follows and prove that the latter dies out in O(log(K')) with high probability:

NS < 2

where Z3 ~ Bp (b(y,x), (1 — €)b(x,5)). This branching process being sub-critical, it
becomes extinct almost surely even if the initial number of individuals of trait x is
eK at time t3. We then obtain a new monomorphic population VtIS( P7 = ¢, and we
start again Phase 1 by waiting for the arrival of a new mutation.

This discussion explains the infinitesimal generator of the T'SS given by (1.21]).

Remark 1.1.5. (1) As stated above, the dynamics of the mutant population y, with size

30

NIV is close to a continuous time binary branching process Bp(b(z,y),b(y,z)). The
population being initially rare means here that N[)K’y = 1. In this case, the fitness of y
with respect to x can be defined by as the initial growth rate

K—-1_. .1
Fit(y,z) == %1_{1(1) ZIE

( NtK’y - N(?y

B E (N{(’y‘ NG =1) -1
% N, Y=1) =1lim .
NEw

t—0 t

Another definition is possible, as the long term growth rate of the approximating branching
process (Zt)q since, from [4, Chapter 3, Section 7], the process (exp (— [b(z,y) — b(y, )| t) Zt) =g
is a martingale.
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(2) From (1.22)), we deduce that the survival probability satisfies

(1 - 8)b($7y) - b(ya .T) Ky b(.T,y) - (1 B 8)b(y7$)
G-y <P >0vi=0)< b(z.9)

and thus, when € — 0, we obtain that

_ b(y,x) — b(z,y)—b(y,ac) 1
(NS>0 0) = LT Hen) T sy 1 V@) > by 0)
0 otherwise
and we find again the value of the fitness Fit(y,z) = b(x,y) — b(y, x). Here again, we see
that the possibility of invasion is determined by the sign of the fitness.

Step 2. Convergence to the CEAD. The following result proves, under a limit of small
mutations (¢ — 0), the convergence of the T'SS of Theorem on the time scale 1/02, which
leads to a global time scale 1/Kpo? from the initial IBM, to the CEAD.

Theorem 1.1.6 (Version of CHAMPAGNAT-MELEARD’s result [47]). Let us consider (A) and for
all o € (0,1] a R—valued MARKOV process (X{ ), with infinitesimal generator (1.21)) and of ini-

tial condition X§ := xo € R. Then, the process (X27/02)t>0 converges in law, when o — 0, for the
SKOROHOD topology in D ([0, +00),R) to the deterministic process (x(t)),q with %0 ([0, +00),R)

paths, solution to the CEAD:

iy @) .

Vi>0, 2'(t)= b (D), 2(1) /Rh [RO1Fit (2(t), x(t))] . m (x(t), h) dh (1.23)
with x(0) := 9. Moreover, in the case where m(z,-) is a symmetrical measure on R for all
r €R, gets the simpler form

Vt >0, 2'(t)=0iFit (z(t),z(t)) x M/ham(x(t)’h)dh’ (1.24)

Note that ([1.24]) gets the classical form of DIECKMANN-LAW’s CEAD. Moreover, this CEAD
will correspond to the asymptotic behaviour of the IBM under our scaling of large population
(K — 400) and small mutations (¢ — 0) (but frequent mutations) developed in this thesis (see

Section [1.1.4.5))
Proof intuitions of Theorem[I.1.6, A limited expansion, to the first order, of the expression
(1.21)) leads to the deterministic operator A, defined for all ¢ : R — R by

0(x)
b(x,x)

Ap(@) = ¢/ (2) X / h (W Fit(z, 2)], m(z, h)dh

R
combined with classical arguments of uniform tightness and martingale property allow to conclude
that the TSS converges to the CEAD.

Remark 1.1.7. Note that the PDE and stochastic approaches obtain a simplified model by
applying a concentration limit aiming at replacing the population densities by DIRAC masses
concentrated on a small number of traits (i.e. to subpopulations in which all individuals have
the same trait). So, the CEAD corresponds to the motion of DIRAC masses. While these two
approaches provide approzimate models with similar qualitative behaviours, they exploit different
ideas and have significant differences in terms of time scale and dynamics. The canonical equa-
tions obtained by these two methods are therefore structurally different.
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1.1.4.3 Mathematical extensions in different contexts

The aim of this section is to discuss different mathematical extensions to the CEAD in va-
rious biological contexts: trait and age-structured populations, Mendelian diploid populations,
multi-resources chemostat models with a PDE and a stochastic point of view, co-evolution of
predator-prey populations and population structured in space and traits. For these differents
developments, methods and time scales for observing the CEAD phenomenon remain unchan-
ged with respect to the two main approaches.

Note that, when the trait space is multidimensional and/or the number of coexisting traits
in the population is arbitrary provides another extension in the study of the canonical equation
[72, 162, (14}, [152], [36, Chapter 3], [82) 153].

Trait and age-structured populations. In [I66], MELEARD and TRAN give a descrip-
tion, in continuous time, of a discrete stochastic IBM of asexual population structured by trait
and age undergoing mutation and selection. On the one hand, they consider approximations of
the microscopic process under a large population asymptotic (K — 4o00) and obtain, in the
limit, a deterministic PDE involving trait and age, that generalises classical demographic PDEs
[120, 50}, 208], [180]. This gives them information on the long time behaviour of the population
as in the approach of [I02] (without age-structure).

On the other hand, taking simultaneously the asymptotics of large population (K — +00)
and rare mutations (p — 0) under the well-chosen time-scale separation condition, of the form
, they obtain, on the time scale 1/Kp, the convergence of their microscopic process to
the so-called TSS process for age-structured populations that jumps from a monomorphic equi-
librium (where all the individuals carry the same trait) to another. This process extends to
populations with age-structure the TSS rigorously studied in [37]. The age is taken into account
as a structuration variable and not as a trait in the sense of [I71].

Moreover, under the additional assumption of small mutations (¢ — 0), they prove, on the
time scale 1/02, the convergence of the T'SS process for age-structured populations to the solu-
tion of an age-dependent ODE that extends the CEAD introduced by DIECKMANN-LAw [72].
Here again, the time scale leading to the canonical equation is 1/Kpo?2.

Mendelian diploid populations. In a population of sexually reproduced diploid indivi-
duals, the rules of transmission of genetic material from a pair of parents to their children are
called Mendel’s laws [168]. These rules can be summarised as follows. We consider a given lo-
cus (location) of the genome where a gene is located. Mendel’s laws state that each of the two
parents of a child transmits one of its two alleles, chosen uniformly at random, to that child.
Unlike asexual populations reproducing clonally, the average number of individuals born with a
given genotype is mot proportional to the number of individuals in the population carrying that
same genotype, which leads mathematical difficulties.

In [51], COLLET ET AL consider a diploid hermaphroditic population in which the survival
and Mendelian reproduction ability of each individual is subject to selection and mutation and
depends only on a quantitative phenotypic trait. This hereditary trait is determined by its
genotype, represented by the types of two alleles a and A on a single locus. When a mutation
occurs at reproduction, it changes one of the two allelic traits of the newborn. They assume
that the genotype to phenotype map ¢ is smooth and there are no parental effects, so that
o (ua,uq) = ¢ (ug,ug) for some two allelic trait values (ugq,u4) leading to, genotype to genotype
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map is locally additive.
Making the combined large population (K — 400) and rare mutations (p — 0) asymptotics
and mutation steps are not too large (o > 0) under the slightly new time-scale separation
vC >0, M < =N < exp(CK),
o Kp
they study the long time behaviour of the population process, in the mutation time scale 1/Kp,
and prove it converges to a pure jump process moving between homozygous states. This process
is a generalisation of the simple TSS that for the haploid case were derived in [I71] 37, 47].

Once again, under the additional assumption of small mutations (o — 0), they study the
convergence of the diploid T'SS, on the adequate time scale 1/02, to the canonical equation. The
time scale leading to the canonical equation is again 1/Kpo?.

The main difference of Mendelian models compared to the clonal ones in [72, [I71] and succes-
sors, is a difference in the invasion probability of a mutant due to the additional noise inherent in
the Mendelian mechanism, and the occurence of an additional factor 2 in the canonical equation
due to the fact the mutants invade as heterozygotes but establish as homozygotes. See also [170]
for another extension of the CEAD for Mendelian diploids and haplo-diploids.

Multi-resources chemostat models. Since the first works of MoONOD [176] and NOVICK
and SZILAR [184][I83], biologists have developed experimental procedures which allow to maintain
a population of micro-organism (bacteria, micro-algae) at a stationary finite size while, at the
same time, the micro-organisms have a positive individual growth rate. The procedure is based
on a chemostat: micro-organisms live in a growth container of constant volume in which liquid is
injected continuously. This liquid contains nutrients which are consumed by the micro-organisms.
They assume that the chemostat is well stirred, so that the distribution of micro-organisms and
nutrients are spatially uniform. Moreover, since the container has a finite volume and fresh
liquid enters permanently, an equal amount of liquid pours out containing both unconsumed nu-
trients and micro-organisms. This pouring out helps requlating the micro-organisms population
size. These chemostats are extremely useful to make bacteria adapt to the nutrients environment
in such away that they will increase their growth rate. This experimental device is for instance
used on an industrial scale in water treatment stations [15].

PDE approach. In the various deterministic approaches proposed below, the authors start
from the intermediate “PDE” model, as illustrated in Figure [[.15] and apply a small mutations
limit (o — 0) to it.

In [75] [160L 42, 174] they consider an integro-differential nonlinear model, more sophistica-
ted than , that describes the evolution of a population structured by a 1—dimensional
quantitative trait and consuming resources whose dynamics depend on the current state of the
population. Note that the case of chemostat for a single or two resource(s) is described in [75].
Note also that the case of a finite and infinite number of resources are treated in [42] and [I74]
respectively. Other models with a single resource are considered in [160].

Following the formalism proposed in [75], these references study a concentration phenome-
non arising in the limit of strong selection (competition for resources) and small mutations as
in . They prove that the population density converges to a sum of DIRAC masses charac-
terised by the solution ¢ of a HAMILTON-JACOBI equation similar to which depends on
resources concentrations that they fully characterise in terms of the function ¢. In [160], and
[174], the authors obtain, on the time scale 1/0, an extended form of the CEAD similar to .
Note that, by Theorem the CEAD is also observable in the time scale 1/0. In a model
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with a single resource but multidimensional traits, [I60] establishes rigourously the CEAD result
which was only formally given in [194].

Stochastic approach. In [43], CHAMPAGNAT ET AL consider an asexual population (bacteria
here) in a stochastic multi-resource chemostat model which couples deterministic and stochastic
dynamics. The bacteria dynamics follows a birth and death process with reproduction due to
resources consumption and mutation. The resource process is deterministic between birth or
death events in the bacterial population, with coefficients depending on the composition of the
population.

Considering a double asymptotic of large popluation (K — +00) and rare mutations (p — 0),
their stochastic IBM, on the mutational time scale 1/Kp, converges to a pure jump process des-
cribing the successive invasions of advantageous mutants. This process extends the T'SS and PES
processes (see Theorem and [37] for the TSS and [47] for the PES) to chemostat system.

In the small mutational steps limit (¢ — 0), the T'SS/PES process for chemostat system in
turn gives rise, on the time scale 1/02, to a differential equation in phenotypic space describing
the dynamics of coexisting traits and extending the CEAD. So, the global time scale leading to
the CEAD observation is 1/Kpo?.

Co-evolution of predator-prey populations. When different species interact within an
ecological network, each species induces selection pressure on the species with which it interacts,
linked to the individual characteristics involved in the interaction. For example, in a predator-
prey interaction, prey defence and predator preference mechanisms are subject to co-evolutionary
pressures and therefore generate co-evolutionary dynamics [131]. By considering interactions
between species, MARROW ET AL have heuristically extended the theory of adaptive dynamics
into the framework of predator-prey dynamics in [161]. More precisely, they introduce a two-
dimensional version of the canonical equation that describes, using a coupled system of two
differential equations, the co-evolutionary dynamics of prey and predator traits. (see also [141])

In [55], COSTA ET AL are interested in the impact in a predator-prey community. They in-
troduce an IBM of the community that takes into account both prey and predator phenotypes
in order to describe the phenotypic co-evolution of preys and predators. The community evolves
as multi-type birth and death process with mutations.

They first consider the infinite particle approximation of the process without mutation to
study the long term behaviour of a predator-prey community. In this limit of large population
(K — +00), the process can be approximated by a system of differential equations. They prove
the existence of a unique globally asymptotically stable equilibrium under specific conditions on
the interaction among prey individuals.

Taking simultaneously the asymptotics of large population (K — +00) and rare mutations
(p — 0) under the separation between the demographic and mutational time scales of the form
, the community evoles, on the mutational time scale 1/Kp, according to a Markovian
jump process. This process describes the successive equilibria of the predator-prey community
and extends the TSS/PES to a co-evolutionary framework.

The limit of small mutations (¢ — 0) leads, on the time scale 1/0?%, to a system of two
differential equations which is a version of the CEAD for the predator-prey co-evolution.

Spatially and phenotypically structured populations. Spatial aspects are fundamental
in ecology [179], both for the study of the colonisation of new habitats by dispersing species and
for the propagation of epidemics [175, [179] or population agglomeration phenomena [215]. The
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spatial aspect of the environment plays an important role in the appearance and maintenance of
species diversity and stability of polymorphism in particular for speciation [70, (7). It is recogni-
sed that a heterogeneous environment facilitates the coexistence of species [156] [83].

In [46] [154], the authors consider an IBM which describes spatially and phenotypically struc-
tured asexual populations. More precisely, the birth, death, competitive pressure, mutation and
spatial motion of each individual depend both on its position and its phenotypic trait. The
spatial motion is driven by a reflected diffusion in a bounded domain.

In [46], CHAMPAGNAT and MELEARD prove, under a large population asymptotic (K —
+00), the convergence of the microscopic model to a deterministic continuous process, solution
to a non-linear reaction diffusion defined on the of traits and locations.

Moreover, in [I54], LEMAN establishes the convergence of the microscopic process under the
double asymptotic of large population (K — +00) and rare mutations (p — 0) satisfying the
separation of time scales of the form (1.20), towards a jump MARKOV process. This limiting
jump process describes, on the mutational time scale 1/Kp, an evolutionary phenomenon using
a sequence of monomorphic equilibria characterised by their spatial pattern and their trait and
extends the T'SS to a spatial context.

A natural perspective that has been proposed in [I55] but not yet conducted would be to
establish a spatial canonical equation for this spatially structured model.

1.1.4.4 Other mathematical approaches

In this section, we present other mathematical strategies leading to the CEAD, whose our
study, or to other mathematical objects, using new sets of combination of biological assumptions.
So, new time scales are proposed. Note that, all these approaches can be summarised graphically
in Figure

Populations of finite sizes. The canonical equation completely omits an important aspect
of evolution called genetic drift (this terms refers to allelic fluctuations which have stochastic
causes) or weak selection, which captures the stochasticity in evolutionary dynamics due to the
preponderance of near-neutral mutations [I138], i.e. with slightly advantageous or deleterious ef-
fects, that invade and fix in the population by chance. In contrast, evolution governed by strong
selection produces selective sweeps [164, 206], where mutations rapidly settle in the population,
leading to deterministic behaviour as in the CEAD. Controversy exists around this issue of neu-
trality, as biologists debate the preponderance of neutral mutations over strong selection. The
classical theory of population genetics is largely based on this assumption of neutrality or weak
selection [138,95].

Although a limit of small mutations (i.e. weak selection) is used in Theorem genetic
drift is absent from the canonical equation because of the order of the limits, since an infinite
population limit was first used to prove the convergence of the IBM to the TSS in Theorem
[[.14 It is then natural to ask what happens to the CEAD when the large population assumption
(K — +00) is removed, that is, when we apply a limit of rare mutations (p — 0) and then a
limit of small mutations (o — 0) to the IBM.

In [44], [45], CHAMPAGNAT and LAMBERT consider a stochastic IBM of population structured
by trait undergoing mutation and selection. In order to include the effect of stochasticity (genetic
drift), they consider finite populations whose size fluctuates randomly through time, in contrast
to classical works in both population genetics (where the population size traditionally remains
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constant) and adaptive dynamics (where population sizes are infinite). Applying a limit of rare
mutations (p — 0) to these populations, while keeping the population size finite, they obtain the
convergence, on the time scale 1/p, of their IBM to the equivalent of the T'SS in finite population,
denoted by “T'SS” in Figure[1.20] Note that for the limit of rare mutations to give this non-trivial
result, it is necessary to prevent the extinction of the IBM, which would otherwise occur in the
limit even before the first mutation.

Then, they apply a limit of small mutations (¢ — 0) to the equivalent of the TSS, that
leads, on the time scale 1/02, to a diffusion process, unique solution to a (Stochastic Differential
Equation) SDE that they call the Canonical Diffusion of Adaptive Dynamics (CDAD). The
diffusion term of this SDE captures genetic drift while the drift term embodies directionnal
selection driven by the gradient of the fixation probability, also interpreted as an invasion fitness.
Therefore, the time scale in observing the CDAD phenomenon is 1/po?.

[44] [44]
IBM , “I'SS” , CDAD

FIGURE 1.20 — The case of finite populations: the CDAD.

The three simultaneous limits. The order of the different scales of the TSS/PES approach
leads to some remarks. First, the large population limit alone leads to the PDE , the basis
of the PDE approach. For the TSS/PES approach, it is essential to combine simultaneously an
asymptotic of large population (K — 400) and rare mutations (p — 0), since the rare mutations
limit alone would lead to population extinction even before the first mutation [37, Remark 3.
Moreover, the TSS/PES and then the CEAD are obtained successively by applying the two
limits (K — +o00,p — 0) then 0 — 0 separately and on different time scales. This implies that
they give no clue about how the biological parameters K, p and ¢ should compare to ensure that
the CEAD approximation of the IBM is correct. So, in [6], BAAR ET AL analyse the situation
when the limits of large population (K — +o00), rare mutations (p — 0) and small mutation
steps (o0 — 0) are taken simultaneously (see Figure and it gives a range of parameters
leading to the CEAD.

IBM , CEAD1

FIGURE 1.21 — The case of three simultaneous limits.

To be a bit more precise, they use in [6], the following conditions on the scaling parameters.
There exists a small « > 0 such that

0_1+a

1
K 2t@ 1 d —K“ _
T ¥ oK an exp ( )<<p<<Klog(K)’

as K — 400, p,o — 0.
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The time scale, on which they control the population process driven by the CEAD, is 1/Kpo?
and can be explained as follows. The expected time for a mutation event to happen is of order
1/Kp, the probability that a mutant invades is of the order o, and an order of 1/0 mutant
invasion is required to observe a macroscopic change in the trait value of the essentially mono-
morphic population in the limit.

The conditions on the scaling parameters can be explained as follows. First, they prove that
the duration of one successful invasion phase is of order log(K)/o. Therefore, the condition
p < o1t /(Klog(K)) alows mutation events during some successful invasions phases but en-
sures that there are never the appearance of two invading (successful) mutants during a such a
phase and thus guarantees the separation of the ecological and evolutionary time scales. Second,
the }random fluctuations of the population process are of the order K /2, therefore the condition
K~2%* < o ensures that the sign of mutant’s fitness is not influenced by the fluctuations of
the population size. Finally, they prove that exp (K%) is the time the population stays within
an (eo)-neighbourhood, whit small ¢ > 0, when a mutation occurs. Therefore, the condition
exp (—K®) < p ensures that the population is still in this neighbourhood when a mutation
occurs.

The two following approaches do not give a convergence result towards a version of the
CEAD but they provide a convergence of the IBM to a solution of, either an ODE system for
exponents of population sizes or a HAMILTON-JACOBI equation, each proposing an original time
scale change.

A system of ODE for exponents of population sizes. In [49], CHAMPAGNAT ET AL
consider a stochastic model for the evolution of a discrete population of bacteria structured by
a 1—dimensional phenotypic trait taking into account a mechanism of Horizontal Gene Trans-
fert (HGT) and finitely many values with density-dependent competition. More precisely, the
trait space is the grid of mesh ¢ > 0 of [0,4], i.e. [0,4] N 6N = {0,4,---, Lo} with L = [4/4]
where |a| designates the lower integer part of a € R. The population is described by the vector
(NG<(t), -+, NE(t), -+, NfE(t)) where Nf(t) is the number of individual of trait z := ¢4 at
time ¢.

They focus on a parameter scaling where individual mutations are rare but the global muta-
tion rate tends to infinity. More precisely, they suppose that a mutation occurs, at the individual
level, with a probability p := K~ with a € (0, 1), which tends to 0 when K — +o00. So the
total mutation rate in a population with size of order K is equal to Kp = K'~® which goes
to infinity with K. Note that this specific mutation scale is far from the stochastic approach
presented above in Section where the total mutation rate Kp — 0 by leading to
a time scale separation between demographic and mutational events. In [49], this specific muta-
tional scale implies that negligible subpopulations of size order K”, 5 € (0,1) may have a strong
contribution to evolution.

Their main result quantifies the asymptotic dynamics of subpopulation sizes on a logarithmic
scale. Defining for all £ € {0,---, L}, B (¢) such that NX (tlog(K)) := KB (®) 1 which evolves
on the time scale log(K), they prove on the double asymptotic of large population (K — +00)
and rare mutations (p := K~% — 0) that the limit of the sequence (65(, e ’Bf)KeN is a sys-
tem of ODE (see Figure . This limit function is a deterministic piecewise affine continuous
function which is characterised along successive phases determined by their resident or dominant
trait. Note that local extinction is possible when the exponent § hits 0. A similar scaling was
also studied in [29] 52] 23].
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[49]
IBM , System of ODE

F1GURE 1.22 — The case of a system of ODE.

Another time scaling to capture a Hamilton-Jacobi equation. As in the approach
described in the previous paragraph, CHAMPAGNAT ET AL consider in [48] a stochastic IBM for
the evolution of a discrete population structured by a 1—dimensional trait with values on a finite
grid [0, 1)Ndx N with mesh grid dx > 0, and subject to mutation and selection. Their main result
quantifies the asymptotic dynamics of subpopulation sizes, of the order K (), They prove on
the double asymptotic of large population (K — 400) and small mutations (o := 1/log(K) — 0)
but frequent mutations (p = 1) and such that the mesh grid satisfies 05 < o, that the limit of
the sequence (ﬂ({{, e ’ﬁlK—5K)KeN is the unique solution to HAMILTON-JACOBI equation. This
convergence is summed up in Figure [1.23

3]
IBM HJ

FIGURE 1.23 — The case of another time scale to
capture a HAMILTON-JACOBI (HJ) equation.

In [23], BLATH ET AL extend the result of [49] by considering an additional mechanism to
HGT, mutation and competition: the dormancy mechanism.

1.1.4.5 Graphical summary and our approach

The mathematical approaches developed previously can be summarised in Figure [I.24] where
our mathematical contribution is also represented. All these approaches are based on IBM.

e The large population limit (K — +o00) alone (see Theorem and [102]), represented
by , leads to the PDE (1.16) (© ).

e The PDE approach (see Section and [75]), represented by , consists in
applying a small mutations limit (0 — 0) and a time change in 1/0 to (1.16]) where the
occurence of mutations is assumed frequent, to obtain the CEAD ( O ).

e The stochastic approach (see Section, is done in two successive steps. The first one
(see Theorem and [37]), represented by === consists in taking a simultaneous
asymptotic of large population (K — +00) and rare mutations (p — 0) such that Kp — 0
by to prove the convegence from the IBM to the TSS ( @ ). The second one (see
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(1,1,1)

(0,1,0)

sl FOURNIER-MELEARD (2004) [102]

= = = = - DIECKMANN ET AL. (2005) [75]

sl CHAMPAGNAT (2006) [37]

CHAMPAGNAT-LAMBERT (2007) [44]
= m = s CHAMPAGNAT-MELEARD (2011) [47]
sl BAAR ET AL. (2017) [0
sl CHAMPAGNAT ET AL. (2021) [49]

CHAMPAGNAT ET AL. (2022)

sl CHAMPAGNAT-HASS (2023) [40]

(1,0,1) (0,0,1)

© rpE @ TSS/PES @ Systemof ODE @ CEAD1 () CEAD2 & HJI () CDAD

F1GURE 1.24 — Graphical summary of all convergences to the CEAD. We consider the triplet
of parameters (%,p, o).

Theorem and [47]), represented by ====p~  consists in applying a small mutations
limit (¢ — 0) and a time change in 1/0% to the TSS to obtain the original version of the
CEAD ( @) visible on 1/Kpo? from the initial IBM.

The approach with populations of finite sizes (see Section and [44]) is represented
by . It requires two successive asymptotics, first of rare mutations (p — 0) and
then of small mutations (¢ — 0) to obtain convergence of the IBM to the CDAD ( O )
visible on the time scale 1/po?.

The approach with the three simultaneous limits (K — +o00,p — 0,0 — 0), (see Section

and [6]), represented by === is also visible on 1/Kpo?.

The approach with a system of ODE limit (see Section and [49]) is represented
by ====p- [t consists in establishing the convergence of the IBM to a system of ODE
( @ ) under a double asymptotic of large population (K — 4o00) and rare mutations
(p:= K=® — 0) such that Kp — 4o00. Evolution acts on the time scale log(K).

The approach with a HAMILTON-JACOBI equation (see Section and [48]) is re-
presented by . It consists in establishing the convergence of the IBM under the
assumption of frequent mutations (p = 1) and the double asymptotic of large population
(K — +00) and small mutations (o :=1/log(K) — 0) to a solution of the HAMILTON-
Jacosl equation (O).

Our approach. Our approach considers the IBM of Section [1.1.3.2] (asexual population with
a large but constant population size, structured by a 1-dimensional quantitative trait subject to
selection and mutation occuring during life). In our study, we investigate under the assumption
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of frequent mutations (p = 1) (as defended in Section , the long term behaviour of the
system in the simultaneous limit of large population (K — 400) and small mutational effects
(0 — 0) proving convergence to the CEAD on the time scale 1/Ko?. Figures and
illustrate this convergence result. After conveniently scaling the population state, the result
relies on a slow-fast dynamics (see Section . As the mutation size parameter is small, the
population distribution tends to be close to a DIRAC mass. Therefore, the mean trait appears
as the natural slow component. We will prove that it acts on the time scale 1/Ko? and that
the fast component acts on the time scale K. The fast component is given by the dynamics
of the centered and dilated distribution of traits following a discrete version of the centered
FLEMING-VIOT process. We prove that the centered FLEMING-VIOT process is ergodic, and
thus we expect the centered and dilated distribution of traits to stabilise on the slow time
scale. Hence the distribution of traits should stabilise to a DIRAC mass and the dynamics of the
dominant trait, driven by the CEAD, corresponds to that of the mean trait.

In contrast to earlier works, e.g. by CHAMPAGNAT and MELEARD in [47], we establish this
convergence — in one step — as represented in Figure and in Figure by s
(pointing to @ ).

[A0]
IBM , CEAD1

FIGURE 1.25 — Summary of our approach.

As with the approach of [48], we consider a similar configuration where p = 1, K — +o0 and
o — 0. However, in [48], their framework which allows to describe negligible but non-extinct
population (present everywhere in area) and to characterise the dynamics of exponents f3, is
close to the PDE setting of [I2], so that their stochastic population size process, conveniently
normalised, converges to a solution of a HAMILTON-JACOBI equation. In contrast, in our case
population concentrates around a single trait value.

As with the approach of BAAR ET AL in [6], our result holds only for a certain range of
parameters o (as a function of K) which must be small enough but not too small either:

VO >0, K CleK) « o« K2

The reason for these two bounds will be discussed in Section

The reason for not considering the same IBM as in [37, [47) [6] is because, in this case, the
slow-fast analysis involves three time scales: a slow one corresponding to the dynamics of the
mean trait acting on the evolutionary time scale 1/K¢o?, a fast one corresponding to the dyna-
mics of the centered, dilated distribution of traits acting on the evolutionary time scale K and a
very fast one corresponding to the population size dynamics acting on the ecological time scale
1. For simplicity, we focus in this thesis on a model with constant population size to reduce the
number of time scales to two. We expect our results to extend to general IBMs as in [37), 47, [6]
and we leave this for future works (see Section .

As our approach is new compared to the above references, it implies a new proof which is
based on a slow-fast asymptotic analysis using the stochastic averaging method of KurTz [144].
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Section [1.2.2] gives an overview of the averaging methods, while Section provides state
of the art and methods for the FLEMING-VIOT process, which plays the role of the limit fast
component in our slow-fast analysis.

1.1.4.6 Biological controversies

The PDE and stochastic approaches leading to the CEAD are interesting because they allow
us to predict the evolutionary fate of an ecological community, but they remain controversial in
the biological community. In 2005, a special issue of Journal of Evolutionary Biology devoted to
adaptive dynamics included a number of articles by researchers from this community, notably a
central article describing the assumptions, tools and main criticisms of this theory [212]. These
controversies suggest several mathematical issues that may help to identify the relevance of va-
rious biological objections and are summarised in [38].

In [195], a biological criticism is raised for the PDE approach because of the so-called tail-
problem: in PDEs like ([1.14) and under the scaling , exponentially small populations still
have positive density everywhere in the trait space. This can have a strong influence on the
future evolutionary dynamics of the population compared to the IBM where exponentially small
density should correspond to extinct traits. In particular, the evolutionary speed is too fast.
Modification of the HAMILTON-JACOBI equation were proposed in [195] [I73], 129] to solve this
problem. The idea is to introduce population extinction when the exponent 3 is too small.

The main controversy in [212] concerns the stochastic approach since it is based on a non-
realistic biological assumption: mutations are assumed to be too rare. We recall that in adaptive
dynamics, only mutations that have a non-deleterious phenotypic influence and produce viable
individuals able to reproduce should be taken into account. Since proteins are encoded by a
small fraction of DNA and many mutations produce non-functional proteins by altering their
chemical properties, thus producing non-viable individuals, it is not unreasonable to assume that
mutations are rare but certainly not as rare as in in order to apply Theorem in the
TSS/PES approach. As a consequence of the assumption of rare mutations is that the CEAD
takes place on 1/Kpo? which is a too long time scale. Moreover, this assumption also implies
that populations are at all times monomorphic, which is not the case for real populations. Hence
the approaches [169] 49] to try to solve this problem.

Our solution. The goal of this thesis is to provide another approach whose aim is to correct
the biological controversy on rare mutations by proposing more realistic probabilistic models
in which the rare mutations assumption no longer applies. More precisely, our aim is to inves-
tigate mathematically, under a simultaneous asymptotic of large population (K — +o0) and
small mutations (¢ — 0), the consequences of a new biological assumption of frequent mutations
(p = 1) on the CEAD. Note that the two limits ¢ — 0 and K — 400 need to be combined
because making o — 0 without K — +o00 would lead, in similar way to [37, Remark 3], to the
fast extinction of the population, and the converse problem (K — +oo then o — 0) has already
been studied (see Section .

In some sense, our study can be seen as an intermediate approach between the PDE and
stochastic approaches of adaptive dynamics. Indeed, there is some consistency between our ap-
proach and the stochastic ones [47, [6] in the sense that, the time scales to observe the CEAD
have the same expression. Also, we share with the PDE approach the assumption that muta-
tions, at the individual level, are frequent. Hence, our approach takes places on a intermediate
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evolutionary time scale satisfying

1 1

1
3 < Kpo?

o
and removes the main biological drawback of the PDE approach (tail-problem) where the evo-
lutionary speed is too fast and that of the stochastic approach (rare mutations) where the
evolutionary speed is too slow. Thus, our approach therefore seems to be the most suitable so-
lution to these various biological controversies

Note that another strategy can be considered to address biological criticism on rare muta-
tions, which will be presented in the prospect of this thesis in Section [1.3.3

1.2 Mathematical theories

Multiscale models are usually represented by two components: fast and slow variables, which
are characterised by different time scales. The entire model becomes intricate due to the inter-
action between the fast and slow variables, making it difficult to control the whole model. The
averaging principle provides a way to study the long time behaviour of slow variables indivi-
dually, thereby symplifying the model. The goal of Section [I.2:1]is to provide the state of the art
and methods for the original FLEMING-VIOT process which is the basis of the fast component
of our slow-fast analysis. Part of our contribution in this thesis aim at extending some of these
methods to the centered version of the FLEMING-VIOT process. The goal of Section [1.2.2]is to
present several averaging techniques and especially the stochastic averaging method of KURTZ,
which will be used in this thesis.

1.2.1 Fleming-Viot processes

FLEMING and V10T have introduced in [99] a probability-measure-valued MARKOV stochastic
process modelling the dynamics of the distribution of allelic frequencies in a selectively neutral
genetic population as influenced by mutation and random genetic drift: the original FLEMING-
V10T process. The initial model of [99] was progressively enriched with further mechanisms of
Darwinian evolution: selection [99] 89, 9T [60, 86], recombination [93], O1] or the effect of an
environment [124]. FLEMING and VIOT characterise in [99] the law of their process as a solution
of a STROOCK-VARADHAN measure-valued martingale problem [207] both in the selective neutral
case and the case with selection. To obtain the existence of such solution on a compact metric
space, their method is based on discretisation of the mutation operator and tightness arguments.
An alternative approach for ezistence is used, in the studies [177, 178, 139, 135, 205] based on the
OTHA-KIMURA model [I88, [I89] and in the references [99, 61} 91, [85] based on its continuous-time
version: the MORAN model (also called continuous-state stepwise mutation model). If we denote
by N the population size, these authors construct a particle process whose limiting behaviour
is analysed under the assumptions that the mutation step is proportional to 1/ V/N and on the
time scale (Nt);>o which is presented below. In [124], another particle process, based on the
look-down construction [78] is used to show the existence of the FLEMING-VIOT process in a
random environment. This look-down construction also allows to analyse sample path properties
of the process and has been used in numerous references since then, such as [80] [85, Chapter
5]. Below, we will discuss in detail the look-down construction that will be useful in the thesis.

In [99], uniqueness of the solution to the FLEMING-VIOT martingale problem in the selectively
neutral case, is proved using uniqueness of moments of certain finite-dimensional distributions
and arguments on semigroup. However, in the case where natural selection acts, the previous
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method fails, but the result can be obtained from a version of the CAMERON-MARTIN-GIRSANOV
formula |60, Chapter 10] [59, Theorem 5.1]. See also [92] for an application of this method in
the case of unbounded selection function. In most references such as [85] [61), 88, [89, [O1, ©2],
under a variety of assumptions, the duality method [94, Proposition 4.4.7] is used to prove the
uniqueness of the FLEMING-V10T process. The idea is to relate the distribution of the FLEMING-
VIOT process with a process which is easier to understand, called dual process. It consists in
establishing a duality identity which guarantees uniqueness of the solution to the FLEMING-
VIOT martingale problem. Below, we recall the main ideas of this approach, that will be useful
in the thesis. Other methods are used in some references: [62] makes use of resolvent estimates ;
[T911, 190] prove existence and uniqueness of FLEMING-VIOT processes with unbounded selection
intensity functions by using DIRICHLET’s forms.

Questions of ergodicity of the FLEMING-VIOT processes were also the subject of many works
discussed in Section [L.2.1.4] below.

This first mathematical section is organised as follows. In Section [1.2.1.1] we construct the
MOoRAN'’s particle process leading to existence of a solution to the FLEMING-VIOT martingale
problem. In Section [1.2.1.2] we give the construction of a version of the look-down. In Section
[1.2.1.3] we prove uniqueness of this solution by developing the duality method. Finally, in Section
we present various ergodicity results on FLEMING-VIOT processes.

1.2.1.1 Moran’s particle process and existence of the martingale problem

Following [85] [61, 99], we present the continuous-time OHTA-KIMURA model on Z for a
randomly mating population of MORAN type with stepwise mutation that we will call MORAN
process in the sequel. This model comes from the population genetics literature. We define
M N (Z) the set of probability measures on Z consisting of N atoms of mass 1/N.

Let us consider a fixed finite population of N individuals on Z, where each individual is
representing by an atom of mass 1/N. An individual’s type is represented by its position k € Z
(which can also be interpreted as a trait or a site). So, the state of the population at time ¢, can
be described by the following empirical measure of M; y (Z)

1 N
t' NZ: Xi(t)

where X; designates the type of the individual i on Z. For simplicity, we denote p¥ ({k}) := p}¥ (k)
for all k € Z.
This model consider two mechanisms:

e A mutation mechanism. Each individual, independently of all other individuals, mu-
tates from type i to type j, according to a (continuous time) simple random walk at

rate
it jefi—1,i+1
Hij = { } R 1 €.
0 if j&{i—1,i+1}
Note that the numbers of individuals of type i € Z is Np(i) if the distribution of po-

pulation is p. So, the total rate of appearance of a mutant individual of type j, born of
individuals of type i is Np(4)0;;.

el

e A sampling mechanism. Each of the Np(i) individuals of type i € Z, independently
of all other individuals, has a resampling rate A > 0, and when they resample, the chance
that they sample an individual of type j is p(j). Hence, the total rate of resampling an
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individual of type i into an individual of type j is ANp(i)p(j).

Therefore, the rate at which an individual of type i is replaced by an individual of type j, given
that the distribution of the population is p, is Np(i)6;; + ANp(i)p(j).

Let E be a metric space. Recall that for all £ € N, we denote by €*(E,R) (respectively
‘sz (R,R)) the space of functions of class €* from E to R (respectively the space of real bounded
functions of class ¥*(R,R) with bounded derivatives). The generator of the M y(Z)—valued
continuous-time MARKOV process (p;' ), is given for all ¢ € €0 (M, y (Z),R) by

t=0
Ligp(p) == D> > (Np(i)bi; + NAp(i)p(5)) [¢ (p7) — ¢ (p)],
1ELJEL
i

where p¥ = 3" o, pY (k) 6, € My N (Z) with for all k € Z,
pk)—+ if k=i
PR = p(k)+ & i k=)
p (k) if k¢{ij}

The original idea of FLEMING and V10T [99, Appendix] consists in reducing the step size of
the mutation process to 1/v/N, and so in order to obtain a non-trivial limit as N — +o00, this
is matched by a speeding up of time by a factor of N. So, we define the process (Y;N ) >0 On

Z/\/N forallt >0, for all A C Z/\/N by

N
Y (4) = p, (VNA) = % S o vy v (A). (1.25)
i=1

The tightness of the rescaled processes can be proved using the ALDOUS-REBOLLEDO criterion
[2, 132]. In order to identify the limit as N — +oo, we consider the generator of the rescaled

processes (YtN)t)O, given for all ¢ € €} (Ml,N (Z/\/ﬁ) ,]R) by

Lyt (p)= > > N(Np)65" + Nap(i)p()) [ (07) — v(»)], (1.26)
ieZ/\/Njegﬁ

where for all i,j € Z/\/N, OZ(JN) = % } Note that the factor N in (|1.26] reflects

]lje{ifLN,Hﬁ
the time change, the sum is taken over the rescaled lattice Z/ VN and 6;; is modified in QZ(N).

For a measurable real bounded function f and a measure p € M y (Z), we denote (f,p) :=
> rez f(k)p(k). Prescribing a convenient set of test functions of the form v (p) := Fy(p) :=
F ({(g,p)), with F € €3 (R,R), g € 62 (R, R), we have from (1.26) that

InF,(0) = > Y N*(p@)6l" + Ap(i)p(s)) [F <<g,p> - g](\,i) + g](\,])) - F(<g,p>)]
ieZ/\/NjGZ;\/N

We will see below that this type of test function makes it possible to characterise the FLEMING-
VIOT process. We will use a similar approach to prove existence of the centered FLEMING-VIOT
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process. Applying TAYLOR’s formula, we have that

B ij ij ij ij 1
Enta ) _iezz/:ﬁjej%é/ﬁ [(A)l +(A)Y + (A)5 + (A); +O(N>}’

where
(A)7 = N2F' (g, p) p(i)0) [ — 4], (A)Y = N?F' ({g,p)) Mp()p(7) [42 — %2,
ij " . j )12 ij j )12
(A)Y = N2E (<29,p>)p(z)92(jN) [% _ %} . (A — N2EUgp) (<gp>))\p( )p(5) [% _ %} )

Applying again TAYLOR’s formula to g, we have

>y (A)?’=F’<<g,p>>§ > p<i>(9(i—¢1ﬁ)—29<> 9(*&))

iEZ/\/ﬁjEZ;\/]V i€ Z/VN
JF1

_ F'((gap»m%\/ﬁp(i) [gﬁg(i) +0 <\/1N)}

= F' ({g,p)) <§/2”’p> +0 (\;N) '

By symmetry, 32, ;) 522 c /v P(OP(I) [9(5) — 9(3)] = 0, hence

J#i
Y y=o
i€Z/VNjeZ/VN
J#i

Applying again TAYLOR’s formula to g, we have

Z Z (A)gjzw Z p(i)({g<i_Jlﬁ)_g(i)}Q—i_[g<i+\/1ﬁ>_g(i)}2)

ieZ/\/NJEZ;\/N i€Z/VN
VEX)

_ F" ({g,p)) Z (i) [g/(i)f +0 (;)

2N i€ Z/VN
1
=0 <N> :
Finally, we have
ooy @i = \ o) DD D (i) + g%(7) — 29(1)g ()]
i€Z/VNjeZ/VN zeZ/\FgeZ/\F

i#i
— AF" ((g.5)) ((9%:p) — (9.1)%) -

The expresion for the generator now reduces to

7

LnE, () = F (oo (Gop) + A" (o) (620) — (0.00%) +0 (=)
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We are now in a position to identify the martingale problem that characterises the original
FLEMING-VIOT process. Granted tightness of our sequence of rescaled processes and some tech-
nical work to check that the MARKOV property is preserved under passage to the limit [611 [91], [85],
we obtain Theorem below. Let us introduce some notations.

The original FLEMING-VIOT process is a measure-valued diffusion in M;(R), the set of
probability measures on R with respect to the BOREL o—field B(R), which is endowed with the
topology of weak convergence making it a Polish space [20]. We consider the filtered probability
space (€, F, (]:75)1520) where

Q=% ([0, +00) , M1 (R))

is endowed with the SKOROHOD topology, F is the associated BOREL o—field and (), is the

canonical filtration. For a measurable real bounded function f and a measure v € M;(R), we
denote (f,v) := [; f(z)v(dz). Recall that for all F € 2 (R,R) and g € €2(R,R) we denote for
all v € M1 (R), Fy(v) := F ((g,v)).

Definition 1.2.1. The probability measure PLY € My (Q) is said to solve the original FLEMING-
VIOT martingale problem with resampling rate X\ € (0,+00) and with initial condition v €
M (R) if the canonical process (Yi),~o on Q satifies PEV(Yy = v) = 1 and for each F € €*(R,R)
and g € €2 (R, R),

M (g) = F (9. Yi) ~ F (g, Y0)) — [ £ovE, (V) ds (1.27)

with for all p € M;(R),

/!

LevFy (1) = F' ((g, 1)) <% u> +AF" ((g,1) [(6% 1) — (9, 1)"]

is a continuous square integrable PLY —martingale whose martingale bracket satisfies for all
G,H € €*(R,R) and for all g,h € €2(R,R),

(Mg), M71), =2 [ G (g, Y)Y (0 Vo) l9h,Ys) = {9, o) (h, Yol s,

Theorem 1.2.2 (FLEMING-VIOT [99]). (1) For all v € Mi(R), there exists a probability
measure PEY € My (Q) satisfying the martingale problem of Definition m
(2) Let YN be given as in @I) Then (YtN)@O converges in law, when N — 400, to
(Y2);5 whose law is solution to the martingale problem

As the original FLEMING-VIOT process is obtained as a scaling limit of MORAN’s model, we
can interpret the terms involving the first order derivative F as describing the effect of the mu-
tation whereas the ones involving the second order derivative F” as describing the effect of the
random genetic drift. As we will see in Section [I.3.T] the centered version of the FLEMING-VIOT
process is also solution of a measure-valued martingale problem.

We shall check that there is a unique solution to the FLEMING-VIOT martingale problem in
Section [I.2.1.3] In the next section, we propose another particle construction of the FLEMING-
V10T: the so-called DONNELLY-KURTZ’s modified look-down. An adaptation of this explicit
construction will be exploited, in this thesis, to prove ergodicity results for the centered version
of the FLEMING-VIOT process.
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1.2.1.2 Donnelly-Kurtz’s modified look-down

In [78, [80], DONNELLY and KURTZ have given a countable representation of the FLEMING-
VIOT measure-valued process, in a selectively neutral case, as the empirical measure carried by
a certain infinite interactive particle system. In contrast to the MORAN approach (see Section
, here, the type of individual is interpreted as a level in N*. The DONNELLY-KURTZ’s
construction provides an explicit description of the genealogy of the individuals in the population.
The role of neutrality is to ensure that, conditional on all the information up to any time, each
individual has the same chance of having the longest line of descent, second longest line of
descent and so on. Therefore, this ordering is just a random permutation of the labels of the
original system and so the empirical measure remains unchanged. In other words, their approach
exploits the notion of exchangeability which we recall the definition.

Definition 1.2.3. We say that the random variables Z1,--- , Z,, n € N*, are exchangeable if,
for any permutation o of {1,--- ,n}, the vectors (Zy,--+ ,Zy,) and (Za(l), e ,Za(n)) have the
same distribution.

In [79], DONNELLY and KURTZ incorporate, to their representation, selection and recombi-
nation mechanisms (see also [85], Section 5.4]).

In this section, we present an adaptation of DONNELLY-KURTZ’s modified look-down construc-
tion in the selectively neutral case.

We consider a probability space where we define the modified look-down process on R, as
a population dynamics on the set N* of levels where one individual is assigned to each level.
To each pair of levels (i,j) € N2 with 1 < i < j, we assign an independent POISSON process
(Nij(t)) ;> with intensity 2A > 0 (correponding to a resampling rate A in the MORAN model)
and to each level i € N*, we assign an independent standard Brownian motion (B;(t)),, on R.
Jointly with the modified look-down is constructed for all N € N*, the so-called N —look-down
process whose evolution is given as follows:

9
th
Bs(t) 5 Us
Bi(t) 4 f 07/
Bs(t) 3 ] ) Us
Ba(t) 2 Us ts
Bi(t) 1 Uy 4
0t t3 ta T
T ®
Uy Us Uy Us Us

FIGURE 1.26 — Graphical representation of the mo-

dified look-down process with N =5 on [0,7].
FiGureE 1.27 — KINGMAN’s ge-
nealogy at time 7" in the modified
look-down of Figure [1.26]

(0) Initial positions of particles. An exchangeable initial condition (U;(0),---,Un(0))
is chosen at time 0.
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(1) Birth/Death rule. Each jump time t; of one of the POISSON process (Nij)1<i<j<N
corresponds to a reproduction event at time t;. When the time ¢ is the jump time of the
Poi1ssoN process N;j;, we put an arrow from ¢ to j, as illustrated in Figure which
means that the individual at level ¢ puts a child at level j. The offspring at level j adopts
the current spatial position of its parent at level 7. The parent level and position do not
change. Individuals previously at level £ € {j,--- , N — 1} are shifted one level up to £+ 1
and the individual at level N dies. Note that in this construction, the individual at level
1 is immortal, and so it is said that it has a descent that never dies out.

(2) Spatial motion. Between reproduction events, individuals’ spatial positions at each
level i evolve according to the increments of the standard Brownian motion B;(t) (which
can be interpreted as a mutation in the MORAN model) and positions are transmitted to
offsprings at birth.

Note that the N—modified look-down process is simply the first N levels of the (N +
k)—modified look-down for any k € N*. In other words, the modified look-down construction
can be done with an infinite population as a projective limit of the so-called (infinite) modified
look-down. Note also that this construction with infinite population is possible thanks to the
mechanism (1) above. This would not be the case with the MORAN model with infinite popu-
lation. Indeed, in the MORAN model with infinitely many individuals, there would be infinitely
many arrows towards any individual at any level, in any time interval of positive length. This is
a great advantage of the modified look-down construction.

For T' > 0 fixed, from [78, [80], the genealogy (kn.) tefo,r] I backward time since time T,
of the population evolving according to the N—modified look-down (U (t),--- ,Un(t)),cio.q1» 18
exactly determined by KINGMAN’s N —coalescent with coalescence rate 2\. In Figure we
give the KINGMAN genealogy associated to the 5—modified look-down of the Figure Note
that the mechanism (1) allows to order the individuals by decreasing persistence of their des-
cent as we can see in Figure We refer to [86, Chapter 2] for a brief overview of KINGMAN’s
genealogies and its main properties.

The previous construction of the N—look-down provides positions U;(t) for the particle at
level i € N* and at time ¢ > 0 and it leads to Theorem below. Let us introduce some
notations.

We consider the N—MORAN particle process YV of Section [1.2.1.1| defined by

N
v = % .Zléxi“) (1.28)
i—
where mutations are replaced by a Laplacian operator. Its state space is M; y(R), the set of
probability measures on R consisting of N atoms of mass 1/N. In addition, ETHIER and KURTZ
prove in [91, Theorem 6.1] that if (X;(0)),cn» is exchangeable, then for all ¢ > 0, (X;(t));cn is
exchangeable. The infinitesimal generator of the R—measure-valued process Y is given for all
n € N*, f € €2 (R",R), uy € My n(R) by

LnPrp (pn)

= Pag o)+ WO = 1) [ [P (o = 2 4+ %) = Pro )| @) (ay

where Py, (un) :== Jg- - Jg f (21, ,2n) pn (d21) - - - v (day,). The first term of the generator
describes the effect of mutations according to the Laplacian operator. The second term describes
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the sampling replacement mechanism: at rate A (the sampling rate) an individual of type z is
immediatly replaced by one of type y. Note that the population size remains contant over time.

Theorem 1.2.4 (DoNNELLY-KURTZ [78, B0]). For allt > 0, N € N*, (Ui(t)),<;<n s exchan-
geable and

1 Y aw 1 o
aw
¥ 2 0w = 20X
i=1

=1

where (Xi(t)),<;<n i the vector of positions of particles in the N—MORAN process in (1.28)).

In particular, (% £V:16Ui(t)>t>0 converges, when N — —+o0, to the original FLEMING-VIOT

process.

To study the invariant probability measure 7 of the centered FLEMING-VIOT process, we will
use a variant of the previous modified look-down construction for time running backward from
0 to —oo up to the coalescence time of the population. This will provide an explicit construction
of 7.

1.2.1.3 Dual process and uniqueness of the martingale problem

Theorem 1.2.5 (FLEMING-VIOT [99]). The FLEMING-VIOT martingale problem (1.27) has a
unique solution.

The proof of Theorem relies on the duality method [85] (60} 89, O1] and [94, Proposition
4.4.7]. The idea is to relate the distribution of the original process with that of a simpler process,
called dual process. This leads to a duality relation which ensures that two solutions to the mar-
tingale problem have the same 1—dimensional marginal laws, from which classical arguments,
based on MARKOV’s property [94] Theorem 4.4.2], allow to deduce uniqueness.

The first goal of this section is to construct a dual process for the original FLEMING-VIOT
process. For this, it is required to introduce two other versions of the original FLEMING-VIOT
martingale problem for test functions with multiple variables and for test functions given by
polynomials in ¥ € M;(R). These martingale problems are equivalent to the one of Definition
and it is usual to switch from one to the other [91]. The second goal of this section is to
establish the duality relation and prove uniqueness of the solutions of . We propose, at the
end of this section, more general FLEMING-VIOT processes, in order to present some ergodicity

results in Section [L2.1.41

To prove that the centered version of the FLEMING-VIOT process admits a unique solution
to its martingale problem, we will follow the same approach as proposed in the next three pa-
ragraphs and detail the arguments for this purpose.

Extension to multiple variables. We firstly introduce the version of the original FLEMING-
VIOT martingale problem with p € N* variables.

Definition 1.2.6. A probability measure PLY € My (Q) is said to solve the original FLEMING-
VIOT martingale problem with p variables with resampling rate A and with initial condition

v € My(R), if the canonical process (Yi);5q on  satisfies PEV(Yy = v) = 1 and for each
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F € €*(RP,R) and g = (g1, - - . 9p) € ‘sz(R,Rp),

M{(9) == F ({g1,Y2) -+, (gp: Y2) = F ((g1,Y0) , -+, (9> Y0))

- fj 0P (g Y2) -+ gy Ye)) (%7, as (1.29)

- f zl (91 Y5) -+ (0 Vo)) 9197, Y2) = (90 Y3) (g5, o)) s
=

PFV

is a P,V —martingale.

As mentionned in [61, Theorem 5.1], the solution PEV of the martingale problem (1.27) is
the unique solution to the previous martingale problem ([1.29)).

Extension to polynomials in v. Our goal here is to study the DOOB semi-martingale
decomposition of polynomial functions of the original FLEMING-VIOT process of the form

Pra(v) = / / Flar, - a)v(der) - v(dan) (1.30)

with n € N*, v € M;(R) and f € 42(R",R) and v" is the n—fold product measure of v. To
obtain the expression of Lgy for polynomial functions Py, with f € €2 (R, R), we first look for
this expression when f has product form. The martingale problem ([1.29)) gives heuristics for this

issue: for the choice of F(xy, -+ ,xy,) = H x;, noting that F' ({g1, 1), - ,{gn,v)) = Prn(v)
i=1

with f (21, ,2n) == [[I=q gi(z:) and g; € EZ(R,R), i € {1,---,n}, we deduce that for all
Ve Ml(R),

n 7 n n
g
EFVPf,n(V) - Z <Ezay> H g]7 + A Z Z glgja g’Lv ><g]7y>] H <gk‘71/>'
i =1 =1 =1j5=1 =1
' ]j;éi ' jj;éi k;ﬁw

This leads us to introduce our second extension of the martingale problem ((1.27)).

Definition 1.2.7. The probability measure PEY € My (Q) is said to solve the FLEMING-VIOT
martingale problem for polynomials with resampling rate A and with initial condition v € M;(R),
if the canonical process (Yi);5q on Q satisfies PEV(Yy = v) = 1, for all n € N*, and for each
f € Cng(RTL?]R)r

t
M) = (1Y) = (1Y8) = [ LrvPra (V) ds (1.31)
with for all p € M1(R) and f € €*(R",R),

Lry Py, () := <Af > +A Z Z (@i5f, “n_1> —(f, )] (1.32)

i=15=1
J#i

is a continuous PEY —martingale in L* (Q) where, for all i,j € {1,--- ,n}, ®;; : €X(R",R) —
CKIP(R"*,R), with © # j, is the function obtained from f by inserting the variable x; between
xj—1 and xj when i < j and by inserting the variable x;—1 between x;_1 and x; when t > j:

(P’lJf ($17"' 73:77,—1) - f(.’El,"‘ sy Lj—1,Liy Ljy, L1, " 7:1:71—1) 7’<.7

) ] (1.33)
Qi if (1, s xp—1) = [ (21, @51, Ti1, T, Tjg1, -, Tn—1) P> ]
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By [0I, Theorem 3.2], the solution PEV of the martingale problem (1.27)) is the unique
solution to the previous martingale problem ([1.31]). As martingale problems of Definitions m,
and are equivalent, we deduce the following result.

Corollary 1.2.8 (ETHIER-KURTZ [91]). FEzistence and uniqueness hold for all martingale pro-
blems of Definitions [1.2.1], [1.2.6] and [1.2.7] and they all admit the same solution.

The operator Ly acts on the function v +— Py, (v) with fixed f. In view of , we can
define an operator L, acting on the function f +— Py, (v) with fixed v such that Lt Py (v) =
Lyv Py, (v), which can be interpreted as the generator of a new stochastic process — the dual
process — on the state space C := (J, e+ %bo (R™,R). The next paragraph is devoted to construct
the dual process and establish the duality relation.

Dual process and duality relation. The relation suggests that the C—valued dual
process (&), only jumps, for all i,j € {1,---,n},i # j and n > 2 from f € %2 (R™,R) to
®, ;i f € €X(R"1,R) at rate A\. Note that if n = 1, the dual process is in ¢ (R,R) and so no
further jumps occur. Between jumps, the dual process evolves according to the semi-group of
operator (TIST\L,) (t))t>0 associated to the Laplacian operator, defined for all f € L>° (R") by

VE>0,Vz eR,  TW(t)f(x) = [ g (w)du, (1.34)

where g, is a density of the Gaussian distribution A/ (n) (a;, tQIn) where I, is the identity matrix
of order n.

In view of the previous discussion, let us consider the MARKOV’s a birth and death process
M = (M(t));5o in N whose transition rates ¢; ; from i to j are given by:

(1) Inn—1 = )\n(n - 1) (2) qij = 0 otherwise.

Note that this process is a pure death process absorbing in 1. We define the dual process as
follows:

Definition 1.2.9. For all M(0) € N*, for all & € % (RM©),R), for all k < M(0) — 1,

&= TF(]\\f(Tk)) (t —7) AkTPg\\f(Tk*l)) (e — Th—1) A1+ - A1Tpg\\/4(0)) (1) €05 T << Ty,

where (Tn)ogngM(O)il is the sequence of jump times of the birth-death process M with 19 = 0
and the convention Ty = +00 and where (Aﬂ)ogngM(O)—l is a sequence of random operators
of type ®; ;.

Following ETHIER-KURTZ’s works [89], 91] (see also [85] Sections 1.6 and 1.12] and [61} Section
5.2]), we obtain the following duality relation.

Theorem 1.2.10. We consider fived M(0) € N*, & € €2 (RMO) R) and (Y2);>q @ stochastic
process whose law PEV is a solution of the martingale problem (1.27) with v € M1 (R). We intro-
duce a dual process (&), independent of (Yi);5q built on the same probability space (enlarging

it if necessary). We shall denote by IP’?VV& ) the law of ((Y,&t));=o on this probability space. The

duality identity is given by:

Vi >0, Egg) (<§07YtM(O)>) (€0) (<Et, v t)>) : (1.35)
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We rely on ETHIER-KURTZ’s result [94, Theorem 4.4.2] to deduce uniqueness of the mar-
tingale problem from the last result. This ETHIER-KURTZ’s theorem ensures that it is
sufficient to verify that if we give ourselves two solutions to the martingale problem , they
have the same 1—dimensional marginal laws.

Proof of Theorem[1.2.5 Let (Y;),5, and (%)DO be two solutions of the martingale problem
(1.27) with the same initial condition v € M1 (R). Let (&:),>, be the dual process with initial
condition & € €2(RM(©) R) with M(0) € N*. We suppose that these three processes are built on

the same probability space and independent of each other. These processes satisfy, the duality

identity ((1.35):

20, Eug ((957) =B ((67"7) =Eue ({0 11))

i.e.

Vi2 0, Egg) (oo (1) = Ewe) (Paaro (Y1)

feE (R R),ne N*} is M; (M7 (R)) —convergence deter-
mining [60, Lemma 2.1.2], it is M; (M;(R)) —separating [94, Chapter 3, Section 4, p.112], so

it follows that for any t > 0, Y;M(O) and zM(O) have the same law. In particular for the choice
M (0) := 1, [94, Theorem 4.4.2] ensures uniqueness to the martingale problem (1.27)). O

As the set of test functions {Pf,n

Extension to more general Fleming-Viot processes. There are many more general
forms of the FLEMING-VIOT process that are of considerable importance in mathematical po-
pulation genetics taking into account mechanisms of mutation, selection and recombination. An
excellent survey is [91] (see also [60, Section 5.7 and Chapter 10]). Here, we focus on a class of
FLEMING-VIOT processes with a generic mutation operator A and where the type space F is a
Polish space endowed with the topology of weak convergence. Following [60, 01], the aim of this
paragraph is to present a general framework and a general identity duality in order to enounce
and prove some ergodicity results in Section [1.2.1.4

We denote by M;(FE) the set of probability measures on E, endowed with the topology of
weak convergence making it a Polish space [20]. The function ¢ € €° (M;1(E), R) is said to be
differentiable [60, p 18-19] if the limit

0p(p) i P10+ 202) — o(p)

_ 0 (1 + €dz)
op(x) e—0 € - 8&;80 K T/ ]e=0

exists for each # € E and belongs to ¢° (E,R) for all u € M;(E). The second derivative is
defined by
p(p) 0
Su(@)on(y) ~ 9erder”

if it exists for each 2,y € E and belongs to ¢° (E x E,R) for all u € M;(E). The generator EE\’,A
of such FLEMING-VIOT processes (see [60, Section 2.6] and [91]) is given for all test functions
¢ € €} (Mi(E),R) by

dp(p) (1)
s ::/(A dz +)\//7 dz)d,(dy) — p(dz)u(dy)].  (1.36
VP = [ 51(2) pldz) +A [ ] 51()0 () [1(d)dz(dy) — p(dz)p(dy)].  (1.36)
Note that the model originally studied by FLEMING and VioT [09] is the one where A is
the Laplacian operator on E := R for a class of test functions ¢(u) := Fy(p) = F ((g, 1)),

(/-L +e10, + 525y)

|51262:0
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p € Mi(R) with F € ¢*(R,R) and g € ¢2(R,R). Another example studied in [21] is where A
is the fractional Laplacian operator on E := R.

For all n € N*, let us denote A(™ := >""_, A; an operator on D (A(”)> C € (E",R) where
A; denotes the action of A on the it" variable. Assume that for all n € N*, A generates

. . . (n) .
a strongly continuous contraction semi-group of operator (TIE\}A (t)) . Let us consider the
>0

=

space Qg = €0 ([0, +00), M1(E)) and the following martingale problem:

Definition 1.2.11. A probability measure P, € My (QEg) is said to solve the general original
FLEMING-VIOT martingale problem for polynomials with resampling rate A > 0 and with initial
condition p € My(E), if the canonical process (Y);~o on QU satisfies Py, (Yo = p) =1 and for

alln € N* and f € D (A(”))

t
P (Yi) = Pro (Y0) = | £ Pra (Ve)ds (1.37)

with for all p € My (E), ([1.36) reduces informally to)

£E Apf, ( ) <A(n)f7 :U'n> +A zn: Zn: [<¢Z,]f7 /J'n_1> - <f7 Mn>]7

i=1j=1
J#i
is a martingale, where ®;; : €Y (E",R) — €} (E”_I,R) is defined as in 1) and Py, in
(1.30).

This leads to define the so-called dual process (&t);-0:

Definition 1.2.12. For all M(0) € N*, for all & € € (EMO.,R), for all k < M(0) — 1, for
all t € [Tk, Tit1)

B AMGE_1)

(t B Tk) AkTFV £, AM(0))

B AM ()
(T = Th—1) Ap—1 - - - M Ty

& o= Tpy (11) o, (1.38)
where (Tn)ogngM(o)f1 is the sequence of jump times of the birth-death process M with 9 := 0
and the convention Ty = +00 and where (An)ogngM(o)—l is a sequence of random operators
of type ®; ;.

We are now in position to write the duality identity .

Theorem 1.2.13. We consider fizred M(0) € N*, & € € (EM(O),]R) and (Y);5q a stochastic
process whose law P, is a solution of the martingale problem with u € My(E). We intro-
duce a dual process (&), independent of (Yi);5q built on the same probability space (enlarging
it if necessary). We shall denote by P, ¢y the law of ((Y:,&t))so on this probability space. The
duality identity s given by

VE>0, Ege) (<§0, >) B (1,60) (<ft,Yo ()>)~ (1.39)

In similar way as above, we can prove that the duality identity determines the 1-
dimensional distributions of a solution of the martingale problem . Uniqueness of the
1—dimensional distributions in turn implies uniqueness of the finite-dimensional distributions
and the MARKOV property of the solution (see [94, Theorem 4.4.2]). In the next section, we will
see that duality identity gives a simple proof of weak ergodicity.
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Chapter 1. A detailed introduction

1.2.1.4 Ergodicity

The goal of this section is to present the state of the art on ergodicity results for FLEMING-
VIOT processes. Let us begin this section by recalling from [91, Section 5] some definitions on
ergodicity.

In the first paragraph, we present some ergodicity results. In the second paragraph, we focus
on particular cases where the mutation operator is shift invariant.

Definition 1.2.14. Let E be a Polish space and B(FE) the BOREL o—field on E. An E—valued
MARKOV process (Zt),5q with a unique stationary distribution m € My(E) is:
e weakly ergodic if for all f € €2(E,R), for all initial condition ¢ € E,

Jim B, (F(20) = [ f@)m(da) = (fm) (1.40)
00 E
e strongly ergodic if
lim sup |Py, (Z: € B)—w(B)|=0, z9€kFE. (1.41)
t——+o0 BEB(E)

State of the art. Recall that the duality identity ((1.39)) is a powerful tool implying uni-
queness of solutions of the martingale problem (1.37)). This duality identity also gives a simple
proof of the following weak ergodic theorem below.

Theorem 1.2.15 (ETHIER-KURTZ [91]). Let E' be compact and suppose that the closure of A ge-

nerates a FELLER semi-group (TIE\’/A (t))t>0 on 6 (E,R), such that there exists m € My (E) satis-

fying limy_, 4 o TIE\’,A(t)f(x) = (f,7) for all f € 6Y(E,R) and x € E. Then, the M;(E)—valued
FLEMING-VIOT process (Yy),5 with mutation operator A is weakly ergodic.

Sketch of proof. Recall that the process (M(t)), is a pure death process, so, then after M (0)—1
jumps, M absorbs at 1 at an a.s. finite time 7y7()—;. Therefore, from (1.38)), (1.39) and the

dominated convergence theorem, for all & € Cgbo (EM (0),R) and Yy € My (E),

lim E(vp.£0) (<€0’ Y;M(O)>) = lim Evp,0) (<T1§\>A(t - TM(O)—l)ng(o)fl’}/()> ]lTM(0)71<t)

t——+o00 t—+o00
= E(vy,0) (<§7_M(0)—177T>) .

i.e.
hm E(Yo,go) (P£07M(0) (Yt)) = E(Yo’é'o) (PgTM(O)_lvl(ﬂ-)> ° (]‘42)

t—+o0

Since the right-hand side of ([1.42]) does not depend on Y (and &), if there exists a stationary
distribution IT € M; (M (E)), then the RIESZ representation theorem ensures us that for all
& € 60 (EMO R) and Yy € My(E),

lim Ey, (Pgo,M(o) (Yt)) = <P§O7M(0)’H>'

t—+00

Since the set of test functions

{Pf,n feCAE"R),n € N*}
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is M (M1 (FE)) —convergence determining [60, Lemma 2.1.2], it is M; (M1 (F)) —separating [94,
Chapter 3, Section 4, p.112], so we have for all ¢ € € (M;(E),R), Yo € M;(E) that

lim E Y:)) = I(d
Jim B (000) = [ e
and the announced result follows from ([1.40)). The existence of IT is deduced from the assumption
that A generates a FELLER semi-group [91) p.359]. O

Other cases of weak ergodicity are treated with a similar method in [91].

Coupling arguments provide one approach to strong ergodicity. The basic idea is to construct
E—valued MARKOV processes (Z;');5q and (Z;?),5, with the same transition function but
different initial condition xy and x5 in E, on the same probability space, in such a way that
there is a random time 7 such that Z;' = Z2 for all t > 7. We then have the basic coupling
inequality [I5§]

sup |P(Z" € B)—P(Z” € B)|<P(r>t), t>0. (1.43)
BeB(E)

In the special case where the mutation operator of the FLEMING-VIOT process has the form

Af@) =5 [ () = 1) Pladg). 0€ (0.400), f € D(A) (1.44)

it is proved in [91, Theorem 5.3], using a coupling argument, that the FLEMING-VIOT process
is strongly ergodic if P(x,dy) = v(dy) for some v € M;(FE). In addition, in this context, it is
proved in [91, Theorem 8.1] that the FLEMING-VIOT process has a reversible stationary distri-
bution.

Some of the previous results were extended in [90] to models with recombination and in
[92] to models with unbounded selection, with the additional tool of DAWSON’s GIRSANOV-type
formula for strong ergodicity.

For the mutation operator , it is proved in [88, 89] and [60, Theorem 8.2.1] that the
FLEMING-VIOT process is purely atomic for every time, in other words the solutions of the
martingale problem take values in the set of purely atomic probability measures. In [93], the
ergodicity result of [90] was extended to the weak atomic topology.

When the mutation operator is the (fractional) Laplacian. If we consider the case
where the mutation operator is the (fractional) Laplacian on R, there exists no stationary distri-
bution [91], 157], [94, Problem 11 p.450]. Instead the process exhibits a wandering phenomenon
(see [61] in the Laplacian case and [2I] in the fractional Laplacian case). In [61], the wandering
coherence of FLEMING-VIOT process is obtained exploiting a centering effect by the “centre of
mass process” z(t) := [p 2Y; (dz). However, in [2I] the authors consider for z(t) the lowest-level-
particle in the modified look-down construction.

Nevertheless, [205, [9T] considered the FLEMING-VIOT process shifted by minus its empirical
mean — that we call centered FLEMING-VIOT process — and established existence of a unique
invariant measure and weak ergodicity for this process using moment and duality arguments.
More precisely in [91, Theorem 9.1.2], thanks to some estimates of the original FLEMING-VIOT
dual process and the finiteness of all moments of the FLEMING-VIOT process shifted by minus
its empirical mean for any time ¢, the authors obtain an expression for these in the asymptotic
t — 4-00. Then, by tightness arguments and characterisation of the limit, the result follows. Note

95



Chapter 1. A detailed introduction

that [91, Theorem 9.1.2] extends [61, Theorem 7.2]. In [205], an analoguous approach is used for
the MORAN model. In both references, only weak ergodic results are obtained. Note that none of
these references consider the questions of existence and uniqueness for the martingale problem
for the centered FLEMING-VIOT process. Up to our knowledge, our study of these questions (see
Section is new.

The study of ergodic properties of the centered version of the FLEMING-VIOT was motivated,
in our case, by biological questions in adaptive dynamics. Recall that to solve some controversies
in this field (see Section, it was proposed to apply a double asymptotic of small mutations
and large population, but frequent mutations. After conveniently scaling the population state,
this leads to a slow-fast dynamics where the fast dynamics appears to be given by a discrete
version of the centered FLEMING-VIOT process. One of the ingredients of this asymptotic ana-
lysis (see Section is the ergodicity of the limit fast component, which explains why we are
interested in the ergodicity properties of such processes. In addition, using a coupling argument
based on the DONNELLY-KURTZ modified look-down (see Section [I.2.1.2) it is possible to obtain
strong ergodicity bounds (see ) and an explicit construction of the invariant measure.

1.2.2 Slow-fast asymptotic analysis

To prove convergence in the framework of slow-fast dynamics (also called stochastic singular
perturbations), different techniques can be used. All these approaches are based on compactness-
uniqueness arguments and consist in identifying and characterising the limit of the fast com-
ponent, which requires ergodic properties, in order to establish the convergence of the slow
component and identify its limit. In other words, the fast component is only a tool to study
the behaviour, of the slow component which is the main study. In Section [1.2.2.1] we present
the perturbed test function method and some derived extensions. In Section [1.2.2.2] the KURTZ
stochastic averaging method is presented. This approach, which we take care to detail, will be
exploited in this thesis.

1.2.2.1 The perturbed test function and derived extensions

Firstly, the method of the perturbed test function, initially proposed by PAPANICOLAOU,
STROOCK and VARADHAN in [192], identifies the generator of the limit process with a martingale
approach whose idea is the following. If we consider a family of stochastic processes ((X,Y*))_.
of generator L where X¢ is the slow component and Y¢ is the fast component in the form
Ye(t) = Y (t/e) where Y is a MARKOV process, the slow-fast problem consists in identifying
the limit process of X¢ using ergodicity properties of the fast dynamics. Assuming that the
family (X¢),. is tight, we consider X a limiting value. We can expect to characterise X with a
martingale problem derived from the martingale problem of (X¢,Y®) provided that the solution
to this problem is unique. We would then obtain the convergence of X¢ to X in law. However, for
multiscale singular problems, the convergence of Lp ((Xf,Y;?)) when ¢ — 0, for a test function
¢ depending only on the X component, does not (in general) take place because it contains
diverging terms in €. To overcome this difficulty, firstly the idea is to decompose the generator
LF in the following form L = %L1 + Lo where L is the infinitesimal generator of the MARKOV
process Y in the variable y and Lg the operator of the slow component depending on slow and
fast variables. Secondly, the idea is to perturb the initial test function ¢(x) into a test function
o (z,y) = p(x) + ep1(z,y) such that

. o
Lg® = LLl + LO} (¢ +ep1) = (Lipr + Lop — Low) + Lop + eLog (1.45)
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because of Lip = 0 and where L is the operator of the limit slow component averaged by the
unique invariant probability measure of the limit fast component Y. Provided that ¢ solves the
PoOI1SSON equation (with respect to L; and the variable y)

Ligr + Loy — Lop = 0, (1.46)

we deduce that Lf¢® = Lop + O(g). Then, ¢(z,y) — p(x) and Lep°(x,y) — Lop(z) when
e — 0 as expected.

The perturbed test function method has been extended in [22] [145] [146] and in the books
[T00, Section 6.3], [147]. Many other references apply the perturbed test function strategy in
various settings: in finance [101] in transport problems as in [I192] or in [56] where the tightness
of the fast component is established using its occupation measure. Similar methods are used in
homogenisation [192, [17, 193] (see also [16] which exploits spectral and semi-group properties in
addition), and in stochastic stability and control [147].

The perturbed test function method has also been extended to analyse the behaviour of
random perturbed systems of the form

dX; = A(X;,YS)dt+ o (X7, YsE)dW,, X§ = o,

dYf = IB(X],YF)dt+ oo (XF, YY) dWs, Y5 = o,

for some smooth functions A, B, o, p : R? — R, (Wt)y>0 & 1—dimensional Brownian motion and
x0, Yo € R. Assuming that the fast equation with frozen slow component x

dY;"Y = B (z,Y;"Y) dt + o (2, ;") dW, Yy =,

admits a unique solution Y*¥ for all z,y € R, and that there exists two smooth mappings
A,7 : R — R such that for all T > 0, for all z,y € R,

|

where limp_, ;oo a(T) = 0, KHASMINSKII proves in [136] that (Xa)ae(ﬂ,l] converges in probability,

1 T
’T/o E(A(z,Y,""))dt — A(z)| < o(T) (1 +|z|?)

. (1.47)
/O E (02 (z, Y{"")) dt — 7%(z)

< a(T) (1 + ]a:\Q)

Nl =

as € — 0, to the solution X of the averaged equation

dyt = A(Xt) dt-i-ﬁ(yt) th, YO = Xp.-

The weak convergence proof from (X¢)_. (0] to X consists in proving the tightness of the family
(XE)EE(O’I] and then identifying the limit using the martingale problem associated with the
averaged system. The convergence in probability relies on the ergodic conditions . Others
extensions of KHASMINSKII's approach are proposed in [192) 210, 137, 193] 35} [34] 109} 106, 110,
1051 (3], 107].

1.2.2.2 The Kurtz stochastic averaging method

In the first two paragraphs of this section, the arguments and multiple applications of the
KURTZ method are presented. Finally, in a last paragraph, this original method is implemented
in relation to the case studied in this thesis.
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Chapter 1. A detailed introduction

Arguments of Kurtz’s method. An important method of the stochastic averaging, in a
generic framework, was proposed by KURTZ in [144]. The main idea consists in exploiting the
occupation measure I'® of the fast component Y¢ which is formally defined for all ¢ > 0, for any
Borelian B by

T ([0,4] x B) = /OtnB (Y) ds,

and to establish the convergence of the couple (X¢,I'°) when e — 0 using compactness-uniqueness
arguments. Proceeding in this way, it allows us to escape the difficulties created by the fluctua-
tions of the fast component and avoids to obtain tightness result of the “slow-fast” couple
(X¢,Y¢). The proof can be divided into four steps:

e The first one consists in establishing uniform tightness of the sequence of laws of the
couple (X¢,T°).

e The second one consists in establishing a martingale problem for any limiting value of
the family of laws of the couple.

e The third one is based on establishing the uniqueness of the limiting value of I'® expressed
in terms of the limit X of X¢ which is given. The characterisation of the limiting value
I" of I'® is usually based on ergodicity arguments.

e Finally, the last step is to establish the uniqueness of the martingale problem for the slow
component limit X when I' is given as above.

As will appear in Section the KURTZ approach seems to be better adapted to our situation
than the perturbed test function method.

Applications of Kurtz’s method. Many approaches are based on it: for trait and age-
structured populations in [I67], in a medical setting with hematopoiesis in [28] or the deve-
lopment of ovarian follicles in [9], for Piecewise Deterministic MARKOV Processes (PDMPs) in
the predator-prey setting in [54], for some simple constrained MARKOV processes in [108] or in
adaptive dynamics context with [I19, 19]. Note that in [I19], GUPTA ET AL, give a new proof of
the convergence of the IBM to the TSS (see Theorem that skips many technicalities lin-
ked with fine approximations of the IBM. In [19], they consider a finite population where each
individual is characterised by a trait under selection and completely linked neutral (genetic)
marker. They consider a large population limit with rare mutations under the assumption that
the neutral marker mutates faster than the trait under selection. They prove the convergence
of the IBM to a new measure diffusive process with jumps, called Substitution FLEMING-VIOT
Process (SFVP) generalising the TSS. KURTZ’s averaging method is also used for chemical reac-
tion network in [8, 199, 133 197, 198]. In [8], an application of a cell’s viral infection is proposed.
Using a compartmental model, [199] situates in a neuroscience setting and describes fast axonal
transport, whereas [197, [198] study the effects of fast spatial movements of molecules on the dy-
namics of chemical species. In the setting of chemical reaction network modelised by MARKOV
chain models, they authors proved in [I33] a central limit theorem to capture the fluctuations
of the original model around the averaged model.

Implementation of Kurtz’s method. In order to be self-contained, we present three
technical lemmas as well as the main theorem of [I44] in the particular case of real-valued slow
component and real probability measure-valued fast component, which is the case studied in
this thesis. We propose to give a proof of this theorem, assuming the technical lemmas are
granted, whose approach will be the one followed in this thesis. Since these results are based on
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compactness-uniqueness arguments, we recall some definitions.

Definition 1.2.16. Let E be a Polish space and B(FE) the BOREL o—field on E. A family 11 of
probability measures on (E,B(FE)) is relatively compact for the topology of the weak convergence

if

* law
V(P)pen €IV, 3P €I, 3x:N* AN*, Py, ———P.

A family 11 of probability measures on (E,B(E)) is tight if
Vn >0, 3D, C E compact, VP €1I, P(Dy)>1—n.

PROHOROV’s theorem [20, Theorems 5.1 and 5.2] ensures that on a Polish space, the notions
of relative compactness and tightness are equivalent, i.e. the family of probability measures Il on
(E,B(F)) is relatively compact if and only if II is tight. Recall that M (R), the set of probabi-
lity measures on R with respect to the BOREL o—field B(R) which is endowed with the topology
of weak convergence making it a Polish space [20].

We denote by M, (M7 (R)) the set of measures I' on Ry x Mj (R) such that for all ¢ > 0,
[ ([0,¢] x M; (R)) = t. For any t > 0, we denote by M}, (M; (R)) the set of measures I' €
M, (M1 (R)) restricted to [0,¢] x My (R). For all T" > 0, we denote by D ([0,T], E) the space
of E—valued functions that are right-continuous on [0, 7] and have left-hand limits.

Lemma 1.2.17. Let T > 0. A sequence of MY (M (R)) —valued random variable (I'n),,cxs
is relatively compact if and only if for each e > 0 and each t € [0,T] there exists a compact
D C M1(R) such that inf,en« E (T, ([0,t] x D)) = (1 — e)t.

Lemma 1.2.18. Let T > 0 and ((zn,Tn))pen € D([0,T],R) x ML (M1 (R)) such that
(xn, Tp) e (z,T) in the SKOROHOD topology. Let ¢ € € ([0, T] x M;(R),R). Define

///Vh(]R (xn(s), ) 'y (ds,dp), u(t) = /Ot/Ml(R)w(x(3)7ﬂ)1“(ds,du)

zn(t) =T ([0,¢] x M1 (R)) and z(t) :=T ([0,¢] x Mi(R)).
(a) If z is continuous on [0,t] and lim,_s 4o 25 (t) = 2(t), then limy,_ 400 un(t) = u(t).
(b) If (zn,2n, ) e (z,2,T) inD([0,T],R x R) x ML (Mj (R)), then

($n, Zny Un, Fn) m ('7;7 Z, U, F)

inD ([0, T],R x R x R)x ML (Mj (R)). In particular, lim,, oo u,(t) = u(t) at all points
of continuity of z.
(c) The continuity assumption on v can be replaced by the assumption that v is continuous

a.e. vy for each t where vy € Mp ([0,T] x M1(R)) (the set of finite measures on [0,T] x
Mi(R))) is the measure determined by

(A x B) =T ({(s,y)|z(s) € A,;s < t,y € B}).
(d) In both (a) and (b), the boundedness assumption on 1) can be replaced by the assumption

W(r) = 400

that there exists a non-negative convex function ¥ on Ry satisfying lim,_, 1
such that

sup / /Ml W (|4 (2a(s), 1)) T (ds, dpr) < 00

neN*
for each t > 0.
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Theorem 1.2.19 (Kurrz [144]). Let T > 0 and ((Xpn,Yn)),cn+ e a stochastic process with
sample paths in D ([0, T],R x M1(R)) adapted to a filtration (Fn(t))icio - Assume that:
(1) (Xn),ene satisfies the compact containment condition:

Vn > 0,3D C R compact, Vt € [0,T], igl\fl’*P(Xn(t) €D)>1-n,
(2) the family of laws of the marginal random variables (Yn(t))te[O,T],neN* is tight on My (R),
(8) there is an operator A : D(A) C €0 (R,R) — %Y (R x M;(R),R) such that for all
f € D(A) there is a process &} for which

ML) = § (5l = £ (60) — [ A7 (a9 ValeD ds ) (149

is an (Fn(t))yepo,r) —martingale,
(4) D(A) is dense in €L (R,R) in the topology of uniform convergence on compact sets,
(5) for all f € D(A), there exists po > 1 such that

T
supIE(/ |Af(Xn(t),Yn(t))p°dt> < o (1.49)
neN* 0
and
lim E( sup /(1) ] =0. 1.50
oo (te[o,pﬂ ()D (1.50)

Let Ty, be the MY, (My (R)) —valued random variable defined for all t € [0,T], for any borelian
B by

T, ([0,4] x B) = /OtnB (Yiu(s)) ds.

Then, the sequence of laws of ((Xn,Tn))pene s tight in My (D ([0, T],R) x ML (M (R))
and for any limiting value Q of this sequence, the canonical process (X,T') on D ([0,T],R) x
ML (M (R)) satisfies that for all f € D(A),

N (1) = [ (X(1) = [ (X(0)) — /Ot /MI(R) Af(X(s), p) T(ds,dp) (1.51)

1s a Q—martingale.

In order to characterise the occupation measure limit I', KURTZ gives, in the following lemma,
a desintegration result for I'.

Lemma 1.2.20. Let T > 0 and T' € ML (M1 (R)). There exists a random probability measure-
valued process (Vt)yepo, 1y that is predictable in (w,t) and such that for all bounded measurable
function ¢ : [0,T] x M1(R) — R,

/Ot/Ml(R)w(87U)F(dS7dM):/(:/MI(R)w(S,M)%(dM)dS'

Proof of Theorem |[1.2.19. The proof is divided in six steps. In Steps 1 and 2, we establish res-
pectively the tightness of the family of laws of (Xy), ey« and (I'n),, ey« In Step 3, we deduce
the tightness of the family of laws of ((Xy,I'n)),cn+- In Step 4, we prove uniform integrability
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results for a family (Nr{(t))te[o T),neN*

constructed from X, and T, similarly as N/ (¢) in 1'
Step 5 is devoted to establish the convergence in distribution from (N,{ )

nens 0 N7.In Step 6,
we prove that the limit N/ is a martingale.

Step 1. Tightness of the family of laws of (X,,),cy. on D ([0,7],R). Let f .
For all n € N* and for all ¢ € [0,T], let us consider the two processes YV, (t) := f (X,(t)) and
Z,(t) defined by the relation

Valt) = Ya0) + [ Za(s)ds + M (1)

where M is the martingale given by (1.48)). Note that from (1.49) and (1.50), there exists a
constant C' > 0 such that

T 1/po
sup E [(/ | Z(s)[P° ds>
neN* 0

<C

T
1+ sup E ( | 147 (as). Yo ds)

neN*
+ sup E| sup ‘6‘7{(25)‘
neN* t€[0,T]

< Q.

Hence, from [94, Theorem 3.9.4], the family of (M), cn», on D ([0, 7], R) is tight. From Assump-
tions (1) and (4), we deduce from [94, Theorem 3.9.1] that the family of laws of (X;), ¢y is
tight on D (][0, 7], R).

Step 2. Tightness of the family of laws of (I',), .y on M (M;(R)). Let n > 0 be fixed.
From Assumption (2), there exists D?{ C Mi(R) compact such that for all ¢ € [0,7],n € N*,
P (Ya(t) € D) > 1 —1n. It follows that for all t € [0,T7], n € N*,

E (T» (0,4 x D)) :/OtIP)(Yn(s) € D) ds > t(1—n).

Therefore the tightness of the family of laws of (I'y), ey« follows from Lemma

Step 3. Tightness of the family of laws of ((X,,I')),cn- on D ([0, 7], R)x MZ (M (R)).
From Steps 1 and 2 and PROHOROV’s theorem, we deduce that the family of laws of the couple
((Xn,Tn))pene is relatively compact in My (D ([0, T],R) x ML (M1(R))).

Step 4. Uniform integrability. Let us consider (N,{(t))
fined for all f € D(A) by

t€[0,T]’ the stochastic process de-

N0 = £ (X(0) — £ ((0) = [ AF (Xa(s), Ya(s)) ds
= FO0) = FO) = [ AT 0.0 (s ).
From and [213, Chapter 13], (Ng)neN* is uniformly integrable.

Step 5. Almost sure convergence of (ﬁ,{) o to N/. From Step 3, there exists a
n
probability measure Q on the canonical space D ([0, T],R) x ML (M;(R)) and an increasing
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function x : N* — N* such that the subsequence of laws of (( NOY (n)))nGN* converges weakly

to the limiting value Q when n — +oo. From SKOROHOD’s representation theorem, there exists a

probability space on which we define the families (Xx(n)) - and ( x(n )) o and X r copies
n

ne
of (XX(”))nGN*’ (FX(n))nEN*’ X and I" under Q such that the sequence (( )s x(n))) o
n
converges a.s. to (X, F) when n — +o00. Note that for all ¢ € [0, 7],

Ty ([0,] x My(R)) =t —2*— ¢t =T ([0, ] x My(R)).

Applying Lemma [1.2.18 (b)(c)(d) with the function ¥(z) := 2P°, we deduce from (1.49))
that for all f € D(A), for all t € [0,T], a.s

) o ) Byt = [ [ ar (Reo.) Ffasa

and thus, the sequence (N)J:(n)) . COnVerges a.s. to the process N/ where N){(n) (t) and N7 ()
are respectively defined for all n € N*, ¢ € [0,T] and f € D(A) by

~

Nl =1 (X)) = 1 (X)) - | t /MR) Af (Xu(s), 1) Tu(ds, dp),
N0 = £ (X)) - £ (K0) - [ g oy A (XC0)p) Pt ).

In particular, N7/ and N7 have the same distribution under Q and (N )’; (n)) e Converges in
n
distribution to N7.

Step 6. N/ is a Q—martingale. Let us consider the filtration (]?"(t))te[o 1 defined by

Folt) =0 <3(vn(s),fn ([0,s] x H) ‘ s<tHEe B(./\/l1 (R ))) and (fi);<;<,» ¢ € N* bounded Lip-
scHITZ functions from R to Rand 0 < ¢; < --- <t, < s <t Forall n € N*, ¢t € [0,T], note that

Mg(t) = N}:(t) +E/(t)is a (fn(t))te[o - —martingale from (|1.48]). Hence,

( Hﬁ(nn‘DZEG@m@fVNM%NW)

As for all i € {1,---,q}, fi is LIPSCHITZ and since the error term g,{(t) satisfies |i there
exists a constant C' > 0 such that

B (|5 (W () = £ (30 (00)[) = 2 (

$i (B (09 = &Ly () = 5 (WL (00) )

~ '
<0E(g@ﬂm)
which goes to 0 when n — +oo. We deduce that for all u € {s,t},
q
f ) S B NG (NS .

From Steps 4 and 5, we deduce that

~ 4 ~ ~ q .
E (Nf(t) I % (Nf(tz'))> =E (Nf(S) IT 7 (Nf(ti))) :

=1 =1
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Hence,
q q
E (Nf(t) I1 7 (Nf(ti))) =E (Nf(s) I1 7 (Nf(ti))) :
i=1 1=1
Since the last property is true for all ¢ € N*, 0 < ¢; < --- <ty < s < t and for all bounded
L1pscHITZ functions (fi);¢,<, from R to R, the monotone class theorem ensures us that

E (Nf(t) o (N () |u < s)) = NI (s).

Hence, N/ is a Q—martingale which ends the proof. O

1.3 My contributions

This thesis is divided in two parts, which are the content of Chapters [2] and [3| The topics
are related, however, the chapters can be read independently from each other. In the first part,
we study the centered FLEMING-VIOT process defined as the original FLEMING-VIOT process
shifted by minus its empirical mean. Our goals are to characterise it with a martingale problem,
to establish (strong) ergodicity properties and to characterise its invariant probability measure.
This part corresponds to the publication [41].

N. CHAMPAGNAT and V. HASS. Eristence, uniqueness and ergodicity for
the centered Fleming-Viot process. To appear in Stochastic Processes and
Their Applications (https ://doi.org/10.1016/j.spa.2023.09.006).

In the second part of this thesis, we study the long term behaviour of the stochastic IBM,
defined in Section where mutations are frequent, in the double limit of large population
with small mutational effects proving convergence to the CEAD. This result is based on a slow-
fast asymptotic analysis where we use an averaging method inspired by KURTZ (see Section
. The contribution of the fast component, which converges to the centered FLEMING-
VIOT process, is obtained by averaging according to its invariant measure, characterised in
Chapter 2| This part corresponds to the preprint [40]

N. CHAMPAGNAT and V. HAss. Convergence of individual-based models
with small and frequent mutations to the canonical equation of adaptive
dynamics. Preprint (https ://arxiv.org/abs/2303.09936). 2023. Submitted to
Annals of Applied Probability.

This section is organised as follows. In Sections [I.3.1] and [I.3.2] we present respectively the
main results of Chapter [2| and [3| as well as our approach. Finally in Section [1.3.3] we propose
several natural prospects to this thesis.

1.3.1 From Chapter

In Chapter [2, we are interested in the centered FLEMING-VIOT process (Zt)t>0 defined by
Zy »= T_(ia,y;) i Yi, where (V) is the original FLEMING-VIOT proces. As the previous works on
the original FLEMING-VIOT process (see Section, it is natural to ask question of existence,
uniqueness and ergodicity when the mutation operator is the Laplacian on R. We establish
existence of the centered FLEMING-VIOT martingale problem exploiting the martingale problem
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of (Y;);5o (see Section . We prove uniqueness for initial conditions admitting finite mo-
ments using a weakened version of the duality method (see Section , allowing us to prove
uniqueness for . Finally, we establish strong ergodicity properties of (Zt)t>0 that extend the
weak ergodicity results obtained in Section Based on a variant of the DONNELLY-KURTZ
modified look-down (see Section , a characterisation of the unique invariant probability
measure 7 of (Z;),- is also given.

This section is organised as follows. In Section we define the martingale problem
for the centered FLEMING-VIOT process and establish our existence result. In Section [[.3.1.2]
we give the necessary ingredients to prove uniqueness to the centered FLEMING-VIOT martin-
gale problem for initial conditions admitting finite moments and we discuss this assumption.
Finally, ergodicity properties with exponential convergence in total variation for the centered
FLEMING-V1OT process and a characterisation of 7 are established in Section

1.3.1.1 Existence for the centered Fleming-Viot process

Centered Fleming-Viot martingale problem and main result. Recall several nota-
tions that we use repeatedly in the sequel. For a measurable real bounded function f and a
measure v € M;(R), we denote (f,v) := [p f(z)v(dz). We denote by id the identity function.
We denote N := {0,1,2,---} and N* := N\ {0}. If E; and E» are two metric spaces, then for
all £ € N, we denote by ¢* (E1, Es) the space of functions of class €* from E; to F5. We denote
(Q, F, (]:t)t>0) the filtered probability space where

Q:=%°([0,400), M1 (R))

is endowed with the SKOROHOD topology, F is the associated BOREL o—field and (F%), is the
canonical filtration.

The centered FLEMING-VIOT process is a measure-valued diffusion in

which is endowed with the trace of the topology of weak convergence on M;(R). We consider
the filtered probability space (ﬁ, F , (.ﬁ) ) where

t=0

Q= {X € ¢° ([0, +00) , MT*(R)) ’ VT >0, sup (id* X;) < oo}

o<t<T

is endowed with the trace of the SKOROHOD topology on (2, F is the trace of the o—field F
and (.7-})t>0 is the trace of the filtration (F3),o. For all k € N and for all 4 € ./\/lgf’2(R), we also

denote
Mi(p) = (Jid|*, 1) (1.52)

the k™™ moment of p. For all F € €2 (R,R) and g € €2(R,R) we denote for all v € M;(R),
Fy(v) == F ({g,v)).

Definition 1.3.1. A probability measure P, € M; ((Z) is said to solve the centered FLEMING-
VIOT martingale problem with resampling rate A € (0,4+00) and with initial condition p €
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MS2(R) if the canonical process (Xt)io on Q satisfies Pu(Xo = p) = 1 and for each F €
¢?(R,R) and g € €2(R,R),

MF(g) == F, (X,) — F, (Xo) /O LeveF, (X,)ds (1.53)

with for all w € M$*(R),

/

LrveFy(@) = F ({g,2)) (5 ) + 2 (9" 0) Ma(em) ~2(g' x id, ) )

+AF" (9, @) ({6 @) — (9, @) + (¢, @)" My (w) — 2(¢, @) (g x id, =)

(1.54)

is a continuous IP,—martingale in L? (ﬁ) with quadratic variation process

(M"(9)) —2>\/ [F' (9. X)]* [(¢%. Xs) — (9, X,)?

+<g,X> My (X3) = 2 (g, Xs) (g x id, X,)] ds.

Note that a major difficulty comes from the presence of terms in Ma(u) in . We will
see in particular that this leads to the creation of particles in the dual process. Note also that
the operator given by is the generator (in the sense of DYNKIN) of the M‘i’z (R)—valued
centered FLEMING-VIOT process.

Remark 1.3.2. The additional terms in the martingale problem (1 with respect to the mar-
tingale problem (1.27)) describe the zmpact of centering and ensure that at all times the centered
FLEMING-VIOT process remains M$*(R)—valued.

Let us define by 7, the translation operator of vector a € R. For all p € M;(R), for all

A € B(R),
Tat i(A) = p (77 1(A)) :,u({x—a x € A})a

where § is the pushforward operator (7.4 p is the pushforward measure of p by 74).

The main result of this section is the following;:

Theorem 1.3.3. Forallu € /\/li’2(R), there exists a probability measure P, € M1 (ﬁ) satisfying
the martingale problem of Deﬁnitionm given by the law of the process (Zt)t>0 defined by

Zy =T oyt Ve =Y (- + (id, V), t>0 (1.55)
where (Y1), 4s the original FLEMING-VIOT process.

Note that the characterisation of the centered FLEMING-VIOT process with our martingale
problem approach is new. The definition ((1.55)) justifies the term “centered FLEMING-VIOT pro-
cess”.

Sketch of proof of Theorem [1.5.5 Our method is to exploit the original FLEMING-VIOT
martingale problem ((1.27)) and asymptotic expansions of Fy, (Zy11) — Fy (Z;) when h — 0. An
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additional difficulty occurs in our case since we need to apply the original FLEMING-VIOT mar-
tingale problem to predictable test functions which we do by classical methods based on regular
conditional probabilities.

Following the approach of Section [1.2.1.3] we then extend the martingale problem of Defini-
tion [I.3.1] to polynomial test functions.

Definition 1.3.4. The probability measure P, € My ((NZ) is satid to solve the centered FLEMING-
VIOT martingale problem for polynomials with resampling rate A and with initial condition
1 e MS?(R), if the canonical process (Xt)i=0 on Q satisfies Pu(Xo = p) =1, for all n € N*,
and for each f € €2(R",R),

— t
N () = (X0 = (155 = [ LrvePpa (X) ds (1.56)

with for all w € M$*(R) and f € G2(R™,R),

LivePrn(w) = (BWf,™) + A3 N (@i f, @™ ) = (@] + A3 > (Kijf, =)

i=1j=1 i=1j=1
JFi
(1.57)
is a continuous IP,—martingale in L? (Q) where, for alli,j5 € {1,--- ,n},

o &, CZ(R"R) — CZHR" 1, R), withi # j, is the function obtained from f by inserting
the variable x; between x;_1 and x; when ¢ < j and by inserting the variable x;_1 between
xj—1 and x; when t > j:

©’L,jf (xla e 7xn71) = f ('Ila L1, Ly Ty Ljp1y " ;xnfl) 1< ]

(Di’jf(xl’ o ’xnil) = f(xl’ X1, Xig—1, T, Tj41, """ 7xn71) 7> ]
o Kt %I?(RnaR) — €2(R"TL R) is defined as

Ki,jf(ﬂ?l, e ,.fL‘n,fL’n+1> = a?]f(xla T 73;71)1:?1—‘1-1‘

Compared to the original FLEMING-VIOT process of Definition we require more regu-
larity here by taking functions f € %2 (R",R). This is due to the operator K; ;.

Theorem 1.3.5. Forall u € Mf’2(R), the probability measure P, constructed in Theoremm
satisfies the martingale problem of Definition [1.3.4]

1.3.1.2 Uniqueness for the centered Fleming-Viot process

As for the original FLEMING-VIOT martingale problem, we will prove uniqueness to the mar-
tingale problem by relying on the duality method (see Section. However, additional
difficulties occur in our case since bounds on the dual process are much harder to obtain and
the duality identity cannot be proved in its usual form. As a consequence, our uniqueness result
only holds for initial conditions admitting finite moments contrary to the original approach.

Main result.

Theorem 1.3.6. The centered FLEMING-VIOT martingale problem (1.53|) has a unique solution
if the initial condition has all its moments finite.
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We comment on the assumption on the moments of the initial condition in the sketch of the
proof given below.

Duality and sketch of the uniqueness proof. Our proof of Theorem [1.3.6is based on
the duality method as proposed in Section [1.2.1.3] From (|1.57)), the operator Ly, applied on
the function Py, defined in (1.30)) with fixed f and n € N*, satisfies the following identity:

LrvePrn() = (B ") X 30 30 (@i ™) = (£o")]
Z Z Kij fo "y = (f, ™)) 4+ An? (f, 1™

1j=
=: L3 Pp(p) + An® (f, ")

(1.58)

We note that Z’} can be seen as an operator acting on the function f — Py, (1) with fixed
. The operator Z} can be interpreted as the generator of a stochastic process on the state

space C := Unen+ €2 (R™, R). Following Section [1.2.1.3/and ETHIER-KURTZ’s works [89] [01], this
suggests to introduce a dual process (&), of generator L% and to prove a duality relation of

he form:
t w20, B ({6 X)) =& ({0 e (0 [ 1P@an))  (5)

where M := (M(t)),5, is a MARKOV’s birth and death process in N whose transition rates g; ;
from ¢ to j are given by:

(1) Gnni1 = An? (2) gnn-1=An(n—1) (3) gi; = 0 otherwise.

It is standard to prove that this birth and death process is non-explosive. It is known that the
relation ([1.59)) implies uniqueness [94, Theorem 4.4.2]. However in our situation, it is difficult to
obtain the strong version . For technical reasons, we will obtain only a weakened version.
The main difference that explains this difficulty, compared to Section is that the process
(M(t));5o is not a pure death process. Indeed, because of transition rate (1) of M, there is
creation of particles in (ét)t>0 which corresponds to the operator K; ;. Therefore, the proof will
be divided in two large steps.

Step 1. Construction of the dual process (§t)t>0- The relation suggests that the C—valued
dual process (&), jumps, for all i,j € {1,---,n} from f € G2(R",R) to K; ;f € ¢*(R"*!,R)
at rate A and if i # j, from f € G2(R™,R) to ®; ;f € €2(R"" 1, R) at rate . Moreover, note that
if n = 1, the dual process can only jump from f € €2(R,R) to K; jf. Between jumps, this dual

process evolves according to the semi-group of operator (T(") (t))t>0 associated to the generator
B™ defined by

B™ f(x) = %Af(a:) _ON(Vf(2)-1)(x-1), x€R"

where we denote by 1 € R", the vector whose coordinates are all 1 and by A the Laplacian
operator on R"™. In this thesis, we will give an explicit expression of the semi-group (T(”)(t)>t>0
defined as an integral against Gaussian kernels whose expression is more sophisticated than
(1.34)). This representation will be derived from a probabilistic interpretation of the semi-group
using a FEYNMAN-KAC’s formula. We then define the dual process as follows:
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Definition 1.3.7. For all M(0) € N*, for all § € 42 (RM©),R),

& = TMT) (¢ — 2 ) Ay TMEn=0) (7 — 10 Y Ay -+ A TMOD (1) &,
Tn<t<7-n+1a TLEN,
where (T,,),,cn 15 the sequence of jump times of the birth-death process M with 1o = 0 and where

(An),en 95 a sequence of random operators. These are conditionally independent given M and
satisfy for allk e N, n > 1 and 1 <i# j < n,

- 1
P(AF% (M) =M () =n 1)) = Loty
and for alln >1 and 1 < 1,57 < n,
P<Ak=Ki,j {M(Tk—):n,M(Tk):n—i—l}):n—

Step 2. Weakened duality relation. We consider fixed M (0) € N*, & € €2(RM() R) and
(Xt);>0 a stochastic process whose law P, is a solution of the martingale problem with
1€ MS%(R). We introduce a dual process (&t)¢>0 independent of (Xi),., built on the same
probability space (enlarging it if necessary). We shall denote by P, ¢;), the law of ((X¢,&t)),~0
on this probability space. For any k € N, we introduce the stopping time

O, = mf ‘M >k oor dsel0,4, (&, M(S>>k}. (1.60)

Theorem 1.3.8. Given any (Xt),5q, (&)io as above, we have the weakened duality identity :
for all k € N and any stopping time 6 such that 6 < 0,

V20, Eue ({60 Xins ) = Eugo) (<§tA97X0( )>eXP<)\ "

Mz(u)du>) . (1.61)

0

Note that this result holds true for any initial measure p € Mi’Q(R). The stopping time 60
ensures that each of the quantities involved in are bounded and thus that their expecta-
tions are finite. Afterwards, we want to prove that if two solutions of the martingale problem
satisfy the weakened duality identity, then their 1—dimensional marginals coincide. This is where
we need stronger assumptions on the initial condition .

Lemma 1.3.9. Assume that p € Mﬁ’Q(R) has all its moments finite. Then, the stopping time
Or defined by (1.60) satisfies limy_, 1o Ok = +00, P(,¢,) — a-s.

We will see in Remark [2.6.5of Chapter [2|that the assumption on p is optimal in the following
sense: even if & is bounded, & may have polynomial growth of any exponent k£ in some direction
of RM(®) g0 that <|§t\ M (t)> is infinite if ;¢ has infinite &*" moment. This shows that we cannot
expect to have 0, — +0o when k — +oo if p has not all its moments finite. This means that
we cannot expect that the duality method could give uniqueness for weaker assumptions on the
initial condition.

Once Theorem and Lemma [1.3.9] are proved, the proof of uniqueness of the cente-
red FLEMING-VIOT martingale problem ([1.53) can be completed in similar way to the one of
Theorem [[.2.5]
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1.3.1.3 Ergodicity for the centered Fleming-Viot process

In this section, we establish ergodicity properties with exponential convergence in total varia-
tion for the centered FLEMING-VIOT process (Z;),-- Recall in the case of the original FLEMING-
V10T process, standard duality arguments provide weak ergodicity estimates (see ((1.40))). Here,
we extend the weak ergodicity results obtained in [205, [91] using a coupling argument to obtain
strong ergodicity properties (see ([1.41])) which is an original contribution to the current litera-
ture. We also prove an explicit construction of the invariant probability measure from a variant
of the modified look-down.

Exponential ergodicity in total variation. For all u,v € M;(R) the total variation
distance between p and v, is defined by

1
lp =vlirv = sup |u(B) —v(B)| =5 sup [(f,u)—(fv)].
BeB(R) £l <1

The main result of this section is the following:

Theorem 1.3.10. There exists a unique invariant probability measure m € My (MTQ(R)) for
(Zt)4=0 and constants «, B € (0,+00) such that for all p € MS2(R), for all T > 0,

Py (Zr € -) = 7|l py, < exp (—5T).

To prove this result we proceed according to the following sketch of proof. Let us begin fixing
N € N* and denoting Mﬁv(R) = {,uN € M n(R) ‘ <id2,uN> < oo, (id,un) = 0}.

Sketch of proof of Theorem [1.3.10

e In Step 1, we construct the centered N—MORAN process (ZtN)
N—MORAN process (YtN)t>0 defined by 1} as:

;>0 from the (original)

zN = T—(id,YtN)ﬁYtN’ t=>0
and we prove the following result:

Proposition 1.3.11. For all initial condition Z}' := %va:lcsvi € MT?V(R) with
(Vi)i<icn exchangeable R—valued random wvariables such that Z{ converges in law to
Zy € MT’Q(R) as N — 400 and satisfying supNeN*E(<id2,ZéV>) < 00, the centered
MORAN process (Ztlv)t>0 converges in law on €° ([O, +oo),M§’2(R)), as N — o0, to
the centered FLEMING-VIOT process (Z),5q solution of the martingale problem
with initial condition Zy.

Note that this proposition extends the convergence result [60, Theorem 2.7.1] from
the N—MORAN process to the original FLEMING-VIOT process.

e In Step 2, we construct backward in time, the original and centered N —MORAN processes
whose their genealogies are exactly determined by KINGMAN’s coalescent with coalescence
rate 2 (see Section . The state of the population at the final time is constructed
from the ancestral positions by following the genealogy and adding mutations on the
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genealogical tree of the population according to standard Brownian motions. Therefore,
at the final time, the position of each individual of the population is equal to the sum
of the position of its ancestor at time 0 and the Brownian mutation steps that occurred
during its ancestral branches in the coalescent.

e In Step 3, we couple (see ([1.43))) two centered N—MORAN processes from different initial
conditions but with the same KINGMAN genealogy and the same mutations in order to
establish a.s. coupling of the two processes on the event where the KINGMAN’s coalescent
describing the genealogy has a single ancestor. The following exponential ergodicity result
follows.

Proposition 1.3.12. For all N € N* there exists a unique invariant probability measure
T € My (Mi?\,(R)) for (ZtN)t>0 and constants «, € (0,+00) independent of N such

that for all uy € Mi%\,(R), for all T >0,

H]P’MN (Z%V € ) - FNHTV < aexp (—0T).

Finally, we deduce Theorem [I.3.10| by letting N — oo and using Propositions [I.3.11]
and [1.3.12] In addition, these propositions allow to prove the convergence in law of
(TN) yen+ to ™ when N — 4-o00.

Characterisation of 7wy and 7. Another new contribution of our part consists in pro-
viding an explicit construction of my and 7 using an adaptation of the modified look-down
of Section for time running backward from 0 to —co up to the (negative) coalescence
time of the population T%,. Taking the same notations of Section this leads to de-
fine the vector of positions of individuals (Uy,--- ,Upn) := (U1 (0),--- ,Un (0)) from the vector
(Uh (T22) -+, Un (T2,)). We then construct the empirical distributions Y\, := & SN v

and its centered version Z = % SN | 0y, where V; == U; — % E;-Vzl Uj, © € N* and deduce

from Proposition |1.3.12( that Zé\gal is distributed as 7.

We then wash to let N — 4o00. The difficulty consists in establishing the exchangeability
property of the family (U;);cy~ which will allow to apply the DE FINETTI representation theorem
142, Theorem 12.26 and Remark 12.27] to prove existence of a random variable Y2°, such

that (Kgal) Nens converges a.s. when N — 400 to Y2y, Then, defining the random variable

235, € My () as
Zeoal = T (iaye,) 1Y coats

we prove that (Zé\gal)NeN* converges a.s. when N — +o00 to (Z55,) where (Z25 ;) has the law 7.

This characterisation of m make explicit the expression of the second moment under 7 given
in the next result. This point will be useful in our slow-fast analysis (see Section when
the limit slow component is averaged over the unique invariant probability measure of the limit

fast component which is precisely .

Corollary 1.3.13. We have fMC,z(R) Mo (p) m(dp) = 1/2A.
1

1.3.2 From Chapter

In Chapter [3] the stochastic IBM describing Darwinian evolution of asexual, phenotypic
trait-structured population of Section [I.1.3.2] is considered. Recall that its study is motivated
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by biological questions on adaptive dynamics as presented in Section and more specically in
Section The aim of this chapter is to describe, on the time scale 1/K o2, the evolutionary
dynamics of the mean trait (at the population level) as solution of the CEAD when mutations
(at the individual level) are frequent (p = 1) and under the simultaneous asymptotic of large
population (K — 400) and small mutations (¢ — 0). This convergence result from the IBM to
the CEAD can be reformulated into a slow-fast asymptotic analysis acting on two evolutionary
time scales. A slow scale corresponding to the dynamics of the mean trait and a fast scale
corresponding to the centered and dilated distribution of traits seen as a discrete version of
the centered FLEMING-VIOT process whose limit is characterised in Section The slow-fast
asymptotic analysis is based on KURTZ’s averaging method developed in Section [1.2.2.2]

This section is organised as follows. In Section [I.3.2.1] we present the main convergence result
to the CEAD. In Section we introduce the slow and fast dynamics involved in our IBM
and we give the heuristic leading to the CEAD. In Section we present some difficulties
encountered to prove our main result. Finally, in Section we develop our stochastic
averaging method inspired by the KURTZ averaging approach.

1.3.2.1 Main result

We consider the stochastic IBM of Section taking the probability of mutation p = 1
such that, now, we use the simplified notation v for v 1.9 Recall that v is a MAR-
KOV process taking values in My g (R) defined in (L.6). For all v € M;(R), let us denote by
Diam (Supp v) the diameter of the support of v. Let us denote by (A)’ the following two as-
sumptions:

(A1)’ The maps b : R? — Ry, and 0 : R — Ry are respectively in %2 (R?,R) and 672(R,R)
and there exists 0 < b,b, 0,60 < oo such that:

(A2)’ (a) There exists Ay, € (0,+00) such that the law m(z,dh) is absolutely continuous
with respect to the LEBESGUE measure on R with density m(z, h) centered and sa-
tisfies

Ve € R, V|h| = Ay, m(z,h) =0.

(b) For all a € R, for all ¢ € N, we denote by
me (@) = / (B[ m (a, h) dh
R

the ¢*® moment of the mutation law. We assume for £ € {2,4, 6} that m, is LIPSCHITZ
and there exists my, My € (0, +00) such that for all @ € R, m, < my(a) < .

Note that (A1)’ is exactly (A1) from Section [1.1.3.2

The main result of this thesis is the following:

Theorem 1.3.14. Assume (A)’ and for all K € N*, 0 € (0,+00), for some zy € R, for all
e {1,2,3},

<id, 1/5(’”> = o, and <(id —z0)%, Vg(’o> < O3 Kfo?
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for some C3, > 0. Assume that K — 400, 0 — 0 and 0 = o(K) such that
Je>0, VO >0, KOl « 5« K4, (1.62)

. . K,o
Then, for the SKOROHOD topology, the sequence of the mean trait processes ((<1d, I/t/K02>)t>0> i
converges in law in D (R4, R) when K — +oo, 0 — 0, to the unique deterministic process

($t)is0 € €° (Ry,R) with initial condition o := xo, which is solution to the CEAD:

0(y)
20(y, y)

In addition, we have the following support concentration property: for all T > 0,

y = OrFit(y,y) x ma(y). (1.63)

. K,o 1
sup Diam (Suppv;; < —= (1.64)
te[0,7) ( t/KUQ) K

holds with probability which tends to 1 when K — +00.

We recover the classical form of canonical equation (see Section [1.1.2.3)) and, more precisely,
the same canonical equation as in Section|1.1.4.2| (see Theorem|[1.1.6)). Note that ((1.64)) describes,

in some sense, when K — 400, the convergence of the population distribution (l/tf/{’I?UQ) to a

DIrAC mass. Note also that Theorem holds only for a certain range of o parameters (as
a function of K) given by which must be small enough but not too small either.

Finally, note that Figures [[.13] and [I.14] illustrate the convergence result to the CEAD of
Theorem In these figures, the CEAD describes the phase between the initial time ¢ = 0
and the time when the population stabilises in its equilibrium (at time ¢ ~ 10000 in Figure m
and ¢ ~ 40000 in Figure [1.14)).

Remark 1.3.15. We conjecture that the assumption o < K~ given by 1' is too restric-

tive and that it can be weakened by o K K=+, This conjecture is supported by the discussion
in Section [3.2.3.4] of Chapter 3| and constitutes a future prospect. This is motivated by the asymp-
totic expansion of the generator 1' given below, where the leading error term is o K32 M, ().

The aim of the rest of the section is to give a sketch of proof of Theorem [I.3.14] Since
o = o(K), we will use the notation v¥ to designate v7.
1.3.2.2 Slow-fast asymptotic analysis

In this section, we introduce the slow and fast dynamics involved in our IBM and we give

the heuristic leading to the CEAD (|1.63)).

Let a, € R and B(R) the BOREL o—field on R. Let us define respectively by 7, and h,, the
translation operator of vector av and the homothety of ratio a. For all z € R, for all A € B(R),

(ha © Ta) 62 (A) = da(z+a)(A) and (Ta © ha) #62(A) = baz+a(A),

where { is still the pushforward operator. Note that for all K € N*, any v € M g(R) has all its
moments finite. We define for all K € N*, M{ r(R) the set of centered probability measures of

M g(R). From the population process (th/( Kaz)t>0’ we introduce two evolutionary dynamics:
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e The slow dynamics, with value in R, corresponds to that of the mean trait defined by
K ‘1 K
zp = <1d, Vt/K02> .

e The fast dynamics, with value in Mg r(R), corresponds to that of the centered and
dilated distribution of traits defined by

1

K K _
= (o) 50y

Note that l/tK = (TZK S hm/f) ﬁ/‘gw?'

tKo2

Let us consider for all £ € N*,
M (R) = e My(R) | Me () < o id.p) = Of

where M;(v) is the /" moment of v defined in (1.52) and with the convention M, (u) = +oc if
i ME’K(R). Let us denote by B (E,R) the set of BOREL functions on the metric space E.

In the following, for all K € N*, we study the couple of processes ((th e )) >0 From 1’
and an appropriate change of variable, the infinitesimal generator of the process ((th ) ut)),

denoted by L£X is defined for all bounded measurable function ® from R x MS g (R) to R, by
LED (2, ) = KLO'Q / u(dx)/ w(dy)b (U\/f?iﬁ +z,0VKy + z)
R R
X [Cb (z—i— U\[/{K(y — Q?),T_%ﬂ [u— T K}) — @(z,u)]
+ KiQ/R,u(dx)G (O’\/El‘ + z) /Rm (O’\/Eﬂf + z,h)

O, n
X [@(z—f—(n/?hﬂ' h ﬁ[,u—éx—i- +ﬁ]>—®(z,u)] dh.

K3 wm KK
This leads to the following results.

Proposition 1.3.16. (1) If we consider a function f : (z,p) — f(2) € €2(R,R), the generator
L satisfies the following decomposition

1 M.
LXf(z,1) = Lsrow f (2, 1) + O <K2 + iéu) +oVEM; (M)) (1.65)
where the operator Lsr,ow, of the limit slow component, is defined from €} (R, R) to B (R X M‘f’z(R), R)
by

Lsvow f (2, 1) = f'(2) M2 (1) O Fit(z, 2). (1.66)

(2) If we consider a function F, : (z,u) = Fy(u) = F ({¢,u)) with F € €3(R,R) and ¢ €
%2 (R,R), the generator LK satisfies the following decomposition

0(z)ma(z)

K
LEF, (z,p1) = K202

z 1 3 M
Li\?(\/c)Fw(ZaM)+O(\/F+UK2M2 (H)—l-;(.u)ﬂ (1.67)
(2)

where E%VC is the generator of the centered FLEMING-VIOT process with resampling rate \(z) :=
b(Z,z) .
92)ma ()2 JPVEN by ((1.54]).
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From (|1.67)) and (|1.65]), note that the fast component (/,Lgo_gt)t>0 = ((h%ﬁ °T_(id VK)) ﬂuf)
Z VK it =0

moves on the evolutionary time scale K whereas the slow component (z§02 t) 50 = (<id7 v >) >0

moves over a much longer evolutionary time scale 1/K 2. The different time scales involved in
this model can be represented as in Figure [[.28 It follows that the fast component will be the
first to stabilise in its equilibrium state.

Birth/Death Centered and dilated Mean trait Time

Competition distribution

[Very fast] [Fast] [Slow]

FIGURE 1.28 — Different time scales involved in our IBM expected in the

original time scale of the process (utK ) =0

As the limit fast component is driven by a centered FLEMING-VIOT process, we expect
that it will inherit ergodicity properties as stated in Section where we established the
existence of a unique invariant probability measure 7 for the centered FLEMING-VIOT process.
In particular, we expect that the averaging principle applied to the drift coefficient in will
lead to the averaged drift

a1]:?1t (Zt, Zt) / M2 (u) WA(Zt)(dM) — M

= 01 Fit (z,
Ma(®) 27 (1) 1Fit (21, 2¢)

0(z)
2b(Zt, Zt) m2 (Zt)

where (2¢),5, is the limit slow component and the computation of the integral is given by

Corollary [1.3.13, Formally, by replacing My () by its mean value fMl(R) Mo () 73) (dy) in
(1.66|), we obtain that

0(2)
2b(z, 2)

Lcoeap f(z,p) = f/(2)01Fit(z, 2) ma(z)

and we recognise the generator of the announced CEAD.

Before explaining in Section our implementation of the averaging principle we intro-
duce some notations and some difficulties encountered to prove Theorem [I.3.14]

1.3.2.3 Notations and difficulties encountered

(1) For tightness arguments and moments. e The slow-fast analysis relies on a stochas-
tic averaging result that exploits tightness arguments. The classical approach to prove tightness
of sequences of laws [10, [102] requires to have uniform pathwise estimates on the moments of
the process. In our situation, we note the presence of moments of order 2 and 3 in and
. However, we could not establish control in expectation of supg<;< Mo (uf( ) forall T >0
because of the long time scale 1/K¢? which does not allow to exploit the martingale problem
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associated to the decomposition of My (uf( ):

M (1) = 00 (1) — gy [ (20 (<5 25) 0 (1) — 0 (= m (+5)

]. t 1 K 3 K K7Pid2,1
+W/o O<K+0KM2 (1) + o k2 M3 (4 ))ds+Mt

(1.68)

Pid2,1

K7
where <Mt

[167] which studies similar forms of individual-based processes.
Our solution. Instead, we will first use fine pathwise estimates and expectation bounds on
My (/,Lf) up to the stopping time 7% defined for all K € N* by 7% := 75 A 7K where

) is a local-martingale. This is an important difference, for example with
t>

1
K . inf {t > O‘Mg (uf) = Ke} and K .— inf {t > O‘Diam (Supp pf€) > 3+}
oK™

with & > 0 given in Theorem [1.3.14] Note that 7% allows to control the diameter of the support
of the centered and dilated distribution of the traits p%.

e Another important difficulty arises from the presence of third order moment in the DOOB
semi-martingale decomposition of Mo (uf( ) given by .

Our solution. This difficulty is overcome by introducing the stopping time 7% which guaran-
tees that the error term in Ms (1) remains under control:

K
Mg (1 i) < Diam (Supp pf o ) M (4 o) < W
g

(2) For stopping times. The introduction of the previous stopping time leads to a new
difficulty: establishing that 7 tends to +oo in probability when K — +oo.

Our solution. To prove 7% that tends to +o0o, we use pathwise estimates on Mo (,uf ) up to
time 75 to estimate the different transitions of My (uf( ) between thresholds of the form 31K
and 3*1K% and to construct a coupling between these transitions and biased random walks.
This allows us to use large deviations results on random walks and estimates on the exit from
an attracting domain (see e.g. [I04} [64]) to prove that the stopping time 7% converges to +oc in
probability when K — 4o0. This in turn implies that 7% — 400 in probability when K — +o0.
Note that the left bound of , where ¢ must not be too small, is crucial to obtain estimates
of exit from an attractive domain for random walks.

(3) For improvement of Assumption (1.62) (see Remark [1.3.15). The difficulty
consists in having estimates for moments of order 2¢ for all £ € N*. But the approach developed

in this thesis seems not to be successful for moments of order 8 or more. This is an open issue

for a further work (see Section [3.2.3.4)).

Other difficulties encountered are due to our implementation of the KuRTz averaging method
detailed below.

1.3.2.4 Our averaging method

First of all, note that the KURTZ approach seems to be better adapted to our situation
than the perturbed test function method (see Section [1.2.2.1)). Indeed, the generator L; being
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that of a measure-valued diffusion, it is thus delicate to find the good class of test function ¢
satisfying and the computations are difficult because of the moment terms. In addition,
the remainder terms generated by are difficult to control and the fast component p does
not take the form u(tK). However, KURTZ’s averaging technique can neither be implemented
directly because of difficulties inherent to our model described above. Therefore, our result given
below required a complete reworking of the classical arguments.

To write our stochastic averaging method and to compare it with the original KURTZ’s ap-
proach of Section [I.2.2.2] we introduce some notations in the first paragraph of this section. The
second paragraph of this section is devoted to the tightness result. Finally, the third paragraph
is dedicated to identify the limit of this slow-fast analysis.

Notations. Let us introduce the torus Tr := [zg — 2R, 29 + 2R] of length 4R with R > 0
fixed and z is the value of the mean trait of ¥ as in Theorem [1.3.14

We define all the previous notations, in similar way on Tg. Let bg € ‘55 (T%{,R) and Or €
%7 (TR, R) be two functions satisfying bg = b on [zg— R, 7o+ R]? and 6r = 0 on [zo— R, 7o+ R).

Let T > 0 be fixed. We define the processes v%f := (I/tK’R) , ZIOR = ( tK’R) and
t€[0,T] t€[0,T)
K,R
R = (ut )te[O,T] as follows
ki 1 KR KR K.R
v, = Ve ;6%3@), zp = <id, Vt/’K02> and My = (hﬁ OT_ZtK> ﬁl/gKUQ
where for all i € {1,---, K}, v/ is defined on M, (Tg) from bg and 6 as v was defined

from b and 0 and z*' € Tp. Note that p~" takes values in M, (Tg’a) where Th” is the
torus corresponding to the interval [ﬁ (:Uo — 2R — th) , ﬁ (a:o + 2R — th)} However, we
will identify in the sequel M1 (Tg’a) as a subset of M1(R) using the natural embedding of Tg’a
in R. So, ™ € M1(R). We also define the stopping time 758 := #K:B A 7ER where

1
KR . inf {t > 0' M,y (Mf(’R) > Ka} and #ER .— inf {t > O' Diam (Supp ,/tK,R) > } .

We define on M, (M (R)) the sequence of random measures (I'F) as follows

KeN*

PR (dt, dp) = 6, (dp) dt.
t

In the sequel, we study the limit as K tends to +oo of the sequence of laws of ((2K7R, FK’R))KGN*

in My (D([0,T],Tg) x ML (M; (R))) according two steps. The first one is based on a tightness

argument. The second one consists in characterising each accumulation point of the family of

laws of ((zK’R, FK’R))KeN*.

Tightness result. The main result of this section is the following and corresponds to the
one of Section [[.2.2.2] and follows a similar method.

Theorem 1.3.17. Let T, R > 0. The sequence of laws of ((zK’R,I’K’R))KeN* is tight in the set
of probability measures on D ([0,T],Tg) x ML (M1 (R)) and for any limiting value Q of this
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sequence, the canonical process (¢%,TF) on D ([0,T],Tg) x ML (M1 (R)) satisfies that for all
f € (gb2 (TRa TR)’

NP = () = £ () - /0 t /Ml(R) Lsrowf (¢F, 1) TF (ds,dp) =0 (1.69)

Q—a.s. Moreover, for all t € [0,T],

Eg </Ot /Ml(R) Ms () TF (ds,du)> < 00, (1.70)

so that the definition (1.69)) makes sense.

The main modification of KURTZ’s setting of [144, Theorem 2.1] is that we have to work
with stopped times and need to be careful with moment estimates and uniform integrability
properties. This led us to rewrite the proof (in 8 steps) according to the following sketch of
proof where we have two additional steps compared to the one of Theorem [I.2.19]

Sketch of proof of Theorem[I.5.17

In Step 1, we establish the tightness of the sequence of laws of the stopped slow component
(zﬁ’f}(, ®) gene We exploit again criteria developed by [94) Theorems 3.9.1 and 3.9.4].
It’s here that our restriction to the torus case Tg is fundamental. This strategy allows to
overcome the difficulty related to the verification of the compact containment condition,

on the real line, of the slow component stopped at the stopping time 7%,
In Step 2, we establish a compact containment condition for the stopped fast component
( K,R . . . o

Hog i, R)KGN*' This step is new compared to the original proof because it is given by
Assumption (2) of Theorem [1.2.19 In our situation, we use that 7% tends to 400 in
probability when K — 400 and uniform upper bound of E (Mg (pf/(\’fK, I ))

In Step 3, the proof of tightness of the family of laws of (FK ’R) is obtained in similar

way as the one of Theorem [1.2.19

In Step 4, we deduce the tightness of the family of laws of ((zK’R, FK’R))
K,R

KeN*

Kens In our
case, an additional argument is required due to the stopping time 7
In Step 5, we prove similar uniform integrability result as in the original proof. Note that

1.49) is xeplaced here by the assertion that the family (3" My (/%) ds) :
is replaced here by the assertion that the family { Jy 2 () ds t€[0,7], KEN*

is uniformly integrable. Note that we prove little more establishing that the family

( SMK’R M5 (,uf’R) ds) , is uniformly integrable. This additional result is use-
te[0,T], K eN*

ful to prove ((1.70)).

In Step 6, using also the SKOROHOD representation theorem, we prove an almost sure
convergence result.

In Step 7, we prove with the same method that N% is a Q—martingale. Note that, here,

the error term Sf/’\f;fR satisfies Stf/’\f;(}; = %0 (fg 1+ M, (uf’R)] ]lngK,RdS) and (|1.50

holds true thanks to uniform integrability of ( g/\%K’R M, ('LLK ,R) ds)

S

te[0,T], Ken*’
In Step 8, we prove that N/ is null Q—a.s. This step is new and possible because we
have an explicit form of the operator A. Indeed, here A := Lsr,ow.
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Identification of the limit. Using the desintegration result of Lemma [1.2.20] replacing ~y
by v® we have that I'®(dt,du) = vF(dp)dt under Q. To characterise it, we have the following
result:

Proposition 1.3.18. For a.e. t € [0,T], Q—a.s., 'yﬁ = WA(CR) where T is the unique invariant
probability measure of the centered FLEMING-VIOT process with resampling rate .

For this, we need to check that any measure v in M; (M;(R)) satisfying

| Eheolun(am =0 (1.71)
M1 (R)

for a certain class F of functions ¢ must be 7. Equation suggests to take F as the set of
functions of the form Fi,(u) := F ((¢, it)). However, the last property seems hard to prove for
this choice of F. Instead, we adapt a result of DAWSON [60, Theorem 2.7.1] that applies to the
set F of so-called polynomial functions of the form

Pra)i= [ - [ £ (@re @) nldan) - p(da)

However the duality property used by DAwsON in [60] does not hold in our case. In Theorem
it is proved only a weak duality relation involving stopping times. This difficulty will be
solved by proving that the measure v in gives mass only to measures having their first
five moments finite.

This allows us to characterise the limit fast component and hence the limit slow component
on the torus, as solution to an ODE. Since this ODE is non-explosive, we choose the torus large
enough to conclude the proof on the real line.

1.3.3 Prospects

In this section, we propose several prospects to this work. As discussed in Remark
and Section the range of o parameters may be improved into the assumption
oK K —(3+¢) by using estimates for moments of order 2¢, £ € N*.

In the sequel, we present some other future works. In Section [I.3.3.1] we present an extension
to models including fluctuations in population size. In Section[I.3.3.2], we propose other strategies
to resolve the biological controversy related to the rare mutations assumption.

1.3.3.1 Extension to models including fluctuations in population size

Recall that our approach consider the IBM of Section [I.1.3.2] where the population size is
constant in order to reduce the number of time scales in our slow-fast analysis. Now, we consider
the same IBM as in [37, [47) 6] where population size can fluctuate. In this context, we will see
that the slow-fast asymptotic analysis involves three eco-evolutionary time scale.

We consider an asexual population model, structured by a 1—dimensional quantitative phe-
notypic trait. The evolution of the population is driven by two effects: mutations of the traits
occuring during life of individuals, and selection as the reproductive and survival abilities of
an individual depend of its trait. Each mutation has an amplitude of the order of magnitude

o € (0,400).
We consider, at any time ¢ > 0, a finite number NtK P9 of individuals, each of them holding a
trait value in R. Let us denote by x1,--- ,x NEPo the trait values of these individuals. The state
t
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of the population at time ¢ > 0, rescaled by K, can be described by the finite point measure on
R

K ,p,0
AK7 0
e T Z 5551(75)
1=1
Biological parameters. For all z,y € R, let us introduce the following biological parame-
ters:

e b(x) € Ry is the rate of birth from an individual holding trait z.
e d(z) € R, is the rate of “natural” death for an individual holding trait .

e c(x,y) € R, is a competition kernel representing the pressure felt by an individual holding
trait « from an individual holding trait y.

e m(x,dh) is the mutation law of the scaled mutation step h, born from an individual with
trait z, where the mutant trait is given by y := x + oh € R. It is a probability measure
on R.

o N, =

% can be interpreted as the equilibrium density of a monomorphic population

with trait z when there is no mutation.

e Fit(y,z) :=b(y) — d(y) — c(y, x)7Ti, can be interpreted as the fitness function of a mutant
individual with trait y in a monomorphic population with trait x.

Note that this model has two scaling parameters K and ¢. The limit K — +o00 corresponds to
a large population scaling as in Theorem [L.1.2] (see [102]) The limit o — 0 corresponds to a limit
of small mutations. We define for all K € N*, MX(R) := { £ 37" 6,,|n € N¥, (Zi)1<icn € R}

The process (I/tK e )t>0 is an MX —valued MARKOV process with infinitesimal generator defined

for any bounded measurable function ¢ from M to R, by

B0 (9) = K(1-p) [ oanp@) [ (74 52) - 09)]
—i—Kp/R D(dx /m xh)dh{gzﬁ(A 5x;(°h)—¢(ﬁ)}

+K/Rﬁ(dx)( +/ (dy)e xy>[¢( i()eb(ﬁ)}

The first term describes the births without mutation, the second term describes the births with
mutation, and the third term describes the deaths by age or competition.

As in Section [1.1.3.2] we have performed numerical simulations of the process 75?7 for a

biological model adapted from Kispi [140]. For this biological model, the trait space is X' := [0, 4]
(and not R as previously) and the parameters are:

1
e, y) = K (1 14 1.2exp (—4(x — y))) (1.72)

b(x) =4 —uz, d(x) :=0,

and m(z,dh) is a Gaussian distribution A'(x,0?) conditional on the mutant trait remaining
in X.
The function ¢ models an asymmetric competition in favour of high traits whereas the birth
rate b favours the small traits. Therefore, we expect that evolution will select an optimal trait.
We performed simulations of KiSDI’s model, starting with a monomorphic initial condition
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of trait 1 and varying the parameters K, p and o. Some of these simulations are presented in the
following figures and show a wide variety of evolutionary behaviours. The upper part of these
simulations describes the evolution of the distribution of the population traits while the lower
part describes the evolution of the population size. The R-source of these illustrations, provided
in Appendix |B| is also based on the IBMPopSim package developed by GIORGI ET AL in [116].

In Figures[1.29 to [1.34) the same sets of parameters as in Figures[I.9)to [I.14] are tested. Some
of these simulations are similar to the ones of Section Note that, in Figures and
.31} a diversification phenomenon is highlighted: in Figure [I.30} once the population reaches
the neighbourhood of the optimal trait close to 3.5, the population stabilises and then splits
into two subpopulations concentrated around two distinct values of traits that co-evolve: this
phenomenon is called evolutionary branching.

Evolution of the trait distribution Evolution of the trait distribution
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FIGURE 1.29 — Numerical simulation of the FIGURE 1.30 — Numerical simulation of the

trait distribution and population size of the trait distribution and population size of the
microscopic model with parameters (|1.72) microscopic model with parameters (|1.72))
and K = 100, p = 0.1, o = 0.03. and K = 300, p = 0.1, o = 0.03.

Figures and illustrate the following expected convergence result, from the IBM to
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FIGURE 1.31 — Numerical simulation of the
trait distribution and population size of the
microscopic model with parameters
and K = 3000, p=0.1, o = 0.03.
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FIGURE 1.32 — Numerical simulation of the
trait distribution and population size of the
microscopic model with parameters
and K = 300, p = 0.00003, ¢ = 0.2.

the CEAD, under an assumption of frequent mutations (p = 1) and a double asymptotic of large
population (K — +00) and small mutations (¢ — 0).

Conjecture 1.3.19. Assume thatp =1, K — 400, 0 — 0 and 0 = o(K) such that

de >0, VC >0,

K—Clog(K) <L o< K_(2+6).

Under ad-hoc assumptions on b,d,c, m,Vy and denoting 1 the constant function equal to 1, we

expect to the sequence of the mean trait process <<<id, 7)5’;:» / <1, ﬁ§;:2>)t>o) converges
= KeN~*

when K — +o0o and 0 — 0 to the unique deterministic process solution of the CEAD

dz(t)
dt

— OnFit (a(t), () X Ty /R h2m((t), h)dh.
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FIGURE 1.33 — Numerical simulation of the FIGURE 1.34 — Numerical simulation of the
trait distribution and population size of the trait distribution and population size of the
microscopic model with parameters (1.72) microscopic model with parameters ((1.72))

and K = 300, p = 1, o = 0.001.

and K = 300, p = 1, o = 0.0005.

We expected that this result can be proved using a slow-fast analysis involving three eco-

evolutionary time scales as represented in Figure [T.35}
e The slow dynamics, with value in R, corresponds to that of the mean trait defined by

(id, )% )
~K 'Yt/ Ko?

o= 1 pELa\”
< ’Vt/K02>

e The fast dynamics, with value in MTK(R) = {ﬁ‘ ve MER), (id,v) = 0}, corres-
ponds to that of the centered and dilated distribution of traits defined by
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Population size Centered and dilated Mean trait Time

distribution

[Very fast] [Fast] [Slow]

Ficgure 1.35 — Different time scales involved in our IBM expected in the
.. . ~K,1,0
original time scale of the process (l/t )t>0.

e The very fast dynamics, with value in Ry, corresponds to that of the population size

defined by
K1,
(1,5/17) = N
» Yt K
~Klo ~K,1,0 ~K .
Note that v, = <1, vy > (7'25(02 o hm/?) f iy 2 Note also when the population

size is assumed to be fixed at its equilibrium value, the slow-fast asymptotic analysis
involves only two time scales. This analysis corresponds precisely to the approach de-
veloped in this thesis. In this sense, the model of Section can be seen as a toy
model for this one. Our strategy for proving Conjecture[I.3.19| will therefore be to control
the deviations of the population size from its equilibrium so that we can reduce to the
slow-fast analysis developed in this thesis.

1.3.3.2 Other strategies to resolve the controversy related to the rare mutations
assumption

As seen in Section [1.1.4.6], the stochastic approach initiated by CHAMPAGNAT [37] and com-
pleted by CHAMPAGNAT ET AL [47] is criticised because it is based on an unrealistic biological
assumption of too rare mutations.

We propose an alternative approach to solve this controversy based on the observation that
most of the mutations have deleterious effects and increase the mortality of individuals, or have
nearly neutral effects. It would be more realistic to assume that only advantageous mutations are
rare. Now, the T'SS precisely describes an evolutionary dynamic governed only by advantageous
mutations. One can therefore seek to extend the TSS to situations where a large number of
neutral or disadvantageous mutations dictate the DIRAC masses of the T'SS to be replaced by
spread out distributions, and where these distributions evolve by jumps over a long time scale
of advantageous mutations. Two possibilities can be considered:

e Adapt the T'SS model by imposing that most of the mutations occur in a fixed direction
(say < 0) of a 1—dimensional type space, and choosing ecological parameters such that
selection drives the population in the opposite direction (say > 0). This approach requires
to prescribe directions of positive fitness. Since fitness is a complex function of ecological
parameters, this cannot be done easily in general, but we can restrict to a particular toy
models when existing tools should formally apply replacing monomorphic populations at
equilibrium with equilibrium population distribution on trait sets of the form |—oo, z*]
where x* is the dominant trait and all other traits are disadvantaged.
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e The distinction between advantageous and disadvantageous mutations is however delicate
at the phenotypic level, so it is natural to consider an extension of the IBM of Section
including genetics and genotype to phenotype map (see Figure . For example,
we can consider a countable sequence of genes on a chromosome with additive effects on
phenotypes with weight converging to 0. Only mutations on the first genes will then have
a great effect on the phenotypes. Note that, if we assume that most of the mutations af-
fect genes with small effects on phenotype, then most of the mutations are neutral and a
“significant” mutation occurs on a long time scale. Here, the study of adaptive dynamics
is harder, but might give significant biological insights on the time scale of evolution and
how diversity in a species is related to genetic parameters.

The study of the CEAD in boths cases is a first step, for which existing methods are expec-

ted to apply. The study of evolutionary branching is more complicated since it both involves
modelling and methodological difficulties, so this problem will be addressed in a longer term.

84



Chapter 2

Existence, uniqueness and ergodicity
for the centered Fleming-Viot
process

This chapter corresponds to the publication [41] “Existence, uniqueness and ergodicity for
the centered FLEMING-VIOT process”, written in collaboration with N1COLAS CHAMPAGNAT
and to appear in Stochastic Processes and Their Applications.
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Abstract. Motivated by questions of ergodicity for shift invariant FLEMING-VIOT process,
we consider the centered FLEMING-VIOT process (Zt)t20 defined by Z; := 7_q,y,) Y2, where
(Y2);5¢ is the original FLEMING-VIOT process. Our goal is to characterise the centered FLEMING-
VIOT process with a martingale problem. To establish the existence of a solution to this mar-
tingale problem, we exploit the original FLEMING-VIOT martingale problem and asymptotic
expansions. The proof of uniqueness is based on a weakened version of the duality method,
allowing us to prove uniqueness for initial conditions admitting finite moments. We also provide
counter examples showing that our approach based on the duality method cannot be expected
to give uniqueness for more general initial conditions. Finally, we establish ergodicity properties
with exponential convergence in total variation for the centered FLEMING-VIOT process and
characterise the invariant measure.

2.1 Introduction

FLEMING and VIOT have introduced in [99] a probability-measure-valued stochastic process
modelling the dynamics of the distribution of allelic frequencies in a selectively neutral genetic
population as influenced by mutation and random genetic drift: the original FLEMING-VIOT pro-
cess. The initial model of [99] was progressively enriched with further mechanisms of Darwinian
evolution: selection [99, [89] [9T) 60, 86], recombination [93], O] or the effect of an environment
[124]. FLEMING and V10T characterise in [99] the law of their process as a solution of a STROOCK-
VARADHAN measure-valued martingale problem [207] both in the selective neutral case and the
case with selection. To obtain the existence of such solution on a compact metric space, their
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method is based on discretisation of the mutation operator and tightness arguments. An alter-
native approach is used, in the studies [I77, 178} 139, 135, 205] based on the OTHA-KIMURA
model [I88] [I89] and in the references [99] 611, 01 [85] based on its continuous-time version: the
MORAN model (also called continuous-state stepwise mutation model). If we denote by N the
population size, these authors construct a particle process whose limiting behaviour is analysed
under the assumptions that the mutation step is proportional to 1/ VN and on the time scale
(Nt)¢>0. In [124], another particle process, based on the look-down construction [78] is used to
show the existence of the FLEMING-VIOT process in a random environment. This look-down
construction also allows to analyse sample path properties of the process and has been used in
numerous references since then, such as [80] [85, Chapter 5].

In [99], uniqueness of the solution to the FLEMING-VIOT martingale problem in the selectively
neutral case, is proved using uniqueness of moments of certain finite-dimensional distributions
and arguments on semigroup. However, in the case where natural selection acts, the previous
method fails, but the result can be obtained from a version of the CAMERON-MARTIN-GIRSANOV
formula |60, Chapter 10] [59, Theorem 5.1]. See also [92] for an application of this method in
the case of unbounded selection function. In most references such as [85] [61), 88, [89, 91, ©2],
under a variety of assumptions, the duality method |94, Proposition 4.4.7] is used to prove the
uniqueness of the FLEMING-VIOT process. The idea is to relate the distribution of the origi-
nal process with that of a simple process, called dual process. This leads to a duality relation
which ensures that two solutions to the martingale problem have the same 1-dimensional mar-
ginal laws. Uniqueness of the solution to the martingale problem then follows from MARKOV’s
property [94] Theorem 4.4.2]. Other methods are used in some references: [62] makes use of
resolvent estimates ; [191) [190] prove existence and uniqueness of FLEMING-VIOT processes with
unbounded selection intensity functions by using DIRICHLET’s forms.

Questions of ergodicity of the FLEMING-VIOT process were also the subject of many works.
Let E be a Polish space and B(E) the BOREL o—field on E. Let us recall from [91, Section 5]
that an F—valued MARKOV process (Zt)t20 with a unique stationary distribution 7 is weakly
ergodic if for all bounded continuous functions f on FE, for all initial condition xy € E,

Jlim Eq, (/(20) = [ f@ym(de) (2.1)
and strongly ergodic if
lim sup |Py (Zt€ B)—7n(B)|=0, xzo€kFE. (2.2)
t—+o00 BeB(E)

If E is compact, for mutation operators A whose closure generates a FELLER semigroup on the
space of continuous functions and such that there is a unique probability measure vy on E satis-
fying [, Af(x)vo(dz) = 0, some ergodicity results for the FLEMING-VIOT process are obtained
in [91]. More precisely, in the selectively neutral case and without recombination, a simple proof
of weak ergodicity of the FLEMING-VIOT process is given using duality arguments whereas cou-
pling arguments provide an approach to strong ergodicity. These results were extended in [90] to
models with recombination and in [92] to models with unbounded selection, with the additional
tool of DAWSON’s GIRSANOV-type formula for strong ergodicity. In the special case where the
mutation operator of the FLEMING-VIOT process has the form

o

Af() =5 [ (1) = F(@) Pla,dy), 0 € (0.+00), f € D(A), (23)

it is proved in [91] that the FLEMING-VIOT process has a reversible stationary distribution if
P(z,dy) = v(dy) for some probability measure v on E (see [I57] for a converse result). For the
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mutation operator , it is proved in [88],[89] and [60, Theorem 8.2.1] that the FLEMING-VIOT
process is purely atomic for every time, in other words the solutions of the martingale problem
take values in the set of purely atomic probability measures. In [93], the ergodicity result of [90]
was extended to the weak atomic topology.

However, if we consider the case where the mutation operator is the Laplacian on R?, there
exists no stationary distribution [91], 157], [94, Problem 11 p.450]. Instead the process exhibits a
wandering phenomenon [61], 21]. Nevertheless, [205], O1] considered the FLEMING-VIOT process
shifted by minus its empirical mean and established existence of a unique invariant measure and
weak ergodicity for this process using moment and duality arguments. More precisely in [91],
thanks to some estimates of the original FLEMING-VIOT dual process and the finiteness of all
moments of the FLEMING-VIOT process shifted by minus its empirical mean for any time ¢, the
authors obtain an expression for these in the asymptotic ¢ — +o0o0. Then, by tightness arguments
and characterisation of the limit, the result follows. In [205], an analoguous approach is used for
the continuous-state stepwise mutation model.

In this chapter we are interested in the FLEMING-VIOT process shifted by minus its empirical
mean, which we call centered FLEMING-VIOT process. As in previous works it is natural to ask
questions of existence, uniqueness and ergodicity when the mutation operator is the Laplacian
on R. Moreover, the study of this process was motivated by biological questions in adaptive
dynamics. The theory of adaptative dynamics [I71] is based on biological assumptions of rare
and small mutations and of large population under which an ODE approximating the population
evolutionary dynamics, the Canonical Equation of Adaptive Dynamics (CEAD) was proposed
[72]. Two mathematical approaches were developed to give a proper mathematical justification
of this theory: a deterministic one [75], 194 [160], and a stochastic one [37, 47, 43]. Despite their
success, the proposed approaches are criticised by biologists [212], 195]. Among the biological
assumptions of adaptive dynamics, the assumption of rare mutations is the most criticised as
unrealistic. In order to solve this problem, we propose to apply an asymptotic of small mutations
and large population, but frequent mutations. After conveniently scaling the population state,
this leads to a slow-fast dynamics [192), [144], where the fast dynamics appears to be given by a
discrete version of the centered FLEMING-VIOT process [40]. This explains why we are interested
in ergodicity properties of such processes.

To establish the existence of the centered FLEMING-VIOT process, we characterise it as a
solution of a measure-valued martingale problem that we called the centered FLEMING-VIOT
martingale problem. Our method is to exploit the original FLEMING-VIOT martingale problem
and asymptotic expansions. An additional difficulty occurs in our case since we need to apply
the original FLEMING-VIOT martingale problem to predictable test functions. This requires to
extend the martingale problem to such test functions using reqular conditional probabilities. The
proof of uniqueness of the solution of the centered FLEMING-VIOT martingale problem is based
on duality methods as in the previous works. However, additional difficulties occur in our case
since bounds on the dual process are much harder to obtain and the duality identity can only be
proved in a weakened version. In particular, our uniqueness result only holds for initial condi-
tions admitting finite moments. We also provide a counter example showing that our uniqueness
result is optimal in the sense that we cannot expect to obtain uniqueness for more general initial
conditions using the duality approach. Finally, we obtain strong ergodicity properties of the
centered FLEMING-VIOT process that extend the weak ergodicity results obtained in [205, 91].
To this aim, we construct the centered version of the MORAN process and we prove that it
converges in law to the centered FLEMING-VIOT process. Exploiting the relationship between
the MORAN model and the KINGMAN coalescent, we obtain a result of exponential ergodicity in
total variation for the centered MORAN model uniformly in the number of particles. This result
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is propagated to the centered FLEMING-VIOT process by coupling arguments. Using another
strategy proposed by [205] [91], based on the DONNELLY-KURTZ modified look-down [80] we give
a characterisation of the unique invariant measure of the centered FLEMING-VIOT process.

This chapter is organised as follows. In Section [2.2] we define the martingale problem for the
centered FLEMING-VIOT process and establish an existence result. We give also some equiva-
lent extensions to the centered FLEMING-VIOT martingale problem and some properties of the
centered FLEMING-VIOT process. In Section we prove uniqueness to the centered FLEMING-
V10T martingale problem for initial conditions admitting finite moments and we discuss this
assumption. In Section we establish exponential convergence in total variation for the cen-
tered FLEMING-VIOT process to its unique invariant measure and provide a characterisation
of this measure based on the DONNELLY-KURTZ modified look-down. Finally in Sections [2.5
and we prove respectively the main results of existence and uniqueness of the solution of
the centered FLEMING-VIOT martingale problem. Appendix [A] gathers technical lemmas for the
existence proof.

2.2 Existence for the centered Fleming-Viot process

In this section, our aim is to define the martingale problem for the centered FLEMING-VIOT
process and to establish an existence result. This result is stated in Section Then, we give
in Section [2:2.2] the framework and ideas of the proof. In Section [2.:2.3] we give some equivalent
extensions to the centered FLEMING-VIOT martingale problem with different sets of test func-
tions. We end this section by giving some interesting results about the centered FLEMING-VIOT
process: it satisfies the MARKOV property (Section , admits finite moments (Section

2.2.4.2)) and has compact support (Section [2.2.4.3)).

2.2.1 Centered Fleming-Viot martingale problem and main result

The original FLEMING-VIOT process is a measure-valued diffusion in M;(R), the set of
probability measures on R with respect to the BOREL o—field B(R), which is endowed with the
topology of weak convergence making it a Polish space [20]. If Z is an interval of R, then for all
¢ € N, we denote by €*(Z,R) the space of functions of class €* from Z to R. For £ € N, we denote
by ¢/ (R,R) the space of real bounded functions of class ¢*(R,R) with bounded derivatives. We
consider the filtered probability space (Q,]—" , (Ft)t>0) where

Q:=%°([0,400), M1 (R))

is endowed with the SKOROHOD topology, F is the associated BOREL o—field and (F), is the
canonical filtration. The centered FLEMING-VIOT process is a measure-valued diffusion in

MEA(R) = {uewR)] [ laPutaz) < oo, [ zn(ar) =0}

which is endowed with the trace of the topology of weak convergence on M;(R). We consider
the filtered probability space (SN), F , (ft) ) where

t=0

Q= {X € ¢° ([0, +00) , MT*(R)) ' YT >0, sup /Ryxﬁxt(dx) < oo}

0<t<T

is endowed with the trace of the SKOROHOD topology on {2, F is the trace of the o—field F
and (]:t)t>0 is the trace of the filtration (F%),,,. We introduce several notations that we use
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repeatedly in the sequel For a measurable real bounded function f and a measure v € M;(R )
we denote (f, = Jg f( . We denote by id the identity function. We denote N :=
{0,1,2,-- } and N* =N\ {O} For all k € N and for all v € M;(R), we also denote

M (v) = / 2 — (id, 1)|* v(dx).
R
In particular, for all k € N and for all 4 € M{*(R), Mg(p) = ([id|*, ) . For all F € 62 (R, R)
and g € €2(R,R) we denote for all v € M;1(R), Fy(v) := F ({g,v)).

Definition 2.2.1. A probability measure P, € M; (~) is said to solve the centered FLEMING-

VIOT martingale problem with resampling rate X\ € (0,4+00) and with initial condition p €
./\/102( R) if the canonical process (Xi);5q on Q satisfies Pu(Xo = p) = 1 and for each F €
¢ (R,R) and g € €2(R,R),

—~ t
TIF (g) = Fy (X0) = By (X0) = [ LoveFy (X0) ds (2.4)
with, for all @ € M$?(R),

!/

Lrey(@) = F (g, ((£.2) + A [(", =) Ma(e) ~2(g' x i, )]

2 (2.5)
+AF" ((9,2)) (6% @) — (9, @)° + (¢, @) Mz (w) — 2 (g, @) (g x id, =)
is a continuous IP,—martingale in L? (ﬁ) with quadratic variation process
MF(g)) =2 / F' ({g, X, X,)?
(M (g, X)]? [(g* Xs) — (9, Xo) 26)

+ <g ,Xs> My (Xs) —2 <g',XS> (g x id,XSﬂ ds.

Note that a major difficulty comes from the presence of terms in Ma(u) in . We will
see in particular that this leads to the creation of particles in the dual process Note also that
the operator given by is the generator (in the sense of DYNKIN) of the Mi’2(R)—Valued
centered FLEMING-VIOT process. We recall that the probability measure PEY € M (Q) is said
to solve the original FLEMING-VIOT martingale problem with resampling rate A and with initial
condition v € Mj(R) if the canonical process (Y7),-, on (2 satifies PEV(Yy = v) = 1 and for each
F € ¢?(R,R) and g € 62(R,R),

ME(g) .= F((9,Y3)) — ,Yo) F' ({g, Y, ) ds
g g ({9, Yo / ({9, <2 > .
—A/ F" ({9, Y2) [(¢%. Ya) — (9.Y2)?] ds

is a continuous square integrable PYV —martingale whose martingale bracket satisfies for all
G,H € €*(R,R) and for all g, h € 62(R,R),

(M0), M), =22 [ & (g, V) B (Yo lgh, Ye) — (g, Ya) (0, Yol s, (29)
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2.2. Euxistence for the centered FLEMING-VIOT process

In the population genetics literature, the terms involving the first order derivative F’ describe
the effect of mutations whereas the ones involving the second order derivative F” describe the
effect of the random genetic drift. As the original FLEMING-VIOT process is obtained as a scaling
limit of a population genetics model, called MORAN’s model (see Section , the different
terms in can be interpreted as in the population genetics context. It is well-known that, for
all v € M1 (R), there exists a unique probability measure PYV € M (Q) satisfying the previous
martingale problem [99, Theorem 3].

Remark 2.2.2. The additional terms in the martingale problem (2.4) with respect to the mar-
tingale problem (2.7) describe the impact of centering and ensure that at all times the centered
FLEMING-VIOT process remains Mi’z(R)—valued.

Let us define by 7, the translation operator of vector a € R. For all p € M;(R), for all

A € B(R),
Tt p(A) = 1 (721(4)) _M({x—a T € A}),

where  is the pushforward operator (144 u is the pushforward measure of u by 7). For all k € N,

we denote
<\id|k,y> < oo} .

ME(R) = {V € M;(R)

The main result of this section is the following:

Theorem 2.2.3. Forallu € Mi’Z(R), there exists a probability measure P, € M, (Q) satisfying
the martingale problem of Definition given by the law of the process (Zt),q defined by

Zt = Tf<id,Yt>ﬂY;f = Yi ( + <ld,Y;5>) y t 2 0 (29)
where (Yt);q 4 the original FLEMING-VIOT process.

Note that for all 4 € M1(R), (id, i) is the mean value of u and so (id, Z;) = 0 for all ¢ > 0.
As a result, the process (Zt)g0 corresponds to the original FLEMING-VIOT process centered by
its mean value, hence its name of centered FLEMING-VIOT process.

2.2.2 Sketch of proof of Theorem [2.2.3]
The proof is based on the original FLEMING-VIOT martingale problem (2.7)).

2.2.2.1 Framework and objective of the proof

Let v € M3(R) and PEV the unique solution to the original FLEMING-VIOT martingale
problem . As the support of the original FLEMING-VIOT process is compact at all positive
times PLY —a.s. [159], PLY (€Y ([0,400) , M3(R))) = 1. Moreover, as t — (id, ¥;) is continuous
PFV —a.s. (see Lemma (2)), we deduce that, for all ¢ > 0, Z; given by , is well defined
and is a random variable on €.

When the dependency of Y and Z on the initial condition v of Y is important, we shall

use the notation (V") and (Z¢), instead of (Y2),5q and (Zt);5,. Our goal is to prove that
the law of the process (Z;), denoted by PEYSd,
with initial condition 7_q,y4v. Note that the notation ]P’f_vgd v is justified because the

v solves the martingale problem of Definition

original FLEMING-VIOT process is invariant by translation:
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Proposition 2.2.4. Let v € M1(R) and a € R. Then, the law of Z¥ is the same as the law of
Z7

Proof. By translation invariance of the original FLEMING-VIOT process, the process (T _aff Y}Taﬁ V) =0

has the same law as the process (Y}),5,. Now,
Talffv _ Talv _ Tafv
Zt = 7'_<id7ytmﬁu>tlyvt == T—<id,7'7atthTaw>ﬁ (T_aﬁY; ) .

Thus, (Z;“ﬁ”)po has the same law as (T_<.d’}/vtu>ﬂny)

> t=0

= (Ztu)t>0' O

2.2.2.2 Outline of the proof

We restrict to the time interval [0, 7] for T' > 0 arbitrary. By standard arguments, it is
sufficient to prove that, for all F € ¢?(R,R) and g € €2 (R, R),

F,(Z:) — F, (Zo) — /0 ' LeveFy (Z,)ds (2.10)

is a continuous PtV —martingale, v € M?(R) where Ly, is given by (2.5). We start by assuming
F,ge %g‘(R, R) and we seek for the DOOB’s semi-martingale decomposition of

Fy(Z) == F ((9,Z1)) = F ((goT_gay) Ye))

using the original FLEMING-VIOT martingale problem 1j However, F’ (< 9O T_(id,Yy) Yt>) does
not take the form H ((h,Y};)) with deterministic h. Therefore, we cannot apply directly. To
get over this difficulty, we consider for ¢ € [0,T], an increasing sequence 0 = tff < T < --- <
ty, = T of subdivisions of [0, 7] whose mesh tends to 0. We can observe that

pn—1

Fy(Zi) = Fy(Zo) = ) {Fg(Zt?HAt) - Fg(Zt?At)}
i=0

pn—1
= z; {F <<g o T<id,§/};1+1/\t>’n?+l/\t>> - F (<g o T<id,Yt?M>’Y2?/\t>> } .

Using asymptotic expansions (see Lemma of Appendix |A| with p = 1) of the terms in the
previous sum, we prove that

pn—1

Fy(Z) = Fy(Zo) = ) {(A)i +(B); +0 (\ (id, Yip, ne = Yorne) }3)

+0 (z

(%) —
<9 OT—<id7anM>’1/t?+1At Y;ff/\t>
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2.2. Euxistence for the centered FLEMING-VIOT process

where

&)= ((o° T (Y ne) Vine) ) { (92 T (i pe ) VN T Vigne)
- <id, Yin at — Yt?/\t> Kg/ o T_<id7§/tn/\t>7}/t?/\t> + <g/ o T—<id,YtnM>’ Yin e — Yt;lmtﬂ (2.12)

1

P ({007 g, Vo)) z
(B); = 5 {<g o T—<id,YtnAt>’ Yin at — Yt;LAt>
+<id Yin at— Yin >2 ‘or Yin 2 (2.13)
R LAt g —<id,Yt?M>’ Y .

-2 <9 ° T_<id75/t;@/\t>’ Yt;grl/\t - Yt;?/\t> <id,Yt?+1/\t - Yty/\t> <9/ ° T—<id,Y;;zM>’ Yt?/\t>} )

and where g\, j € {0,1,2}, denotes the j** derivative of g. Note that the proposed decomposi-
tion in is intended such that each of the terms in (]2.12|> and (]2.13[) is either .7-}? rt—adapted
or they exhibit increments of (Y;),,, between ¢} At and ¢, At. Several steps are described in
Section to obtain the semi-martingale decomposition of each term involving increments of Y;
of the previous sum. Note that the last terms of (A), and (B); bring out the terms in Ms(pu).
By making the step of the subdivision tend towards 0, we obtain the expected result. By density
arguments, the martingale problem satisfied by F,g € %”I;L(R, R) is extended, in Section
to the case where F € €*(R,R) and g € (R, R). Once we have proved that ]\/ZF(g) is a
martingale, using ITO’s formula and the martingale problem (2.4) with a localisation sequence,
we deduce the value of <]\7F(g)>t and by FATOU’s lemma that M/ (g) € L? (Q)

2.2.3 Some extensions to the centered Fleming-Viot martingale problem

Our goal is now to give some extensions to the martingale problem which will be
useful to compute the martingale bracket between two martingales of the form and prove
uniqueness of the solution of the martingale problem of the centered FLEMING-VIOT in Section
[2:3] Note that these different versions are equivalent and that it is usual to switch from one to
the other.

2.2.3.1 Extensions to multiple variables

We firstly introduce the version of the centered FLEMING-VIOT martingale problem with
p € N* variables.

Definition 2.2.5. The probability measure P, € My (ﬁ) is said to solve the centered FLEMING-
VIOT martingale problem with p variables with resampling rate A and with initial condition
e MS?(R), if the canonical process (Xt)io on Q satisfies P(Xo = p) = 1 and for each
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F € €*(RP,R) and g = (g1, - - . 9p) € ‘sz(R,Rp),

MF(g) = F((Ql,Xt> gy X)) — F ({91, X0) ,- -+, (9p> X0))
/ S O (g1, Xe) - (g X)) %
0 k=1

(% x > 0 (o X Ma () — 2 (g i, X)) s
(2.14)

D B Xl X)) %

|:<gigj7 Xs> - <gi7 Xs> <gj7Xs> + <gz/'7 XS> <93'7XS> M2 (XS)
— (g}, X (g5 x id, Xo) — (g}, Xo) (g x id, X,) | ds

is a continuous P, —martingale in L? (ﬁ)

We will see in Section [2.3] that this martingale problem admits a unique solution which is the
same as the solution of the martingale problem ([2.4) if the initial condition has all its moments
finite. For the moment, we can prove:

Theorem 2.2.6. Forall u € Mi’Q(R), the probability measure P, constructed in Theorem
satisfies the martingale problem of Definition [2.2.5

Proof. We can deduce the result from the original FLEMING-VIOT martingale problem with
p variables [61] given by below, following exactly the same method as for the proof of
Theorem We recall that, the probability measure PtV € M; (Q) is said to solve the
original FLEMING-VIOT martingale problem with p variables with resampling rate A and with
initial condition v € M1 (R), if the canonical process (Y1), on €2 satisfies P}V (Yy = v) = 1 and
for each F € €*(RP,R) and g = (g1, , gp) € €2(R,RP),

MF(9) == F ((91,Y2),+ + {gp: Y2)) — F ({91, Y0) -+ , (gp, Y0))

A F ({g1, gy, Y gié,ys ds 2.15
/’;k (002 oY) (%7, (215)
- )\/ Z gla y T T 7<gp7YS>) [<g7,g]7}/:9> - <gl7Y9> <g]7Y:9>] ds

i,5=1

is a IPFV—martingale As mentionned in [6I, Theorem 5.1], the solution ]P’FV of the martingale
problem ([2.7)) is the unique solution to the previous martingale problem ([2.15)). Here, has
to be replaced by the general version of Lemma

This version allows us to compute the martingale bracket <J\/4\ G(g),]\//f H (h)>t in a similar

form as (2.8).
Corollary 2.2.7. Let G,H € €*(R,R) and g, h € €Z(R,R). Then,

(31%(0), (), = 22 [ & (g, X)) ({0, X.) [ (g, )
— (g, Xs) (h, Xs) + (¢, X5, ) (W', X) M2 (X)
— (g, X)) (b x id, X3) — (I, X)) (g x id,XS)] ds.
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2.2. Euxistence for the centered FLEMING-VIOT process

Proof. Recall that for all v € M (R), Gy4(v) :== G ({g,v)) and Hp(v) := H ({h,v)). Using the
relation (2.4) for M (g) and MH (h), we obtain that

ME ()M (h) = G ({9, X2)) H ((h, X)) — G ({g, Xo)) H ({h, Xo))
— G (g, X) / LeveHy (X,)ds —H((h,Xt>)/0 LiveGy (Xs) ds

. (2.16)
+ / LiveGy (Xs) ds / LiveHy (X,) ds
0

G ({g, Xo)) M (h) — H ((h, Xo)) ME (g)

where Lpy. is given by . From the martingale problem (2.14) with p = 2, F(z,y) =
G(z)H(y) and f = (g, h), we deduce that

G (g, X)) H ({8, X2)) — G ({9, Xo)) H (B Xo)
= / G ({9 X)) LoveHa(Xo)ds + [ H (1 X0)) LrveGy(X,)ds
SN 420 [ G (U9, X)) HY (1, 00) (kX — (0, 0) (h, X0)

+ (g X,) (W, X,) My (X) = (g, Xo) (b x i, X,) = (W, X,) (g % id, X,) | ds,

where (]\/J\tF(f))t>0 is a P, —martingale. Using ITO’s formula for the third and fourth term
of the right hand side (2.16)) and noting that

/ LrveGy (X.)ds / LoveHy (X,)ds = / ety ) ( I LoveHy(X,)dr )| ds

0
+ /Ot [ngcHh(Xs) ( /O ﬁFVCGg(XT)dr>} ds,

we deduce the DoOOB-MEYER decomposition of ]\ZG(g)]\ZH(h):

NI (o)W () = B (1) + 27 [ 6 (lg, X)) B (40 X)) (19, X) = {9, X0) (1, X
(g X) (W X) My (X,) = (g, Xo) (i, X,) = (B, X) (g % d, X) | ds
- /0 t < /0 " LoveHy (X,) dr >dMG / ( / LrveG, dr) AN (h)
— G ({9, Xo)) M{" (h) — H ((h, Xo)) M (g).
The result follows. O

2.2.3.2 Extension to polynomials in p

Our goal here is to study the DOOB semi-martingale decomposition of polynomial functions
of the centered FLEMING-VIOT process of the form

Pra(p) / / F@1, - ) p(dzn) - - p(dan) (2.17)
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with n € N*, € M({’2(R) and f € €2(R",R) and p" is the n—fold product measure of x. To
obtain the expression of Lgv for polynomial functions Py, with f € 42 (R", ]R), we first look for
this expression when f has product form. The previous martingale problem ([2.14)) gives heuristics

for this issue: for the choice of F(z1, - ,xzy) = H x;, noting that F((gl, Wy, ey (gn, ) =

Py (p) with f (21, ,2n) = [[i'—1 9i(x;) and gz € ‘Kb (R,R), i € {1,--- ,n}, we deduce that
for all € M$?(R),

n

LevePpn(p) = Zn: <<g2'7,u> + A [{gi, 1) Ma(p) — 2 (g x id, u)}) 1T (9. )

i=1 j=1
i
+ A Z Z (9ig5 1) — (9i> 1) (94> 1) + (> 1) (g, 1) Ma(p2)
i=1j=1
i#i

—{gi, m) {g; x id, ) — (g ) (g x id, )] ] (gw> e
;ﬂ,

For all n € N*, we denote by 1 € R", the vector whose coordinates are all 1 and by A the
Laplacian operator on R™. The previous relation leads us to introduce, for each n € N* and for
all f € €2(R™, R), the operator B™ defined by

BW f(z) := %Af(x) —2A(Vf(z)-1)(z-1), xR (2.18)

Indeed, again for the choice f(x1,- -+, @) = [[/—; gi(z;) with g; € €2(R,R), i € {1, ,n}, we
obtain

n
B f(ar, e = 3 |0 oxgga } )| T 95e)
=1 j=1
J#i
n n n
—A Z Z x]g] m])gz(xz) + zigi(w; 9] «73] H
—1j=1 -
Z ?#i k;éij

Note that, for all 1z € M$?(R),

n

LevePra(p) = (B f,u") + zn: Mgl iy Ma(p) TT (95, )

=1 it
7 . (2.19)
+ A Z Z (9595, 1) — (gi 1) (g5, 1) + (g 1) (G 1) H Gier 1
1=175=1 =
J#i ;é

This leads us to introduce another extension of the martingale problem (2.4]) which will be
useful in Section [2.3] to prove uniqueness.

Definition 2.2.8. The probability measure P, € My (ﬁ) is said to solve the centered FLEMING-
VIOoT martingale problem for polynomials with resampling rate A and with initial condition
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1€ MS(R), if the canonical process (Xt)i=0 on Q satisfies P.(Xo = p) =1, for all n € N*,
and for each f € €2 (R",R),

—~(n t
B () = (1 X0) = (. X5) = [ LrvePra (X2)ds (2.20)
with for all w € M$*(R) and f € G2(R™,R),

LevePrn(w) = (BWf,™) + XD N [(@ijf, =" 1) — (f.@™)] + A

n n

<Ki7jf’ wn+1>

i=1j=1 i=1j=1
JFi
(2.21)
is a continuous IP,—martingale in L? (Q) where, for alli,j5 € {1,--- ,n},

o &, : GZR"R) — CZR" L R), withi # j, is the function obtained from f by inserting
the variable x; between x;_1 and x; when © < j and by inserting the variable x;_1 between
xj—1 and x; when i > j:

Qijf (w1, s xn—1) = (21, @1, 24, T4, Tjg1, - Tn—1) 1<J (2.22)
®i7jf($1,"' 7‘/1"”*1):]0(:617'” yLj—1,Li—1,Lj, Lj41," " 7337171) 7/>j ‘
o K;;:CR"R) — €*(R",R) is defined as
Ki,jf(xly e 7xn,xn+1) = af]f(fﬂl, e ,ajn)xi_i_l. (223)

We will see in Section [2.3] that this martingale problem admits the same unique solution as
the martingale problem ([2.4)) if the initial condition has all its moments finite. For the moment,
We can prove:

Theorem 2.2.9. Forall p € Mi’Z(R), the probability measure P, constructed in Theorem
satisfies the martingale problem of Definition [2.2.8]

Proof. We can deduce the result from the original FLEMING-VIOT martingale problem for po-
lynomials [91] given by below, following exactly the same arguments as for the proof of
Theorem m The probability measure PEV € M (Q) is said to solve the original FLEMING-
VioT martingale problem for polynomials with resampling rate A and with initial condition
v € My (R), if the canonical process (3),5, on € satisfies PLY(Yy = v) = 1, for all n € N*, and
for each f € €2(R",R),

M) = 50 = 538) = [ Loy Py () ds (224

with for all w € M;(R)

LevPra (@) = (LAF, w"> A S (@i f ™) (™)
i=1j=1
j i

is a PE'V —martingale. By [01, Theorem 3.2], the solution PV of the martingale problem (2.7)
is the unique solution to the previous martingale problem (2.24]). O
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2.2.4 Some properties of the centered Fleming-Viot process
2.2.4.1 Markov’s property

Due to the translation invariance property of the original FLEMING-VIOT process, we can
prove that the centered FLEMING-VIOT process is homogeneous MARKOV.

Proposition 2.2.10. The centered FLEMING-VIOT process (Zt)~ defined by (2.9) satisfies the
homogeneous MARKOV property: for all measurable bounded function f,

Vu S M?2<R), Vt, S > 0, EM (f(Zt+5) .Ft) = EZt (f(ZS)) IP’M—a.s.

Proof. Let u € M§’2(R) and f a measurable bounded function. Let ¢, s > 0. Using the MARKOV
property of the original FLEMING-VIOT process (V)5 We obtain P, —a.s.,

By (£(Zer)| 7 ) =By (7 garentVesn) | 7 ) = B (9000 | 7)) = Bv, (002)

where the bounded measurable map g is defined on M} (R) by g(v) := f (7'_<id7l,>jjy). By in-
variance by translation of the original FLEMING-VIOT process (Yt)t>0 we obtain under the
distribution IP:

Ey; (9 (Ys)) = ET_(id,Yt)ﬁYt (g (T(id,Yz)hYS)) = ET—(id,Yt)ﬁYt (9(Ys)) =Ez (9(Ys)) =Ez (f (%)) .0

2.2.4.2 Moments and some martingales

Proposition 2.2.11. Let pu € Mi’Q(R) and let P, be a distribution on O satisfying 1’ and
such that Xo is equal in law to p. Let T > 0 and k € N\ {0,1} be fized.

(1) If <]id|k,/,L> < 00, there exist two constants Ck,T75k,T > 0, such that any stochastic
process (Xi)gcicp whose law is Py, satisfies

(@) s E ({ld*, Xe)) < Crr (1+ (Jidl*, 1)) (2.25)
~ -
(b) Va >0, P, ( sup <\id!k,Xt> > a) < Ck,r (1 + <|1d| ,,u>).
te[0,T «

(2) If <|id|k,,u> < 00, respectively <|id\k+1 ,u> < 00, the process (]\/@d (idk))0<t<T defined
by o

B (i) = (0¥, 0) — Gt xo) — [ (S ik X as
- )\/t [(k(k — 1)id"2, X,) My(X,) — 2k (id*, X,)] ds
0

is a continuous P, —local martingale, respectively a continuous P,,—martingale. Moreover,
if <|id|2k,u> < o0, then (Mid (idk)>0<t<T is a martingale in L? (Q) whose quadratic

variation is given by
(37 (i), =22 [ [0, X) — i, X) "+ b i ) 2
— 2k (id" !, X,) (id"*, X,) ] ds.
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Note that the properties for £ = 1 fail because of My in the expression of Lyvy.. Note also
that this result entails that Z; is a continuous martingale.

Proof. Step 1. Proof of (1)(a). We prove only the case k > 3: the case k = 2, which is simpler
because some terms disappear, is treated in the same way. Let ¢ € [0,7T]. We consider a sequence
of functions (gy),cy of class €%(R,R) with compact support satisfying:

(i) foralln e N, |g,| < |id|, (iii) g, =id on [—n,n],
(if) lim |gn|. =0, (iv) g/, is uniformly bounded on R.
n—-+00

We consider the sequence of functions (hy,), oy defined by h, := /14 g2 and we deduce from
the properties of g, that for all n € N, h,, is a non-negative function with compact support, that
for all £ € N,
"
(hE) = kguglhi™2  and  (BE)" =k (gh)7 BEH (B2 + (k — 2)92) + kgagih?,

hyn = h := \/1+1id? on the compact set [—n,n] and h, < h on R. We consider for all A € N
and ¢ € N, the stopping time 74 ¢ := inf {t >0 ‘ <]id\€ X > > A}. Noting that for all ¢ € [0,T7,

k—2
neNandk >3, (hE72, X)) < (hk, X;) F < (h*, X;) and (hii—2 Xt> (id? X;) < (h*, X;) from
HOLDER’s inequality, we deduce from the martlngale problem ([2.4]) that there exists constants
Ci(k),Ca(k, A) > 0 such that

By (B, Xinra,)) = Eu (15, X0) ) +E, ( /0 <(h§>” | XS> ds)
+E, < /O e ((nh)"x4) MQ(XS)ds) —2)E, ( /0 e ((nh) xid, x) ds>
< (o) w1 Janl2m (7[5 nan x| (et ) as)
+ kg En (/OWA'k E +A <id2,Xs>} (hE1 X,) ds>
+ 22k |4l L (/OMTA’k (hE" < Jid], X.) ds)
< (hF, ) + C1(K)E, (/OWM (", X,) ds) + Ca(k, A) [|gn o

By FATOU’s lemma we obtain when n — 400,

Eu ((B*, Xinra,)) < (B% 1) + C1(K)E,, ( /0 T (h¥, X,) ds)
By GRONWALL’s lemma, we deduce that
Ey ((id*, Xinra ) < By ((hF, Xinra,)) < (BF, 1) exp (C1(R)E) . (2.26)

In particular, this implies that the sequence (74 %) Aen converges P, —a.s. to infinity. Indeed, for
all T > 0, we have

~ SUPteOT <<’1d| T >)
B, (sup Ak < T) [ tATATA,k
AeN A
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which tends to 0 when A — +o00. We deduce by FATOU’s lemma, when A — 400, the first
announced result.

Step 2. Proof of (1)(b). Let @ > 0. From the martingale problem ({2.4)), we deduce that

TAT4, Bk "
o te[o,s;l&,k] <hﬁ’Xt> S (<h§"u> = %) + Py (/0 Ak <( ;) ,Xs> ds > g)
—{—]}DH <)\ /OT/\TA,k <(h,’l::l)//7XS> MQ(XS)dS > %)

P, <2)\ /OTATA’k <(h7’§)/ x id,Xs> My (X,)ds > ‘;)

(0}

5

+P, sup Mt‘G1 (hk)
tE[O,T/\TAyk]

The DooB maximal inequality allows us to write

_a) B (e, (),)

5 o

P, sup ’Mld (hk)
te[0,TATA k]

From the martingale problem ([2.4) and the computations of Step 1, we deduce that

)[) <2 ) w2cumm ([ 4 x0) as) 200t 4)

2 <h’“,u> [1+ exp (C1(k)T)] + 2Ca(k, A) ||| o -

(‘ T/\TAk

where we use the FUBINI-TONELLI theorem and the relation (2.26)). It follows, from MARKOV’s
inequality, that there exists a constant C > 0 such that

P sup (hEX)>a < G (W 1) 11+ exp (C1(R)T)] + Ca(k, A) |97 ] -
te[0,TATA k] @

By applying the dominated convergence theorem twice, successively when n — +o00 then when
A — +o00, there exists a constant Cj 7 > 0 such that

~ k
Pu( sup <hk,Xt> > Oé) < Ma

te[0,7) «
and thus the announced result.

Step 3. Mid (idk) is a continuous local martingale. From the properties of (gn),cn;

note that there exists a constant Cj > 0 such that for all n € N, |gfb} < |id|* and ’(gfl)” <

6k (1 + |id]k_1). It follows from the martingale problem l} the properties of (g),,cy and the
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2.2. Euxistence for the centered FLEMING-VIOT process

dominated convergence theorem for conditional expectation that

M., (id") = lim D, (o)

n——+00

= (id*, Xinra,) — (id*, Xo) — /0 e ’f(k;l) (1042, X,) ds

- )\/Ot/\TAg [k(k _1) <idk72a XS> My (Xs) — 2k <idk7Xs>} ds

is a continuous P, —martingale and thus (]\7 id (idk )) is a continuous PP, —local martingale.

0<t<T
When <]id\k+1 ,,u> < 00, using the inequality for all ¢ € [0, 7],

(Pt X)) (1d%, X0) < (Jid**1 )

the same computation applies replacing ¢t A 74 2 by t to obtain that (]\/4\ id (idk ))0<t<T is a conti-

Itx

nuous P, —martingale.

Step 4. L?—martingale and quadratic variation. As soon as <|id|k+1 ,,u> < 00, Mid (idk) €

L? (KNZ) as a straightforward consequence of HOLDER’s inequality. It follows from 1) that for
all n € N, for all ¢t € [0, 7],

For all n € N, the process
N = [T ()] — (79 (a8)),

is a P,—local martingale. As Mid (idk) is bounded on [0,7" A 749;] for all A € N, then for all

n €N, (NMT Ay%n) is a martingale. From the relation 1j with 2k, the dominated convergence
theorem for conditional expectation implies as above that P, —a.s.

i Ny = [Tt (09)]" =20 [ (G20 - ()

n—-+00

2
+ k(15 X) My (X) — 2k (id X <idk+1,XS>> ds
is a P, —martingale and we deduce the quadratic variation announced. O

2.2.4.3 Compact support

For all v € M;(R), we denote by Supp v the support of v. The historical reference of compact
support property of the original FLEMING-VIOT process is [61, Theorem 7.1] where the authors
proved that Supp Y; is a.s. compact for each fixed ¢t > 0. We will used a slightly stronger version
based on [159].

Proposition 2.2.12. For all pu € Mia(R), for all e > 0, U.cs<; Supp Zs is compact P, —a.s.
Further, if Supp Zy is compact, then Uy<s<; Supp Zs is compact for all t > 0, P,—a.s.
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Proof. Tt is proved in [I59] that the support of the A—FLEMING-VIOT process associated to a
A—coalescent which comes down from infinity, is compact at all positive times. Our case corres-
ponds to KINGMAN’s coalescent. In addition, they prove that, given that the initial condition v
has compact support,

J SuppYi

0<s<t

is compact for all ¢+ > 0, PEV—a.s. MARKOV’s property then entails that, if v € ME’Q(R),
Uc<s<e Supp Ys is compact for all 0 < e < ¢, PFV _—a.s. Hence, the same is true for Z; =
O

T_id,yi) i Yt

2.3 Uniqueness for the centered Fleming-Viot process

As for the original FLEMING-VIOT martingale problem, we will prove uniqueness to the
martingale problem by relying on the duality method [85], (60, [89, 91]. Additional difficulties
occur in our case since bounds on the dual process are much harder to obtain and the duality
identity cannot be proved in its usual form. In particular, we can prove uniqueness only for
initial conditions admitting finite moments.

2.3.1 Main result

Theorem 2.3.1. The centered FLEMING-VIOT martingale problem (2.4]) has a unique solution
if the initial condition has all its moments finite.

The reason why we need to assume finite initial moments will be explained at the end of
Section In particular, we will see in Remark that we cannot hope to prove uniqueness
for more general initial conditions using our duality method.

Corollary 2.3.2. Ezxistence and uniqueness hold for all the martingale problems of Definitions
2.2, 2.2.5] and 2.2.8] and they all admit the same solution if the initial condition has all its
moments finite.

Proof of Corollary[2.3.2 We proved in Section that P, solves the martingale problems of
Definitions[2.2.5|and Since a solution to these martingale problems is of course also solution
to Definition uniqueness for Definition implies uniqueness for the other martingale
problems. O

2.3.2 Notations and outline of the uniqueness proof

Our proof of Theorem is based on the duality method as proposed in [89, O1]. From
(2.21)), the operator Lyy. applied on the function Py, defined in (2.17)) with fixed f and n € N*,
satisfies the following identity:

LevePra(p) = (B™Wf, u™) + A Z Z (@i f, 1) = (f, ™))
T
S (2.27)
A D (K fo ™) = (fon™)] + n? (f ™)
=15

% j=1
=: L} Pya(p) + X (f. ")
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2.8. Uniqueness for the centered FLEMING-VIOT process

We note that E’} can be seen as an operator acting on the function f — Py, () with fixed p.
The operator Z’JZ can be interpreted as the generator of a stochastic process on the state space
Unen+ €2(R™, R). Following ETHIER-KURTZ’s works [89, 1], this suggests to introduce a dual
process (§t>t>0? of generator Z} and to prove a duality relation of the form:

w20, E((6x") =B (6 X" en (A [ @) @)

where M := (M (%)), is a MARKOV’s birth and death process in N whose transition rates g; ;
from ¢ to j are given by:

(1) guni1 = An? (2) gnn—1=An(n—1) (3) gi; = 0 otherwise.

It is known that the relation (2.28) implies uniqueness [94, Theorem 4.4.2]. However in our
situation, it is difficult to obtain the strong version (2.28)). For technical reasons, we will obtain
only a weakened version. Therefore, the proof will be divided in two large steps.

Step 1. Construction of the dual process ({t)@[). The relation suggests that the
dual process (&t);5q jumps, for all 4,5 € {1,--- ,n} from f € ¢Z(R™,R) to K; j f € €*(R"T1 R)
at rate A and if i # j, from f € €2(R",R) to ®; ;f € €Z(R"1,R) at rate A\. Moreover, note that
if n = 1, the dual process can only jump from f € Céf(R, R) to K; jf. Between jumps, this dual

process evolves according to the semi-group of operator (T(") (t))t>0 associated to the generator

B given by (2.18). We will give an explicit expression of the semi-group (T(") (t))t>0 defined

as an integral against Gaussian kernels. This representation will be derived from a pr(;babilistic
interpretation of the semi-group using a FEYNMAN-KAC’s formula. We define the dual process
as follows:

Definition 2.3.3. For all M(0) € N*, for all § € €2 (RM©),R),

& = TM(m) (t — ) A, TM (1) (T — Tae1) A1 - - A, TM0) (11) €0,
Tn << Tpht1, n €N, (2.29)
where (Tn),,cn 18 the sequence of jump times of the birth-death process M with 7o = 0 and where

(An),en 95 a sequence of random operators. These are conditionally independent given M and
satisfy for allk e N, n > 1 and 1 <i# j < n,

1
P(A, =, ;| {M () =nM :-1):7 9.
(= @i {21 (70) = mdt () =0 —1}) = s (2.30)
and for alln>1 and 1 <i,j5 < n,
1
P<Ak:Ki,j {M(T,;)zn,M(Tk)szrl}):nQ. (2.31)

Moreover, the random times (1, — Tk,l),@l are independent conditionally to M (14,—1) = n and
of exponential law of parameter An? + An(n — 1).

Note that particle creation for the centered FLEMING-VIOT dual process is possible unlike the
original FLEMING-VIOT dual process. It comes from the K; ; operator which has appeared under
the centering effect. Note that these terms are the ones with the My(u) factor in (2.5) and are
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Chapter 2. FEuxistence, uniqueness and ergodicity for the centered Fleming-Viot process

found by the heuristic computation in . Indeed, for the choice of n 6 N* f(xy,-- ap) =
[0 gi(w;) with g; € €2 (R,R), i € {1 : n} we have for all € M$?(R) that

n n n n n

1

> Z Kijf. "™y =1 Y. (ofm) I] (g5, m) + Z Z {gis 1) (g 1 H g i) | Ma(p)
i=1j= i=1 j=1 i=1j=1 =
J#i J#i 7'&

The terms ®; ; are present both in the original and centered FLEMING-VIOT. Because of

the operators K; ;, difficulties will arise to get bounds on the dual process (see Section [2.6.2))

contrary to the non-centered case. Note also that M is a non-explosive process:

VT >0, P| sup M(t) < +o0 | = ]P’( lim 7, = —|—oo> =1. (2.32)
te[0,7T] n—+00
Indeed, we note that for the choice of u; := Ai(i — 1) and \; := X\i%, i > 1 in [I0, Theorem 2.2.],
we have )
Mi-oop2 L
N o2
so that

1 i Wi - > i - - -
Z()\i BV VS v )\2)\1 Z )\2>\1 = teo

i1

Hence, M is non-explosive.

Step 2. Weakened duality relation. We consider fixed M (0) € N*, &, € CKbQ(RM(O),R)
and (X¢);- a stochastic process whose law PP, is a solution of the martingale problem (2.4) with

p e MS?(R). We introduce a dual process (&t);>0 independent of (X;),, built on the same
probability space (enlarging it if necessary). We shall denote by P, ¢;), the law of ((Xt,&t))s~0
on this probability space. For any k£ € N, we introduce the stopping time

6, := inf {t >0 ‘M(t) >k or 3sel0,t, <55,X}f§5>> > k:} (2.33)

Theorem 2.3.4. Given any (Xt);q, (&t)i=o as above, we have the weakened duality identity:
for all k € N and any stopping time 6 such that 0 < 0,

W20, B (60 X00)) = gy (o X0 o (3 [ 12wan)) . 230

Note that this result holds true for any initial measure pu € Mf’Q(R). The stopping time 6}
ensures that each of the quantities involved in are bounded and thus that their expecta-
tions are finite. Afterwards, we want to prove that if two solutions of the martingale problem
satisfy the weakened duality identity, then their 1—dimensional marginals coincide. This is where
we need stronger assumptions on .

Lemma 2.3.5. Assume that p € M‘{’2(R) has all its moments finite. Then, the stopping time
Ok defined by (2.33) satisfies limy_, oo O = +00, P, ¢0) — as.
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2.8. Uniqueness for the centered FLEMING-VIOT process

We will see in Remark that the assumption on p is optimal in the following sense:
even if £y is bounded, & may have polynomial growth of any exponent k£ in some direction of
RM®) 5o that <|§t\ M (t)> is infinite if ;2 has infinite £*" moment. This shows that we cannot
expect to have 0y — +o0o when k¥ — +oo if i has not all its moments finite. This means that
we cannot expect that the duality method could give uniqueness for weaker assumptions on the
initial condition.

The proofs of Lemma [2.3.5] and Theorem [2.3.4] are respectively given in Sections [2.6.2] and
Once they are proved, the proof of uniqueness can be completed as follows.

2.3.3 Proof of Theorem [2.3.1] from Theorem [2.3.4l and Lemma [2.3.5]

We rely on the ETHIER-KURTZ’s result |94, Theorem 4.4.2]. To get the desired result, i.e. the
uniqueness of the martingale problem ([2.4), it is sufficient to verify that if we give ourselves two
solutions to the martingale problem ([2.4)), they have the same 1—dimensional marginal laws.

Let (Xt)t>0 and ()A(it)go be two solutions of the martingale problem |D with the same

initial condition u € Mi’2 (R) which has all its moments finite. Let (£;),-, be the dual process
with initial condition & € €2(RM(®) R) with M(0) € N*. We suppose that these three processes
are built on the same probability space and independent of each other. We denote for all k € N,

0y, := mf ‘M >k or 3dsel0,t, <§S,Xt]‘i{f)> > k}

These processes satisfy, for all k € N, & € 62 (]RM ©), R) the weakened duality identity (2.34)):

V20,  Eqg) (<50’ ffe(,?la)) _
—Ege) <<§t/\9k/\§k’“M(M6kA§k)> exp (7 /Ot/\ek/\Gk M2(u)du)>
B ({60 X))

From Lemma 2.3.5} since (X¢);, and (Xt)po have continuous paths for the topology of weak

convergence, we have P, ¢ )—a.s.,
. M(0) M(0) . TMO SM(0)
kgr—ir-loo <£0’ Xt/\9k/\§k> <§ Xy > and kEI—ir-loo <§07 t/\9k/\9k> <£ Xy >

Therefore, we deduce from the dominated convergence theorem and (2.17), that for all & €
& (RMO),R),

V20, Eg) (Poaro) (X0) = Ege) (Paaro (X)) -

As the set of test functions {me ’ f € GHR",R),n e N*} is Mj (M;(R)) —convergence deter-
mining [60, Lemma 2.1.2], it is M; (M;(R)) —separating [94, Chapter 3, Section 4, p.112], it

follows that for any ¢t > 0, X, M©) and )ZM © have the same law. In particular, for the choice
M(0) := 1, [94, Theorem 4.4.2] ensures uniqueness to the martingale problem ([2.4)). O
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2.4 Ergodicity for the centered Fleming-Viot process

In this section, we establish ergodicity properties with exponential convergence in total va-
riation for the centered FLEMING-VIOT process (Z;),-,. Note that in the case of the original
FLEMING-VIOT process, ergodicity fails without the centering property [91, Section 9.1]. Stan-
dard duality arguments would provide weak ergodicity estimates (see and [91]). However,
using a coupling argument based on the the MORAN process and and its relationship with the
KINGMAN coalescent, it is possible to obtain strong ergodicity bounds (see and [91]) as
done below. In addition, this will provide an explicit construction of the invariant probability
measure from the DONNELLY-KURTZ modified look-down [78, [80]. For all u,v € Mi(R), we
denote by

sup [(f, ) = (f, V)],

[ [ !
u— VTV = 5
251

00 S

the total variation distance between g and v. The main result of this section is the following.

Theorem 2.4.1. There exists a unique invariant probability measure 7w for (Zt)t20 and constants
o, B € (0, +00) such that for all u € MS*(R), for all T >0,

IPu(Zr € ) = 7llpy < aexp(—pT).

The main part of this section is devoted to the proof of this result (Sectionsto and
in Section[2.4.6] we characterise the invariant measure of the centered FLEMING-VIOT process. In
Section [2.4.1] we construct the centered MORAN process and we establish its convergence in law
to the centered FLEMING-VIOT process. In Sections [2.4.2] and [2.4.3] we construct, backward in
time, the MORAN process, its centered version and we exploit its relationship with the KINGMAN
coalescent in order to prove in Section an exponential coupling in total variation for the
MORAN process. We finally deduce, in Section [2:4.5 the proof of the main result announced by
letting the number of particles go to infinity.

2.4.1 Moran’s models and Fleming-Viot’s processes

In [R5, [61) [99] [60], the authors construct the original FLEMING-VIOT process as a scaling
limit of a particle process: the MORAN process. The aim of this section is to construct the
version of the centered MORAN process and to establish its convergence in law to the centered
FLEMING-VIOT process.

We consider the MORAN particle process YV defined by

vV _ig:(g
t '_N'_l X;(t)

with state space M n(R), the set of probability measures on R consisting of N atoms of mass
1/N. Moreover, if (X;(0)),cn« is exchangeable, then for all ¢t > 0, (X;(t));cn+ is exchangeable
[9T, Theorem 6.1]. The infinitesimal generator of the R—measure-valued process Y is given for
all n € N*, f € 62 (R, R), un € My n(R) by

LyPyn (pn) = Pas , (1N)

+AN(N -1) /R/R {Pf,n <uN - %' + %’) — Prn (uw)} v (dz) pn (dy).
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2.4. FErgodicity for the centered FLEMING-VIOT process

The first term of the generator describes the effect of the mutation according to the Lapla-
cian operator. The second term describes the sampling replacement mechanism: at rate A (the
sampling rate) an individual of type x is immediatly replaced by one of type y. Note that the
population size remains constant over time.

We recall the following convergence result [60, Theorem 2.7.1]: for all initial condition
Y&V =+ SN | dx, € My n(R) with (Xi)1<icn exchangeable R—valued random variables such
that Y3 converges in law to u € M;(R) as N — +oo, the MORAN process (Y;fN)t>0
in law on €Y ([0, +00), M1(R)), as N — 400, to the original FLEMING-VIOT process (Y7),5
defined as the solution to the martingale problem (2.24)).

converges

We denote Mﬁv(R) = {,uN e M; n(R) ‘ (id?, py) < oo, (id, un) = O}, and we define the

centered MORAN process (ZtN ) by

0
N ._ N
2V =1_ayt¥, >0
The main result of this section is the following:
Proposition 2.4.2. For all initial condition Z}' := %Zf\le&g € Mﬁ\,(R) with (X;)<icn

exchangeable R—valued random variables such that Z{ converges in law to Zy € MT’Q(R) as

N — +oo and satisfying supycn« E (<id2,ZéV>) < 00, the centered MORAN process (ZtN)t>0

converges in law on €° ([0, —|—oo),/\/ti’2(R)), as N — +oo, to the centered FLEMING-VIOT pro-
cess (Zt)yq solution of the martingale problem (2.20) with initial condition Zo.

A difficulty in proving this result lies in the fact that u+— 7_q )% ¢ may not be continuous
on M (R) because id is not bounded. Hence we need to carry out several approximations and be
very careful to control the approximation error on events of large probabilities. In order to prove
this proposition, we need to introduce some notations and results. For all real-valued function
f on R, the LIPSCHITZ seminorm is defined by || f||L = sup,, w We denote by

BLiR) = (1R B[ 15, <1}
where ||f| gz == Ifll, + I f]l For all u,v € M;(R), we denote by
dpp(p,v) == sup |(f,p) — ()],
fEBL1(R)
the FORTET-MOURIER distance. Recall that M (R) endowed with the weak topology is complete
for the distance of FORTET-MOURIER [81] Corollary 11.5.5]. Let A denote the class of strictly
increasing, continuous mappings of [0,77] onto itself. For given metric spaces E and E, we

denote by D ([0, 7], E), the space of right continuous and left limited (cad-lag) functions from
[0,T] to E and by ‘?a”bo (E,E) the space of continuous bounded functions from F to E. For

z,y € D([0,T], M1(R)), we define the distance do(z,y) by:
p(t) — p(s)
log ( t—s )'} '

From [20, Theorem 12.2 and Remark of page 121], (D ([0,T], M1(R)),do) is a Polish space
when M (R) is endowed with the FORTET-MOURIER distance and the topology induced by
the distance dy is the SKOROHOD topology. Let us consider the following lemma whose proof is
similar to that of Proposition [2:2.11] and left to the reader:

do(z,y) := inf < sup dpp(xop(t),y(t)) + sup
PEA | tefo,T) s<t
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Lemma 2.4.3. Let T > 0 and k € N fized. There exists a constant Cyr > 0 independent of N
such that for all Y& € My n(R) satisfying supyey E (<]1d\k ,YON>) < 00, the MORAN process
(YY)

0<t<T satisfies

Cr,rsupyen« E (<|id’k ; Y0N>)

«

Yo > 0, Py~ ( sup <\id|k,YtN> > a) <
O \tefo,T]

Proof of Proposition [2.4.3. We want to establish that
vg € 6 (D ([0, 7], Mi(R))  R), (9(27)) =E(9(2)).

Let € > 0. We consider the two following maps F and F; from D ([0, 7], M1 (R)) to D ([0, 7], M1 (R))
defined by F(y)(t) := T_ga,y) §¥(t) and Fo(y)(t) := T_(, y()) § y(t) where he is a map from R
to R defined by

lim E
N——+oc0

z if |z[<i
he(z) = Logf o>t
7% if z< f%
Step 1. Continuity of F_. In this step, we want to establish that
FE € Cgbo (]D) ([07 T]v MI(R)) 7D ([07 T]? MI(R)>) .

To obtain this, it is equivalent to prove that if for all n € N, y,,y € D([0,7], M1(R)) and

lim, 400 do(Yn,y) = 0, we have lim,,_ 1o do (F:(yn), F=(y)) = 0. As, limy, o0 do(yn,y) = 0,
there exists ng € N such that for all n > ng, there exists p, € A satisfying

2

pn(t) — pn(s) €
(S 4 0 Pn(E),YE)) + o o (22622 ) < 5 (2.35)
Note that
do (Fe(yn), F(y)) < sup_drar(F- (ya) (pa(1)) s Fx(y)(1)) + sup |log (W)'
te[0,7) s<t S

Now, for all ¢t € [0, 77,

dear (Fe(yn)(pn(8), Fe(y)(8) = sup  [{f © Tih ynopn(t))> Yn © Pu(t)) — (f © T (e i) (1))
JEBL1(R)

< sup (0 T (h ynopn(t))s Un © Pu(t) — y(1))|
fEBL1(R)

+ sup  [(f o he guopn(t)) = f O T (et (1))
fEBL1(R)

On the one hand, as f € BL1(R), it follows that f o 7_y,_ 4. 0p.(t)) € BL1(R) and thus

SUD (S © T (he ynopn (1)) Yn © Pu(t) — y(1))]| < drar (yn © (L), y(t)) -
feBL1(R)

On the other hand, as f and eh. are in BL;(R), we have

(€S 0 T themopn() = f 0 T heiye)» ¥(D)] < 1= (hesyn © pul(8)) + (e, y(1))]

_ % [(ehe, Yn © pu(t) — y(t)]

< Zdrar (4 © palt),u(0)).
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It follows from ([2.35)) that,

1
o (Felyn), F) < (14 2) sup_diar (g 0 pul0), (1) + sup
€/ teo,1] s<t

g (22222

t—s
<e.

Step 2. Control in distance dj of the difference between F (YN) and F. (YN). We
consider the MORAN process (YtN)o<t<T started from Yg¥ = Z}' and the original FLEMING-VIOT
process (Yt)ogth started from Yy = Zj. In this step, we consider the events

2 2
Q. n = sup id%2, v,V < } and Qe oo 1= { sup (id%,V;) < } .
: {te[O,T] < ! > \E t€(0,T] < t> \E

As supyen E (<id2, Z(J)V>) < o0, it follows from Lemma (respectively Proposition [2.2.11|),
there exists a constant Cr > 0, independent of N, such that Py.» (Qc,n) = 1-Crp+/e (respectively

Py, (Qe00) =1 — Cr+/€). Moreover, on Qe N, for all t € [0,T7,
do (F (YY), F. (YN)) < sup dp (F (YY) (1), F- (YY) (1))

te[0,7

< sup sup for /iunN for.
t€[0,T] feBL1 (R) H (i YY) = (RN >Hoo

gl

where we used the inequality |he —id| < %idQ. Similarly on €2 o,

do (F(Y),F: (Y)) < Ve
Step 3. Conclusion. We want to prove that for all g € 6 (D ([0, 7], M;1(R)),R),

G E (g (9(2Y)) =E(9(2)).

Thanks to the PORTMANTEAU theorem [20, Theorem 2.1], then it is sufficient to prove this for

all g 1—LIPSCHITZ. As (YN)NGN* converges in law to Y, we deduce that, for N large enough,

E(goF (YY) —E(go (V)| < V=
Using that g is 1—LIPSCHITZ, and the inequalities of Step 2, it follows that
‘E(g (zM)) —E(g(Z))‘ - ‘E(goF(YN)) —E(goF(Y))’
<[E(go . (YY) ~E(go (V)]
4 ‘E(goF(YN)) ~E(goF. (YN))‘
+|E(go Fz (Y)) —E (g0 F(Y))|
<V +2gllo [Py (% n) + P (%)
+VE [Pyx (Qe3) + Py, (Qc00)]
< (3+2llgllo Cr) ve.
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Chapter 2. FEuxistence, uniqueness and ergodicity for the centered Fleming-Viot process

The announced result follows and completes the proof. ]

2.4.2 Backward construction of Moran’s process and Kingman’s coalescent

In this section, we exploit the relationship between the MORAN model and the KINGMAN
coalescent to obtain in Proposition a result of exponential ergodicity in total variation
for the centered MORAN model uniformly in N. The genealogy of a sample from a population
evolving according to the MORAN model of Section is exactly determined by KINGMAN’s
coalescent with coalescence rate 2. The state of the population at the final time is constructed
from the ancestral positions by following the genealogy and adding mutations on the genealogical
tree of the sample according to a standard Brownian motion. Therefore, at the final time T,
the position of each individual of the sample is equal to the sum of the position of its ancestor
at time 0 and the Brownian mutation steps that occurred during its ancestral branches in the
coalescent. We formalise this construction below by giving some notations and illustrations of
the latter ones.

Let be fixed the time T > 0 and the number of partlcles N € N*. We consider the probability

space (Q F, IP’) where Q := = Kn1 X MutNT x ARY = Fknr @ FMuty s @ .7-"A/;VN and

P.= Ky ® .Cf\%it 1 ® QN | Ech/'™ with the followmg notations.
We denote by Ky 1 the state space of the KINGMAN N —coalescent with coalescence rate 2\
on [0,7T] :
Knr :=D(0,7],11y)

with Iy the set of partitions of {1,---,N}. We denote by Ky the law of the KINGMAN
N —coalescent with coalescence rate 2A on [0,7] and -7:ICN,T the SKOROHOD o—field on Ky 1.
In the following, in order to simplify the names, the precision “at coalescence rate 2\” will be
omitted.

We denote by AW := HZ ", R? the state space of the possible ancestral positions in the KING-
MAN N —coalescent at time 0. We denote by Ech/™ with uy := % Z;-Vzl 0z; € My n(R), the law
of a i—sample where we select i elements randomly and without replacement in {z1, -+ ,zn}
according to uy and by fAuNN the BOREL o—field on ARN.

We denote by Muty 1 the set of Brownian trajectories of ¢ ([0, 7], R). We denote by Lyt
the law of a 1—standard Brownian motion and Fyyt NT the BOREL o—field on Muty 7.

Finally, we denote an element @ of Q as:

= {(kNi)osth ; (W(B))Bc{l,.u’N}\fZ ) ’QU(N)} ’

(k) (k) (k)

where we denote z(F) = (:E1 J Ty e, T ) Note that (kN,t)ogth is an increasing process
in Ky representing the genealogy. In addition, we denote by kyr1 := {Li,---,L,} with
n = |kyr|. In other words, KINGMAN’s N—coalescent contains n distinct lineages where L;
is a subset of {1,---, N} at the final time 7. For each individual i € {1,---, N}, we denote by
a(i) € {1,--- ,n}, the index such that i € L,;). In other words, L,; is the ancestral lineage of i.
For each individual i € {1,--- , N}, we denote by B(s, ) the block of the partition kx s at time

s and containing the individual i. We denote by z(") = (xgn), ol )) the ancestral positions
at the final time 7" so that for all i € {1,--- N}, a:g&)) € R is the position of the ancestor of the

individual i, at time 7, in the genealogical tree. Each process W(5) = (Wt(B)) governs the

o<t<T
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dynamics of mutations occuring on the interval time where B C ky 7.

r§2) =K méQ) = @5
0
(3]
ta T
w4q
75 AAAAAAA A AN s
T4 l/ 7'y Ugq
z3 YA ug B
x2 /f\v/\v A U2 5
21 AAAAAAAAA u &
vV V V V V V V V \'4 < w3
tq
0 & t2 i3 ta ts t6 T
ts + ws
. . te 1
FIGURE 2.1 — Graphical representation of the w1—l
, T 3
MORAN model with N = 5. Uy U2 Uyg us3 us

FIGURE 2.2 — KINGMAN’s genealogy
(k&T—t)ogth under the MORAN model
on the left, tracing back from 7T to 0.

Let us recall the link between the MORAN model and the previous stochastic objects. At
each reproduction event t; in the MORAN model, illustrated on Figure an ordered pair of
individuals (7, j) is sampled uniformly at random from the population: one of the two individuals
dies and the other reproduces with equal probabilities. In Figure we draw an arrow between
lines: the arrow ¢ — j indicates that ¢ reproduced and j died. We can recover the ancestry
of the sample by tracing backwards in time from the right to the left in Figure to obtain
Figure [2.2] We coalesce any pair of individuals whenever they find a common ancestor which is
represented by the bold blue arrows. The other arrows do not modify the genealogical tree. The
ancestral positions in Figure are given by (z;), <i<s Where us = % Z?: 1 0z, and the ancestral

positions in Figure [2.2| are distributed as #(2). Note that :c((f()l) = x((lz()) = x(2(21) = $§2) = 1 and

x‘(f()l) = :1;((12()1) = :zcg) = 5. Then, we add the mutations, denoted by “/\/\/\/\”. Not all of them

are shown in Figures and 2| for the sake of clarity: the ones which are represented are wy :=

3 3 2 2 1,2 1,2 1,2,4 1,2,4
WA Dy = T gDy ) ppah L gpa2an g b

and ws = Wq(ﬂ{3’5}) — W}{ig}). Then the position u; of the individual ¢ € {1,---,5} at time T'
in Figure 2.2] are

uy =z + W({17274}) _ Wé{_l’iA}) i Wr}{_li}) _ W({l 2}) | W({l}) Wo({l})a

Uy = 71 + W({l 2.4}) W({1’2’4}) + W({L?}) _ }{Etz}) + Wi(“{ft}z;) _ 0({2})7

ug = T + W}{3’5}) _ W({3 5}) i W({3}) WO({3})

uy = 1 + WZ(F{1,274}) _ W({1’2’4}) i W({4}) W({4}),

us = o9 + W}{375}) _ W({3 5}) W({5}) Wé{5}).
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Putting everything together, we define in the general case the random variable

iZy 1 &
HN::NE: wi»

where, for all i € {1,--- , N},
T s,
u; 1= ué”v = xg(?) —I—/O dWS(B( ’ )) (2.36)

The well-known backward construction of the MORAN model [87), Section 1.2], [86 Section
2.8] entails the following result.

law >N,
YN =Yr KN

Proposition 2.4.4. For all initial condition uny € My n(R), where YON ‘= UN.

2.4.3 Centered variables and centering effects

We construct the centered version of the random variables ?TN PN We define the random

YUN

variable Z}V as follows:

AN7/“LN .—
ZT

v N.un
ST g

Corollary 2.4.5. For all initial condition uy € Mi?\,(R), N e Zév’“N = % SN | 6., where,
fOT’ all i € {17 7N}7 Vi ::'Ué”v = U — %Zé\leu]‘ and Zév = UN-

8
S
8

-
8

N

S
———e
v

[S
E
&
4'
°
V&
g
[=)

k
I~
€
o

{ {
I I
{ {
I I w3 ang
S |
| ] { { | ]
: w1 : w2 = = : w1 : wo
o4 ® ® ® ® 0 ® ® ® ®
V1 v2 v3 V4 V1 v2 U3 V4
FIGURE 2.3 — Illustration of the centered FIGURE 2.4 — Illustration of the centered
MORAN process where |ky 7| = 1. MORAN process where |ky 7| = 2.

In the example of Figure we can observe that u; = ) 4 w1 + ws + wy, ug =
=) 4 wo + w5 + Wy, Uz = M 4+ w3 + we + Wy, Uy = M 4+ w4 + wg + wy, so that

o v =1[ws—wg]+ 3wy — L we +wz+wa], e vy =3 w5 —we] + 3ws — I (w1 + w3 + w4,

° vgz—l[w5—w6]+ 2wy — 1[w1—|—w2+w4] ° v4:—%[w5—w6]+%w4—%[w1+w2+w3],
and for Figure that u; = :cg) + w1 + ws, ug = 93%2) + wo + ws, ug = ng) + w3z + we,
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2.4. FErgodicity for the centered FLEMING-VIOT process

u4_a:§)+w4+w6 so that

ovlzé[xgz)—xé)—l—z%—wﬁ} +1w1—%[w2+w3—|—w4],
0@2:%[33%2)—.1'%)4-1115—106] +%w2—i[w1+w3+w4],
01)3——% [xgz)—xé2)+w5—w6} +Zw3—i[w1+wg+w4},
o Uy = — %[z?)—xg)—i-wg,—w@] +Zw4—i[w1+w2+w3}.

In other words, when there is just one ancestral lineage as in Figure 2.3] the random variable
ZJTV 4 does not depend on the ancestral position z(1): this is the centering effect. In general,
when n = |kn 7| =1,

T Cl ’l,
w:/ﬁﬂﬂm - /<mg . (2.37)
0 ]_1

This property is fundamental to implement coupling arguments leading to strong ergodicity (see

Section [2.4.4]).

For any fixed T' > 0, for all 4,5 € {1,--- , N}, let us consider T;; the coalescence time between
the individuals i and j at time 7" in the process (kn:t)oc,<p- In the following proposition we
establish that (v;); ;< is a centered Gaussian vector whose covariance matrix is an explicit
function of Tj;.

Proposition 2.4.6. (1) Forany fired T > 0, for all uy € Mf?\,(R), conditionally to ky :=
(kN,t)ogth; on the event {|kn | = 1}, we have for alli,j € {1,--- ,N}, Cov (u;,u;j | kn) =
T-T;

(2) Conditionally to ky, on the event {|knr| =1}, (vi)icicn ~ N (0gn, %) where ¥ :=
(Eij)léi,jgN is define by

N
Vi,je{l,---,N}, i := Cov (v, v | kn) Z Tir, + Tji) — ( 2 Z Tké)
_ k=1

Proof. (1) It is a straightforward computation from (2.36)).
(2) Noting that for all 4,5 € {1,--- ,N}, T;; = T}; and T;; = 0 and from (2.37)), we deduce

the announced result by a straightforward computation. O
2.4.4 Coupling arguments with two distinct initial conditions

In this section, we want to couple centered MORAN’s processes from different initial condi-
tions but with the same KINGMAN genealogy and the same mutations in order to establish the
following exponential ergodicity result.

Proposition 2.4.7. For all un,vy € Mﬁv(R), for all T > 0, there exist constants o, 3 €
(0, 4+00), independent of un,vn,T and N such that

H@ (ZJTV’“N € ) ~-P (2JTV’”N € -)HTV < aexp(—8T).
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In particular, for all N € N* there exists a unique invariant probability measure wn for the

centered MORAN process (Z}]),., such that for all py € Mi’?\,(R), forallT >0,

HPHN (quy € ) — 7rNH < aexp (—0T).

Remark 2.4.8. The previous result is true for all deterministic initial conditions, so also for
any random initial conditions.

Proof. Step 1. Coupling. Let @&,, and @,, be two elements of Q which have the same

KINGMAN genealogy (th)o <t<T and the same mutations but whose initial conditions py :=

N LyN 6 2 and vy = Ly, 5 are different where n = |ky 7|. We assume that the xgzl))
a(z)

respectively y((l(i)) are selected randomly and without replacement in {z1,--- ,xyx} respectively

{y1,- ,yn}, independently. This allows us to construct, on the same probability space, two

random variables

N —N,
BN = E 5 MN and ZT’VN = — E 51}1{1\1
1
271 =1

N.uy law ZN,un Ny law SNy
such that Z = Zp and Z = Zp".

Step 2. Control in total variation. From ({2.37)), on the event {|ky | = 1}, we have that
foralli e {1,--- ,N}, v/'¥ =V a.s. and from [I58] we deduce that

<P ( ZNwx gév,uN)
=1-Knr(knr|=1).

HP Y ) P (ZNVN < '>HTV

We denote by Hy := Zévzz T} the height of the KINGMAN N —coalescent where (Tk)2<k<N

are independent random variables such that T}, follows an exponential law of parameter 2)\(g)
[86, Lemma 2.20]. Now, KN,T (‘kN,T’ = 1) > Koo,T (|koo,T| = 1) = Koo,T (Hoo < T) and by the
exponential TCHEBYCHEV inequality we have

Kooy (Ho >T) < inf (P (PHx))
. pe(0,2))  exp (pT)

Note that for all p € (0,2)\),

1o 2\t 1
E (exp (pHoo)) = [] E (exp (pTx)) = oy T——
2 Pr_s Xk(k—1)

where the last product is convergent. We deduce that

1

Keor (Hoo >T) < C inf — 20X exp(1)T exp(—2AT),
VA ( ) pEl(r(l),Q/\) (2A — p) eXp(pT) exp( ) exp( )
where C = [[{>%, m The result follows for « = 2C'Aexp(1)T and 5 = 2. O
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2.4.5 Proof of Theorem 2.4.1]

Classically, it is sufficient to check that there exists constants «, 8 € Ry such that for all
JTRAS Mig(R), forall T > 0,

Py (Zr € ) =P, (Z7 € )|y, < aexp(—BT).

From LUSIN’s theorem [204, Corollary of Theorem 2.24], Proposition and Corollary [2.4.5]
there exists two constants a, 8 € (0, +00) such that for all uy,vy € ./\/ll?N( ), for all T > 0,

cwp (B (7(2)) ~Bur (7(20)| = 500 [Eu (4 (22)) - B (4(22)

[flloe<1 [[fll oo <1
f continuous
< aexp(—p5T).
Now, let be fixed two deterministic initial conditions p, v € Mf’z(R) and consider an i.i.d. sample
(Xi)1<ic v of distribution p and an i.i.d. sample ( ) i<y of distribution v. Then, we construct
two initial conditions uy := & 21—1 Ox, and vy 1= Zl_l ~such that puy and vy converge
in law respectively to p and v. We define iy := T—(ld,umﬁﬂN and VN = T_(q,y) i VN such

that oy, N € Mi?V(R) By construction, the assumptions of exchangeability of the random

variables (Xi)1<z< N and (Xi)1<z‘<N are satisfied, iy and vy converge in law respectively to

and v and we have
E ((id% fiy)) = E (<1d2, ) — (id, py)?) = (1 — N> Var(X1) <

Then, we deduce from Proposition 2| that for all f € €2 (R, R) satisfying || f||,, < 1, for all
T3>0,

Buf (Zr) —Euf (Zr)| = Jim [Byy (£ (22)) —Euy (£ (27))] < cexp(=5T)

which concludes the proof. O

2.4.6 Characterisation of the invariant probability measure

In this section, we characterise the invariant probability measure of the centered FLEMING-
VIOT process 7 thanks to an adaptation of DONNELLY-KURTZ’s modified look-down construc-
tion presented in Section We give in Section [2.4.6.2] an explicit characterisation of the
invariant probability measure 7. Let us begin by giving a convergence result of the invariant
probability measure my to the invariant probability measure .

Lemma 2.4.9. The sequence of laws (Tn) yen+ converges in law to w in My (M1(R)).

Proof. Let T >0, uy € Mi?V(R) and pu € M?Q(R) such that puy converges in law to p. From
Proposition and Theorem we have for all f € €°(M;(R),R),

[(fomny = (£ < [(fmn) =By (£ (Z29))] + [Buy (£ (22%)) — Bu (£ (21))
+[E,. ( (Z1) — (f,m)
< 2| fllog vexp (=BT) + [y (£ (Z77)) =B, (£ (20))] -

The announced result follows from Proposition [2.4.2] O
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2.4.6.1 Construction of exchangeable random variables allowing to characterise my
and 7

We consider the probability space (Q, F, ]13’) where we define the modified look-down process
on (—o0, 0] as a population dynamics on the set N of levels where one individual is assigned to
each level. To each pair of levels (4,5) € N2 with 1 < i < j, we assign an independent POISSON
process (N;j(t)),>, with intensity 2\ and to each level ¢ € N*, we assign an independent standard
Brownian motion (B;(t));cq on R_. Jointly with the modified look-down is constructed for all
N € N*, the so-called N —look-down process whose evolution is given as follows:

T4
v451111[ =—taT
Bs(t) 5 f U5 —
By (t) 4 Uy
Bs(t) 3 Y u3 —tot
Ba(t) 2 Ug
Bi(t) 1 i —hr
—‘T *‘1,1 *‘1,2 *‘751 6
0 + o
U1 us3 Ua U2 us

FIGURE 2.5 — Graphical representation of the modi-

fied look-down process with N = 5. FIGURE 2.6 — KINGMAN’s genealogy

(/25 t) under the modified look-
77 0<t<T

down model on the left, tracing back
from time 0 to time —T.

(1) Birth/Death rule. Each jump time t; of one of the POISSON process (Nij)1<icjen
corresponds to a reproduction event at backward time —t;. When the time ¢, is the jump
time of the POISSON process N;;j, we put an arrow from 7 to j as illustrated in Figure @
which means that the individual at level ¢ puts a child at level j. The offspring at level j
adopts the current spatial position of its parent at level . The parent level and position
do not change. Individuals previously at level £ € {j,--- , N — 1} are shifted one level up
to £+ 1 and the individual at level N dies.

(2) Spatial motion. Between reproduction events, individuals’ spatial positions at each
level i evolve according to the standard Brownian motion B;(—t). As explain below, we
will fix the position of the individual at level 1 at coalescence time to 0.

Note that the N—modified look-down process is simply the first IV levels of the (/N +k)—modified
look-down for any k& € N*. In other words, the modified look-down construction can be done
with an infinite population as a projective limit of the so-called (infinite) modified look-down.
From [78, [80], the genealogy (EN’t)po
lation evolving according to the N “modified look-down is exactly determined by KINGMAN’s

N —coalescent with coalescence rate 2. In Figure[2.6| we give the KINGMAN genealogy associated
to the 5—modified look-down of the Figure

in backward time since time 0 of a sample from a popu-
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We denote by a(i,t),i € {1,--- , N}, t € (—o0, 0], the ancestor level of the individual at level
i at time ¢. For example, in Figure[2.5] for all t €] —t3, —t4], a(5,t) = 2 and for all t €] —t9, —t4],
a(3,t) = 1. Let us consider the random variables

e —1nf{ T>0 |a(i,-T) =1, Vie{l,"‘,N}},

Ty = inf {T 20 |a(i,-T) =1, Vie N*},

which can be interpreted respectively as the coalescence time (i.e. the first time where |ky,¢| = 1)
of the KINGMAN N —coalescent (I;IN7t)t>0 and the KINGMAN coalescent (l;:oo t)t . Note that,

forall N e N*, T coal < Tgfal P—a.s. In Proposition 0| below, we establish that Tc‘fal admits
moments of any order. We shall be interested in the spatlal position ; of the individual at level
i € N* at time 0 assuming that the position of its ancestor at backward time chfal is 0. For
example, if we assume that, in Figure m T = T5oal = t4, then the spatial position of the

coal c
individual at level 5 at backward time —T,, represented by the curve in bold in Figures
and is

Us 1= BQ(—t4) — Bg(—tg) + Bg(—tg) — Bg(—tg) + B4(—t2) — B4<—t1) + B5(—t1).

9:= By ( t4) U3 1= Bl(—t4) — Bl(—tg) + B3 (—tg) Uy = By (—t4) —
(—=t1) + By (—t1). In general, we define for all i € N*, the random

ul'_/TOO i (1)

coal

Similarly, 1 := Bl( 1),
By (—t2) + B3 (—t2) — B
variable

k
Proposition 2.4.10. For all k € N, there exists a constant Cy, > 0 such that E (( coal) ) < Ch.

Proof. Note that T = Z o Ti, where (T},) k2 are independent random variables such that Ty

follows an exponential law of parameter 2/\(5). As previously in Step 2 of the proof of Proposition
there exists a constant C' > 0 such that for all p € (0,2),

+o0 1

E (exp ( Tcoal)) H 1- —»r < exp (Cp) :
k=2 Ak(k—1)
k
From the inequality: for all z € R, z* < ( /\ex’; (1)) exp (Azx), we deduce that
B ((1520)") < (5 ) B (e (z) <
COQ /\eXp(l) coa
k .
where C}, := (/\e%p(l)) exp (CA) which ends the proof. O
N
In view of (2.37), it is natural to introduce for all N,i € N*, oV = w; — % > uj. In the
j=1

following proposition, we give analogous results to those of Proposition [2.4.6
Proposition 2.4.11. (1) Conditionally to kn = (th) S0 O the event {’lvaT‘ = 1}, we

v TZ], where TZ] 1s the coalescence

have for alli,j € {1,--- ,N}, Cov (ul,u] ’ kN) =T

time between individuals at level i and j at time 0.
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(2) Conditionally to ky, on the event {‘]vaT‘ = 1}, (o

i )1<z<N ~ N (Omw,i) where
3= (iij)lgi,jgjv is define by

N

) = L

Vi,je{l,- N}, 5y ._cov( N, oy
k=1

(Tik + Tyk) - <Tw 132 Z TM)

kl=1

Proof. The proof is similar to that of Proposition [2.4.6] O
Let us define respectively the empirical distribution of (ai)KK n and its centered version by
1 N
choal : N Z 612@ and coal AT Z 5 AR
i=1 N

Proposition 2.4.12. The measure-valued random variable Z ol has the law my.

Proof. The proof consists in establishing for all f : Mi’Q (R) — R measurable real bounded func-
tion, E (f (Zégal)) = ch,2(R) f(u)mn(dp). From Proposition [2.4.7} it is sufficient to establish
1

for all puy € Mi’j\,(R), that imp_, 4 ’]E( (Z(]:Xal)) —-E (f (Z\JTV’“N))‘ =0.
Let f: M%*(R) — R be a measurable real bounded function. Note that,

& (F (Z5a)) == (F (Z0)| < [B(F (28 Vi mry) =B (F () Ljapony)|
n ||f||oo[ (\kN,T > 1) + P (lknr] > 1)}.

Now, from Propositions |2.4.6| and |2.4.11L it follows that for all uy € M;?\,(R),

>N, law >N
20 Wi rl=1y = Zeoar {Jiy |1}
As established in Step 2 of the proof of Proposition

li P(‘%’Q lim P([k 1) =0,
T—1>I—&I-loo NT| > T—1>I£oo (| NT|> ) 0

which concludes the proof. O

In the next proposition, we establish the exchangeability property of the family (i),
which will allow to apply the DE FINETTI representation theorem.

Proposition 2.4.13. (1) The family (;);cn« is exchangeable.

(2) There exists a random variable measure-valued Y20, : 0 — My (R) such that (YC]Xal)NeN*

converges P—a.s. when N — +oo to Yc‘ﬁd in M1(R) which is equipped with the weak
topology. Moreover, given y oo

coal’ (UZ)ZEN* is i.i.d. Of law'Y, coal

Proof. (1) From [78, Proof of Theorem 2.2}, it is enough to show for each N € N*, (i;), ;<
is exchangeable. Let ¢ : N* — N* be a finite permutation, that is to say a bijection that
leaves all but finitely many points unchanged. The well-known backward construction of the
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modified look-down process 78], [80] entails that (lvfoo,t>t>0 faw (lvc” )t>0 where icgot is the par-

0,
tition obtained by applying the permutation o to l?:oo’t Therefore, for any permutation o :

law

{1,---,N} = {1, -+, N} extended by id to N*, it is sufficient to prove that ((ai)KKN ‘ l;:oo> =

((ao(i))lgigN ‘ l;:go> to obtain the announced result.

We define 7207 = T2, (l;:go) and for all i,j € {1,---,N}, Tg = Ty (l;:go) Note that

TCOOC;? = vgfal P—a.s. and it follows from the fact (koo’t)tgo taw (l?:govt)m that

10 fr00,0 law 1. oo
((Crij?Tcoal ))lgi,jéN - ((ﬂj’ Coal))lgi,jgN ’
From Proposition [2.4.11] for all f : R — R measurable real bounded function,
E <f (121, s ,ﬂN) ‘ k'oo> =F ((nj)1<i<j<N 7Tcoooal> :

for a certain function F'. So, in particular

E(f (o), tion) [ R ) = F ((T5) ero o Tonil ) -
By taking the expectation in the previous expressions, we deduce that E ( f (710.(1), R (o N))) =
E (f (41, - ,uyn)) which completes the proof.

(2) As the family (u;);cn« is exchangeable, the announced result follows from DE FINETTI's
representation theorem [142] Theorem 12.26 and Remark 12.27]. O

We conclude this section with a corollary which will be useful to characterise the probability
measure T.

Corollary 2.4.14. (1) For all k € N, the random variable Y2, satisfies <\id|k , }V’C‘z‘él> < 0o

coa

P—a.s.
(2) The limit tis := imN 400 % Zj\le U; exists P—a.s. and satisfies loy = <id, ?C%%l>.

Proof. (1) For all M € (0,+00), let us consider |id|,, the truncation function of id at level M
defined by [id|,, = |id| on [-M, M] and |id|,; = M on R\ [-M, M]. By FATOU’s lemma, we
obtain that

N
B (il Feza)) < i B ((palh Vi) < dim 35 (1+B(3):

Now, classical moment results for Gaussian random variables show that for alln € N, E (GQ”) =

(22,32!!02” for G ~ N(0,02). From Proposition [2.4.11
VoK) _ ok | § _ (2R)! oo \F
5 (0#) = (a6 i) - 2 ().

Therefore, from Proposition [2.4.10] we deduce that there exists a constant Cy > 0 such that
E (<|1d\’]\€4 LY >0 >) < 1+ 2, and by the dominated convergence theorem when M — +o00,

coal 2k |
the announced result follows.

(2) From Proposition [2.4.13) given Y,2° (1) ;ep+ is i.d.d. Therefore, the announced almost

coal’
surely existence limit follows from the Strong Law of Large Numbers. Moreover,

. . R
(0. V5) = i (4 ¥5u) = \Jin oy 30 =l B .



Chapter 2. FEuxistence, uniqueness and ergodicity for the centered Fleming-Viot process

2.4.6.2 Characterisation of the invariant probability measure 7

Now we define the random variable Z°° € M/ (R) as

coal

Zg(?al = Tf<jd’f/cica > ﬁ coal*

The following proposition establishes the convergence of ( Coal) Nen to 2 oo 1~ Recall from (2.17
that for all n € N*, € M1(R), Pr,(p) := (f,u"). Let us recall the following well-known fact
useful for the proof below: a straightforward adaptation of the proof of [60, Lemma 2.1.2] allows
us to obtain that for all n € N*| the algebra of polynomials

Span ({me(,u) ‘ f:R™ — R uniformly continuous, u € Ml(R)}>

is convergence determining in M; (M;(R)).

Proposition 2.4.15. (1) The sequence of random variables (ZN converges P—a.s.

coal)NeN*
when N — +oo to Z2° ! in M1(R) for the weak convergence topology.

coa

(2) The random variable Z25, has the law .

Proof. (1) From the previous reminder, it is sufficient to prove that for all n € N*, for all
[+ R® — R uniformly continuous, limy_ o Prp (Zvé\o[al) = Prp (Zcoal) With an argument
similar to the proof of Proposition [2.4.2] we obtain that for all n € N*, for all f : R® — R
uniformly continuous, PfOT n from M1}(R) to R is continuous. Let n € N* and f : R® — R

uniformly continuous. Now, Y22, € M}(R) from Corollary [2.4.14| and

PfOT e Vcoal Pf'fl g(?al)
(72 =P

—<id,f/N l>1n‘ (i/coal) an (Zé\ofal) and PfOT

coal

From Proposition|2.4.13} imy .00 Pfor (agy 4" (}V/C]Xal) = Pfol(-

X ( Coal)IP’ a.s. which

concludes the proof.

(2) Let n € N*. As for all N € N* and f : RY — R uniformly continuous,
‘E (Pf7 (Zcoal)) - /M1(R)
E(‘Pfﬂl coal) an(Zcoal)D +'E (me (ngal)) _/M1( )an( )ﬂ-N(du)

" ’/Ml(R) Ppn () [r(dp) = v (dp)]),

Pf,nw)w(du)\

the announced result follows from Propositions [2.4.15[ (1), and [2.4.12] and Lemma when
N — +oo. o

The last characterisation of the probability measure 7 is suitable to make explicit computa-
tions. The next corollary gives an expression of the second moment under 7.

Corollary 2.4.16. We have ch,z(R) My (p) m(dp) = 1/2A.
1
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2.4. FErgodicity for the centered FLEMING-VIOT process

Proof. Step 1. Uniform bound in N of E (Mgk (Zcoal)) ,k € N*. In this step, we want to
establish
2k
sup E (<|1d\ Zcoal>) < o0.

E((Jid*, Z8,)) =E E<;§

| () T
1 ml 1<m,£<N7 coal .

From Propositions [2.4.11| and [2.4.10] we obtain that

B (2 0] | o), 7o) ) = S (20) < G (1)) <

and the announced result follows.

Step 2. Convergence result of E(Mg (Z

coal)) to E(Mz (Zcoal))' Note that for all
N e N, M € (0,+00),

‘E (M2 (Zvé\ofal)) E <M2 (Zcoal))‘ <Ay + By + (Cyar

where

(A)N,M = ‘E (M (Zcoal)> (<|1d|ﬁ/[’Zé\ofal>) )
(B)yar = [E ((lidy Z2ar)) — E ((lidlyy . Z35ur) )|
(C)N,M = ‘E (<|1d‘?\47 Vggal>> E (M2 (Zcoal))‘ :

From the inequality ‘id2 ’ 1d| then the HOLDER inequality, we obtain that

3fM

id?2 2 2 4 b
(A)N,M < E(<’1d | coal>) < 3\/§M (<|1d| coal>) < 3\/§M (<1d Zcoal> >

From Step 1, we deduce that for all N € N*,

2
A < 5oz (14 sup B (14 2)) ) < .

NeN~*

.. . 2 .14
In similar way, we obtain that for all N € N*, (C)y ,, < EEITE (1 +E (<1d Zo° >)) where

coal

E (<id4, ngal>) < oo from Corollary [2.4.14| (1). By the monotone convergence theorem, we de-
duce that for all N € N*, E (M, (Z2,,)) = limy, oo E ((Jid[3,, ZY,) ) and E (M, (255,,)) =
limy 00 E (<‘1d|?\4 , ngg’al>) From Proposition|2.4.15} for all M € (0, +00), imy— 400 (B) y 3y =
0. From classical analysis techniques, we deduce that limy_, 400 E (Mg (Zcoal)) E (Mg (Zcoal))'
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Chapter 2. FEuxistence, uniqueness and ergodicity for the centered Fleming-Viot process

Step 3. Conclusion. Note that for all N € N*,

>N :12 7N 1 al ~2 1 al v 2 v oy
My (Zcoal) = <1d 7Zcoal> = N Z Uy — N2 Z Uy +2 Z UiUyj | -

i=1 i=1 1<i<j<N

From Proposition [2.4.11, we have for all 7,5 € {1,---,N}, E(i;4;) = E (E (aiaj ‘ EN)) =
E (T3

— Tw) where Tij is an exponential random variable with parameter 2\ if ¢ # j. Therefore
E (Mg (Zvégal)) = % X % By Step 2, we deduce that E (Mg (Zéfaz)) = 1/2X which completes
the proof. n

~

2.5 Proof of Theorem [2.2.3

We divide the proof of the main result into 7 steps, each of which will constitute a section
(Sections t0[2.5.7). We recall that the aim of this proof is to prove that the law P¥Ve

_Gdumtv

of the process (Z;)y<,;<p defined by
vt = 0, Zt = T—(id,Y,g)ij;fv

under PEV for v € M3(R) is solution of the martingale problem . We will start by considering
the case with test functions F,g € €;}(R,R) and we will prove the extension to F' € ¢%(R,R)
and g € €2 (R, R) in Section In there are essentially two types of terms: (id, Y; — Ys)
and <g(j) O T_(id,Ys)s Yt — Ys>, j €{0,1,2}, s < t. In Sections [2.5.1 and [2.5.2) we prove that the
two previous quantities admit a DOOB’s semi-martingale decomposition. In Sections [2.5.3] and
we handle all the terms in involving respectively the first and second derivative of
F. In Section we deal with the different error terms involved in . Finally, in Section
we prove that the martingale involved in is square integrable and we establish the
relation . We conclude in Sections 2.5.8] and [2.5.9] by proving a technical lemma used in
Section 2.5.21

2.5.1 Doob’s semi-martingale decomposition of (id,Y; — Y), s <t
In (2.7), M9(g) is well-defined only for g € €?(R,R). The expression makes sense for more
general functions g. The goal of this section is to prove that, for any k € N, Md (idk) is the

martingale part in the DOOB semi-martingale decomposition of <idk , Y}> In particular,
(id, Yo = Yinnr) = MY (id) — Mg, (id), s> t7 At

is a PYV —martingale.

Lemma 2.5.1. Let v € M1(R) and let P, be a distribution on  satisfying (2.7) and such that
Yy is equal in law to v. Let T > 0 and k € N* be fixed.

(1) If <]id|k , l/> < 00, then there exist two constants C, 7, 5k7T > 0, such that any stochastic
process (Yt)ogth whose law is P, satisfies

(a) tes[l(l)%} E, (<|idlk,Yt>) < Crr (1 + <|idlk,l/>) :

~ .
(b) Va>0, P, ( Sup <\id]k,y;> > a) < Ck,r (1 + <|1d| ,u>).
te[0,T] @
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2.5. Proof of Theorem |2.2.

(2) If <|id|k,u> < 00, then the process (Mtld (idk)) defined by

0<t<T

M () = Gt~ (k) — [ (M Dia v as

s a continuous P,—martingale. Moreover, if <|id]2k,1/> < 00, then (Mid (idk))0<t<T is

a martingale in L? (Q) whose quadratic variation is given by
. t 2
(M (iah)), :2)\/0 [<id2’“,Y5> ~ (id",Y;) ]ds.
Proof. The proof is similar to that of Proposition [2.2.11 O

2.5.2 Doob’s semi-martingale decomposition of <g(j) O T_(id,Ys)s Yt — Ys>, s <t
j€40,1,2}

Equation (2.11)) involves terms of the form <g(j) oT <idY >,Ytn+l/\t —Y;sn/\t> with j €
(14, Yyn ag v o

{0,1,2}. We wish to express, each of these terms using the martingale problem (2.7). However,
this leads us to consider quantities of the form

id (4) g id ()
Mt?+l/\t <9 o T—<id7YwAt>) Mt?/\t (g o T_<idetTL/\t>> (2.38)

with j € {0, 1,2}, which are not well defined at the moment. Indeed, in the input argument
is a predictable random function of the process (Y))<;<p while the martingale problem
defines M}4(g) only for deterministic functions g. Lemma hereafter, allows us to give a
precise meaning to by extending the well-defined character of the martingales of to
predictable input arguments. The proof of this technical lemma, given in Section [2.5.9] is based
on regular conditional probabilities.

Lemma 2.5.2. Let t* € Ry be a deterministic time and h : Q@ — 42 (R,R) be a measurable
function satisfying the following property:

Vw,w’ S Q, h(w) = h(w/) if w|[0,t*] = w|/[0,t*]'

Then, the following process defined, for all t € [0,T], by
My (@) = M (h (@) (@) — My (h (@) (@)

is a PEV(d@) square integrable martingale whose quadratic variation is given by

(M@)), = 2 t [(h? (@), @s) = (B (@s) ,@4)?] ds.

tAL*

Lemma [2.5.2| with ¢* = ¢ allows us to assert that (2.38) is a PEV(dY’)—martingale increment.
Thus, we obtain for j € {0, 1,2}:

()
<g ° T_<id7Y—tn/\t

2| < G
— — {gU+2) Y> d 2.39
/tm 2\ T a7 (239

) Yin e — Ytg/\t>
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Chapter 2. FEuxistence, uniqueness and ergodicity for the centered Fleming-Viot process

where <M;‘}t <g(]’) o T—<id7Ytn/\t>) - Mg?/\t (g(j) o T—<id,YtnM>>) is a PYV square integrable

s)t?
martingale satisfying for all s > ¢7',

<M1At ( o7 <id,Yt?M>) M5, ( @Dor ~ (i Ytnm>>>s
" ) 2 ) 2
— j ;
=2\ tr AL [<<g 07'<id,Yt?At>) 7Yu> < oT <1d Y}nms> Yu> 1 du.

2.5.3 Expressions of the terms of (2.11)) involving F’

(2.40)

In the rest of this proof, we use the following notations to simplify the writing. We denote for
all s > 0, R(s) := (id, Y5). We assume that F,g € €}(R,R). Our goal is to prove the following
lemma:

Lemma 2.5.3. When the mesh of the subdivision 0 =t} <t} < --- <ty =T of [0,T] tends
to 0 when n — +o00, we have the following convergence in probability

lim pnzzl (A), —/ F' ({9,Z (<g2”,Zs>—|—)\<g”, Zs)y My(Zs) — 2X\ (¢’ x id, Z>>+Martt,

n—+4oo -
i=0

where (Marty)gc,cp 95 @ PEY —martingale.

The proof of Lemma is based on the following decomposition of (A), (given by the
expression (2.12])) which makes use of the DOOB semi-martingale decomposition of Sectionsm
and We have

(A), = 26: F <<g © TfR(t?/\t)7Y%?/\t>) (A)f
k=1

where

2R
(A)z1 = /t B <9” o TfR(t?/\t)vl/S> ds,

o
(A)] = Mg, ne (90 r(pny) = Mitne (9° ™ r(ipney)

(A)F = = [M! ny (id) = M, ()] (9" © 7_p(imneys Yirne)

(A = = [M s () = M )] [ 0 (9 07 mpumney) = Mine (907 mpenny) |
(A)? = 5 (M i) = M, )] (9" 0 7o ney Yirne)

(A)S = (}t;;l At — 2 At ‘Mn o (id) —MggAt(id)().

Note that we used the following inequality

tl+1/\t 1
Jo 30 o mnpny Yoy s < o] (rant = ng) BEY s

: . i1\ 6 .
to bound the term [Mg?ﬂ (id) — Mt%l(ld)} ftnjr\i 1 <g( Jor _R(tAt); >ds by (A),. Our goal in
the sequel is to write each of these six quantities as sums of finite variation terms, martingale
terms and negligible terms and to study the limit of each of them.
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2.5. Proof of Theorem

2.5.3.1 Decomposition and study of (A);
Note that, for any i € {0, ,p, — 1},

1+1/\t 1 t
(A)zl :/t 2 <g oT_ R(s)» >d5+

DAL oA

/\tl 7 ° A ° Y d
2 g T—R(t?/\t) g T—R(s) L's S.

n
i+1

As a consequence of RIEMANN’s sum convergences and using that s — <g” O T_R(s) Y8> is conti-
nuous, we obtain PXV —a.s., and therefore in probability that

Nt

pn_1
. / - "
nE‘foo 'LZ:O g <<g ’ T_R(t?/\t)’yt?/\t» /w/\t 2 <g ©T-R(s), YS> ds

_/ ({907 R Ys)) 5 (g 07— Ya) ds

= / F'({g,2Z < 5 5> ds.
From Lemma (2), we deduce that, in probability,

—1
Pn LAt 1

. / 2 N —
G ;) E <<9 ° TfR(t:-LM)’YtW» /t;w 2 <9 °T-R(tpnt) — 9 © TfR<s>7Ys> ds = 0.

2.5.3.2 Martingale contribution of (A)Z2 and (A)?
Note that

Z F (907 n(epnays Yoo ) ()Y

is a stochastic integral with respect to the square integrable martingale (M sid(id))O s Oince

F' and s — <g O T_R(s) > are bounded, we deduce that

nETmpi:l F <<g © T_R(trnt) Yt"/\t>> (A)

is PE'V —martingale. The term

= pg F' (<g o T_R(t?m),yt?/\t» (A)

is a stochastic integral with respect to a martingale which depends on n. However, the same
argument as above applies because (M) <7 is bounded in L? (), hence uniformly integrable.
This can proved as follows: as F” is bounded and from Lemma [2.5.2) -, there exists two constant
C1,C5 > 0 such that

E(IMiT) = ZOE ([ ({oo 7 nomy viens)) a2

pn_l
<O <Mid(go7'_ n )—Mgg/\t<go7'_ n )>
i;) R(trAt) 4 R(tAt) £ At
pn—1
SANCICy Y (thg At—t7 At
i=0
=4\C1Cot < 0.
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Chapter 2. FEuxistence, uniqueness and ergodicity for the centered Fleming-Viot process

2.5.3.3 Contributions of (A)} and (A)°

The contribution of the next two terms corresponds to the terms due to the centering effect
in the martingale problem ([2.4)).

Study of the term (A)?. Using IT0’s formula and the relation (2.8)), we obtain that
() = (W) 4 (A)2 4 (AP
where

(A = [ Tara) — 0 6] A (o 07

TAL

(A);* = - /tt?HAt [M;d (9, © TfR(t?/\t)> M"/\t (9/ © TfR(t?/\t))] dM (id),

TAL

(A)% = _2) tnl;wt Kid “g'o T R(ear: > (id, Y) <g’ o T_R(t?/\t)>Y:e>] ds.

Using the same arguments as for (A)?, we deduce, in probability, that for k € {41, 42},

lim pi F' <<g o T_R(t;z/\t)am?/\t>) (A)}

n——+oo -

is a PEV —martingale. Moreover, we decompose the integral of (A);13 in the following way:
(A)43 (A)431 + (A)432 + (A)433

where

431 _ tiant / . /
(A); —2A ns <1d X g OT p(imnr) ~ idxg' o T_R(s),Ys> ds,
432 _ Ehant ' ,

(A); —2A AL (id, ;) <g °T=R(s) 9 °T_R(trnt)’ YS> ds,
433 Zt?ﬂ“

(A) =-2) [<1d X g, O T_R(s)> YVS> - <1da Y;> <g, O T_R(s)> }/s>] ds.

K3
AL

Using Lemma we deduce, in probability, that for k € {431,432},

i S (a0 g Vi) 4 =

and we deduce from the convergence of RIEMANN’s sums that, PV —a.s. and hence in probability,

pn—1

P 2 F <<g ° T*R(t?/\t)’yt?/\t>) (A);¥
=0

- t
= =2 | F'((g07-R(s) Ya)) [{id X 9" 0 7 g, ¥) = (id, Vo) (g 0 7p(s), Ya) ds
t

=2\ | F'({9,Zs)){g xid, Zs)ds.
0
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2.5. Proof of Theorem

Study of the term (A)’. As (A)? satisfies the following decomposition:

(A)] = ( / T i) — Mg )] A

DAL
At

A N [<id2’ Ys> — (id, YS)Q} dS) <g” ° T—R(t?At)’Yt?/\t>

AL
and proceeding as for (A);1 above, we obtain, in probability, that
pn—1

lim Z F' (<g °T_R(trat) Yt"/\t>) (A)] = )\/ F' ({9, Zsne)) (9", Zsne) Mo (Z SAt)dS—I—MartE )

n—+oo -

where (Martgl) is a PEV —martingale.

>0<t<T

2.5.3.4 Study of the error term (A)Ei

From the inequality: for all z,y € Ry, zy < % (x% + y3> and Lemma |A.3.1, we deduce, in
probability, that

pn—1
im Z F (<gOT R(n): th>) |2, At — t”/\t” i aalid) - tn/\t<1d)‘

1=0

N

n—-+0o

2P (R T @

lim = Z |2 A= AE]2 Z M i) — 2 (G0)| | =0
izo

and this completes the proof of Lemma [2.5.3 U

2.5.4 Expressions of terms of (2.11)) involving F”

From the expression (2.13)) of (B),, we have
51 i
(B), = Z §FH <<g © TfR(t?/\t)7Y;5?/\t>) (B);,

k=1

where

2 2
1
(B)z = <g © T—R(t?/\t)’ Yrt?+1/\t> - <.g © T_R(t?/\t)7y;f?/\t> ’

(B} ==2(g o T_n(upnay Yirre) (9 T-npny Yizne) = 90 Tnipns Ve
(B) [Mt" ac(id) — tg/\t( d)} ’ <9, o T_R(t;mt)ayty/\t>2 )

£ At i . 0
BY: = [ (" 0 gy Yo s [ME i) M GO)] (o 0 penny Yiene).

nAL
5 id id
B} = =2 (M e (90 ™_r(rny) = Mite (9° (i)
x (M i) = MG (g 07 ypn gy Yione)

As in Section we treat each of the previous terms successively to prove the following lemma:
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Chapter 2. FEuxistence, uniqueness and ergodicity for the centered Fleming-Viot process

Lemma 2.5.4. When the mesh of the subdivision 0 = tf <t} <--- <ty =T of [0,T] tends
to 0 when n — 400, we obtain in probability that

Pn—

lim Z (B) - )‘/ F” g> >) [<925 ZS> - <g7 ZS>2 + <g,7Zs>2 M2 (Zs)

n—+oo -

~2(¢, Z,) (g x i, Zs)| ds + Mart,
where (Ma?ct) is a PEY —martingale.
0<t<T v

The proof is similar to Lemma we use the martingale problem (2.7)) to write

1 b Nt 1 "
B =2 [ {90 nnny ¥e) 5 ("0 ™ n(epn) Yo

tz+1

+2X " [<92 ° T—R(t?/\t)’Ys> B <g TRt At) YS>2} ds

AN
+ Mid® oT MY oT
2 At \9 TRt At) trat \9 ° T_R(trat) ) -

(B)? = <g °T_R(imAt); Y;:;l/\t> /tZHM ; <g ©T_R(tpat) Ys > ds

At
id id
=29 o nfepnay Yione) (M, (92 7)) = Mitne (9 ™ nipnn )|
and we obtain that, in probability,

Pnl

iy 2 F ({097 Vo)) ()
- / P (9.2 {(9.2 (£.2.) + A[(6°.22) ~ (0. 22°] } s + Niart,

pnl

3 2
Jdim g 3 P ({00 ay Yieor)) (B

= — F” Z Z g—”Z ds+M @
(<gv s>)<97 S> 27 S 8+ a'rtt ’

lim Z F' ({907 ngnny Yirre)) (B + (B) + (B)Y)

n—-+o0o 2

_ )\/ F" (g, 22)) (g, 2:)* Ma(Z,) — 2g, Z,) (g x id, Z4) ) ds + Mart, ,
0

where (@ij)) , 7 €{1,2,3} are PEV —martingales.
0<t<T

2.5.5 Error terms

In this section, we examine the different error terms involved in the approximation (2.11]).
From Lemma we deduce that, in probability,

pn—1 pn—1

n—>+o<> 4 n—>+oo h
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2.5. Proof of Theorem |2.2.

Using the relations (2.39)) and (2.40)), we deduce for any k € {0, 1,2},

S ’
Yin oy — Y >
i:ZO <g OT*<id,Yt;zM> t A tAL
< max {2 Hg(k)HOOA} > (|t?+1 NE—tE AL
;=0
. . 3
+ 08 (6% 0 T_ipny) = Mitae (6% 0 7)) [ )
Hence,
S ’

in probability. Combining all the previous results, we deduce that (2.10)) is a martingale for all
F,g € €}R,R).

2.5.6 Extension to test functions F' € €*(R,R) and g € (R, R)

For all g € 42(R,R) and for all ¢ > 0, we have (g, Y:) € [— |9l , [9ll..], so we can assume
without loss of generality that F' € 62(R, R) in the martingale problem with X; replaced by
Z;. Let F, g € €2(R,R). Then, by density arguments, there exists (F,),cn > (9n)nen € G (R, R)Y
such that for all ¢t > 0, for all ¢ € {0, 1,2}, we have P,—a.s.

g M= 0 gna FO e, p6) (2.41)
n—+o00 n—-+00

For all n € N, for all t > 0, ]\ZF "(gn) given by the martingale problem 1) is a P, —martingale.
Let T > 0. Note that, there exists a constant C for all n € N, for all ¢ € [0, 7] such that

— — T
)Mt "(gn) — MtF(g)) <C (1 +/O Mg(Zs)ds> :
Thanks to Proposition [2.2.11} (2.41)) and the dominated convergence theorem, we have for all

t €[0,T],
tim _E (|32 (9) = 1 ()] ) = 0,

n——+00

and ]\ZF (g9) € L' ((Z) Then, using the dominated convergence theorem for conditional expecta-

tion, we obtain that (]\//EF(g)) is a IP,—martingale.

0<t<T

2.5.7 L?—martingale and quadratic variation
As (]/W\tF(g)>0<t<T is a P,—martingale for F € ¢?(R,R) and g € ¢2(R,R) we deduce that

ATE (N2 /fF
(M (9 = (M"@), )y,
sequence of stopping times (7,),,cy satisfying lim,  yo 7, = 400 such that for all n € N,

is a [P, —local martingale. In consequence, there exists a increasing

E (]‘ZP;\%(Q)Q) =K <<J\//‘7F(g)>mm) ‘
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We apply ITO’s formula to compute F?2 ({g, X;a-,)) from DOOB’s semi-martingale decomposition
of F ({9, X¢nr,)) and apply the martingale problem (2.4)) to test functions F2 and g to deduce
(2.6) at time t A 7,,. By FATOU’s lemma, letting n — +o00, we deduce that

E (M (97) <E((M"(9),) < oo.
This ends the proof of Theorem [2.2.3

2.5.8 Technical result for Lemma [2.5.2]

As the filtered probability space (Q, F, (.B)t>0) is Polish (see Section [2.2.1]), we deduce from
[T34], Theorem 3.18 of Section 5.3 (p 307)] there exists, for all v € M;(R), a unique family
(Qu),cq of regular conditional probability of PV given Fi+ and a PEY —null event N € Fy such
that for all w € Q\ N,

Qu ({Ca € Q' Wpr = Wt*}) =1. (2.42)

The following Theorem ensures that time shifts of regular conditional probabilities of PEV
remain solutions to the FLEMING-VIOT martingale problem . The proof of this result is
given hereafter and is based on the proof of [I34] Lemma 4.19 of Section 5.4 (p 321)]. We
introduce, for w € 2, the time-shift operator 6 defined by

[Osw], := wett, 0<t<+0, s=0.

Theorem 2.5.5. Let t* € Ry be a deterministic time. Then there exists a PEY—null event
N € Fyx such that, for every w € Q\ N, the probability measure

P, (d@) := 04 Q. (dw) (2.43)
solves the martingale problem (2.7) with v := wyx.

Proof. Step 0. Preliminary results. We denote by CKI%(R,R) the space of real functions of
class €%(R,R) with compact support. It is well-known that the formulation of the martingale
problem for F,g € €*(R,R) is equivalent to the one for F,g € €%(R,R) [61]. The space
3 (R.R) equipped with the norm ||y := [ £l + 1|/l + | /]l is separable. So, we can

choose a dense countable family B C CKIQ((]R, R), for the topology associated to the norm, that is
to say

1l 32000 Il 32000
2 N
VF g € %K(Ra R)a 3 (Fn)neN ) (gn)nEN € B, I n—H(ioo Fo g n—>—too g

Step 1. Reformulation of the goal. Let v € M;(R). From (2.42), it follows that
P, (wo =v) = 1 is satisfied with v := w=. The rest of the proof is devoted to construct a
PFV_—null event N, such that

t
Esrv | Fy (wr) — Fy (ws) — / Loy Ey(wr)dr

f;| =0,
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is satisfied for all w € Q\ Ny. This means that for all 0 < s <t < 00, A € Fs, F,g € €7(R,R),
Vw € Q\ N, / (M7 (@) — MF @)] 14 @) P, () = 0, (2.44)
Q

where

t
MP (@) = F, (@) - F, (@) — /0 LovE, (@) dr.
Let weQ,0<s<t<oo, A€ Fs, F,g € C2(R,R) be fixed.

Step 2. Property (2.44)) satisfied except on a }P’l,jv—null event Ni(s,t, A, F,g) € Fi.
As LpyF, € €2(R,R), the random variable Mth — M is bounded. Note that,

/Q [MtF (@) — ME (@)] 14 (@) Py, (@)

= Eq_ () ([MtF "= M 0 b (@) 1y (a))

:EPFV (|:Mth —MSFqi| Ogt*]le—lA ]:t*> (LL))
v t*

— EPFV [EPFV <|:qu — MSng| o et*]]_e—lA ‘Ft*+s> “Ft*‘| ((U)
v v t‘k

= Eprv [19—1AEPFV ([qu _ MSFQ} 0 B ft*JrS) ‘ft*l (w)
v t* v

=0,

where the last equality follows from martingale property (2.7]). This chain of equalities shows
that the random variable w — [, [Mth (w) — Mk (CJ)} P, (d@) is null except on a PEY—null
event Np(s,t, A, F,g) € Fi= which depends on s,t, A, F and g.

Step 3. Property ([2.44)) satisfied except on a PYV—null event Ny(s,t, F,g) € F.
We consider a countable subcollection £ of Fs which generates F, [134, Definition 3.17 of Section
5.3 (p 306)] and a P, —null event Na(s,t, F, g) € Fy= such that for w € Q\ Na(s, t, F, g),

VA€ E, / (M (@) — MF @)] ., (d) = 0.
A
Therefore, the two measures
) = [ (M- BT @R AE) and o) = [ [M - M) @R, @2,
A A

coincide on &, hence on Fs. Therefore, for w € Q\ Na(s,t, F,g), we have proved that for all
A€ F, Ep, (]lA [Mfg — MSFQ}) = 0.

Step 4. Property (|2.44)) satisfied except on a PLY —null event N3(F,g) € Fi-. We
may set now, the PEV —null event

N3(Fvg) = U NQ(SvtvFag)'

steQ
0<s<t<oo
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Due to the boundedness and continuity of ¢ — MtF 9, it follows from the dominated convergence
theorem that for w € Q\ N3(F, g)

Vs < t,VAe F,, Ep, (]1A [M MFg}) =0,

in other words, for all w € Q\ N3(F g), (Mth (&))DO is a (Fs, P, (dw)) —martingale.

=

Step 5. Conclusion. Now we define the PEY —null event

N4 = U N3(F7g)
FgeB

From the Step 4, we have for all s < ¢,
Vwe Q\ Ny, VAeF, VFgeB,  Ep, [11,4 (M MFQ)} =0.

From Step 0, for all F, g € €2 (R,R), there exist two sequences (Fu)nen » (9n)nen € BY such that

l1-1ly,, 2,00 l1-1ly,, 2,00

[l-loo
F, —)n_>+oo F gy —>—>+oo g, and EFV(Fn)g P — AF},.

By the dominated convergence theorem, we deduce that for all w € Q, s <t, and A € F;,

Er, [14 (M/* = MF)] = lim Ep, []1 N (Mt(F")gn - MS(F")Q")] —0.

n—-+00

which concludes the proof. O

2.5.9 Proof of Lemma

By abuse of notation, we note h (who t*]) = h(w). We want to prove that for all 0 < s < ¢,
for all Fs—measurable bounded random variable Z,

Enpv asy (M1 (B) — M, @] 2 @) = 0.
Using [127, Definition 3.2 (iii)’ of Section 1] we deduce that
Eppv () (M (@) = M (@)] Z (@) = Ep, (aw) [Equ (as) (M (@) — M (@)] Z (@))] -

Thus, it is sufficient to prove that for PEY —almost every w € Q, (M; (@))ocicr is @ Qy (dw) —
martingale and this is what we propose to establish in the rest of this proof.

For fixed w, the function h(w) € €2(R,R) can be considered as deterministic. We deduce
from Theorem that there exists a PLY—null event N € Fi such that for all w € Q\ N,
(Mtid(h(w)) (G}))O<t<T is a P, (dw) —martingale. We deduce from [I34, Theorem 3.18 of Section

5.3 (p 307)] that PEV —almost every w € Q,
@‘[O’t*] = Wiy Qu (dw)—a.s. (2.45)
This implies that, Q,, (dw) —almost surely,

; id W " o i *
M (@) = ME (h()) (@) ~ Ml () @) = { 15 (1D @ @) 0= 0

= My (b)) (0 @)
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2.6. Proof of the results of Section

where (a)" designates the non-negative part of a € R. Let n € N* and 0 < s < T. To prove the
martingale property for all F;—measurable bounded random variable Z, it is sufficient to prove
it on elementary events. Then, we consider a random variable Z of the form

Z(w) = ]l{wtl €ry, 7thern}

where for all i € {1,--- ,n},t; < s and I'; € M;(R) measurable. We define

Z (wvw) = ]l{wtiEFi,ViE{l,---,n} such that tigt*}]l{tbtj €l';,Vje{l,-- ,;n} such that tj>t*}'

By (2.45), Z (w,&) = Z (w), Qu (d@) — a.s. Therefore, for PEY —almost every w € €,

Eq, (IM: — M,] 2)
= Equaz) ([M{iLpys (0 (@) (00 (@) = M_)s (h () (00 @))] Z (w,3))
= ]l{wtiGFi,WE{l,m ,n} such that tigt*} x

Eoua) ([Mid: (1)) (00 @) — M. (h () (0 (@))]

x ]l{[Qt* (‘:’)]tj—t* €r'; Vje{l, - ,n} such that tj>t*}>
= E M, (h (@) (@) — M9, (h (W) (@
- {wti er';,Vie{l,-- ,n} such that tigt*} P, (d) ([ t—t* ( (w>) (w) A ( (W)) (w)}
X ]l{d)tj,t* €l vje{l,- ,n} such that tj>t*}>

using that (M9, (h (w)) @))t*<t<T+t* is a P, (d@) —martingale if the internal indicator is non

zero. Thus, for PYY —almost every w € Q, (M, (@))o<icr 18 @ Qu (dw) —martingale which com-
pletes the first part of this proof. In similar way, we can prove

MIE (h (@) (@) — M (h (@) (@)

is a PEV —martingale. Applying IT0’s formula to compute (h (@) ,5375>2 and comparing it to the
previous result, we obtain the announced result. [l

2.6 Proof of the results of Section 2.3

2.6.1 Study of a semi-group

In this section, we devote a specific study to the semi-group (T(”) (t))t>0 generated by the

operator B™. In Section we provide an explicit expression of (t,z) — T (t)f(z) and
prove that it is a strong solution to the semi-group PDE associated with B, by means of
FEYNMAN-KAC’s formula. With the aim of subsequently obtaining fairly fine bounds on this
operator (see Corollary, we give all the necessary details. In Section * we give a MILD
formulation of the martingale problem (2.20) using the semigroup (T(”) (t) 0 in Proposition
12.0.0)
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2.6.1.1 Construction of the semi-group

Recall that we denote by 1 € R", the vector whose coordinates are all 1. For any real vector-
valued function f and g of L*(R™), we denote by (f*g)(z) := [gn f(t)g(x — t)dt the convolution
product of f and g. For any function f whose second partial derivatives exist, we denote by
Hess(f) = (812] ) the Hessian matrix of f. We denote by %bm (Ry x R™ R) the space

1<igsn
of real functions on Ry x R™ of class (R, R) with respect to the first variable and of class
%2(R™,R) to the second variable.

Theorem 2.6.1. The family of operators (T(”) (t))t>0 defined as:

=

Vt >0, Vo € R”, / Fu)g (u (2.46)
vz € R", T<">( 0)f(2) = f(x),
where gt)fx is a density of the Gaussian distribution N ™) (myz, X¢) where ¥y = Po,P~! and

Mt = Py p-1, = — M (x-1)1 with

€4 (t) 0O ... ... 0
y1 exp (—2Ant) 0 ¢t 0 ... 0
Y2
My = . and oy := 0 ,
Un : 0
0 0 0 t

where ey (t) := % and P is an explicit change of orthonormal basis matriz defined in the

proof below, is a semi-group of bounded operators on L™ (R™). In addition, for all f € %I)Q(R”, R),

(1) The application (t,z) — T (t)f(z) is of class €12(Ry x R™, R) and is a strong solution

of the PDE
VS0, Vo €RY,  Ou(t,z) = %Au(t, ) — 2\ (Vau(t,2) - 1) (x - 1) (2.47)
Ve eR",  u(0,2) = f(x), (2.48)
and
(2) VIO f(x) = (Onmia (VF*67%5) (mee))| e,

(3) Vije{l-.n}, 2, TOW)f(z) = (On,muz) [(f*Hess (g75)) (miz)0miq]

1—exp(—2/\nt)1 with (
n

where Oy, My o = €; — €1, -+ ,€n) the canonical basis of R™.

As we will see in the proof, everything follows quite directly from the FEYNMAN-KAC formula,
except the fact that (t,z) — T0)(t) f(z) is a strong solution of the PDE up to time ¢ = 0. This
technical point will be useful for the MILD formulation and this is why we make a detailed
proof.

Proof. In view of the operator B(™ given by (2.18)), it is natural to define the semi-group 7™ (t)
using the FEYNMAN-KAC formula: for any f € %)2(}1%”, R),

T () f(x) = B f(X)
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2.6. Proof of the results of Section

where (X;), is solution to the following SDE:
XO =, dXt = dBt — 2\ (Xt . 1) ]_dt, Xt € Rn, t>0 (249)
where (Bt), is a n—standard Brownian motion and z € R™.

In Step 1, we check that this definition of 7 (t) coincides with the one given in the state-
ment of Theorem In Step 2, we verify that (z,t) — E,f(X;) is indeed a solution of the
PDE for all ¢ > 0. In Step 3, we treat the case t = 0. In Step 4, we prove the announced
expressions of the derivatives of TV (t) f ().

Step 1. Change of basis in the SDE ([2.49)). We consider the orthonormal basis (vy, - -+, vy)

of R™ defined by v; := ﬁ(l <+ 1)t and for 2 <i < n,

[i—1 1 1 1.0 0
vV = —
7 Z Z—l’ ’Z’—l’ b 9y

~
i—1 terms

We denote by P the change of basis matrix from the canonical basis to the orthonormal basis
(v1,++ ,vn). We define for all t > 0, Z, = P7'X,, ie. Z := (2", Z") where for all

i€ {l,---,n}, th’) = (Xt -v;). It is standard to check that W; := (Wt(l),--- ,Wt(")) where

for all i € {1,--- ,n}, Wt(i) := (Bt - v;) is a n—standard Brownian motion and that (Z;), is
solution to the SDE

azV = awM —2anzMat,

A . 2.50
az? = awV, je{2,n} (220

Zo=y=P 'z, {

All coordinates in are independent and solve a one-dimensional SDE whose solution is
explicit (ORNSTEIN-UHLENBECK for Z(1)| standard Brownian motion for Z(®) i > 2). It follows
that Z; is a Gaussian vector of law N (n) (ttt,y, 0¢). Therefore, for any ¢t > 0 and all y € R", Py,
has a density with respect to the LEBESGUE measure on R" given by:

z _ 1 i yep (=2 1 &K
gt’y(zl7 ceezZp) = (27r)% et (o) exp ( 2es(t) 57 jZ:Q (zj —y5) > . (2.51)

Since, X; = PZ;, we deduce that for all x € R™ and for all ¢ > 0, X; follows the normal
distribution N/ (™ (my 2, X¢), with density

- 1 r—meg) S (r — My,
Gia(r) = gip1, (P77) = % X (—( te) By (r — m, )). (2.52)

(2m)5 Jdet(zg) ¥ 2

Hence, E, f (X}) coincides with (2.46)).

Step 2. T(™(t)f is solution to (2.47) on (0, +00) x R™. Without difficulty we verify that
for any y € R™, ggy satifies the following FOKKER-PLANCK PDE:

1
vVt > 0,Vz € R", Gtgfy(z) = iAyggy(z) — 2An8ylgfy(z). (2.53)

135



Chapter 2. FEuxistence, uniqueness and ergodicity for the centered Fleming-Viot process

We deduce from ([2.52)) that

Yy eR"Vr eR",  Ogf, (P7'7) = Bigip, (r),

n
and, for all y,r € R™, 8yiggy(P’17“) = > Pkiamkgfpy(r). In particular,
k=1 ’

09, (P7r) = —= (Vagisp,(r) - 1) .

Bl

In an analogous way, we deduce that

n
DNygly(P7r) =30 Y PriPuds, o 9ipy (1) = Dugip, (1),
i=1kt=1

_ (=1)

because P is an orthonormal matrix. From (2.53|) and since (Pflx)l S we deduce that

the density gt{(x satisfies:

1
vVt > 0,Vz € R",Vr € R", 6tg,i(x(r) — §Azgff,t(r) +2M(x - 1)Vzgt (1) = 0.

Now, the fact that for all f € L>(R™,R),
T (@) = [ F0)g ()

is ‘5;’2 ((0, +00) x R™,R) and is a solution of (2.47) on (0, +00) x R” follows from the theorem
of differentiation under the integral sign. Note that, if f is continuous,

TO(1)f(2) = Eof (Xo) — [ (@)
by the dominated convergence theorem which leads to (2.48)).

Step 3. Verification of (2.47)) up to t = 0. Assume that f € ¢*(R",R). This is equivalent
to prove that for all z € R™,

o Jin S (g7 (w)du — f(2)
th[l) t

1
= SAS() = 2 (V/() 1) (1)
Let be z € R” fixed. Using TAYLOR’s formula we obtain that

[ g (w)du — () = (&), + (B), + (C),,

where

(A) = [ (=l Vi) g, (B), =5 [ (0 o) Hess(f) (o) (u ~ 2)g% (u)da,

(©),= [ Rolu)gil(w)du
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2.6. Proof of the results of Section

where Ry (u) :=o0 (||x - qu) As g, is a Gaussian density of N (my ., 5y), where

x—mpy = (1—exp(— 2)\nt)) 1) —2\(z - 1)t,

VLY
f (2.54)
tii |

Vie{l,---, (2

it follows that
(A), = (Vf(2) - [y — a]) = - (Vf() 1) (@-1).
(B) =5 [ () Hoss()(z) (u = mr.) 2% )

43 (@ = mie)! Hess(7)(@) (& — muz)

(1 —exp (—2Ant))

12
Z 2o, F (@) (S1); + (1 — exp(—2Ant))? (x2n12) 1'Hess(f)(2)1.
,j=1

Therefore,

(A):+(B); _ 1
%L%f =-2\(Vf(zx)-1)(z-1)+ iAf(x)
Now, it remains to manage the (C), error term. Note that,

Ve > 0,30 > 0,Yu € B(z,a),  |R.(u)] <ellu—=z|3.
Vu e R"\ B(z,a),  [Ro(w)] < 2|[flloo + IVl lu— 2zl

1
+ 5 [Hessf (@) lu = o]l

Let ¢ > 0, @ > 0 and ¢y > 0 such that for all t € [0,%o], ||z — miell, < §. Let t € [0,%0].
Separating the domain of integration of the integral of (C), into B(z,a) and R" \ B(z, o), it
follows from the YOUNG and previous inequalities that there exists a constant C' > 0 such that

©, <z [ lu=al3gdu+c [ (1+ llu— 2]2) g%, (w)du
R R” \ B(z,x)

<26 Y (Bh)y; +2(e + O) ||z — my |3 +2C e By (14 [ = m2]13) 92% (u)du
i=1 T,

Now, for the choice of v and then the MARKOV inequality, we obtain that

1
14 [|u — mg |2 qudu<<1+>/ w2 g ()
Loy (= mel) 0 22) Lo oy I sl

<1+ )fR" Hu_”éfﬂ)’%%d u)du
: 1;3”( a2>2/ (i = (m12);) " 975 () du.

As for all ¢ € {1,--- ,n}, the fourth moment of a random variable of law N (0, (X;),;) is smaller
than 3 (Et)”, it follows from 1D that there exists a constant C' > 0 such that
C —~
(t)t < 2en+¢eC
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for ¢ small enough and then the conclusion.

Step 4. Expression of the derivatives of T(")(t) f. Noting that for all u € R", gi X(u) =
gt’o(u — my ) and using the symmetry property of this density, we obtain that

T () f(x) = (f * 67%) (M)
By the chain rule formula, we deduce the properties (2) and for all 4,5 € {1,--- ,n},
02, T (1) f(x) = (Oaymr) [(f * Hess (g7%) ) (me2)0r,me s
1 (020, mea - (f % Vi) (me)) -
Now,
Oz My e = Op; Py p-1, = € — (1 — exp (—2Ant)) (Pil)li Pe;.
The property (3) follows. O

The following corollary is useful for bounding the dual process in Section [2.6.2

Corollary 2.6.2. Let f € €?(R",R). We assume that there exists a constant C1 > 0 such that
for all x € R™,

@) < Cy (14 [ll3")

Then, for allt > 0 and x € R™, there exists two constants Ca(t,n) > 0 locally bounded on Ry x N
such that t — Ca(t,n) is non-decreasing and Cs(t,n) > 0 locally bounded on (0,+00) x N satis-

fying
(1) TV @) < Caltom) (1+ [2]37)

(2) H(Hess (gt)fo) * f) (mig)|| < Cs(t,n) (1 + ||:EH§”)

Proof. Step 1. Proof of (1). From and (2.52)), note that for all z,» € R™ ¢ > 0,

Z;
gtx( )= H]—19t[p 1], ([P ! ] ),where
(€] 1 21 — y1 exp (=2 nt)]?
91;Zy1 (21)‘ ——————€exXp —[ 1~ 0 ( )] ,
2mey(t) 2e4(t)
1 [ 2 (2.55)
7@ 25— Yj .
)= — i 2 ... .nl.
gt,yg(ﬂ) \/ﬁexp( o )7 jE{ ) 7n}
Since ||Pz||2 = ||z||2 for all z € R™, we also have
Ll odu = [ 21307, ()
Hence,
2n
[l an < w3 [ T ol (e =t 3B ([20]7),
R

=1 j=1 =1
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Classical moment bounds for Gaussian random variables show that E (G**) < C(n)t*" for

G ~ N(0,t) and C(n) > 0. Since e4(t) < t and using (2.55)), we deduce that there exists two
constants C1(n) and Ca(t,n) such that for all s € {1,--- ,n}

E ([Za)]?") <Cim) ((P712)!" + ) < Goltm) (1+ HP*%HZ”) .
The result (1) follows.

Step 2. Proof of (2). Now, we want to control, for all 4,5 € {1,--- ,n},

)((Hess (gt)fo) * f) (mm))m’ < Ci(n) /R"

02, t0(r)| (14 e = rI3") ar.
For all k € {1,--- ,n}, we consider:

CE i

From ({2.55)), we deduce that for all 4,5,k € {1,--- ,n}, for all ¢t > 0,

" P, (P r it
onafs” (P71r),) = R (),

. P—l ) P—l ; P’lr 2 .
s (P = )é,ift) " ((vk@))’“—l) ot (P7'0)).

Hence, for all 7,5 € {1,--- ,n}, for all t > 0,

n -1 -1 —1.7\2
02,000 (r) = ()i () <(P o 1) gi% ()

Vie(t)

(P (P7),
Vi(£)Ve(t)

(P7'r)y (P717) 900 (1)
Noting that for all 4,7,k € {1,--- ,n}, (Pfl)ij’ <1 and }(Pflr)k| <nlr)s,
e — 3" < 22070 (|Ir[13" + 22" " (2 — exp (—22nt)) [|2]3")

we deduce that for all 7,5 € {1,--- ,n}, there exists a constant ag(t, n) > 0 locally bounded on
(0, 4+00) x N such that

L |02, g0 e = 3
L (0?3 n—1 (n’|lr|l3 3< 1 n—1> >
< 1 1 —_—t —
/n [64(t) ( ) )T R AL

X gig(r) e —rll3" dr

< Cs(t,m) (1+|2113") -

The announced result (2) follows. O
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2.6.1.2 MILD formulation

In this section, we establish the MILD formulation associated with the martingale problem
(2.20).

Proposition 2.6.3. Let (Xt),-, be a stochastic process whose law P, is solution to the martin-
gale problem (2.4) with initial value . Then, for all f € €2(R",R),

n

(T (tg — 1) £, X]") — A /0 t an > (@070 (1o — )£, X271 = (T (1o — )£, XT)] ds

i=1j=1
J#i
U3 (KTt — )7 X2 s
0

i=lj=1

is a P,— martingale for 0 <t < .

Proof. Let to > 0. Using (2.17), let u, v, w : [0, to] x M$? (R)xQ — R be B([0, to])®B (Mi’z(R))@J
F—measurable defined by

o u(r,pu) = <T(") (to —7r) f, u”>, o v(r,p) = — <8tT(”) (to —7)f, /ﬂ>,

® UWT7M)3=15Fxbfﬁwnuurqgﬁn(ﬂ)

The expected result is a direct consequence of a version of [94, Lemma 4.3.4] where we replace
the assumption of boundedness on w by an assumption of domination. Hence, we need to check
the following assumptions of this lemma:

(i) The process (u(t, X)), is (]?t) —adapted and the processes (v(t, X)), and (w(t, Xt)),5

>0
are (]—})t>0 —progressive. These properties are standard in our case.

(ii) The functions u, v are bounded on [0, o] x M{?(R) and there exists C' > 0 such that for all
t € [0,to], for all € MS*(R), w(t, ) < C (1 + My (1)) where we recall that My (p) = (id?, ).

(iii) The function p — v (¢, u,w) is continuous for fixed ¢ and w.

(iv) For all tg > t2 > t; > 0,

fn) =E (/t2 v(s, Xy, )ds

t1

E (u(t2,Xt2) — u(ty, Xy,) ﬁ) : (2.56)

and

E (u(tl,XtQ) —u(ty, Xy, Jﬁ) . (2.57)

‘,7};1) =E (/t2 w(ty, Xs)ds

t1

(v) The process (Xt);- is right continuous (here, it is continuous) and

lim E(Jw(t— 8, X;) —w(t, X,)|) =0,  to>t>0. (2.58)

(5—)0+
Step 1. Verification of Assumptions (ii) and (iii). From Theorem for all f €
EZ(R™,R), (t,x) = TM™(t)f(x) is bounded on [0, o] x R™. The boundedness of u follows. Mo-
reover, as (t,z) — T (t)f(x) is solution of the PDE (2.47), we obtain for all r € [0,%] and
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2.6. Proof of the results of Section

1€ MY (R) that
v(r,p) = <AT( (to—7)f,p > + 2\ <(VT(”)(t0 —r)f- 1) (id - 1),,u”> .

Since p € M({’Z (R), the second term of the right hand side is well-defined. Using the properties
(2) and (3) of Theorem we deduce that v is bounded on [0, %] x M$?(R). In addition,

AT (tg—r) f and (VT(") (to—r)f- 1) are continuous bounded, hence p — v(r, 1) is continuous
on Ml(Ri for the topology of weak convergence. Now, using (2.18), (2.21)), (2.22), (2.23]) and

Theorem (2) and (3), note that for all 7 € [0, o] and u € M$?(R), there exists a constant
C > 0 such that,

n

w(r, p) = <8tT(") (to—1)f, u"> +A Z <KUT(") (to—1)f, u"+1>

i,7=1
A Y (@O0 - ) = (T =) (29
1,5 =1
J#i

where the bound Ma(p) comes from Kj;.

Step 2. Verification of Assumptions (iv) and (v). Let t2 > ¢; > 0. On the one hand,

to to
u(te, Xo,) —u(ty, Xy,) = <_ AT ™ (tg — s)fds,XtT;> = /t v (s, Xy,)ds
1

t1
and the relation (2.56]) follows. On the other hand, as the martingale problem ({2.4]) classically
involves the martingale problem (2.20)) [91], we obtain that

U(tl, th) - U(tl, th) = <T(n) (to - tl)f’ Xz:; - Xg)
t2
= . »CFVCPT(W)(tO_tl)fm (Xs) ds
1

+ 2 (T (b — 1)) = My, (T (80 — t1) f) -

The relation (2.57)) follows. Finally, from (2.59)), Proposition[2.2.11jand the LEBESGUE dominated
convergence theorem, we deduce the relation ([2.58]). ]

2.6.2 Proof of Lemma [2.3.5]

Recall that, our goal is to prove that the stopping time 6, defined by
. M(s
VkeN, 0 :=inf {t >0 ’M(t) >k or 3sel04], (&, X)) > k:}

satisfies limg 1 o0 O = +00, P, ¢p)—a.s. with u € ME’Z(R) and & € 62 (RM(O),R). Before to
prove Lemma [2.3.5] we introduce the following lemma, whose proof will be given at Section
2.6.2.2l We denote by S; the number of jumps of the process M on the time interval [0, ¢].
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Chapter 2. FEuxistence, uniqueness and ergodicity for the centered Fleming-Viot process

Lemma 2.6.4. If& € 62(R",R) then there exists a function Co on Upey (0, +00)% x {k} to R,
locally bounded, such that for all (t;);. € (0, +o0o)N, k= O ((t:)o<ick - k) is non-decreasing
and satisfying

vt e [OvTL Vo € RM(t)? ’é‘t(l‘)‘ < Co (7-177-2 — T, 5 TSp4+1 — TSy ST) (1 + ||3;H§ST) ’

The bound obtained above will only allow us to show that 6 — 400 P(, ¢,)—a.s. under the
assumption that the initial condition X has all its finite moments. The following remark shows
that we cannot expect that 8 — 400 under weaker assumptions on the initial condition.

Remark 2.6.5. Let & : x — sin(z) € €2(R,R). Let us assume that <|id|4,,u> = 400 and &
successively jumps at times 11, To and T3 with respective jump operator K11, K11 and ®13. If we
denote by Ty 2 := 19 — T1, straightforward but tedious computations give

& (@) = KnTW ()60, y) = — exp (—64(271) - 4/\T1> sin (z exp (=2A71)) y*

and
€ (2,y,2) = KinT® (112) &, (2,9, 2)
2
= 1eXP (—64 (1) — 44X — exp (—4A1y) — exp (—4A71) (ea(m1,2) — 71.2) )

2 4 (eq(m1,2) +71,2)
exp (—4A7y)
8 H T

+ (2 [1 — exp(—4A712)] — y [1 + exp(—4A71 2)] )2] —2(1+exp (—8A11) — exp (—4A11))

(1 + exp (—4A712))” [2 (ea(r1.2) + T1.2) — exp (—4A71) (ea(712) — 71.2)°

— 2€Xp (—4)\7'1) (1 — eXp (—8>\7'1,2)) (64(7‘1,2) - 7'172)}

« sin <exp (—2A11)

D0 4yt (@ + y)exp (~4hm2))

~2exp (~24m) (14 exp (~4Ar12)) o — g+ (2 4 ) exp (~871 ) — wexp (—4Amis)

- O (0 () ) [~ ) + (@ + ) exp (~4Am )]
< eos (PPEAW 1y 4 (o gy exp (~aama)])] 22

Note that the leading order term in &, (x,y, z) is of the form (ax — by)? 22 sin (cx + dy). Now,

57’3 (‘Ta y) = (1)13T(3) (7—3 - 7—2) 57’2 (l‘) y)

If 73 = T2, we obtain as leading order term in &.,(x,y) the term (ax — by)2 22 sin (cx + dy), which
is mot integrable with respect to p*(dx,dy). If 73 > T2, one can check that the leading order term
in TO) (13 — 7)&n, (x,y,2) is of the form Py(x,y,z)sin (E:L‘ +dy +€z) where Py(X,Y,Z) is a
homogeneous polynomial of degree 4 such that Py(X,Y,Z) — (aX — bY)2 72, ¢ = ¢, d —
d and € — 0 when 13 — To. Therefore, for 13 close enough to T2, &,(x,y) has a non-zero
term proportional to x*sin ([E—l— ez + Elvy) which is not compensated by another term. Hence,

<|§Tg’ 7M2> =400 if T3 — T is small enough, for any values of 71 and To. Given T large enough,
we have proved that 8, < 13 < T with positive probability.
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2.6. Proof of the results of Section

2.6.2.1 Proof that Lemma [2.6.4] implies Lemma [2.3.5

Note that 6, = §k A gk where

O = 1nf 'M k} and 0 ;:inf{t>o 3s € [0, 1], <§S,Xﬁgs>>>k}.

Thanks to it follows that Hk — 400 when k — +oc. In order to prove that §k — 00 when
k — +o00, we rely on the control of the dual process obtained in Lemma [2.6.4] So we need to
control <HH§ST ,Xﬁgs)>. Let T'> 0 and € > 0 be arbitrary. From ([2.32]), we choose A(T,e) > 0
such that P(, ¢y (St < A) > 1 — £/3. Then, using Proposition [2.2.11} we choose B(T',e, A) > 0
such that P, ¢ (Vk <24, Vt< T, <\101|’c , Xt> < B) > 1—¢/3. Finally, from Lemma [2.6.4] we
choose Cy (T,e,A) > 0 such that P, ¢) (Co ((Tix1 — Ti)peica s A) < Co) = 1 — /3. We recall
that for any m € N* forallz € R™, (30" ;)" < m"~ 132" | 2. Thus, the following inequality

(5% X28) < M(s)5r- 12 / ey XY () = M ()T (1057, X )
i=1

< (M(0) + A)"

takes place with probability 1 — 2e/3. Therefore, we deduce from Lemma that for all
s<t<T,
(e, X)) < T (M(0) + 4)* B

In particular, for k > C) ( + (M(0) + A)4 B), it follows that

Pluco) (k= T) > P, ({Sr < Ayn {vk <24, ve < T, (id", X,) < B}

N {Co ((Ti+1 - Ti)ogigA 7A) })
>1—e.

The conclusion follows. (I

2.6.2.2 Proof of Lemma [2.6.4]
By mathematical induction on & € N, we prove the property
(Pr) =Vt € [m, i, Yo € RMO,1g(2)] < Col(rins — Ti)ocser - ) (14 (121137 ,
where Cp is locally bounded on Uyey (0, +00)* x {k}.

Initial case. For k =0, Sy = 0 and & € €(R™, R). Hence, the property (Pp) is satisfied.

Inductive step. We assume that, for £ € N*, the property (Pr_1) is satisfied and prove that
(Py) is also. Let t € [1x, Tk+1[ and note that M(t) = M (7). We make a partition of cases
according to whether the dual process loses or gains a variable. Let i, € {1,--- , M (75-1)} be
fixed.

Step 1. Case Ay = ®;; at the k' jump. In this case, M(7;) = M(75-1) — 1 and we
deduce from the explicit expression (2.29)) of the dual process that for all z € RM (Te-1)—1,

&i(w) = TMT=0"D (¢ — 1)@ TN O (1, — 1 1)8r, ().
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Chapter 2. FEuxistence, uniqueness and ergodicity for the centered Fleming-Viot process

that for all z € RM( L

By using expression (2.22)) of ®; ; and the property (P;_1), we deduce from Corollary (1)
Tk—1)—
O, TMO) ( — 7 1) & (m)‘
2(k—1)
< Co (1 = Th1, M (11-1)) Co ((Ti1 — Ti)oichr » # — 1) (1 + [lzll2 ) ;

where C2C) is locally bounded. Using again Corollary (1) and the fact that t — Cy (t, M (7—1))
is non-decreasing, we deduce the property (Py).

Step 2. Case A, = K;; at the k™ jump. In this case, M(1;) = M(7;_1) + 1 and the
explicit expression 1} of dual process that for all z € RM(7k-1)+1,

&(x) = T (1 — ) K TN O (7 — 1 )6, (@),
From the expression (2.23) of K; ; and Theorem (3), we have for all € RM(7k-1)+1,

e ———

= ‘(amjmﬂc—‘rk—hi)t |:(§Tk—1 * Hess (gii—m—l,o)) (mTk—Tk—175)8%777’7%—‘%—175] x?\4(7—k,1)+17

~ t
where T = (xl, e ,QS‘M(Tk_l)) e RM(7k-1) | From the property (P;_;) and Corollary [2.6.2] (2),
we deduce that

’Ki,jT<M(Tk_1)+1) (Tk = Th—1) &7, (:E)‘
< C3 (13 = Th1, M (1-1)) Co ((Tir1 — Ti)ocichor K — 1) (1 + ||$||§k) ;
where C3C) is locally bounded. Using Corollary (1), we deduce the property (Pj). We
conclude by the principle of induction. ]

2.6.3 Proof of Theorem [2.3.4]

Recall that (X;),, is a stochastic process whose law PP, is a solution of the martingale pro-

blem |D with 1 € M%*(R) and (&t)¢=0 a dual process independent of (Xt),,, built on the
same probability space. To simplify, we will note P = P, ¢y the distribution of ((X¢,&:));s0-

As & € %bz(RM(O),R) and for the choice of the stopping time 6 given by |) the set of
quantities, involved in the expectations of the weakened duality identity (2.34)), are bounded.

Step 1. Approximation reasoning. To establish the relation (2.34) we introduce a in-

creasing sequence 0 = t{ <t} < ... <ty =t of subdivisions of [0,?] such that }',; = +h
with h tending to 0. Note that

B (e X exp (3 [ M) )~ (60 X2
Pl A0
M(t?, N0 i+1/\Vk
ey Z |:E <<£t?+1/\0k’Xt/\9(kftl;n+11;\)9k> eXp <A/(; MQ(u)du))

=0
M(t7 A0 5N\
-E <<£t?/\9k7Xt/\9(kl—t?}/€\)0k> exp (A/O MQ(U)dU))} '

tAOy

0
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2.6. Proof of the results of Section

We are therefore interested in terms of the form

(S+h)/\9k
M ((s+h)NO
E (<§(8+h)/\9k’XtA(g,E——iEs-)fﬁz)kA)GJ exp (A /0 M 2(U)dU>>

v (2.60)
SN0
—E <<§s/\9k,X;‘f9(z/ii’j\)9k> exp <)\ Mz(u)du>> , forsel0,t—h].

0

It is sufficient to prove that these quantities are O (hQ). The procedure to be adopted is as
follows. First of all, we consider separately the two terms which constitute in Steps 2
and 3. Then, we prove that the sum of these terms is O (hQ) in Steps 4 and 5. Throughout this
section, in order to simplify the writing, the following notations are introduced:

tk ;:t/\@k’ Sk ;:S/\Qk, and Sz (8+h)/\9k

We note respectively 7y, 7o the first and second jump times after s; for the process M. We
denote by 71 1 := 71 A0 and 7o}, == T2 A O.

Step 2. First term of ((2.60]). We exploit the explicit expression (2.29)) of the dual process
and make the following partition:

(a) If there has been no jump of M on the interval [sg, sf!].

(b) If there was only one jump of M on the interval [sk, SZ] and distinguish according to
the events {A = @, ;} and {A = K ;} where A is the first Ay, defined by (2.30)) and ({2.31])
after s;.

(c) If there are two or more than two jumps of M on the interval [sk, SZ]
Then

E <<52XZ‘Z_(S?> exp (/\ /OSz MQ(u)du> ‘ fk>
_E <<§sg= X)) exp (A Ji * M?(a)du) 10, o} ‘ f)

(sh) o 2
T Z E(< tk sE exp )\/0 M= (u)du H{Tl,k§5277'2,k>5271\:¢i,j}

,j=1
iij

Sk) h
(sh) %k 9
+ g IE(< tk SZ exp )\/0 M*(u)du H{Tl,k<52772,k>SZ,A:Ki,j}

+E <<£ hy X M(s §)> exp ()\/OSZ MQ(u)du) ]l{fz,kgsz} fsk) .

We consider successively each term in the right-hand side.
Firts term: no jump. As there is no jump on [sk, s!], we have M (32) = M(sg) and

&, h = M (sk)) (s — sk) &s,,- Thus,

E <<§ w X, ( )> exp (/\ /OSZ MZ(UN“) Lo p>sh}

<T(M(5k)) <3k - Sk) oy X . < / M?(u)du — [)\ (Sk - Sk) M (i) (M (i) — 1)})
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Chapter 2. FEuxistence, uniqueness and ergodicity for the centered Fleming-Viot process

where we used the fact that 715 — s; given .f’-rsk follows an exponential law of parameter
AM? (s) + AM (s1,) (M (s) —1).

Second and third terms: only one jump. These terms are treated in an analogous way,
so we only give the details for the first one.

If there is a jump on [sg,s?] and for i # j € {1,2,---, M (s;)} fixed, A = ®;;, then
M (s}) = M(sg) — 1 and fsz = TM(sk)=1) (sf —Tik) ®; ; TME)) (74 ) — s) &, . Thus,

E<<§hX (h)>exp(/ M2( )du)]1{m<smk>skA @13}‘ .

- <T<M<Sk>— (s = i) DigTMED (7 — 1) &gy Xf_(ssz)_l>

X exp <)\ /OSk M?(u)du + (715 — Sk] M?(s1) + A [SZ — 7‘1,;.3} (M (sg) — 1)2>

o(miE)V fsk] .

X ]l{Tl,k—skésZ—sk}E |:]l{A:q>i,j}]1{7'2’]@—7'1’}9>SZ—7’1’]€}

Now, using that, given A = ®; ; and o (11%) V .ﬁk, To ) — 71,k follows an exponential law of
parameter A (M (s) — 1)* + A (M (s) — 1) (M (si) — 2), we deduce that

P <{A = (I)i,j} N {7'2,1@ — Tk > SZ — Tl,k} O'(lek) \/.ff:gk>

e (=AM (s8) = 1)% + (M (s) = 1) (M (i) — 2)] [ — 71] )
B M?2 (sg) + M (sg) (M (sg) — 1) '

Then using that, given o (Tl’k)\/‘%/sk, 71,5 — 8k follows an exponential law of parameter AM? (s;)+
AM (sg) (M (s) — 1), we deduce that
)

E(<§h X (h)> exp( / M2 )du) ]l{nkgsk,rg K>Sl A=, 5}

— )\/ { T(M sE)—1) (SZ _ 7«) (I)”T(M(Sk)) (r — Sk)fsk7 " (Ssk) 1> eXp( / M2 )du>
k

X exp (-m (r — si) (M(s) = 1) = A (sh — si,) (M(sp,) — 1) (M(sy,) — 2))} dr.

Similarly,

M(Sh) SZ‘ 9 o~
E <<§SZ7thSZ >eXp (A/(] M (u)du ]1{Tl’k<32,727k>sZ,A:Ki7j} ’Fsk

=\ / { (MO0 () K T (1 — )&, XL

tk—sk

X exp ( A /O M (u)du — 2\ (r — sp) M (sg) — A () — si) M(sy) (M(sy,) + 1)) } dr.
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2.6. Proof of the results of Section

Fourth term: at least two jumps. Note that, P ( ‘ fsk> —a.s., o — Tk = Es, where E,,

is an exponential random variable with parameter A (sg,) := A (M (s3,) + 1)24+X (M (s3) 4+ 1) M (s).
We denote by A1 (s) := A (M (s3) +1)>+X (M (s,) + 1) M (sy,). Using the strong MARKOV pro-
perty at time 7y 5, we obtain that

P (7'2,k < sp ‘ —/}\:sk> <P ({ﬁ,k < SZ} N {7'2,k — Tk < SZ} ’}N—sk) < Ar(sk)A2(sk) [SZ - Sk]z-

It follows that there exists a constant C'(k) such that,

M(sh) Sk o
E <<fs',;’ths§ ) exp ()\ [ v 1,
Step 3. Second term of (2.60). It follows from the MILD formulation of Proposition [2.6.3]
that
) Sk 2 ~
<§Sk, fo Sk>exp ()\/O M (u)du) Fs,,

=E (<T(M(S’“))(3Z — 5k)Esp s tM(sk)> exp ( / M?( )du>

Sk) Shfsk )_1

+)\ Z E(/ (<¢ T ()gslw tk Sk T>

i,j=1
1#]

— (T (g, XD Y) drexp< / M )du)

Jfk) < C(k)n2.

)

-)
M{(s)

Shfs o~
2y E(/’“ (K TV (), ;\I:[(‘ZZ)T>drexp< / M2 )du)‘fsk>.

i,j=1

Step 4. Conclusion. Putting together all the previous equations, we deduce that

[S+h]/\9k
M hING
E (<§(8+h)/\9k’Xt/\e(,[jj_(s}—l/-\hf/)wk> exp (/\ /0 M Q(U)du»

~E (<58Aek7Xfféiﬁi%k> exp (A Owk M 2<u)du>)
= (A) + (B) + (C) + (D) + (E) + O(h%),
where
(A) = B ({7000 (s — 5¢) &, X))
X exp </\/0 ' M?(u)du — A [sz — sk} M (sg) (M (sg) — 1)))
o, M(sp)

+ AE / Z TMED) (p)g,, , Xk r>drexp( / M?( )du> ,

2,7 =1
i#]
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Chapter 2. FEuxistence, uniqueness and ergodicity for the centered Fleming-Viot process

M (sk) sh *Sk
(B) = AE Jz_:l/ <T(M(5k) D (sp = sp — 1) By TMED (), M(SZL) 1>
i#£]

_ <T<M<Sk>—1> (0) @ ; TV (), X0 7}>}exp ()\ /O * M2(u)du) :

(sk)

(©) = AE ( Z /s —Sk M (s1)+1) (8 — 5 — T) Ko TMED) (r)e, | X sk)+1>

tr—s
J=1

— (T (0) K T (r)gy,, XG0 ) exp (A/O%M%“)d“))’

M(sp) s—sk
(M(sg)—1) el (M(sp)) M(sp)—1
(D) = AE ]Zl/ T D7 (sp = s — 1) i, TMED (r)g, X >
i#j

< exp (20 [M(s) — 1] = A (s} — ) [M(si) 1] [M(s3) ~2]) } ar)
M(sk)  .gh_g,
= . (M (sk)+1) sh—s —r (M (sk)) sk)—i—l
@)= (35 [ o) T )

X €exp (—QATM(Sk) - A (SZ - sk) M (sg) [M(sk) — 1]) } dr) .

All these terms are O (h2) uniformly with respect to the other parameters which is sufficient
to conclude the proof. This can be proved similarly for each term, so we only give the details
for (A). We first notice that when h — 0,

(A)=E (Mw) (M) -1 [ {00 (sh — 51 &, 2100

Sk

— <T(M(Sk) (r)&s, XZ\:(Z’“) T>} drexp ()\ /OSk M2(u)du>> +0 (h?).

By conditioning with respect to j—ik in the previous expression and using the MILD formulation
of the Proposition [2.6.3] again we obtain that

(A) =A% (eXp (A /0 M2<u>du) M(si) (M(sg) — 1) /0 O [ /tt_—_ {

k—Sk—T
M (sk)
3 [<¢)i7jT(M(5k)) (tk — s — V) é‘sk’Xq])W(sk)_1> _ <T(M(5k)) (te — sk — V) s, Xy(Sk)>}
z,i];jl
M(sg)
+ > (K TMED (1) — 5, — 0)&,,, XTEH) } dv] dr) +0 (h?).
h,j=1

Both integrals are on intervals of length at most h. Since all the quantities in the integrals are
bounded by definition of the stopping time 6, we deduce that (A) o O(h?). O
_>
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Chapter 3

Convergence of individual-based
models with small and frequent
mutations to the canonical equation
of adaptive dynamics

This chapter corresponds to the preprint [40] “Convergence of individual-based models with
small and frequent mutations to the canonical equation of adaptive dynamics”, written in col-
laboration with N1cOLAS CHAMPAGNAT and submitted to Annals of Applied Probability.
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Abstract. In this chapter, a stochastic individual-based model describing Darwinian evo-
lution of asexual, phenotypic trait-structured population, is studied. We consider a large popu-
lation with constant population size characterised by a resampling rate modelling competition
pressure driving selection and a mutation rate where mutations occur during life. In this model,
the population state at fixed time is given as a measure on the space of phenotypes and the
evolution of the population is described by a continuous time, measure-valued MARKOV process.
We investigate the asymptotic behaviour of the system, where mutations are frequent, in the
double simultaneous limit of large population (K — 4o00) and small mutational effects (o — 0)
proving convergence to an ODE known as the canonical equation of adaptive dynamics. This
result holds only for a certain range of o parameters (as a function of K) which must be small
enough but not too small either. The canonical equation describes the evolution in time of the
dominant trait in the population driven by a fitness gradient. This result is based on an slow-
fast asymptotic analysis. We use an averaging method, inspired by KurTz [144], which exploits
a martingale approach and compactness-uniqueness arguments. The contribution of the fast
component, which converges to the centered FLEMING-VIOT process, is obtained by averaging
according to its invariant measure, recently characterised in Chapter [2]

3.1 Introduction

In this chapter we study, at the individual level and in the interplay between ecology and
Darwinian evolution, a population model, structured by a 1—dimensional quantitative phenoty-
pic trait. The Darwinian evolution is based on three basic mechanisms. Firstly, heredity which
allows the transmission of the individual phenotypic characteristics from one generation to ano-
ther. Secondly, a source of variation in the individual phenotypic characteristics: in our case
it is only mutations. Finally, a selection mechanism which can result from interaction between
individuals in the population such as competition. Our model is an individual-based model (in
short, IBM) which involves a finite and asexual population with constant population size in
which each individual’s birth, death and mutation events are described. IBMs were first intro-
duced in ecology as a tool to describe local interactions or complex phenomena at the individual
level [186, [26], 27, [77, 118, [63]. Ecological studies using IBMs are mainly numerical and the
models are mostly posed in discrete space as systems of interacting particles [I86] and more
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rarely in continuous space [26] 27, [77]. Many IBMs (with non-constant population size) have
been proposed and studied in the context of Darwinian evolutionary by the biology community
[T71), (73] [96] and the mathematical community [37), B9, [10]. Others are dispersal models in spa-
tially structured populations where the trait is viewed as a spatial location and mutations as
dispersal [26], 27, 149], 102]. Other models, structured in age, were developed in [50] and studied
mathematically in [I87, 209], or structured in age and traits in [97, [166], [167].

We consider an IBM with fixed population size, so that births and deaths occur simulta-
neously in so-called resampling (or swap phenomenon) events. The mutation and resampling
rate of an individual depends on its phenotype. When a mutation occurs, the new mutant trait
is close to its parent’s one yielding a slow variation of the trait. In population genetics, the
WRIGHT-FISHER model (and its extensions with selection, mutation or immigration), CAN-
NINGS model or the MORAN model are interested in the evolution of allele frequencies according
to various mechanisms [86]. In [99] [61), (60, 85], the authors construct the FLEMING-VIOT process
as a scaling limit of large population from the MORAN process. Several extensions exist, inclu-
ding frequency-dependent selection, recombination, other reproduction mechanisms [91} [117]. In
particular, the last article provides a bridge between population genetics and eco-evolutionary
models. Others, based on KERMACK-MCKENDRICK’s model, are interested in epidemiological
questions [180, [182].

The aim of this chapter is to describe the evolutionary dynamics of the dominant trait, at
the population level, on a long time scale, as a solution to an ordinary differential equation (in
short, ODE) called Canonical Equation of the Adaptive Dynamics (in short, CEAD). Canonical
equations are well-known tools in evolutionary biology, used to predict the evolutionary fate of
ecological communities. More precisely, such equations describe the evolution of dominant traits
in a biological population as driven by mutations and a fitness gradient which describes the
strength of selection that pushes the population to locally increase its fitness [214) [148], [203] [72].

Fitness measures the selective value of a given individual in a given environment including
the population under consideration itself. This individual can be any (fictitious) mutant indivi-
dual that can be born in the population at the time under consideration. The way to construct
a fitness landscape depends on the ecological context [I72]. For continuous time homogeneous
MARKOV models as studied below, it is the instantaneous growth rate (birth rate minus death
rate) of the individual considered in the environment considered. If we further assume that the
population constituting the environment is in a stationary state, then we can consider that the
fitness of a given mutant individual in this population governs the possibility of invasion of the
descendants of this mutant in the population.

The canonical equation has been studied and derived in different contexts such as game
theory [125] and quantitative genetics [I48]. In the branch of evolutionary biology called adap-
tive dynamics [126], [185] [161], the CEAD has been introduced heuristically in [72]. The theory of
adaptive dynamics studies the links between ecology and Darwinian evolution, more precisely,
it investigates the effects of the ecological aspects of population dynamics on the evolutionary
process, and so describes the population dynamics on the phenotypic level instead of the ge-
notypic level. The theory of adaptive dynamics is based on biological assumptions of rare and
small mutations and of large population under which the CEAD was proposed.

Two mathematical approaches were developed to give a proper mathematical justification of
this theory: a deterministic one, and a stochastic one. All these approaches are based on the use
of IBMs and different combinations of the three previous biological assumptions and consider a
parameter scaling under which the population distribution over the trait space concentrates to
DIRAC masses, i.e. to subpopulations in which all the individuals have the same trait. The cano-
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nical equation corresponds to the motion of DIRAC masses. Let us introduce three parameters
corresponding to the different biological assumptions: p for the mutation probability, o for the
mutation size and K for the population size.

In the deterministic approach, [I02] first establishes that, under the asymptotic of large
population (K — +00), the IBM converges in law to a deterministic process which is a weak so-
lution of a partial differential equation. Then by adding the small mutations assumption (¢ — 0)
and an appropriate time scaling 1/o, [75], 194 [160] establish the convergence to a version of the
canonical equation different from the one of [72] and described by a HAMILTON-JACOBI equation
with constraint.

The stochastic approach was developed in [37, [47]. In [37] it is proved that the IBM converges,
for finite dimensional distributions, under the double simultaneous asymptotic of large popu-
lation (K — 4o00) and rare mutations (p — 0) to a stochastic process: the TSS for Trait
Substitution Sequence introduced in [I71], Section 6.4]. This is a pure jump Markov process in
the trait space where the population is at all times monomorphic and where the jumps describe
the invasion and then the fixation of a mutant y in a monomorphic resident population of trait
x. By adding the small mutations assumption (o — 0) to the TSS, its convergence to the cano-
nical equation proposed in [72] is established in [47]. The time scale involved in observing the
canonical equation phenomenon is 1/Ko?p. Extensions of these results were obtained in [43]
for chemostat models, in [84] [166] for age-structured populations models, in [I54] for spatial-
structured populations models and [6] which studies the simultaneous application of the three
limits (K — +o00,p — 0,0 — 0) in order to determine precisely the range of parameters leading
to the canonical equation.

Despite their success, the proposed approaches are criticised by biologists [212, 195]. Among
the biological assumptions of adaptive dynamics, the assumption of rare mutations is the most
criticised as unrealistic [212]. The rate of molecular mutation is relatively well known and gene-
rally involves several nucleotide substitutions per generation. The adaptive dynamics response is
based on the fact that only non-synonymous mutations (changing phenotypes) producing viable
individuals should be taken into account [3] [I71], Section 6.4]. Since only a small fraction of DNA
codes for proteins and many mutations produce non-functional proteins, and thus non-viable
individuals, it is not unreasonable to assume that mutations are rare, but probably not as rare as
assumed in the stochastic approach [37, [47, [6]. Another criticism of stochastic approaches is that
the phenomenon of the canonical equation takes place on a too long evolutionary time scale. In
order to solve these problems, we propose to apply a double simultaneous asymptotic of small
mutations (¢ — 0) and large population (K — +00), but frequent mutations (p = 1). After
conveniently scaling the population state, this leads to a slow-fast dynamics where the pheno-
menon of the canonical equation is visible on a time scale 1/K¢o?. So, there is some consistency
between the previous stochastic approaches developed in |47, 6] and ours: it is exactly the same
canonical equation. However in our situation, the CEAD is visible on a shorter evolutionary
scale than theirs, and therefore is biologically more reasonable.

As the mutation size parameter is small, the population distribution tends to be close to a
DIRAC mass. Our aim is to describe the evolution of the support of this DIRAC mass on a large
time scale. The mean trait appears as the natural slow component. It will be proved to act on
the time scale 1/Ko?2. In our case, the fast component acts on the time scale K and is given by
the dynamics of the centered and dilated distribution of traits corresponding to a discrete ver-
sion of the centered FLEMING-VIOT process (see Chapter . Since the centered FLEMING-VIOT
process is ergodic (see Chapter [2]), we expect the centered and dilated distribution of traits to
stabilise on the slow time scale, hence the distribution of traits should stabilise to a DIRAC mass.
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Therefore, the dynamics of the dominant trait corresponds to that of the mean trait.

The reason for not considering the same IBM as in [37, 47, [6] is because it involves three time
scales, a slow one corresponding to the dynamics of the mean trait acting on the evolutionary
time scale 1/K o2, a fast one corresponding to the dynamics of the centered, dilated distribu-
tion of traits acting on the evolutionary time scale K and a very fast one corresponding to the
population size dynamics acting on the ecological time scale 1. For simplicity, we focus here on
a model with constant population size to reduce the number of time scales to two. We expect
our results to extend to general IBMs as in [37, 47, [6] and we leave this for future works.

To prove convergence in the framework of slow-fast dynamics (also called stochastic singular
perturbations), different techniques can be used.

Firstly, the method of the perturbed test function initially proposed by PAPANICOLAOU,
STROOCK and VARADHAN in [192] identifies the generator of the limit process with a martingale
approach whose idea is the following. If we consider a family of stochastic processes ((X¢,Y*))_ .
of generator L® where X°€ is the slow component and Y€ is the fast component in the form
Ye(t) = Y (t/e) where Y is a MARKOV process, the slow-fast problem consists in identifying
the limit process of X¢ using ergodicity properties of the fast dynamics. Assuming that the
family (X¢),.. is tight, we consider X a limiting value. We can expect to characterise X with a
martingale problem derived from the martingale problem of (X¢,Y®) provided that the solution
to this problem is unique. We would then obtain the convergence of X to X in law. However, for
multiscale singular problems, the convergence of Lp ((Xf,Y;?)) when ¢ — 0, for a test function
¢ depending only on the X component, does not (in general) take place because it contains
diverging terms in €. To overcome this difficulty, firstly the idea is to decompose the generator
L? in the following form L¢ = éLl + Lg where L; is the infinitesimal generator of the MARKOV
process Y in the variable y and Lg the operator of the slow component depending on slow and
fast variables. Secondly, the idea is to perturb the initial test function ¢(x) into a test function
©°(x,y) := p(z) + epi(x,y) such that

. o
Lfg® = [ELl + LO} (¢ +ep1) = (Lipr + Lop — Loy) + Loy + eLogr (3.1)

because of Lip = 0 and where L is the operator of the limit slow component averaged by the
unique invariant probability measure of the limit fast component Y. Provided that ¢ solves the
PoOISSON equation (with respect to Lj and the variable y)

Lig1 + Loy — Lop = 0, (3.2)

we deduce that Lfp® = Loy + O(g). Then, ¢°(x,y) — ¢(x) and Lf¢®(x,y) — Lop(z) when
e — 0 as expected.

The perturbed test function method has been extended in [22] [I45] 146] and in the books
[T00, Section 6.3], [147]. Many other references apply the perturbed test function strategy in
various settings: in finance [I0I] in transport problems as in [192] or in [56] where the tightness
of the fast component is established using its occupation measure. Similar methods are used in
homogenisation [192, [17, 193] (see also [16] which exploits spectral and semi-group properties in
addition), and in stochastic stability and control [I47].

Finally, an important method is the stochastic averaging, in a generic framework, that was
proposed by KuURTz in [144]. Many approaches [8, 167, 119l 54, 108, 28, O, 19] including ours,
are based on it. The main idea consists in exploiting the occupation measure I'¢ of the fast
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component Y¢ which is formally defined for all ¢ > 0, for any Borelian B by
t
L (0,4 x B) = [ 1p(¥))ds,
0

and to establish the convergence of the couple (X¢,I'°) when e — 0 using compactness-uniqueness
arguments. Proceeding in this way allows us to escape the difficulties created by the fluctuations
of the fast component and avoids to obtain tightness result of the “slow-fast” couple (X¢,Y*®).
The proof can be divided into four steps.

The first one consists in establishing uniform tightness of the sequence of laws of the couple
(X¢,T¢). The second one consists in establishing a martingale problem for any limiting value of
the family of laws of the couple. The third one is based on establishing the uniqueness of the
limiting value of I'* expressed in terms of the limit X of X¢ which is given. The characterisation
of the limiting value I' of I'® is usually based on ergodicity arguments. Finally, the last step is
to establish the uniqueness of the martingale problem for the slow component limit X when I'
is given as above.

The KURTZ approach seems to be better adapted to our situation than the perturbed test
function method. Indeed, the generator L; being that of a measure-valued diffusion, it is thus
delicate to find the good class of test function ¢; satisfying and the computations are
difficult because of the moment terms (see Section . In addition, the remainder terms ge-
nerated by are difficult to control and the fast component Y does not take the form Y (t/¢).
However, KURTZ’s approach can neither be implemented directly because of difficulties inherent
to our model described in Section [3.:2] Therefore, our result required a complete reworking of
the classical arguments. In particular, in our case, we do not have uniform moment estimates
but only a uniform control, in probability, of the second moment of the fast variable up to a
stopping time 7% where the diameter of the support of the fast component becomes large.

This chapter is organised as follows. In Section [3.2] we define our trait structured IBM, state
the central theorem about the CEAD characterising the limit model which consists of an ODE
ruling the dynamics of the limit slow component. We establish in this section the sketch and
outline of the main proof and the difficulties encountered. We give also some prospects that let
us believe that we can improve our main result by relaxing some assumptions. The rest of this
chapter is devoted to prove the central theorem of Section In Section [3.3] some approxi-
mations of the infinitesimal generator of the slow-fast process are proved. In Section we
establish estimates of moments, in particular of the sixth and second order moment up to time
7K. We also prove the convergence of 75 to +00 when K — 400 exploiting coupling arguments
between the moment of order 2 and a certain biased random walk for which large deviations
estimates are established. In Section [3.5] we prove the tightness of the couple “slow-occupation
measure fast” in the torus case. In Section [3.6] we establish, in the torus case, the uniqueness
of the limit occupation measure which is described by the unique invariant probability measure
of the centered FLEMING-VIOT process. This result is used in Section [3.7] to characterise the
limit slow component as the unique solution of the CEAD with values in the torus. Thanks to
the non-explosion of this ODE and choosing the torus large enough we are able to conclude the
proof of our main result given in Section [3.2

3.2 A trait structured IBM

Let us describe the microscopic model which models population evolution, in a Darwinian
sense, at the individual level.
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3.2.1 Parameters and assumptions of the model

We consider a discrete population of constant size in continuous time in which the survi-
val and reproductive capacity of each individual is characterised by a continuous quantitative
phenotypic trait x € R, i.e. an overall characteristic subject to selection such as body size at
maturity. The individuals reproduce asexually during their lives, i.e. the reproduction scheme
is assumed clonal simultaneously with death of another individual, with frequency-dependent
rates. Each birth of an individual occurs simultaneously with the death of another individual
in the population. A mutation occurs during life at the individual level at rate 1: in this sense
mutations are considered frequent. Each mutation has an amplitude of the order of magnitude
o € (0,400). Small 0 means mutations have a small phenotypic effect, i.e. evolution acts slowly
on the individual phenotypic characteristics.

We are interested in approximating the long term dynamics of a large population. We assume
that the number of individuals alive at each time ¢t > 0 is always equal to K. Let us denote
by z1(t), -+ ,xx(t), the phenotypic trait values of these individuals at time ¢. The state of the
population at time ¢, can be described by the finite point measure on R rescaled by K

1
K7U Pp—
Vt = ? Z 5331@)

where ¢, is the DIRAC measure at z.

For all x,y € R, let us introduce the following biological parameters:

e b(x,y) € Ry is the resampling rate, i.e. the rate of simultaneous birth of an individual
holding trait y and death of an individual holding trait « and it can be interpreted as
modelling a competitive pressure driving selection.

o O(z) € Ry is the rate of mutation of an individual holding trait x.

e m(x,dh) is the mutation law of the scaled mutation step h, born from an individual with
trait x, where the mutant trait is given by y := = + oh € R. It is a probability measure

on R.
Let us also introduce the following notations, used throughout this chapter:
o [(x) = %, the ratio between the mutation rate and the resampling rate in a mono-

morphic population with trait , which can be interpreted (in the scaling limit considered
below) as the mean number of mutations between two resampling events.

e Fit(y,z) := b(z,y) — b(y, z) is the adaptive value or fitness of a mutant individual with
trait y in the population of (K — 1) individuals of trait x. The fitness can be interpreted
as the initial growth rate of a mutant individual y in a resident monomorphic population
with trait x.

Indeed, the total birth rate of a mutant individual y in this population is b(z, y) (K —
1) and the total death rate of a mutant individual y in this population is b(y, z)(K — 1).
Hence, the (initial) growth rate of the mutant population is Fit(y, z)(K — 1).

Let M;(R) be the set of probability measures on R, endowed with the topology of weak
convergence making it a Polish space [20]. For a measurable real bounded function f, and a
measure v € M;(R), we denote (f,v) := [p f(x)v(dz). We denote by id the identity function.
We denote also N := {0,1,2,---} and N* := N\ {0}. If Z is an interval of R, then for all £ € N,
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p € N*, we denote by ¢* (ZP,R) the space of functions of class ¢ from ZP to R and by ‘Kbe (ZP,R)
the space of functions of class €*(ZP,R) with bounded derivatives. Finally, we define for all
K € N*,

K

Mg (R) = {[1{ S 6,

1=1

(f’?i)migk € RK}

the set of probability measures on R of K atoms of mass 1/K.

Assumptions. Let us denote by (A) the following two assumptions:

(A1) The maps b: R? = R, and 6 : R — R, are respectively in 62(R% R) and 62(R,R)
and there exists 0 < b,b, 0,0 < oo such that:

b<b(,)<b, ~ and O<0()<0.

(A2) (a) There exists A, € (0,+00) such that the law m(z,dh) is absolutely continuous
with respect to the LEBESGUE measure on R with density m(x, h) centered and sa-
tisfies

Ve € R, V|h| = Ay, m(x,h) =0.

(b) For all a € R, for all £ € N, we denote by
me (@) = / 8% m (0, h) dh
R

the ¢*® moment of the mutation law. We assume for £ € {2,4, 6} that m, is LIPSCHITZ
and there exists my,my € (0, +00) such that for all @ € R, m, < my(a) < .

Let us now give the infinitesimal generator L¥? of the M g (R)—valued MARKOV process

v = (VtK ’U)t>0 describing the ecological dynamics of the population with resampling. The

generator L7 is defined for any bounded measurable map ¢ from M k(R) to R, by

K K
+ K/RH(x)V(dx) /Rm(x, h) [¢ (V - % + 5”’;{"") - ¢(u)} dh.

£5eo(w) = K [ wlde) [ vtdnbtan) [o (v = %+ ) — o) (3.3)

The first term describes the resampling event of one individual by another and the second
term describes the effect of mutations over the lifetime of individuals.

3.2.2 Main result

The main result of this chapter is the following theorem. For all v € M;(R), let us denote
by Diam (Supp v) the diameter of the support of v.

Theorem 3.2.1. Assume (A) and for all K € N*, 0 € (0,400), for some z9 € R, for all
e {1,2,3),

<id, V§’0> = T, and <(id —z0)%, yg(’g> < O3 Kfo? (3.4)
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for some C%, > 0. Assume that K — 400, 0 — 0 and 0 = o(K) such that
20
Jde >0, VC >0, K~Closll) « 5 « K=(2%9), (3.5)

Then, for the SKOROHOD topology, the sequence of the mean trait processes ((<id, Vf/(’[?02> >t>0>

converges in law in D (R4, R) when K — +oo, 0 — 0, to the unique deterministic process
(¢t)ys0 € €° (Ry,R) with initial condition (o := xo, which is solution to the Canonical Equation
of Adaptive Dynamics (CEAD):

Bly)ma(y)

y = 0iFit(y,y) x 5

In addition, we have the following support concentration property: for all T > 0,

1
sup Diam (Supp ]/t[/{}ga_g) < (3.6)

t€[0,T] E
holds with probability which tends to 1 when K — +o0.

The canonical equation is composed of two terms. The first term: the fitness gradient, des-
cribes the strength of selection that pushes the population to increase its adaptive value locally.
The second term describes the effect of mutations. Note that (3.6)) describes, in some sense,

when K — 400, the convergence of the population distribution (th/(}?gg) to a DIRAC mass.

Remark 3.2.2. (1) We conjecture that the assumption o < K —(+e) given by 1) is too
restrictive and that it can be weakened by o <K K—G+) | This conjecture is supported by
the discussion in Section [3.2.3.4] below.

(2) We actually prove Theorem (see Section|3.4.4.3|) under a slightly weaker assumption
than the left bound of (3.5)) : for a universal constant Cy depending only on b,0,m and
not on K and o,

Je>0, K C0lsl) 5« g(2Fe)

(3) Assumption (A2)(a) is only used in Section and could be weakened with some tail
bounds (typically exponential) on m(x,-).

The aim of the rest of the chapter is to prove Theorem Since 0 = o(K), we will use
the notation v% to designate 7.
3.2.3 Sketch and outline of the proof

Note that, the convergence result of Theorem takes place on the time scale 1/Ko?.
The idea of the proof is based on slow-fast asymptotic analysis techniques developed by KURTZ
[144]. Let us begin by introducing the slow and fast dynamics involved in our model, then the
difficulties encountered and finally the outline of the proof.

3.2.3.1 Slow-fast asymptotic analysis

Let a, € R and B(R) the BOREL o—field on R. Let us define respectively by 7, and h,, the
translation operator of vector a and the homothety of ratio a. For all z € R, for all A € B(R),

(ha o Ta) §62(A) = 64(z4a)(A) and (Ta © hg) §62(A) = daztal(A).
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Note that for all K € N*, any v € M g (R) has all its moments finite. We define for all K € N*,
1 x(R) the set of centered probability measures of M x(R). From the population process

K . . . .
(Vt / Ko_g)t>0, we introduce two evolutionary dynamics:

e The slow dynamics, with value in R, corresponds to that of the mean trait defined by
K. _ [i1. K
zp = <1d,1/t/K0,2>.

e The fast dynamics, with value in MS ;(R), corresponds to that of the centered and
dilated distribution of traits defined by

1

K._ k _ 1
My = (hﬁ OT_Zg()ﬁVt/KUQKZQ(;G\}E(‘“U)%K). (3.7)

Note that X = (TZK , © hm/?> ﬁ“ﬁ(cﬂ‘

tKo

For all £ € N and v € M;(R), we denote by M, (v) := <|id\£ , y> the £*" moment of the measure
v. Let us consider for all £ € N*,

M) = {n e Mi(R) ' My (1) < oo, id, ) = 0

and the convention My (u) = 400 if p ¢ M‘f’Z(R). Let us denote by B (E,R) the set of BOREL
functions on the metric space F.

In the following, for all K € N*, we study the couple of processes ((th 1l )) >0+ Denoting
L% the infinitesimal generator of the process ((th il )) +>0» computed in Proposition we
will check the following assertions, proved respectively in Propositions [3.3.2] and [3.3:3]

(1) If we consider a function f : (z,u) — f(2) € €2(R,R), the generator LK satisfies the
following decomposition

LEf (z,p1) = LsLow f (2, 1) + O <% + M%M) + oV K Ms (M)) (3.8)

where the operator Lgp,ow, of the limit slow component, is defined from %bl (R,R) to
B (R x M{*(R),R) by

Lsrow f (2, 1) = f'(2)Ma (1) O1Fit(z, 2). (3.9)

(2) If we consider a function F, : (z,p) — Fu(p) := F({p,n)) with F € ¢3(R,R) and
¢ € €2 (R,R), the generator LK satisfies the following decomposition

0(z)ma(2)

K
E Ftp (Z7u) = K20_2

z 1 3 M.
B0Fe) +0 (= +orctan o+ )| o
where 51:\“(\2 is the generator of the centered FLEMING-VIOT process with resampling rate

, as studied in Chapter [2| and whose definition is recalled below. For all

b(z,z)
F € ¢?(R,R) and g € 6 (R, R),

A(z) == 0(2)ma(2)

!

EhveFy () = F (g, ) ( (L) + A 10" ) M) —2(g' < id, )] )

+AF" ((g,10)) [(9% 1) = (g, 1) + (g )" Ms (1) = 2(g/, 1) {g x idl, )] .

(3.11)
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3.2. A trait structured IBM

From (3.10f) and 1) note that the fast component (Mgagt)t>0 = ((h \1ﬁ °T_(id VK>) til/tK)
=z oVK Tt t>0

moves on the evolutionary time scale K whereas the slow component (zllggz t) 50 = (<id, v >) >0

moves over a much longer evolutionary time scale 1/K 2. The different time scales involved in
this model can be represented as in Figure [3.1] It follows that the fast component will be the first
to stabilise in its equilibrium state. Note that the operator of the slow component depends
on the fast variable through the second-order moment Ms (11). This is a standard difficulty in
slow-fast analysis, usually solved by assuming that once the fast component is stabilised in its
equilibrium state, M (1) can be characterised in terms of the slow component leading to an
autonomous slow dynamics in the limit K — +oo.

1
1 K Ko?
Birth/Death Centered and dilated Mean trait Time
Competition distribution
[Very fast] [Fast] [Slow]

FIGURE 3.1 — Different time scales involved in our individual-based model

expected in the original time scale of the process (VtK ) £50°

As the limit fast component is driven by a centered FLEMING-VIOT process, we expect
that it will inherit ergodicity properties as stated in Section This reference establishes the
existence of a unique invariant probability measure 7* for the centered FLEMING-VIOT process
and characterises it. In particular, we expect that the averaging principle applied to the drift
coefficient in will lead to the averaged drift

‘ O Fit (z¢, z¢)
Aze) _ it E, Z)
M Fit (2, ) /Ml(R) My (p) 7 (dp) 2X (21)

B (2t) ma (2t)

= 81F1t (Zt, Zt) 9

where (2¢) is the limit slow component (see Corollary [2.4.16{of Chapter [2| for the computation

of the integral). Formally, by replacing Mj (1) by its mean value fMl(R) My () @) (dy) in 1)
we obtain that (see details in Section

B(z)ma(z)

Lceapf(z, 1) = f'(2)01Fit(z, z) 5

and we recognise the generator of the announced CEAD.

3.2.3.2 Difficulties encountered

The slow-fast analysis relies on a stochastic averaging result that exploits tightness argu-
ments. The classical approach to prove tightness of sequences of laws [10, [102] requires to have
uniform pathwise estimates on the moments of the process. In our situation, we note the pre-
sence of moments in and . However, we could not establish control in expectation of
supg<i<7 M2 (ptK ) for all T' > 0 because of the long time scale which does not allow to exploit
the martingale problem associated to the decomposition of Ms (u{( ) This is an important diffe-
rence, for example with [I67] which studies similar forms of processes (individual-based models).
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Chapter 3. Convergence of IBMs with small and frequent mutations to the CEAD

Instead, we will first use fine pathwise estimates and expectation bounds on Ms (utK ) up to the
stopping time 75 defined for all K € N* by

K = 7K A 7K, (3.12)
where
7K .= inf {t}O‘MQ (utK) }KE} (3.13)
with & > 0 given in Theorem [3.2.1] and where
1
F.— inf {t >0 ' Diam (Supp pf*) > 3+} (3.14)
oK™

which allows to control the diameter of the support of the centered and dilated distribution of
the traits ¢, An important difficulty arises in Lemma from the presence of third order
moment in the DOOB semi-martingale decomposition of My (,uf ):

M2<MtK):M2(N(I)<)[(2102/;{25(25725)]\42@5)9(25)m2<2§()}d5

1 t 1 K 3 K K’P.id2,1
+ 222 /0 0 <E + oK My (pl) + o K2 M; (4 )) ds + M,

K,P, . . . : . L .
where (Mt d2’1> is a local-martingale. This leads to introduce the stopping time 7% which
t>0

guarantees that the error term in M3y (utK ) remains under control. This leads to a new difficulty:
establishing that 7% tends to 400 in probability when K — +occ. To prove this, we use pathwise
estimates on My (,uf( ) up to time 7% to estimate the different transitions of My (utK ) between
thresholds of the form 3" K% and 3“"1 K3 and to construct a coupling between these transitions
and biased random walks. This allows us to use large deviations results on random walks and
estimates on the exit from an attracting domain (see e.g. [104] [64]) to prove that the stopping
time 75, defined by , converges to +oo in probability when K — +oco. This in turn implies
that 7% — 400 in probability when K — +00 (see Section for a discussion of the method
used for this step).

The implementation of the slow-fast method of KUrTz [144] is done in two steps. To establish
the tightness of the sequence of laws of the slow component, we exploit criteria developed by
ETHIER-KURTZ [94, Theorems 3.9.1 and 3.9.4] by restricting ourselves to the torus case. This
strategy allows to overcome the difficulty related to the verification of the compact containment
condition, on the real line, of the slow component stopped at the stopping time 75. The second
step consists in characterising each accumulation point of the sequence of laws of the slow
dynamics and the occupation measure of the fast dynamics. For this, we need to check that any
measure v in M; (M;(R)) satisfying

/ Lived(p)y(dp) = 0 (3.15)
M1 (R)

for a certain class F of functions ¢ must be 7. Equation (3.10) suggests to take F as the set of
functions of the form Fi,(u) := F ((¢, t)). However, the last property seems hard to prove for
this choice of F. Instead, we adapt a result of DAwWSON [60, Theorem 2.7.1] that applies to the
set F of so-called polynomial functions of the form

Prali) = [+ [ @1 an) uda) - n(da).

160



3.2. A trait structured IBM

However the duality property used by DAWSON in [60] does not hold in our case. In Chapter
it is proved only a weak duality relation involving stopping times. This difficulty will be
solved by proving that the measure ~ in gives mass only to measures having its first five
moments finite. This will allow us to characterise the limit fast component and hence the limit
slow component on the torus, as solution to an ODE. Since this ODE is non-explosive, we choose
the torus large enough to conclude the proof on the real line.

3.2.3.3 Outline of the proof

In Section we begin by giving an approximation of the infinitesimal generator of the
slow-fast process ((th s ) 1> for a class of test functions on R x M{ x(R), large enough to
be convergence determining and we characterise martingales associated to our process. We give
also martingale problems of the slow-fast process for polynomials in u. In Section [3.4] we prove
some moment estimates. In Section [3.4.1] we give estimates of the moment of order 6. In Section
we establish some inequalities on Mas (uf( ) and we control its bracket that we will use in
Sectionto prove P—a.s. that Ms (u{() takes superlinear (of the order of K¢1°8(K)) long time
before hitting K¢. The fact that 7% — 400 in probability when K — +o0 is proved in Section
The rest of the proof deals with the compactness-uniqueness argument associated to our
slow-fast problem. Firstly, in Section [3.5] we establish uniform tightness of the sequence of laws
of ((ZK’FK))KeN* stopped at time 7% in the torus case where I'K designates the occupation
measure of the process p. In Section we identify and characterise in a unique way the
limiting distribution of the fast component on the torus. In Section [3.7.1] we proceed similarly
for the slow component. Thanks to the uniqueness on the torus of the limit slow component, we
deduce in Section B.7.2] the announced result of Theorem [3.2.11

3.2.3.4 Prospects
In the first part of this section, we explain the origin of exponent 2 in the inequality
o < K—(2%9) of Assumption l' In the second part, it is explained how Assumption 1)

may be improved into the assumption ¢ < K —(3+) by using estimates for moments of order
2{. Finally, in the last part of this section, we explain the difficulties in obtaining these moment

es‘cimaﬁcesé Note that the assumption ¢ < K =3 is the best we can expect because of the error
term o K2 in (3.10).

(a) Origin of the exponent 2 in Assumption (3.5)). On the one hand, as for all t > 0
2
and K € N*, Diam (Supp,uf)2 < (2 max {\m| ’x € Supp ,uf}) < 4K M; (i), we deduce that

]P’(%K<?K/\T) gIP’(EIt<T/\7’:K,Diam(SupputK) > 13+E>

oK 2
<}P’(E|t<T/\?K M, (MK) > L)
= ’ t 402 K4+e
On the other hand, note that thanks to the definition (3.13) of the stopping time 7%,
P (3t <T AR My (uf) > K°) =0.

Hence, Assumption 1} implies that P (%K < 7K /\T) = 0 for K large enough. Using this
relation, we prove in Section that P (TK < T) <P (?K <TAFK ) Hence, to establish
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Chapter 3. Convergence of IBMs with small and frequent mutations to the CEAD

that 7% — 400 when K — +oc0 in probability, we need to prove that

lim P (7K

P ( <T/\%K): lim ]P’( sup MQ(MK)>KE)_O

Kotoo  \ o<i<TArK

as established in Section [3.4.4]

(b) Improvement of Assumption (3.5)) with moments of order 2¢. Assume now that
oK K—(5+9), Then, there exists £ € N*, £ > 0 such that

VO >0, K CPE) « o« g(5tartiere) (3.16)
and we consider the stopping times
P 1
7K = 1nf ‘Mg Ly ) > KE} and AL, := inf {t > O’Diam (Supp,u{() > 3+€} .
oK 2
Using now that for all £ > 0, for all K € N*, for all / € N*, Diam (Supp JI5 ) 2 < 226K My, (uf(),
we deduce that

o~ . 1
P (Elt <TA Té(s,Dlam (Supp uf() > 3+g>
oK 7

1
~K K
<P<3t < T AR Mag (f) > W)

which is zero for K large enough by (3.16]). As previously, if we can prove for all 7' > 0 that

lim P (Tbls T/\Tbls) = lim IP’( sup My (,uf() > Kg> =0, (3.17)

K=too \o<t<Tas,

then, we can conclude as before.

(c) Difficulties encountered. The main difficulty consists in proving (3.17)). For this we
could seek for an extension of Lemma [3.4.2] to the framework of moments of order 2¢. Lemma
relies on the inequality for all £ > s > 0, K large enough,

§-Z\J(i (Nt/\i’K) +3M, (N{f\;K) Mo (,Ug\;-K) + SMS (,Uftlf\.;K)
< S0 (4 ) + 7 (4 ) Mo () + S0 (o)
Cy

- K202

7K
/ot/\ (flMﬁ (,uf() +3My (’“5) My (“5) + gMg’ (Mf«() - CQ) dr + Mart, \zx

for some constants C1,C2 > 0 and where (Mart;\;x);5q is a martingale. However a similar
calculation does not seem to be successful for moments of order 8 or more.

3.3 Infinitesimal generator approximation

Let us begin this section by giving the generator of the couple of process (zK T ) Then, we
give an approximation of the previous formula for a class of test functions which is convergence
determining. Finally, we give an extension to this result in the case of polynomials in p.
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3.8. Infinitesimal generator approximation

3.3.1 Generators and martingales

For all K € N*, let us introduce the filtration (ftK defined by Ff =0 (zSK kK

s<t>.

Proposition 3.3.1. The infinitesimal generator of the R x M x(R)—valued MARKOV process
( K K) defined for all bounded measurable function ® from R X Mg, x(R) to R, is given by

LED (2, p) = % /Ru(dx) /Ru(dy)b (U\/E.T +2,0VKy + z)

x _@(zﬁ}/f(y—x) el @—iyﬁ) B (2, p)

+I§;/Ru(dx)0 (J\/E.%-FZ)/RTI’L(U\/EZL'—FZ,h)

i 1) h
AV T+ ——=
x | P <z+a Kh,’T il [ 0z VK

)t}O

K% _Kg/z ,u—?—}— K

) —®(z,p)| dh.

Moreover, for all K € N*, for all bounded measurable function ® from R X MiK(R) to R, the
following process (Mtf(@)mo defined by

K,®
M =@ (2 1f) = @ (2, 1Y) /£K<I> SANTAIRE (3.18)

s a (FtK ) 0 —martingale, square integrable, with quadratic variation:

Kt
<MtK’®> :—/ ds/uK(daz)/uK(dy)b (JVKJ:—I—ZK,U\/Ky—i—zK)
¢ Ko2 0 R s R s s s
— 2
X |f1> (Zs + K (y—x),r_%jj [Ms - E + - K - (ZS y Mg )
K [t K VK K K
+—= [ ds [ pg (dz)6 (0 Kz + z, ) m(O’VK:E—I—ZS ,h)
K(72 0 R R

§ 2
Kh Oz z+
X [CD (ZSK—I—UI\/(Q ’T—ﬁﬁ [,uf—K—i— K\ﬁ]> —@(zf,uf)] dh.

Note that the factor 1/Ko? corresponds to the time scaling of v/ used to define z/* and pfX.

Proof. Step 1. About the generators. On the one hand, from (3.3]), note that for all @ :
R x M¢ (R,R) = R and ¢ : M; x(R) — R such that ¢(v) = ((id, vy, (h 1 oT_ ldl,>>jjy>
’ VK

LE® (2, ) = # x LK ((rooh, )t ). (3.19)

On the other hand, note that for all v € M; g(R), u,v € R, ¢ : R - R and ¥ : M; g(R) - R
measurable bounded functions, we have

fs o+

- /Ry) (oVEy + (id, v)) ¥ ((T@d,y) oh, )t {u - 5‘?” - %D ((dy).

163



Chapter 3. Convergence of IBMs with small and frequent mutations to the CEAD

Finally, by noting that for all u € R the mean trait of (T<1d7y> o ha\/f) o [,u — %ﬂ” + %} is (id, v) +
%(u—x) and the centered and dilated distribution of traits of (T<id,l,> o hg\/?) 1 [u — %z + %“

is Tﬁuﬁ;{xﬁ [u — % + %“], the announced result follows from ((3.19)) and ([3.20)).

Step 2. About the martingales. The martingale property follows from classical arguments
since ® and LX® are bounded [94, Chapter 4]. To compute the bracket we proceed according
to the following classical method (see e.g. [102]). We apply (3.18) replacing ® by ®2 to obtaln
the martingale M o2 . Then, we apply the ITO formula to compute N (zt s L ) from
We deduce that

Mart; := &> (th,,uf() —<I>2 Zo ,,uo 2/ Zg ,,us EK(IJ (zf,,uf) ds — <MK’<D>t

is a martingale. Hence, the martingale Mt ®" _ Mart, has finite variation, so it is null [I50}
Theorem 4.1], leading to

(852, = [ K (1) = 20 (L) £ (k)] s

then the announced conclusion. O

3.3.2 Asymptotic expansions

Recall that, a set S C € (R,R) is called M ¢ (R) —convergence determining if whenever

(Po)peny € MS i (R W.Pe MT (R) and limy,— o0 (f, Pn) = (f, P) for all f € S, we have that
(Pn)pen converges weakly to P [94, Chapter 3, Section 4, p.112]. As developed in [60, Theorem
3.2.6], the class of functions on Mg x(R),

Fo(6) = F (o, ), F € 6 (R.B) i € GA(R ) |

F? := {F@
is M{ g (R) —convergence determining.

In the following sections, we prove the assertions (1) and (2) of Section [3.2.3.1

3.3.2.1 Slow component

Proposition 3.3.2. For all f € 62(R,R), understood as a function of (z,p) which depends
only on z, the infinitesimal generator L% defined in Proposition satisfies the following
decomposition

LEf (z,1) = Lstow f (2, 1) + O< ! + Méﬂ) +oVKM; (M))

where the operator Lsow s given by (3.9) @

Proof. From Prop031t10n 1| for the choice of test functions ®(z,u) := f(z) we obtain that
£ ot (ADK 1 (B)F e

(A= i ) [ @ (oVR 12,0V +2) |1 (54 T =) = 560)|.
(B)X .= KIEQ/RM(dx)G (O’\/ESC + z) /Rm (omx-i—z,h) [f <z + U]\(/f?h) - f(z)] dh.

2
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3.8. Infinitesimal generator approximation

Now, we want to decompose and study (A)*. Denoting (C)gy(z) =f (z + %(y - 1:)) -
f(2), from TAYLOR’s formula, note that (A)* = (A)F + (A)F + (A)F where

(M) = i s [ (@) [ (a2 (©%, =),
(A)K — K 2 xoVE / u(de) / u(dy) (@04b (2, 2) + yab(z, 2)) (C), (2)
(A)K = / (dz /,udy (oVEz +2,0VEy+2) = b(2,2),
— oVE (201b (2, 2) + ydab(z, 2))| (C) X, (2).

Using that (C)ﬁy(z) = f/(z)mf/(R
M (1)
@i o ("),

(AN = f(2) (9ab(z.2) — D1b(z, 2)) Ma () + O (

(x—y)+ 0O ("72 ly — a?|2), we deduce that

0’\/?1\/-’3(#)>
Ve :

and noting that ‘(C)fy < 01% |y — x| for some constant C; > 0 and

’b (J\/?:r +z,0VKy + z) —b(z,2) — oVK (201 (2, 2) + ydab(z, z))) < Cyo’K (x2 + yz)

for some constant Cy > 0, we deduce that (A)? =0 (O’\/FMg (u)) Therefore,

(A)F = 1'(2) (Bab(z, 2) — Dib(z, 2)) Mo (1 )+o< K@”M oV M; (1 ))

om
B)X =0 <K22) .

and the announced result follows. O

As previously, we obtain that

3.3.2.2 Fast component

Proposition 3.3.3. For all F € €3(R,R) and ¢ € ¢3(R,R), the infinitesimal generator LK
defined in Proposition satisfies the following decomposition

LEF, (2,p) = 0(?(2;22(2) [,cgg»;gp (z,1) + O (\/1? oK My (1) + M%M))}

where the operator L‘I’;(\fg is given by 1' and F, is understood as a function of (z, ) which
depends only on L.

Proof. Noting that

1)

K x

(D)x,y . <s0’ Tf%ﬁ |:/‘1’ - ?
L
K

Il
T
AS)

(e
I\]

S
|
8
=
~_
+
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setting (C)fy = F ((gp,m + (D)fy) — F ({¢, 1)) and from Proposition |3.3.1| we obtain that
LEF,(z,p) = (A" + (B)" where

(A< = & /R u(dz) /R u(dy)b (oVKa + z,0VKy + z) (C)X

Ko?2 ,y’

Step 1. Decomposition and study of (A)K. From TAYLOR’s formula, we obtain that
(A% = (A)F + (AKX where
W = 2 [ wlde) [t (z,2) (©)F
1 KO’2 R R ’ Yy’
K
(A)K = 72/ ,u(dx)/ u(dy) [b (oVEe + 2,0VEy + 2) - b(z,2)] (O,
Ko* Jr R Y

Denoting (E)f,y = % (p(y) —p(x) — (y — ) (¢', 1)) and from TAYLOR’s formula again, we

obtain that (A)F = (A)E + (A)E + (A + (A)F, where
(W) = g [ nlde) [ )b (z.2) F () (DS,

(W) = g0 [ o) [ @b (z.2) F (o) [(BIE, )

(W) = greos [ (o) [ )b 2 B (o) [ [()5, ] = [®)5, ).
(A = 15 [ (@) [ s z.2) (@, ~ F (o) DX, — T2 [y %),

From TAYLOR’s formula again and the centered condition of y, we obtain that

(a5 = 02 [ ) [ w@nF (o) (B, - 50— 2) (/) ~ ()

(y — )% (", 1) ly — x>+ |y — 2|
+ 212 + 0 73

1 M. M:
2 ><O< 2(#); 3(#))'

b(z, 2)
T K202

F' ({p, ) [2(¢" xid, p) + {@", ) Ma ()] +

In a straightforward way, we obtain that

(A)7; = bl(é;) F" ({g, 1)) [{0% 1) = (0, 18)” + Mo () (', 12)” — 2 (ip x idh, r) (¢, )] -

As @ is bounded and so F' too, we deduce that there exists two constants Cy,Cs > 0 such that

1Iy—fvlJr(y—:r)2 (1 Iy—fc|>’

[@5] - [®5])] = @, - @] [0, + @5, <o =" R
1" 2 3
(©)f, P (G ), - 2 [0y )] < oo
Hence,
(A)E = K%ﬂ % O (1 ks A}f‘”) and  (A)K = K2102 % O (1 R A}f‘”) .
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3.8. Infinitesimal generator approximation

Finally, as ‘b (U\/Ex + 2,0V Ky + z) - b(z,z)‘ < C30VK (x| + |y|) and ’(C)fy < Cle

for some constants C5, Cy > 0, we deduce that

(A = g x O (oK% [Mi(u) + Ma()]).

Therefore, using HOLDER’s inequalities to bound M (u) < /Ma (u) < 1+ Mo(p) and Ma(u) <
M§/3(M) < 1+ Ms(u) we have that

() = 2 () [~2(! i) + (") Mo (1)
+ b[((Q Q)F” (0, m) [(% 1) = oo ) + Mo (1) (i 11)* — 2 {p x id, ) (&', )]
+K2102><O( +UK2[+M2(M)]+]W3}((“)>_

Step 2. Conclusion. In similar way to Step 1, we obtain that

0(z ) "
@) = P g i) (L) +

x O (\/17( +0KM1(,u)) :

Since, by Assumption (3 , oK3 < \F’ the announced result follows. O

K202

3.3.3 Generators and martingales in the case of polynomials in p
3.3.3.1 For bounded test functions

In this section, we extend in Lemma the result of Proposition to test functions of
the form

Pron ) i= (L) = [ o [ f(@re o) n(don) - (da) (3.21)

with n € N*, yu € M{ (R), f € %2 (R™,R) and where p" is the n—fold product measure of .
In Lemmas and we extend this result to the case of specific unbounded test functions.

For all n € N*, we denote by 1 € R", the vector whose coordinates are all 1 and by A the
Laplacian operator on R™. Let us introduce, for all n € N*, A > 0 and f € CKbQ (R™R), the

operator B/(\n) defined by

n 1
B f(x) := GAf(@) —2A(V(@) 1) (z-1), = eR" (3.22)
Let us consider for all n € N* for all 4,5 € {1,--- ,n},

o &, ;: GZ(R"R) — CZ(R" L, R), with i # j, is the function obtained from f by inserting
the variable x; between x;_1 and x; when ¢ < j and by inserting the variable x; 1 between
z;j—1 and x; when 7 > j:

(I)Ljf(ﬂfl,"' 7xn_1):f($17"' s Lj—1,Liy Ljy Lj41," " )xn—l) 1,<] (3 23)
(I)@jf ($1,- .. ,.Tn—l) = f(xh X1, L1, Ty 41, " 7xn—1) 7> ]
o Kij:G2(R",R) — C2(R""! R) is defined as
KiJ'f(ﬂjl, T 7:6”’3377/4‘1) = 812]]0(1‘1’ T ,xn)ﬂjgﬁ-l‘ (324)
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Chapter 3. Convergence of IBMs with small and frequent mutations to the CEAD

We recall from Definition of Chapter 2 that the extended generator (in the sense of
DYNKIN, see ([3.26) below) £i\?vc of the centered FLEMING-VIOT process with resampling rate A
is defined for any n € N*, for any test functions f € 62 (R",R) by

LivePrn (1) = <B§n)f, Mn> A Y [(@igh ™) = (S A D (Kigf e, (3.25)
ihj=1 =1
i#£]

From Definition and denoting

Q= {X € ¢’ ([O,+oo) ,M‘lﬂ(R)) ' VT >0, sup M (Xy) < oo} ,

0<t<T

we recall that a probability measure P, on Q is said to solve the centered FLEMING-VIOT

martingale problem for polynomials with initial condition y € Mi’Z(R), if the canonical process
(Xt)50 on €2 satisfies P, (Xo = p) = 1 and, for all n € N* and f € %2 (R, R),

—~p, t
N7 = Pra(X0) = Pra(Xo) = | £vePra (X.) ds (3.26)

is a P, —martingale.

Lemma 3.3.4. The infinitesimal generator LX of the R x ./\/liK(R)—valued MARKOV process
(zK,,uK) given by Proposition satisfies for all n € N* and f € (55’ (R™ R), the following
relations:

0(2)ma(2) Az 1 1 3 M (p)
£Kpf,n<zau):W£F(Vc) fn (M)+W x 0 \/?+UK2M2 (M)*‘?
where A(z) := %’z)@. Moreover, for all K,n € N* and test functions f € €2 (R™,R), the

Kvpf,n
process (Mt )t>0 defined by

t
K.Pp,
M, = P () = Pra (n8) - /0 LX Py, (24, pl) ds
is a square integrale martingale started at 0.

The proof of this result is given in Section [3.3.4]

3.3.3.2 For some unbounded test functions

The following results are particular extensions of Lemma when the test functions are
no longer bounded but the processes are stopped at time 7% Then, we give in Lemmas
and DOOB’s semi-martingale decomposition of moments of order 2 and those whose degree
is 6.

Proposition 3.3.5. For all n € N*, for all f € €3 (R",R), the process (Mfiﬁf’")bo defined
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3.8. Infinitesimal generator approximation

by

K,Py, K i VEz + 2K oVEKe+ 2K
M, ;" = Pry (Nt/\%K) - Py MO Ko*2 p(dx) dy)b (0 Kx+ 2z, ,0VKz + 2, )

0z Oy ) }
X {wa_wa,n <u e + % — Py p(p)| ds

K tAFE
+K702/0 Au(do&)@(mﬁ?x%—zf)/ (U\/>$+ZS, )dh
b w+¢%
Pso — —-P
f 7’7%,71 (M K K f,
K2
is a bounded martingale.
Proof. Thanks to the stopping time 7%, (M f;ﬁ’")po is bounded. Hence the martingality of
this process follows from Lemma [3.3.4] - 0

(a) Moment of order 2. The following result will be useful in Section

K,P, . . .
Lemma 3.3.6. For all K € N*, the process (M ld2’1> defined in Proposition |3.3.5| satisfies
t>

INTE
forallt >0

MO = o) = 00 () gy [ (20 () a0 () = 0 () ma () s

I 5
+ T3 /0 0 <? +oVEM (pf) + 0K2 M (MK)) ds

>

is a square integrable martingale with quadratic variation:

+K
(s =2 [0 (a8 (s () < 3 )

1 2 ovVK M, (,uf) oV K Ms (,ug()
+K202/0 O(K2 ot R +oVEM; (pk) ) ds.

(3.27)

Proof. Step 1. Approximation of the Doob decomposition. Note that for all x,y € R,

0z Oy 1., 9 9
Pid%T_y;{z, (M K + K) - Pidh(ﬂ) = i7e (y - ) - ﬁ(y —x)”.
From TAYLOR’s formula, it follows that
K K K
72/ ds/ u(dx)/ w(dy)b (Uva—i—zS ,oVKy+ z, )
Ko? ) R R
0z Oy
x PleOT y—=, B ? + - K - Pid2,1(:u)

K

:1(2102/;[ 2b (2K, S)MQ(MS) O (k2 M; (1u51) ) ds

169



Chapter 3. Convergence of IBMs with small and frequent mutations to the CEAD

and

Kaz/ds/,udx/ a\ﬁx—i-zs, )0(0\/%1’-#25)

J 5x+L
Pidzo'Q N K + K o IJidQ,l(:u') dh

®3/2

o [0 ma (5) 0 (& + oM () )| s

- K202 )

X

We deduce the first announced result.

Step 2. Quadratic variation. In similar way to the proof of Proposition [3.3.1] we have
K [t
() = I s [ kaa) [ it anp (oo + £, 0V Ry + )
t  Ko? )y R R
L 2 1 2 ?
& 0=+~ a7

! K % o [R2 K2 2zh)?
72/ds/,us(dx)/m(a\/ﬁx—l—zs,h)H(U\/K:L‘—i—zS) — — —+ | dh.
o Jo R R

K2 K3 K%

X

The announced result follows from TAYLOR’s formula and straightforward computations. O
(b) Moments of degree 6. Let us denote for all £ € N, My(y) := <ide,,u>.

Lemma 3.3.7. Let us consider the functions f,g : R? — R and h : R — R respectively
defined by f(u, U) = ut?, g(u,v) = v and h(u,v,w) := v?v?*w?. For all K € N*, the

id6,1 K,Pf,z) ( K,Pg,z) ( KPh3) . .-
processes (MtA o >t>0’ (Mt/\i-K 150" M, i 150 47 nd K ) im0 defined in Proposition

satisfy for allt >/O
7V_K
LT = M () < Mo () + g [ A0 (25 [t ()
00 () 0 )] =50 () m (5) 1 )

+K2102/0W O(Mg’\/(%f)leJr]\%(“f)Jrans( )+M( )+0K2M7( ))ds,

o MJSEE = M i) M (o) 0 ) 0 1)
b [ (o (o ) [0 () My () — M (1) + 4T3 () — 6013 ()]
=0 (25%) ma (=) (6043 (45") + M (1) ]} ds

)+
1 tAFKE Ms (Ms ) 3
+ g2, O(K3+0K2M7(“§) ds

2K, 28) [—2Mg (ul) + 14083 (pF)

(=
) Ma (1) — 1823 (1)} ds

K M (15K
+K2102/0 ’ O<(5[£/;‘9)+0K3M7 (Mf)) ds,

OM£%2:M§(NS\%K)_M§ (U(?)_FKZ 2/t/\T {b

+ 12M; (pf
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3.8. Infinitesimal generator approximation

'f-K
o MIEE = M3 (f )~ B () + g [ (b () [0 (1) M (1)
1200 (1)) =30 (5 ) s () M (1) 0

1 tAFE M, K )
e [ 0 ortan () ) s

Proof. The approximation proposed is obtained in a similar way to the proof of Lemma O

3.3.4 Proof of Lemma [3.3.4]

From Proposition [3.3.1} for the choice of test functions ®(z, p) := Pyp(u) given by (3.21)
and noting that for all z,y € R,

(s o=+ 2]) ) = Gomse o=+ %)),

we obtain that L5 Py, (z, 1) = 55 ((A)K + (B)K) where

/,u (dx) /u dy)b U\ﬁ:r—l—z a\ﬁy—i-z)(C)zy,
/u dZC/ U\ﬁx—l—z) (z—l—m/?x,h)(C)w,Hh/ﬁdh

where (C)fy = <f OT y-u, [,u — %‘ + %}n> — (f,u™). Note that, from TAYLOR’s formula, we
’ K
obtain that

k
By abuse of notation, we do not indicate the orders of the products of measure ;" * [— % + %y} .

Step 1. Decomposition and study of (A)™. Note that (A)* =52_, (A)ZK where

W =123 (’;) [ ntaa) [ utay) <f, pr [ 4 %] k>
@i =252 35 (1) [ e oo (gt [ 4 2])

@ =" 3 3 (1) [Ltan) [ a7 (et [ 2] ).
() = o (M)

(A .= /R u(dz) /R u(dy) [b (VK + 2,0VEy + 2) = b(z,2)] (O,
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Chapter 3. Convergence of IBMs with small and frequent mutations to the CEAD

We first study precisely the (A)2 term by explaining the case k =0, k =1 and k > 2. We will

just give the result for the other (A)Z , i € {1,3,5}: the approach remains the same. By the
centered assumption of y, note that for all i € {1,--- ,n}, [p p(dz) [z p(dy)(y — x) (0:f, u"™) = 0.
Then, using again the centered assumption of u, we obtain that

<Di/wawwww@mwk?ﬁb

1—1

X |:$87,f (xla"' yLj—1, Ly Lj41 " 71'71) _xalf (3}17"' Y Lj—1,Y, Tj41 ,.’L‘n)

n
—yO0if (x1, ,Tj—1, %, Tjq1 -+ Tn) YO f (21, X1, Y, Ty - ,ﬂﬂn)} IT #(dzy)

2 n n
== dx)xd; e T 1T T, T d
K;jzl/R | [ n@adns @ apnmag, ) T e

= 2 (V1) (oo 1) ).

As Vf is bounded, we deduce that for all k > 2, for all i € {1,--- ,n},
[ 6 4 r (Ml(u))
— ) n—k|_ "z Y _
/R'u(dx)/Ru(dy)(y z) <a’f’“ [ KTx > O\ )

Therefore, we deduce that

2b(z M
W5 = -2 (s 1)1+ 0 (M)
In similar way and using Assumptions (A) we have that
K _ b(zvz) S < n 1
(A)l - K2 i:1]: ,]fﬂ <f7H >]+O(I{3)a
VEX
K _ b(2,2) =~ - n+1 My (M)
(A = i=lj=1 KZ?Jf’M+>+O< K3 >’
K
(A =0 ("Kf (M1 (1) + My (u)]) .

Step 2. Decomposition and study of (B)*. For all a,h € R, we denote 0, (v, h) :
0 (a)m (a, h). Note that (B)™ = Y°_ | (B)F where

o= £ (1) e ot {1
n o n 5xik
@ - 5 5 (1) oo foemn (o |5 2] o

K2 2 p=0

0 5z+Lk
=4+ m] dh,

K K
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) 6x+% g
_ T K dh
K + K ] ’

(B)y := 2K3 Z Z ( )/Ru(dx)/RQm(z,h)hQ O f, "

=1k=0

(B)K =0 (K [tz [ oty nf*an)

B = [ pa@@) [ on (Ve +2.0) ~ 0] ©F, e

Note that, from TAYLOR’s formula and Assumptions (A), we have that

()/udx/@ zh<fu —+6x;‘/}%]>dh
_Il{zn:/.../R/RM(dxi)/Rem(z,h) [\/}%&f(wl,~--,xi,---,xn)

h? s I
b o020 il

’ Z;A'L

In similar way to Step 1, we obtain that

1 1 ovVK
®F =@ =0(5).  ®F-0() wd  @f-o0 (KSMl m)) .

2

and using Assumption (3.5)) the announced result follows.

Step 3. Martingality. By classical arguments, since M P is bounded, we obtain that
M*%Prn is a square integrable martingale started at 0.

3.4 Moments estimates

Lemmas [3.3.6] and lead us to look for moment estimates. In Lemma [3.3.6] we have
given the DOOB semi-martingale decomposition of the second-order moment and note that
the latter involves the third-order moment in the error term. The presence of the higher order
moment generates a difficulty to obtain a fine control of the second order moment. This difficulty
is overcome by introducing the stopping time 7%, given by . In Section we give
estimates of the moment of order 6 and some corollaries useful for SectionsB.5land B.6l In Section
[3:4.2) we establish estimates in expectation and probability of the second order moment up to the
stopping time 7% and we also control the martingale bracket of the DooB decomposition given in
Lemma In Sections and we prove that the stopping time 75 := #K A7E | given
by , converges in probability to +0o when K — +oo using coupling arguments between
Mo, (,uK ) and a biased random walk on N*| reflected in 1, and large deviations estimates for this
random walk.
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Chapter 3. Convergence of IBMs with small and frequent mutations to the CEAD

3.4.1 Estimates of the moment of order 6

In this section, we establish a technical lemma useful for Lemma below. The idea is to
obtain an explicit upper bound of the moments of order 6.

Lemma 3.4.1. Given any continuous function y(t) satisfying

vy <u)+ [ Flrar Vs <i (3.28)

for some LIPSCHITZ function F : R — R, then y(s) < z(s) for all s > 0, where z(t) is the unique
solution of

2(t) = 2(s) +/:F(z(r))dr, Vs < t (3.29)
such that z(0) = y(0).

Proof. First, it is sufficient to prove that, for all € > 0, y(s) < z-(s) for all s > 0, where z. is the
unique solution of

2e(t) = 2zo(s) + /: [F (2¢(r)) + €] dr, Vs <t (3.30)

such that z.(0) = y(0) + . Indeed, it follows from (3.29) and (3.30)) that, for all ¢ > 0 and € > 0

t
2(0) = (0] < (1 4+6) + Cuip [ [2(5) = 2(5)| ds
where Ct,p, if the LIPSCHITZ constant of /. GRONWALL’s lemma then entails

2(6) = 2e(8)] < (1 + 1) exp (Ciipt) — 0

e—0

so that y(t) < z:(t), for all € > 0 indeed implies y(t) < z(¢).
So, let € > 0 be fixed and let us prove that y(t) < z:(t) for all ¢ > 0. Define

9. = inf {t >0 ’ y(t) > za(t)} .

Our goal is to prove that 9. = +o00.
By continuity of y, ¥, > 0 and, if ¥. < oo, y () = ze (¥J¢). Assume by contradiction that
Ve < 0o. Then, using (3.28]) and (3.30)), for all § € (0,9.),

Ze (Ue) =y (Ve) — (2e (e —0) —y (¥ — 0
h

Dser 2 [ 1P G0 - Fl]ar.

By continuity of z. and y, the last term of the right-hand side converges to 0 when § — 0. Hence
the left-hand side is positive for all § small enough. Since z. (¥.) = y (9;), this implies that

2 (0 —8) —y (¥ —0) <0

for such 0. This contradicts the definition of 9. as the first time ¢ such that z.(t) < y(t). O

Lemma 3.4.2. There exists Ko € N* large enough and two constants Cp,Co > 0 such that for
all K > Ko and t > 0,

9

B 28K202t> +C

E (M6 (,utK) ]ltg%K) § Cl exXp (
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3.4. Moments estimates

Proof. Step 1. Pathwise inequality. Note that for all ¢ > 0,

K
My (,utif\%K) < Diam (Supp Mg\%K> Mg (M{f\%K) < M’M. (3.31)

oK™

Introducing for all t > 0, A; := %Mﬁ (,uf) + TMy (,uf) Mo (,uf) — 4M§ (,uf) + %Mg?’ (,u,;K), we
obtain from Lemma (3.31)) and Assumptions (A) that there exists a constant C' > 0 such
that for all ¢ > s > 0,

4 <A 1 tAT K ; C . 9 p . o
e < A = [ (0= 22 ) (306 () + S04 () 0z () + 683 (uF)]

ATFE

- 91
— Omy [Z 4 (u,{() + 42M3 (u,{()} dr} + Mart;pzx — Mart, ,zx

where (Martt)t>0 is a martingale. Note that, choosing K large enough, for all K > Ky, b —

CK~%/2 > b/2. From the inequalities M3 (1) < My(p) and My(p) < M62/3 (1) < aMg(p) +1/a?
with o := 2b/2590m5, we deduce that

%QMG (1) — O [%m (1) + 42M3 (u)} > 5 Ms () —

3b 2590 92593G°m3
2M4(M) > bMs (1) — W

Thus, for all t > s > 0,

Aper < Agperc + Marty e — Martgzx

7K - ,
i L [2M )+ 0 ) 2 ) o (o) - (2 o

. — 3
9 tni K 14 ( 25905
<AWK—%mﬂlMK(“‘9< 2 ))“*Mmﬂﬂ‘MmM“

Step 2. Conclusion. Let us consider the stochastic process (N (,utK )) +~0 defined by
Ay if s<t<#K
N(Mf() =4 (Azx — Cp)exp (—%(t—%f())jtco if s<iK<t
0 if PK<s<t

-3
where Cj := %4 (%) . From Step 1, for all t > s > 0,

N (HtK) <N (Mf) — 28[9(%02 /t [N (uf() — Co} dr + Mart; — Mart,

which entails o .
u(O) < o(s) ~ g | W) = Co)dr

where y(t) := E (N (f)). From Lemma we deduce that for all ¢ > 0, y(t) < z(t) where

z(t) is the unique solution of

9b

z(t) = z(s) — 28K2?

/: (2(r) — Co) dr
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such that z(0) = Ay, i.e. 2(t) = (2(0) — Cp) exp (—%t) + Cp. From |D then 1’ note
that

M () = (%, 1) = 35 ((id = 20)° od) < .

From CAUCHY-SCHWARZ’s inequality Mg(u) < My(p)Ma(p), note that z(0) < 21Cg/4 and so,
for all t > 0,

4 3 3
K K K K 3( K
E (Mg (nf) Licirc) < SE ({ZMG (1f) +3My (i) My (i) + 5 (1t )} 11t<%x)
4 4 (21 90
320 < 3 ( 7 (G5~ Co)exp \ ~gzmoat) + Co
and the announced result follows. O

The following lemma will be useful in the proof of Theorem [3.5.1]

Lemma 3.4.3. For allt >0,

tATE
sup E(/ Mg (uf) ds) < 00.
0

KeN*

Proof. Let t > 0 be fixed. By FUBINI's theorem and Lemma there exists two constants
C1,Cy > 0 such that

t t 9b
K 1%
E </0 M6 (,us ) ]lsg,IV.KdS> < ClA exXp <W8> ds + CQt < (Cl + CQ)t

which ends the proof. ]
The last lemma has the following consequence, used in Sections [3.5] and [3.6]
Corollary 3.4.4. For all T > 0, the family
( /MTK o (uf) ds)
0 t€[0,7], K eN*
s uniformly integrable.

Proof. Note that for all K € N*, for all ¢ € [0, 7], for all A € (0,+0c0),

¢ 1 ¢ 6/5
K K
]lfot M5(,U«£()ILS<;_KdS>A/O M5 (MS ) ]lsgqv_KdS < T\/Z </0 M5 (/,LS ) ﬂsg%KdS) 5

we deduce from HOLDER'inequality that, for all ¢t € [0,T], for all A € (0, +00),

t T t
K 6/5( K
. < .
sgg*E (ﬂfot M5(p§)15<+de>A/0 M5 (,us ) ]lngde> < = sgg*]E </0 M; (,us ) 1S<Txds)

T t K
< a2 ([ 6 ) ).

From Lemma we deduce that the right hand side of the previous inequality goes to 0 when
A — +00 and so the announced result. O
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3.4.2 Some inequalities on the moment of order 2

Lemma 3.4.5. There exists Ko € N* large enough such that for all K > Ky, the process
Mo (/J,K) satisfies for allt > 0 the following inequalities:

50 AR 20m,  20m AP K.P
K K (i) 2 id2,1 id2,1
M2 <Ms/\7‘K) B 2K252 /SMV_K [MZ (MT ) - 55 + 5bK] dr + t/\‘rK _MS/\TK

b om AP K.P,
K K 14 K 2 11542, 17542,
<My () < Mo (o) = 225 /SA%K [M2 () - b} dr+ My o™ =M

(3.32)
where Mt/\ ;{dQ ' is defined in Proposition |3.3.5] Moreover, fort >0,
om b om
K K 2 9 2
E (Ms (1) Tcsnc) < B <M2 () - b) o (-~ egt) + T2
Proof. Note that for all ¢ > 0
K . K K My ()
Ms (,ut/\%K) < Diam (Supp Mt/\%K> My (“t/\%K) < —5—. (3.33)

oK™

From Lemma 1' and Assumptions (A), there exists two constants C, C > 0 such that
forallt >s>0

1 Zal AU om. K,P, 2 K,P,
K K *id2, )
My (1f5.5x) = 723 /WK ([2b+ } My (pE) = Omsy + ) dr+ Mgt P

< M2 (,utlf\{-K)

% 1 tATE
< M (HSA‘FK) - K252 /s/\%K 2b

Noting that for all K > Ky, 2b — CK—/? > band 20+ CK /2 < 55/2, the announced first
result follows. In similar way to Step 2 of the proof of Lemma we obtain the second part
of the announced result. O

NI

’ 1d21_M d21

tATE sSATE

My (pk) — o +0} )d +M

Corollary 3.4.6. For allt >0, E (M; (pf*) 1,csx) < max {C3,0mz/b}.
Proof. From (13.7) and (3.4), note that
&

My (1) = i) = 2o (10— 0 < 2

The announced result follows from Lemma [3.4.5l O

The goal of the following result is to bound the martingale bracket <M Pig2 1>t/\ . To do

this, we exploit the martingale approximation of the moment of order 6 in order to control the
dominant term My (,us ) M2 (,us ) (13.27)).

Lemma 3.4.7. There exists a constant C > 0 such that for all K € N*, for all t > 0 the
martingale bracket <MK i 1>t satisfies

(), 1) € 55

t/\i-K) < KTJQE (t/\%K) :
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Proof. From Lemma and HOLDER’s inequalities M3 (u) < My(p) < M62/3 < 14 Mg(p) and
Ms (1) < Mg (1)*® < 1+ Mg (n), we deduce that there exists a constant C' > 0 such that for
allt >0

<MK,Pid271>tA%K < % /OWK (14 Mg (X)) (1 + ;) ds.

The announced result follows from FUBINI’s theorem and Lemma [3.4.2] O

3.4.3 Convergence to +oo of the stopping time 7% and support concentration
property
K

The main result of this section is the following convergence result for the stopping time 7%,
defined by (3.12)), when K — 4.

Proposition 3.4.8. Under Assumption (3.5), 7% converges in probability to +oco when K —
+o00.

The proof is based on the next lemma proved in Section below. Thanks to Proposition
3.4.8, we deduce the support concentration property of (utl/(KUQ given by 1) Indeed, with

probability which tends to 1 when K — +o00, Diam (uf( ) < —L for all t € [0, T]. Hence,
poREEs

o 2

1
K1+§

Diam (ut[fKJg) = ¢V KDiam (,utK) <

and (3.6 follows.
Lemma 3.4.9. Under Assumption (3.5)), for all T > 0,

lim P(7X <#AT) = lim P( sup Mz(uf()>K5):0.

Proof of Proposition[3.4.8 Note that for all T' > 0,

IP’(%K<T/\?K)gIP’(Et<T/\7A'K,Diam(Suppuf()> 13+5>.
oK =2

Asforallt > 0, for all K € N*, Diam (Suppuf()2 < (2 max {]az\ ’3: € Supp,utK})2 < 4K My (uf(),
we deduce that

1
IP’(EIt<T/\/T\K,Diam<Supp,ugK)> 3+5)

oK 2

1
~K K

According to (3.5, we deduce that the following inequality 402K4t¢ < 1/K¢ holds true when
K — +o00 and o — 0. Hence, we deduce that

P<3t<TA?K,M2(uf<)> )<}P’(E|t<T/\?K,M2(,utK)>K5):0.

40.2K4+e
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Now, for all T' > 0, {%KZT/\/T\K}:{%KZ’T\K}U{%K2T},and SO
([{FF <1} n {#FF <#} U {7 < T <#5Y})

P({# >TA78} n{rX <T}) <P (]
(?K<TA%K).

P
P

N

Note that for all T' > 0,

P(r¥ <T) <P (#X <TAFK) +P (7K <T A#K).
Hence, from Lemma, we have for all T > 0, limg 1o P (TK <T ) = 0 and the announced
result follows. ]
3.4.4 Proof of Lemma [3.4.9

Note that if My (uf ) becomes larger than s /b, the drift term in the right-hand side of
(3.32) is then negative preventing My (Mf ) to become excessively large unless the martingale

ME P21 has an exceptional path with large increments on a small time interval. We then ex-
pect to have large deviations estimates and bounds on the time of exit from attractive domains
for My (MK ) However, we cannot consider establishing directly a large deviation principle on
M (,uK ), in particular because of the slow-fast limit. The approach considered below is based on
coupling arguments between M (,uK ) and a simpler process for which large deviations estimates
are known.

Let us introduce ug := 0 and for all £ € N* the real number u; := 3K 3 and the interval
Ty := [wg—1, up41). We will look at the process My (1) at successive exit times of (Z) .. We set
L :=1 when My (uf") € [0,2u1+1] and L{ := €y € N* when Ma (uf) € (2ugy—1 + 1, 2ug, + 1].

We also set Td¢ := 0 and by induction on k € N*, if (LZK ) and (TIK ) are constructed,

1<i<k 1<i<k

T,ﬁ_l := inf {t > TK

Mo (uf) géILf} and LkK_H = min {€ € N'Mz (M%ﬁ) < 2up + 1} .

t>0
is also a pure jump process. The definition of u, is

Note that from 1) for K large enough, L& = 1 because My (,u{f) < C3. Since (,u{() is a
pure jump process, note that (M2 (,utK))t>0
motivated by the fact that, for all k£ > 0, LkK_H < LkK + 1, which follows from the next lemma.

Lemma 3.4.10. Let 9 be the first jump time of u’. Then, for K large enough
My (ulf) < 2My (1) +1.
In particular, for all t > 0, AMo> (,uf() = Mo (uf() — M (,utlf) < Mo (ut[f) + 1.
Proof. Let us consider pf = % Zszl Oz;, and y = (Yr);<p< e defined by
Y= { (961,"' ,ﬂfi71,$i+\/%,$i+1,"' 7561() on Fi,
(1, =1, T4, Tjg1, K on Es,

where H follows the mutation law m(x;,dh), E; is the event “a mutation occurs at time ;"
and FEsy is the event “a resampling between ¢ and j occurs at time 1¥;”. Note that ,uffl =

7'7<id 1K 5yk>ﬁ (% Zf:l 5yk)- Hence, noting that for all k € {1,--- , K},

'K k=1

el < VE (1+M; (1))
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and using Assumption (A2), for K large enough we have that
2Am$k A,Qn

) K Zl‘k K% +ﬁ onEl,
() <00 36) = e ok < 2
- Ko iz :L‘ivaj_mi on Fy
K=
2A,, (1 + My (uf A?
< My () + al KQ(O))‘FKT;L on k1,
2M2(,u5<) on Fs,
<2M, (uff) +1. 0

Each of the previous steps will be called transitions of Mo (uf ) The idea of the proof of
Lemma is to estimate the transition probabilities of the sequence (Lf )

construct a coupling between (LkK )
At time 7K, M, (,u,gK) € IL

pen 1D order to

keN and a biased random walk on N* reflected in 1.

g og(K)| where |z] is the lower integer part of z. So, the

number of transitions of My (,ut ) before 7K is greater than or equal to Tk{g where kg is the first
integer such that LkKO = blog( 3 log(K)J

By using estimates on the number of steps that a biased random walk takes to reach
Lﬁg(iﬁ) log(K )J and estimates on the durations between two transitions 7 ,ﬁl — TE, we will

deduce a lower bound, exponential in K, on 7. An additional difficulty comes from the fact
that the previous coupling argument is only valid up to time 7%. Hence we will construct a
coupling that takes into account the possibility that 7% happens during each transition step.
The proof is divided into four steps: in Section we characterise the behaviour of the first
transition step; in Section [3.4.4.2] the proposed coupling is constructed ; in Section [3.4.4.3] we

give estimates on the first exit time from an attractive domain for random walks; finally, we
conclude in Section B.4.4.4

3.4.4.1 One-step transitions

In this section we look at only one transition: we suppose that Mo (ug ) € [2up—1 + 1,2u;+ 1)
for ¢ € N* fixed and we look for bounds on the first transition probabilities of Mo (,uf( ) and on
time 7Y . The main result is the following.

Lemma 3.4.11. For all{ € N, for all uff € Mii((R) such that My (ud) € [2up—q + 1,2up + 1),
there exist a constant C' > 0, Ko € N* such that for all K > Ky, we have

P ([{LI =¢—1} n {# > T > Ko?}u{Tf > #}) > %-H?Ka (3.34)

1 C
where Nk =5 — 7=

The proof of the previous result is based on Corollary which is obtained as a straight-
forward consequence of Lemma [3.4.5]

Corollary 3.4.12. Let { € N* be fixed. There exists Ko € N* large enough such that for all
K > Ky, for all pff € Mi%(R) such that Mo (u{)() € [2up—1 + 1,2up + 1), we have for all
t <TE that

5bup, 1 + Oms

211,@71 +1-— 2K20'2

t/\vK—i—M ld21<M2(ﬂg%K><

vK 1d21
+MMT
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3.4. Moments estimates

Proof of Lemma[3.4.11 By passing on the complementary of (3.34]), it is equivalent to prove

that
P ([ = 41} U {TF < Ko?}] 0 {1 < #}) < £ —nic.
As for all events A, B, P(AU B) =P (AN B°) + P(B), we have
P ([{L1 =+ 1} u{T] < Ko?} | n {1 < #5})
=P ({1 <#} n{Lf =41} n {17 > Ko*})
+ P ({1 < #} n {1 < Ko®})
<P ({T <#pn {2 =04 1)) + P ({1 < #¥} n {7 < K0?}).
Step 1. Control of the first right-hand term of . Let us consider the martingale
(Mart;"*) _defined by

=

(3.35)

K,P.

2 .
e s
: s 2 1 . v
MTK =1 + th_;_K lf t > TK

where (By), is a standard Brownian motion independent of (,uf( ) - Note that from Lemma

there exists a constant C' > 0 such that for all ¢ > 0 we have
E (<MartK’+>t) < KSO'Q
Let us consider the process (M2K ’+(t))t>0 defined by
ME* () = {MZ(’”K) by K oy ST
Mo (,u K) — Jeio3 (t — TK) + (Martt o+ Mart_;; ) if t>FK
Note that from Corollary 3.4.12] for all ¢ > 0,

5bugy1 + Omy K+ K+ buy
Wt + Martt < M2 ( ) QUZ + ]. — K2

By GIRSANOV’s theorem, the process (EtK’Jr)DO defined for all t > 0 by

=

(3.36)

2up_ 1 +1— t+ Mar t . (3.37)

K+ . _ K+ _ K+
LK, = exp <Martt 3 <Mart >t>
is a local martingale. Let ¢ := M be fixed and let us consider

T = mf ’M“()gzg} and LT := min EGN‘MJ(*(TK*) 2u@—1}

From (3.37)) and denoting I := {<MartK’+>TK,+AtK < 2}@{%?21 TIK’+ A t{f}, we have
1 0

leM(;)((EK* )EK(E“ ]lr>

T A Tt A

bu 1
+ (K + OUg—1 K+ , K K,
> exp (—2u — 1) E <exp (M (T At) + 5 T At — 3 (Mart +>T{<vm5<> 11p>

K252
>exp(—2uy—1)E uls (exp(M + (TK+/\t(I)())]lp)
2exp(72u€71)[ xp (wrt1) Pxc ({L —£+1}OFH{TIK’+<2€§})

+IP>M5<({L{” <e—1pnrn{r <))l
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Chapter 3. Convergence of IBMs with small and frequent mutations to the CEAD

As for all events A, B,C, P(ANBNC) > P(A) —P(AN B¢ —P(ANC°), and denoting p :=
P x (L{(’Jr =0+ 1) we have that

12 exp(u—1) [p= P ({L177 = €41} nT%) =P ({25 =04 1) n {1 > 1} )]
+exp (=2up — 1) [L=p— P ({L177 <=1} nT9) =P ({27 <= 1) n{T{"" > 1))
> (exp (ug — 1) — exp (—2ug — 1)) p + exp (—2ug — 1)
— (exp (ug — 1) + exp (—2up — 1)) []P’Hg (') + P (TlK’+ > t[f)()} .

Then, considering s& := % < t& be fixed, we deduce that
L+1TYIMy
1- —2up — 1
p< exp (—2ug — 1) exp (ug) + exp (—2uy [P (1) + P (T > 18]
exp (ug — 1) —exp (—2up — 1)  exp (ug) — exp (—2uy

)
ue)
<exp(—ug+1) x 1 —exp(—2u¢—1) exp(ug)+ eXpE 2uy)

_l’_
1 —exp(—upt1)  exp(ug) — exp (—2uy)

X [P (T {1 2 56 ) + P (T < ) + P (117 > 48]

Denoting [a| the upper integer part of a € R, we obtain on the one hand that there exists a
constant Cy > 0 such that

By (170 {15 >51))

2bu
_ K+ -1 K+ K
=P,x <{<Mart >T1K,+M§ > S TE At } N {1 > s }>
6 /% 1= 20up_1 K, K+
_ K.+ + K K
- k}_:l P, ({<Mart >T1K,+Mé< > s A } n {kst <1 (k+1)s })

2bu
K+ -1 K+ , K K K
+P,x <{<Mart >T1K’+At{f > S A } N AT > [t /s 56 })

K/ K7 _
< . %1 1}P’ <<MartK’+> > %ksK> +P <<MartK’+> > QQWAL‘K)
= = 'U’(I)( (k-i—l)sé{ K22 0 'u‘(}f té{ K252 0

[t6/s51-1 <<MartK’+>(k+1)sé() E (<MaftK’+>t§)
+

< K?0?
k§1 2buyp_1 ksé( QQUg,lté(
<&
K2

where we use MARKOV’s inequality in the second inequality and (3.37)) in the last inequality.
On the other hand, we control P x (TlK’Jr < s{f) as follows:

P (TKJr ) ({TK’Jr < S(If} N { sup MQK’Jr(t) > WH})

0<t<sk
K+
+ P, ({T < 8 } {0<1gio My (t) < uz_l}) .
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3.4. Moments estimates

Let us consider K1 € N* independent of ¢ satisfying K f/ 2 > 2. There exists a constant C7 > 0
such that for all K > Ky, we have that

IP’#? ({TlK’Jr < 8 } N { sup M2K’+(t) > ug+1}>

0<t<sE

buy
<P x T <s sup {2ue +1-— } Up41
1o <{ 0 } {0<t<sg‘ K
P, x {T < 55 } N4 sup Meurt,f(’+ = up—1
0 o<t<sl

K3
<P, | sup ‘Mart ‘ ’
¢ \ost<sl 2
4
K,+
< 4EH§ <<Mart >s§> X 7
_a
Ke

Where we use (3.37)) in the first inequality, DOOB’s maximal inequality in the fourth inequality
and in the last inequality. Now, let us consider K5 € N* independent of ¢ satisfying

K, ¢/ 2 > 4. Usmg again , Doo0B’s maximal inequality, () and the definition of 36( , we
deduce that there ex1sts a constant C5 > 0 such that for all K > K5, we have that

K.+
Pl"{f <{T1 < 8 } {0%{5‘90 M ( ) < U@1}>
P x {TlK’Jr < s{f} N inf Qup_1 —1— Mt + Martf’Jr < Up_q
Ho Oétgs(l){ 2K20-2

K.+ K Ug—1
P x ({T1 < 8 } N {0<1tgg Mart " < 5 + 1})

<Px ( sup ‘Mart ‘ E — 1)
0 2
0<t<sis
<&
K¢

Hence, for all K > max {K1, Ko}, P, (TlK’* < sk ) < GtC Finally, from (3.37) and MAR-
KOV’s inequality and the definition of t{*, note that there exists a constant C3 > 0 such that

P (T1K’+ > t?) <P ({ sup M2K’+(t) < ug_,_l} N { inf M2K’+(t) > W—l})

o<t<tl o<t

bug_q
(1\/[a1rt§<+ Up_1 — 2up — 1+ Ko 510 )

_ By (Mart) )
(W 1 1)
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X [
K2

Hence, for all K > max {K1, K2}, we deduce that p < ex where
exp (ug) + exp (—2uy)
exp (ug) — exp (—2uy)

1 —exp(—2u;—1)

exg =exp(—ug+1) x
( )X T exp ()

and thus, for all K > max {K;, K»},
K _ ~K K _ _ K+ _ ~K K _
By ({1 <75} 0 {28 = 041)) =g ({18 <79 0 {2 = 1)) < p <o
Step 2. Control of the second right-hand term of (3.35]). Similarly, let us consider
3.4.12|, Doo0B’s maximal inequa-
Cy

K3 € N* independent of ¢ satisfying K. §/ 2 > 2. Using Corollary
lity and Lemma [3.4.7] in similar way to Step 1, there exists a constant Cy > 0 such that for all
<

16Eu§ (<MK7Pid2’1>K02A%K)
320 e S flte

K > K3 we have that

P x ({TIK < %K} N { sup My (utK) > WH}) <
0 0<t<Ko2AFK
Let us consider K4 € N* independent of ¢ satisfying the relation up, y > 1+ %. As
previously, we establish that there exists a constant C5 > 0 such that for all K > K4 we have
K,P, 2
4B, ((M5) o) _ G5

) S Kl+e”

5EUZ+ 1+0m,
2K

. Mo (,uf() < uz—1}> < (ue-l L

that
P ( TE < #K m{ inf

o' { ! } 0<t<Ko2AFK

To conclude this proof, there exists a constant C' > 0 such that for all K > Ky where Ky :

({2 = e+ 1} U {7 < Ko?}] A T < 7)) < £ —
¢ for K large enough
O

maxie{l,...A} KZ',
1_
2 Ke/?

. A convenient choice is given by ng :=

Pu{f
for any ng > %—GK — C[‘éﬁcj
independent of ¢ which completes the proof.
keN and a biased random
keN of i.i.d. random

3.4.4.2 Construction of the coupling
The goal of this section is to construct a coupling between (LkK )

walk on N* reflected in 1. To do this, we will construct a sequence (5,5( )

variables with values in {—1,1} as follows.
Step 1. First of all, thanks to Lemma [3.4.11| we can construct the random variable 55( €
{—1,1} such that
{eff =1} c [{Lf =L -1} n{Ko* < T <#} U {Tf > 7K}
Step 2. Then, thanks to Lemma[3.4.11|again and after having applied the MARKOV property

and P (& = -1) = 2+ K.
at time T 1K , we can construct the random variable £{< € {—1,1} such that, conditionally to

‘FTlK \/O'(Eé(),

{6l =1 < {28 = 1 1y 0 (R 4 78 < 78 < 7] 2 5 74)
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3.4. Moments estimates

and P (ﬁf( =-1 ‘lex Vo (55()) = % + nx. Note that this implies in particular that & is in-
dependent of ¢X.

Step 3. By induction on k € N, if (giK)O<i<k are constructed, then thanks to Lemma [3.4.11

again and after having applied the MARKOV property at time T, kK 1, we can construct the random
variable §,§+1 € {—1,1} such that, conditionally to leﬁl Vo (50 R ,ff),

lefy) = 1) c [{LE L, = LE — 1) n {Ko® + T, < 18, < #} U {7, > 75)

and]:P(é{( = _1“’FT,£H \/U(gé(a 75]5()) Z%-F??K
To conclude, we set
VK e N*, VkeN, zZE,-zZF.=¢f and z =Lk (3.38)

and the sequence (Z,f ) satisfies by construction the following lemma:

keN

Lemma 3.4.13. The sequence (Z,f)keN, given by 1' s a biased simple random walk on N*,
reflected in 1 and for all k € N as long as Tkl_(H < T%, that

K K
1_L )

(1) Zf - Zk Lj;
Ko*  when  ZI, - ZF =-1.

=
(2) T -TE>

On the one hand, note that for all k£ € N, Li( < Z,f. On the other hand, note that Lemma

3.4.10 1mphes forall k € N, Lk+1 LE € {---,-3,-2,—1,1} which justifies (1) of Lemma|3.4.13
In Figure we illustrate the coupling between (L§)0<k<7 and (Z,f)o<k<7. In this figure, we

observe that g,gf =Lf, —LE forall k € {0,1,2,4,5,6} and & = —1 > —2 = L — L. This
illustrates that Z,ﬁl — Z,f is always 1 when Lfﬂ — Lf is equal to 1. Note that Z,ﬁl — Z,f( can
be 1 when L,lf_s_1 — L,{f is equal to —1.

3.4.4.3 Estimates of exit from an attractive domain for random walks

Let us consider N the number of transitions before reaching {21 6) log(K )J for the random
walk (Z{), -
Remark 3.4.14. By Lemma NE < ko where ko is the first integer such that Lﬁ) =
Lﬁg(?ﬂlog(K)J, so 7K > kag > TK.

The following lemma gives an estimate on the problem of exit from a domain for ZX. For
all k € N*, we denote by P}, the law of the MARKOV chain ZX given Z& = LE = k.

Lemma 3.4.15. We have,

62
lim P (NK> (71 2K>>:1.
Koo ! P 16log(3) og”(K)
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FicURE 3.2 — For K large enough, coupling between (Lf)0<k<7 and (Z§)0<k<7
and before 7 and where Mj (u{)() € [0,2u; + 1) so that L =1 and Z,f( = Ugk = 371 Ke/?
for all k£ € N.

up to time T

Proof. For all k € N*| let us consider the stopping time EK = inf {n eN ’ zZE = kz} and we set

’Ulg( = Py (7'1K < 71K
210g(3)

property, we obtain that

log(K) J> Note that v{* = 1. By a first step analysis and MARKOV’s

K _ K __ K _
Uk T Pk <{7-1 < 7[210g(3) log(K) } n {Zl =k 1}> + Pk ({’Tl < 712log(3 log(K } N {Zl =k

:Pk(Z{K:l-chl)PkH(Tl <7‘[

1 1
= (2 - 77K> vt + <2 +77K> viy

The characteristic equation associated to the equation on v,f is

1 1

K _
o) Pl = (<

2 log

2
As ni € (0,&/2), the previous equation has exactly two distinct roots :
1+2 ~
TK = RS >1 and T = 1.
1 -2k

For all k € N*, we look for v in the form v = ar’}( + b?’;{ with a,b € R to be determined. As,

K
vE =1 and v = 0, we deduce that
! [ s1o5y o8 ()]

. {ﬁg(s) log(K)J —1

1
a= and b= K
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3.4. Moments estimates

Hence, for all k € N,
— (| 572y log(K) | —k
1— TK(L2log(3) os( )J ) 7([#&3) log(K)J*Q Tlfc(_l —1

K = = ]. -7
k K e
2log 1 21og(3)
T (e s ) (v o] 1)
— Tk e

1—
<1- (7“];(_1 — 1) exp (— <L2102(3) log(K)J - 1) log(rK)> .

Note that N¥ is greater than the number of transitions from 2 to 1 that occur before Tf(  log(K)]|"
21og(3)
Hence, under P, N > X where X is random variable with geometric law of parameter
Ke/2
pr = (rg —1)exp (— (blog( 3 log(K )J — 1) log(rK)) Since rx ~K 5400 “o—, With €' > 0 gi-
ven by Lemma [3.4.11] px — 0 when K — +o0o0 and using that for all £ > 0 small enough,

log(1 — x) > —2x we deduce that for all K large enough,

blog( 3) log(K)J 1
2

blog()log( )J 1
2

P, | X >exp log (k)

=exp | exp log (rx) | log (1 — pK)

_ blog( 3) log(K)J 1

>exp | —2pkexp log (7r)

2
Using again that rx ~x 5100 %/2, we deduce that for K large enough,
[ 5Togy log(K)] — 1 g2
g(3 2
1 > —1 K
2 08 (1) 2 {1507y 18" (K)
and the announced result follows. ]

It is in the next Corollary |3.4.16| that we see the importance of Assumption (3.5) where o
must not be too small.

Corollary 3.4.16. For allT > 0,

Ko? 5
li IP’( (NK—I K) T>: .
Koo \ 2 STog(3) 08U < 0

Proof. From Lemma |3.4.15{and Assumption (3.5)) we deduce in a straightfoward manner that

lim P1<KU <NK—
K—+o00 2

2102(3) log(K)> < T) =0.

As LE depends on pff note that LE = ZZ, is function of the initial condition puff. However, by
Assumption (3.4)) and MARKOV’s inequality, we have that

C?
K K Lo
P(LE>1) <P (M (uf) > K2) < 22
which tends to 0 when K — +oo and the announced result follows. O
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3.4.4.4 Conclusion

We denote respectively by N f and NX the number of upward transitions and downward

transitions for (Z5) before reaching bbg( B log(K)J. Let T' > 0 be fixed. Note that

keN

P(?Kg%K/\T)gp({?Kg%KAT} {# > T })
+P ({7 < AT} {7 < Tc}).
Step 1. Control of the first right-hand term of . As Zé( = 1 with probability

converging to 1 and Zﬁ,{ = \ﬁlog( 3 log(K)J, we have NI — NE < LQlog(3) log(K )J and NE +
NX = NK_ Thus,

(3.39)

N* — blog( 3) log(K )J
5 )

Hence, if 7% > Tk, then by Lemma m (2),

NE >

Therefore,

Ko? £
~K K VK K K
which tends to 0 when K — 400 according to Corollary [3.4.16]

Step 2. Control of the second right hand term of CIf K T]f,(K, let us consider

NE the last index k such that TkK < 7K. We have NK < NK and so NK + 1 < NX which
implies, thanks to Lemma 0} that for all t < T, and K large enough,

My (1) < 2u_c 1oy +1 < 2K2 +1 < K°,

e
21og(3)

As the jump times of v are isolated, we deduce that 7% > T]{/(K R Now, by definition of N K

we have TJ%(KH > 7K and thus 7% > 7. Hence, we obtain that

P({7X <# AT} 0 {#F < TH}) =P (0) =

Therefore, limg_, 4 oo P (?K <FEAT ) = 0 which concludes the proof of Lemma

3.5 Tightness on the torus

The main result of this section is given by Theorem This is a stochastic averaging
result inspired by KURTZ (see Theorem of Chapter [1) establishing a tightness result, in
the torus case, of the sequence of laws of ((ZK JITK )) KeN where ' is the occupation measure
of the fast component p’*. We will use criteria proposed by ETHIER-KURTZ in [94, Theorems

3.9.1 and 3.9.4]. In Sections and we identify the limit and we prove its uniqueness.
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Let introduce the torus Tg := [xg — 2R, ¢ + 2R] of length 4R with R > 0 fixed and =z is
the value of the mean trait of ¢ as in Theorem We define M (Tg) the set of probability
measure on Tr. We denote by M, (M (R)) the set of measures I on R x M (R) such that for
allt >0, T ([0,¢] x M; (R)) = t. For any t > 0, we denote by M, (M; (R)) the set of measures
I' € My, (M1 (R)) restricted to [0,t] x M (R). For all T'0, we denote by D ([0, 7], Tr) the space
of cad-lag functions on [0, T] with values in Tg.

Let bi € ‘Kf (T2R, ]R) and O € %bQ (Tr,R) be two functions satisfying bgr = b on [xg— R, xo+
R)? and 0 = 6 on [z9 — R, 70 + R]. Let T > 0 be fixed. We define on Tg, in similar way as in

. KR ._ (, KR KR._ (KR KR _ (, KR
Section the processes v 1= (I/t )te[O,T]’ : (zt )te[o,T} and g (ut )te[o,T]
as follows

K,R KR ,_ KR ,_ K

: 2_2315 R(y z = <1d, vt/K02> and Wy = (hﬁ OT_ZtK) 81 ko2
where for all i € {1,---, K}, v/ is defined on M, (Tg) from bg and g as v was defined

from b and 6 and th’R € Tr. Note that uf(’R takes values in My (Tg’a) where ’]I‘g’a is the

torus corresponding to the interval [ TR ( xog— 2R — ) , ﬁ (aco + 2R — thﬂ However, we

will identify in the sequel M1 ( R ) as a subset of M1 (R) using the natural embedding of Tg’a

KR ._ 2K.R p 2K.R

in R. So, ,utK = M (R). We define also the stopping times 7 where

1
7O = inf {t > O’ M, (HtK’R) P Ke} and 7 .= inf { 0‘ Diam (Supp VtK’R> > } .

We define on M7, (M (R)) the sequence of random measures (I'F) as follows

KeN*

IR (e, dp) = d sc.r (dp) dt.
t

In the sequel, we study the limit as K tends to +oo of the sequence of laws of ((z
in My (D([0,77,Tg) x ML (M; (R))).

KT

Theorem 3.5.1. Let T, R > 0. The sequence of laws of ((zK’R,FKR))KeN* is tight in the set
of probability measures on D ([0,T],Tg) x ML (M (R)) and for any limiting value Q of this
sequence, the canonical process (CR,FR) on D ([0,7],Tg) x ML (M (R)) satisfies that for all
f S (gb2 (TR, TR),

R =1 () - / / Lsiow (CR ) TR (ds,dp) =0 (3.40)

Q—a.s. Moreover, for allt € [0,T],

Eg (/ /Ml 1) TE (ds, du)> 0, (3.41)

so that the definition (3.40) makes sense.

This result is based on Propositions [3.3.1] and [3.4.8], Lemma The proof is divided
in eight steps. In Step 1, we establish the tightness of the family of laws of the stopped slow
component (z . In Step 2, we establish a compact containment condition for the

oNTER ] e Nx
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K,R
stopped fast component (MV\TK’R)KEN*
of the occupation measure. In Step 4, we deduce the tightness of the family of laws of the couple
(slow, occupation measure fast). In Step 5, we prove uniform integrability results for a family

(Nf’K’R KR and TER similarly as Ntf’R in (3.40). Step 6 is

t/\TK’R>t6[O,T],KEN*
devoted to establish the convergence in distribution of (N .]C;\[:}gR)KGN* to N/, In Steps 7 and

8, we prove that the limit N/% is null Q—a.s.

The main modification of KURTZ’s setting of Theorem [1.2.19|is that we have to work with
stopped times and need to be careful with moment estimates and uniform integrability proper-
ties. This led us to rewrite the proof.

. In Step 3, we prove the tightness of the family of laws

constructed from z

Proof of Theorem[3.5.1. Step 1. Tightness of the family of laws of (zKR on

./\VTKVR)KeN*
D ([0,7],Tg). Let f € €?(Tg, Tg). For all K € N* and for all ¢ € [0, T, let us consider the two
processes YtK’R = f (zﬁﬁ(, R) and ZtK T defined by the relation

tATER

t
YtK,R :YOK,R_i_/ Zf’Rds+Mf’K’R

0
where M t];\fKRR is the martingale given by (3.18)) in the torus case. Note that, for all s > 757,

ZER = 0. From Proposition 3.3.2|, (3.33) and Lemma note that there exists a constant
C > 0 such that

([t ar)]
0

T 2
< sup E {l—i—/ ’ZtK’R‘ dt}
0

sup E
KeN~*

KeN*
<C{1+ sup E /TMK,R (M2( K’R)+i[1+M2( K’R)Ddt
S Klelg* 0 2 \ Mt K2 2 \ Mt
< 0.

Hence, from [94, Theorem 3.9.4], the family of laws of (YK’R) KeneonD ([0,7],Tg), is tight. Let
us observe that the compact containment condition is satisfied by the stopped slow component

(zf(/\’f’K, R)KeN* since Tg is compact and
VT >0, inf P sup 252 . eTr) =1 (3.42)
KEN* 0<t<T tATH

As 62 (Tg, Tg) is a dense subset of € (Tg, Tg) in the topology of the uniform norm, we
deduce from (3.42) and [04, Theorem 3.9.1] that the family of laws of (zij\’fK R)
[ ] ) KEN*
D ([07 T]) TR)

is tight on

Step 2. Compact containment condition.
Lemma 3.5.2. Let R > 0. For all T > 0, the family of laws of the marginal random variables
KR . .
of the stopped fast process (Mt/\TK’R>te[0,T},KeN* is tight on My (R) i.e.

¥ >0, IDET € My (R) compact, Vt € [0,T], VK € N, P (uy i o € DET) >1-1.
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3.5. Tightness on the torus

Proof. Let n > 0 be fixed. From Proposition there exists Ky € N* large enough such that
for all K > K, for all t € [0,T], P (¢t > 7%f) < 1. We consider the R—valued sequence (ap,n) pen

satisfying for all p € N,ap, > 1, and 35 oy 4~ < where M := max {C3,0my/b} is a
’ X 2Mo
uniform upper bound of E (Mg (ug\’fK, R)) given by Corollary [3.4.6, Let (xp,,) peN be a sequence

of compact intervals on R, increasing for inclusion, of the form |[—ay; ., ap,]. Let t € [0,T]. For
all p € N* and K > K, note that

K.R 2 K.R KR c
My ('ut )]ltéTK*R 2 L ron /C oy (dr) = pn“t/\rKR (Kp) Licrrr,

Kp,n

and we deduce that {um K.R 1(;,77) > %} N {t < TK’R} C {Mg (Mg\’fx,}z) > ’2;" } N {t < TKR}

Hence,

P({Elpe N*, g e n (K5,) > 1}) P(rf<t)+ ) P({Mwm( Kpan) > 119} n{t gTK’R}>

p peEN*

<P (TK’R < t) + Z P (M2 (,U«tK’R) I xr > ag’”)

peN*
<P(FfF <)+ Y E (M; (p K’R) )
pEN* %
<.

Therefore, we have proved that

¥y >0, vt € [0,7], VK > Ko, P(pifcneky,)>1-n,

where K, := {,u € M;(R) ‘ Vp e N*, u (5,,) < %} which is compact by PROHOROV’s theorem.
O

Step 3. Tightness of the family of laws of (T'*: R)KeN* on ML (Mj (R)). Let n > 0 be
fixed. From Proposition u there exists Ky € N* such that for all K > Ky, for all t € [0,T7],
P (t > 75 R) < 4. Consider D n T the compact set in Lemma|3.5.2 It follows that for all ¢ € [0, T,

’2
K 2 K07

E (FK’R ([0, f] x D T)) E (FK R ( x D, T) ]1t<TK,R)

IP’ € fo} N{t < TK’R}> ds
0 2

t

S/\TK R

t
A P SATKR f;) ds—/O IP’(t}TK’R)ds

>t(1—

Therefore, the tightness of the family of laws of (FK ’R) rens follows from Lemma(1.2.17 of Chap-
ter [l

Step 4. Tightness of the family of laws of ((2*F, FK’R))KeN* on D ([0,7],Tg) x
MZT (M; (R)). From Steps 1 and 3 and PROHOROV’s theorem, we deduce that the family of laws
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of the couple ((sz\’fK,R, FK’R))KeN* is relatively compact in My (D ([0, T], Tg) x M, (M1 (R))).
Hence, there exists a probability measure Q on the canonical space D ([0, T], Tg) x ML (M (R))

and an increasing function n : N* — N* such that the subsequence of laws of (( n/(\KMﬁ 1, T, ))KGN*
converges weakly to the limiting value Q when K — +o0o. Thanks to Proposition we de-

duce that the family of laws of ((z”(K)’R, F"(K)’R))KeN* converges weakly to Q When K — 400

and therefore that the family of laws of ((zK’R, FK’R))KGN*
D ([0,T], Tg) x ML (M1 (R)) by PROHOROV’s theorem.

is relatively compact, thus tight on

Step 5. Uniform integrability. For all f € ‘Kf (Tr,Tgr), K € N*, let us consider (Ntf’K’R
the stochastic process defined by

N () = () = [ B (7 P .

From (3.9, we have for all f € 62 (Tg, Tr), there exists a constant C' > 0 such that

)te[O,T]

Vt € [0,T), VK € N*, )N&KKRR‘ < /0 "M ) 18<7K,Rds),

Hence, the uniform integrability of (N S K AP K. R) , follows from Corollary (3.4.4

L K,R NT R
N'/\TKR)KGN* to N/,

From Step 4, Proposition [3.4.8and SKOROHOD’s representation theorem, there exists an increa-
sing function n : N* — N* and a probability space on which we define, the random variable
7UK)E the families (~ﬁ(K)’R) and (Fﬁ(K)7R) and B TF copies of (zﬁ(K)’R) ,

KeN* KeN* KeN*

(Fﬁ(K)’R)KGN*a ¢E, T'E under Q such that the sequence (( FWK).R I’”(K) R Fa(K )’R))KGN* conver-

ges a.s. to (CR, TR, —i—oo) when K — +o0o. Note that for all ¢ € [0, T,

Step 6. Proof of (3.41) and almost sure convergence of (

PR (0,6 AT 5 My (R)) = ¢ AFTIMR 22y ¢ = TF ([0,1] x M (R)).

K—+o00

From Lemma [1.2.18] (b)(c)(d) of Chapter [1] and Corollary [3.4.4] we have

tIANFEOR
/ / ) TR (s, dp) —25— / / 1) TF (ds, dp)
M;i(R K—+o0 M (R

and ) follows. From Lemma [1.2.18| (b)(c)(d), we also deduce that for all f € €2 (Tg, Tr),
for all t 6 0,77, a.s

tAFn(K),R _ —
lim / ‘CSLOWf (%‘;Z(K),R, :U’) I"IZ(K)yR (dS, d,u)
M (R)

K—+o00 Jo
t ~ ~
:/ / Lstow f (¢, 1) T (ds, dp)
0 JM;i(R)

and thus the sequence (Nf/’\ (KR converges a.s. to the process (ﬁtf’R) where ﬁtf’K’R

)KeN* te[0,T)

and Ntf T are respectively defined for all K € N* by
~ t ~
N/HE = f (%}K’R) —f (zé"R) —/ / ® Lstow f (EtK’RaM) MR (ds,dp), t<TATHR

NI = (&) - / / Lsuow (G ) T (ds,d), ¢<T.
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Step 7. Nf® is a martingale. Let us consider the filtration (]?tK’R) defined by

t€[0,T)
FER = o (zKR TEER ([0, 5] x H))s <t HeB(M; (]R))), (fi)1<icp» P € N* bounded Lip-
SCHITZ functions from Tg to T and 0 < ¢; < --- < t, < s < t. Let us denote for all K € N*,
for all t < TKEAT, ]\If’KR NfKR + EfKR where M/ER is constructed from Z5- and
pfoF as in (3.18) and SthR is an error term. Note that MthR is a (FtK R)

as in Proposition [3:3.1] Hence,

e (gt [ (VE0Rk) ) = (W T (W) ).

i=1 =1

—martingale

te[0,7

From Proposition 3.3.2] and (3.33)), Ef ~KR = %0 (fot [1+ My (£5)] 1,55 RdS) and then

satisfy the condition limg 1o E ( supgcicr "Sf/\{(KRRD =0. As for all s € {1,--- ,p}, fi is Lip-

SCHITZ, there exists a constant C' > 0 such that

fn(K),R fin(K), JVaik (K),R
(fZ(MmTMK)R_gMTMMR) £i ( t/\rn(K)R)D

< 28w ([ 1+ 20 (9] 1)

where the term of the right hand side of the previous inequality goes to 0 when K — +oo
according to Lemma We deduce that for all u € {s,t},

i B (T T2 (W) = o, (S T (RE) )

=1 i=1

From Steps 5 and 6, we deduce that
o .
(5 L) =2 (3 fLn (50 ).
i=1 i=1
Hence,
Ld P
(o) <o)
i=1 et

Since the last property is true for all p € N*, #; < --- < ¢, < s < t and for all bounded LiPSCHITZ
functions (fi);<;<,, the monotone class theorem ensures us that

E (Ntf’R o (vaR‘u < s)) = NFE,

Hence the announced result.

Step 8. Nullity of N/, On the one hand, from IT6’s formula [200, Theorem 32 of Chapter
1], for all f € 62 (Tg,Tg) and t € 0,7

P = (@) e[ oo () 51w (00) T 05, 0p)
v2 [ () antm e (W, + S (7(F) -7 (68)"

0<s<t

(3.43)
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On the other hand, applying with f2 € 62 (Tg, Tr), we obtain that for all ¢ € [0, 7]
72 () = £ () / / Lstows? (Gl T (ds.am) + NP (3.
Comparing and leads for all ¢t € [0,77] to
2
N L (ANt = (00 3 (1 (68) -1 ()
0<s<t
and thus by [I50, Theorem 4.1] that Q—a.s. for all ¢ € [0,T7],
LR\ R
(V= 3 (768 (k) <o

so that <Nf’R>t = 0. Hence, Q—a.s. N/ = 0 which completes the proof. O

3.6 Characterisation of the occupation measure limit on the to-
rus

Consider a probability measure Q on D ([0, 7], Tg) x ML (M; (R)) and the canonical process
(CR,FR) as in Theorem The following lemma gives us a desintegration result of the
occupation measure I'® that we characterise below.

Lemma 3.6.1. Let T > 0 be fized. With the notations of Theorem [3.5.1], there exists a random
probability measure-valued process (’yt ) te[0,T] that is predictable in (w,t) and such that for all

bounded measurable function 1 : [0,T] x My (R) — Tg,
/ / (s, )T (ds,dp) = / / (s, ) yE(dp)ds. (3.45)
Mi(R

Proof. The desintegration result of I'® follows directly from Lemma [1.2.20 of Chapter O

Corollary 3.6.2. Let T > 0 be fized. With the notations of Theorem [3.5.1 we have that
P e €00, T, Tr) is differentiable of derivative in L'(R) Q—a.s.

Proof. Applying (3.40) with f = id € %! (Tg, Tr), we deduce from Theorem (3.9) and
(3.45), Q—a.s., for all ¢t € [0, T]

=i [ ) 022 ) i (cF.E) s

From Assumptions (A) and (3.41)), the integrand of the previous time integral is in L'(R) Q—a.s.
Hence, the announced result follows from the fundamental theorem of calculus. O

We now want to characterise the limiting value T'F (d¢, du) = v/ (dp) dt under Q.

Proposition 3.6.3. With the notations of Theorem 1, for a.e. t € [0,T], Q—a.s., v} =

%) where © s the unique invariant probability measure of the centered FLEMING-VIOT

process with resampling rate A (see Section .
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3.6. Characterisation of the occupation measure limit on the torus

It is here that we exploit ergodicity properties for the limit fast component. The proof of
Proposition [3.6.3] given in Section is based on the following technical lemma giving a
characterisation of 7% and proved in Section To state this lemma, let us first recall from
the definition of polynomials in pu:

Pron (1) i= (f, 1™ z/R/Rf(w o) () - ()

with n € N*, u € M§(R), f € 62 (R™,R). For all n € N*, for any function f : R — R whose
second derivatives exist, we denote by Hess(f) := (82 f )

n € N*, let us denote by CKH I (R™ R) the set

L<ij<n the Hessian matrix of f. For all
i,j<n

{1e@ ®@R)[30>0, w0 e R @)+ 1970 + [Hoss(1) @), < € (14 )}

From (3.25)), we can see that if f € €t (R",R), L3y Pf.n (1) is a polynomial in p of the form
Pj 41 (p) for some function J € CKH I (R”“,R). We recall from Proposition [2.2.11f of Chapter

that it p € Mi’5(R), then supge;<r By (M5 (Xt)) < 0o where (X;),, denotes the centered
FLEMING-VIOT process with resampling rate A. Since, by 1 , for all p € Mi’4(R),

|LovePrn1(p)] < C (14 My (p)),
for some constant C' > 0, we can apply the martingale problem (3.26]) to the function Pj,41(1)

using classical localisation techniques to obtain that the process (Z\ZPJ’”+1)t>O defined by

—~Pj. t
Mt It = PJ,nJrl (Xt) - PJ,nJrl (XO) - /0 E%\‘VCPJ,TL+1 (XS) ds (3'46)

is a P, —martingale for all 1 € MSP(R).
Lemma 3.6.4. Let A € R be fized. If v € My (M1(R)) satisfies [y, ) Ma (1) v (dp) < 00 and

Vi€ NV € Gl RNR), [ LdvePr (1) (dp) =0,
M1 (R)
then, v = 1.

3.6.1 Proof of Proposition [3.6.3

Let us define for all £ € N, €% (R",R) the space of real functions of class ¢* (R",R) with
compact support. From Lemma and (3.12)), for all ¢ € [0, 77, for all n € N* we have for all
f € € (R",R) that

3
K20 M =3 (M) (1A 7 H0R)

1=1
where for all t < 7B AT
(M) 20 (Py, ( ) Pra (6))
(AR / IRICSENCS £20) Py () TR (ds, dp),
" My (us")
(A)E (f <y /0 Ma (15°7) ds) |

195



Chapter 3. Convergence of IBMs with small and frequent mutations to the CEAD

is a martingale. Since o K — 0 by Assumption 1) (A){(’R (tA TK’R) — 0 when K — +o0.
From Corollary |3.4.4] the sequence ((A)f’R (tA TK))

converges in law, when K — +o0, to

is uniformly integrable and

te[0,T], K eN*

M = - /ot 6 (¢t) ma (¢F) /Ml(R) cggzccsR)Pf,n () T (ds, dp).

Note that, from CAUCHY-SCHWARZ’s inequality and Lemma there exists a constant C > 0
such that

TR N (pfCR) o7 TATKR x CT
7R —_—
E ( sup /0 Tds < ﬁE /0 Mg (us )ds < 7o

0<t<T

Hence, limg o0 SUPg<icr (A)?’R(t/\TK’R) = 0 in L?(R). In particular, we deduce that a
subsequence of (supogth (A)?’R(t A TK’R))
K,R
(Supogth (A)s (A TK’R))KGN
13.7]. Using the same method based on SKOROHOD’s representation theorem as in the proof
of Theorem [3.5.1, we deduce that the process (Mtpf’")po

continuous and finite variation process by Lemma m it must hence be Q—a.s. null [I50,
Theorem 4.1]. Hence, using Lemma again, we have proved that

Kene COTverges almost surely to 0 and the family

. is uniformly integrable along this subsequence [213, Theorem

is a Q—martingale. As it is also a

R
Vf e €y (R",R), Q—as., dt —a.e., /M ® ﬁggfg )Pﬁn () yf (dp) = 0.
1

The space € (R, R) equipped with the norm || f|l;2.00 = || flloo + |V fllo + [Hess(f) ] o is
0
separable. So, we can choose a dense countable family B C ‘5[3( (R™ R) such that

1200

Vf € Cglz( (RnaR)v 3 (fp>peN* € BN*? fp — f

p—>+00

Then,

R
Q —as., dt —a.e., Vp € NY, / 53& )pr,n ()& (dp) = 0.
M1 (R)

From 1} and Lemma we have that fMl(R) My (p) vF(dp) < oo. As for all p € N*,

MR
) Py (1) < 1 (14 Ma () [ e

for some constant C7 > 0, we obtain by the dominated convergence theorem that

R
Q —as., dt —a.e., Vf € €% (R",R), / EQ(VQ )Pf,n ()72 (dp) = 0. (3.47)
M1(R)

Let us consider f € ‘5“2,” (R™,R) and for all ¢ € N*, z +— x4(z) = exp (—m) L ETe
of class ¥ (R",R) with compact support. Then, for all ¢ € N*, fx, € €% (R",R). Noting

that, | [og o £ P ) AR (dp)
» [IMLR) =Fve L fxgm () Ve (Al

is dominated by C3 [y, ) (1 + M (1)) vt (dp) for some
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3.6. Characterisation of the occupation measure limit on the torus

constant Cy > 0, and since fMl(R) My () v (dp) < oo, we deduce from |i applied to fxq,
by the dominated convergence theorem, that

2 n )‘(Cﬁ) R —
Q-as., dt —ae, Vfe g R"R), @ Live  Pry () v (dp) = 0.
1

Therefore, it follows from Lemma that Q—a.s, dt—a.e., 7 (dp) = ) (du) which
concludes the proof.

3.6.2 Proof of Lemma [3.6.4]

In Section we extend some duality results for the centered FLEMING-VIOT process,
obtained in Chapter 2 which are be useful to prove Lemma [3.6.4] in Section [3.6.2.2

3.6.2.1 Extension of the duality result for the centered Fleming-Viot process

Let us recall that the dual process (&), of the centered FLEMING-VIOT process (Xi),
with resampling rate A, on the state space |J,cn- €2 (R”, R), obtained in Section is defined
as below.

Let us consider M := (M(t)),5q a MARKOV’s birth and death process in N whose transition
rates ¢; ; from 7 to j are given by:

(1) guni1 = An? (2) gnpn—1 =An(n—1) (3) gi,; = 0 otherwise.

For all M(0) € N*, & € €2 (RM (0),]R) and A > 0, we define

¢ = T)(\M(Tn)) (t — ) AnT)(\M(T"_l)) (T — 1) Ay -+ - A1T>(\M(0)) (1) &o,
Tn <t < Tpht1, n €N, (3.48)

where (7,),cy is the sequence of jump times of M with 79 = 0, (T)(\n) (t))t>0 is the semi-group

of operator associated to the generator Bg\n) given by 1) and where (A;,), oy is a sequence of
random operators. These are conditionally independent given M and satisfy forall k € N, n > 1
and 1 <i#j < n,

1

F <Ak = Pij n(n —1)

{M(Tk_) :n,M(Tk):n—1}> —

and foralln >1and 1 <14,57 < n,

P (Ak =Kij|{M (1) =n,M (1) =n+ 1}> = %

where ®; ; and K ; are respectively defined in and (3.24). Note that if M(0) = 1, the
dual process can only jump from & to K;;j&p. As for all t > 0, & € €? (RM(t),R), K; ;& is
well defined. Moreover, the dual process (ft)t>0 with initial condition &y is constructed on the
same probability space and independently of the centered FLEMING-VIOT process (Xt)t>0 with

resampling rate A and initial condition p € ME’Z(R). We shall denote by P, ¢), the law of the
couple ((X¢,&t));5o on this probability space.
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We denote by S; the number of jumps of the process M on [0, t]. We start with a result giving
bounds on the dual process, which is an extension of similar estimates obtained in Lemma
of Chapter

Lemma 3.6.5. For all& € 67 (RM(O),R) there exists a function Co from Uens (0, +00)¥~1 x {k}
to Ry, locally bounded, such that

3
Co (71, 1) := [[€ollo + 2(0) [[Hess (€0l

and, for all <tj)j€N € (0,4+00)N, ks Co ((ti)ogigkfl ,k) is non-decreasing and satisfying

Vk € N*, Vt < 73, Vo € RM®), ()| < Co (i1 — Ti)gcichot » k) (1 +lz)2) . (3.49)

Proof. By induction on k € N*, we prove the property
(Q): Vo € RMOD, g ()] < Col(Tiss — T)ocsepr - K) (1+ l2) -

Step 1. Initial case: computation of Cy(7,1). Let us recall some notations of Theorem
of Chapter [2| For all n € N*, we denote by 1 € R™, the vector whose coordinates are all
1. Foralln e N, t > 0, z € R® and A > 0, let us consider gt):z the density of the Gaussian

distribution /(™ (m?,, £}) where m, ==z — M(m 1)1 and X := Po} P! with

t,x :

1 1

S

L—exp(—4hnt) 0 vn \/n(n—1)
— . : X
0 t 0 0 Va2 C (1)
op = : 0 . . | and Pi=|: L
: 0 : 1
n(n—1)
0 0 0 1 0 ... —/nt
vn n
Note that for all 4,5 € {1,---,n}, @cimi‘w = € — Ml and 8§ix7_mi‘7x = 0 where
(€1, -+, €n) is the canonical basis of R”. For all A > 0, the key identity for the sequel is
Vfe L (R"), vt 0, vz eR", T\ (@) f(a) = (f*g) (mids) (3.50)

where * stands for the convolution product (see (2.46) in Theorem [2.6.1)).

On the one hand, note that for all t < 71, M(t) = M(0). In this case, for all z € RM(0),

A >0, &(z) = T (1) () and so, from Theorem 1&(x)] < |40l On the other hand,
at time 71, we make a partition of cases according to whether the dual process loses or gains a

variable. Let 7,5 € {1,---, M(0)} be fixed.
e Case A; = ®; ;. In this case, M (1) = M(0) — 1 and we deduce from (3.48)) that

Vo e RMO-1 ¢ (z) = &, ;T (7) & (a).

By (3.23), we deduce that for all x € RM©O=1 "¢ (2)] < [|0]|o -
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3.6. Characterisation of the occupation measure limit on the torus

e Case Ay = K, ;. In this case, M (m;) = M(0) + 1 and we deduce from (3.48]) and ([3.24)
then from (3) of Theorem and properties of the convolution product that for all
= RM(O)Jrl’

En (@) = Kig T\ (1) €0(2) = By, TS (1) €0 (@) 230y 11

= (8$jm7)'\1,f)t [(HeSS (&o) * 9?1,0) (mil,f) 3xm?5} Thr0)+1

where = = (m1,~- ,xM(O)) e RM(O0) Ag,
H A A ~ | = (/ 82 A A PO d )
( €ss (50) *97—1,0) (mn,x) RM(0) 1]50(“)97—1,0 (mn,x U) U 1<i j<M(0)
we obtain that H (Hess (&o) * gi‘ho) (mi‘li) ’oo ’ 0%50“00. Noting that
t 3
we deduce that for all z € RMO)+1
3 3 )
& ()| < ==  sup  ||07&]| 23 < ——— ||Hess (&)l ll1]|%
)< 7@ 1@-,j<M<o>‘ 0] a0y < 37y Hess(&)ll el

and (Q;) follows.

Step 2. Inductive Step. We assume that, for k£ € N\ {0, 1}, (Qx_1) is satisfied and prove
that (Qy) is also. We make again a partition of cases according to whether the dual process loses
or gains a variable. Let 4,5 € {1,--+ , M (75_1)} be fixed.

e Case Ay = ®;; at the k'™ jump. In this case, M(7;) = M(7;_1) — 1 and we deduce
from (3.48) that for all z € RM(Te-1)-1 & (o) = <I>Z-7jT)(\M(T’“’1))(Tk — Tg—1)&r,_, (x). By
using (3.23) and (Qk_1), we deduce from (1) of Corollary of Chapter [2| that for all
xr € ]RM kal)—l’

“I’LJTA(M(WI)) (e — Th—1) &my (fb’)‘

< Co (k= Tho1, M (7-1)) Co (i — Tidocich - K) (1 + ||$||Z<(>kil)) )

where CyCy is locally bounded. As t — C5 (¢, M (7;—1)) is non-decreasing, we deduce
(Qk) in that case.

e Case A, = K;; at the k™ jump. In this case, M (1) = M(7x_1) + 1. From (3.48),
(3.24) and (3) of Theorem we have for all z € RM(Tk-1)+1,

6 (@)] = oM (1) € ()]

t
_ A A A A
- ’(8%7”77@—7'1@71,5) [(57'1@71 * Hess (ngc_Tk—hO)) (mTk_kal75)8wim7—k_7'k—1:%i|

2
X TN (rp_y)+10

where T = (wl, e 71‘M(rk_1))t € RM(%-1), From (Qj_;) and (2) of Corollary [2.6.2] we
deduce that

e S R LN )]

< C3 (k= o1, M (13-1)) Co ((Tiv1 — Ti)ocicioo1 - K) (1 + HxHiS) ;
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Chapter 3. Convergence of IBMs with small and frequent mutations to the CEAD

where C3C) is locally bounded and (Qy) follows in that case.
We conclude by the principle of induction.

Step 3. Proof of (3.49) for ¢ < 7. Note that from (3.48)), for all k € Nand ¢t € (73, Tk+1),
ve e RMO, g(a) = TN (- ) 6 (a),
so the announced result follows from (1) of Corollary O

Let us consider for all k € N*, ¢/, m € N the stopping times

Dy = inf {t >0 (S =k or selo], (& x1) > e},

;C,m := inf {t >0 |Si=2k or Cy ((TH_l = Ti)oci<k_1> k) > m},

f o = inf {t >0 (S >k or Iselot], (&x1) >0

or Co ((Ti+1 — Ti)oci<k-1 vk) Z m} :

As (M(t),6t);50 is independent of (X¢),q, note that for all £ € N*, m € N, 9}, is inde-
pendent of (Xt),.q. Recall that for allt > 0, & € ¢? (RM(t),R). Foralln > M(t), for all x € R",

we denote by £§") (z) = é”) (X1, xp) =& (wl, e ,ZL'M(t)) so that for all € Mf’2(R),

(&M, 1) = (&, pM®).

The next lemma is an extension of the duality identity proved in Chapter [2}

Lemma 3.6.6. Given (Xt),5q, (§)i=0 as above with Xo := p € MY M(R), k € N* and & €
‘52 (RM(O), ), we have that P(, ¢y—a.s., for allt >0, for all m € N,

E(uc0) <<§0, t/\ﬁ’ >> < <£t/\19’ exp ()\/Ot/\%,m M2(u)du>) HuM(O)+k> . (351)

Compared to the duality identity of Chapter [2| the key point of this lemma is that the
right-hand side of the last equation, is a polynomial in u.

Proof. Let us consider ¢t > 0, k € N*, £,m € N. As ¥}, tm S Vg, the weak duality identity of
Theorem of Chapter l implies that:

tAD)
xM(0) _ M(tn9) , k,b,m
Eue0) (<§0’ t/\19;€7e,m>> = B0 <<§“\792,e,m’ H M(t )> exp ()\/0 Mz(u)du>)
- F (M(0)+k) M (0)+k A\ Ut M2(u)d
= B(u.o) <5t/\79;m om T H > exp A (u)du ] ).

Now, from Lemma and the definition of ¥} ,,, note that for all z € RMO)+k

£ (éw ) 0 exp <A /ON’“ o Mz(u)du>) <m (1+ o)) exp (A (M(0) + k)2).
(3.52)
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Since p € M‘f’%(R), we deduce from FUBINI’s theorem that

M’%,z,m
uéo <<§0, t/\z?’ >) = <E(“ o) (gtmyo)ﬂc) exp ()\/0 M2(u)du>) ’MM(O)+k> .

On the one hand, from Section [2.6.2.1} limy_, y o ﬁ;,é,m Ve P(u,g0)—2-8-, and since (Xt),50
has continous paths for the topology of weak convergence, we have Pue0)—as.

gii?oo@“’ tm' > <§0, t/\ﬂ’ >

Therefore, we deduce from the dominated convergence theorem, that for all &, € cng (RM ©) R),

B (60 X057, ) = Bunen (60 Xk, )
On the other hand, Lemma and the dominated convergence theorem imply that for all

z € RMO+k,
t/\19
EEI-E}OO E () (gt/\%,e,m (z) exp (A/o M (u)du))

A
= B(ug) (gt/\ﬁ’ Hk)( ) exp ()\/0 M2(u)du>>

and the limit satisfies the inequality 1D As p e Mi’%(R), we deduce again from the domi-
nated convergence theorem that

tAY,
: )+k) fafms M(0)+k
Jim <]E(u &) (fw/ exp <A /0 M 2(U)M)) M OF >
2N,
= < (.60) (51%@% exp (A /0 M 2(U)dU>) »MM(O)+k>

and the announced result follows from the fact that 19§§7m is independent of (Xt)t>0, which implies

t/\ﬁ;ﬁ m
E(H ¢o) (gt/\ﬁ’O)HC)( ) exp <)\/0 M? (u)du))
A,
= Ey, <£tAﬂ’ Hk)( ) exp ()\/0 " MQ(u)du>) . m

From Lemma we deduce that we can choose m € N large enough such that 97 ,,, = 71.
In this case, the function inside the brackets in the left-hand side of (3.51)) is defined, for all
t >0 and for all z € RMO)+1 1y

tATL
Yi(x) =B e (f§%§0)+1)(x) exp ()\ ; M2(u)du)> .

Forallt > 0,n e N* fe€ %?(R"R)and u € MT’Q(R) let us denote
Peve(t) Prn (1) := By (Prn (X4))

the semi-group of the centered FLEMING-VIOT process (X;):>o with resampling rate \.

The following result is the main result of this section. It gives an extension of Lemma [3.6.5
to a function which appears naturally in the proof of Lemma [3.6.4]
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Chapter 3. Convergence of IBMs with small and frequent mutations to the CEAD

Proposition 3.6.7. For allt > 0, for all p € Mi’2(R), for all & € 67 (RM(O),R)

Pive(t) Py ar(0) (1) = Prroy 1 (1) i= (Ve ™ OF1)
where t
Vi :=exp (apt) Yy — ao/ exp (aps) Psds (3.53)
0

and ag := AM(0) [2M (0) — 1]. In addition, for allt > 0, there exist a constant Cy > 0 such that
for all x € RMO)+1
Ve(@)] < Cr (14 [12]1%) -

Proof. Lett >0, u € M‘f’Q(R), & € 67 (RM(O),R) be fixed. Note that from Lemma [3.6.5] there

exists a constant 5}, depending only on & and t such that for all z € RMO+1,
o) < Co (r1,1) (14 1211%) Equgo) (exp (MM2(0))) < G (1+ [l ) (3.54)

Now, from Lemma and the fact that 71 is independent of (X;),, we obtain that

<1/1t7 MM(O)H> =E(u0) (Peo,m(0) (Xinr)) = Ego (Peve (£ A T1) Pey ar(o) (1) -

As 7 follows an exponential law of parameter cg we have that

t

<¢t, HM(O)+1> = Prve (t) Pey, a0y (1) exp (—aot) + 040/O Prve (8) Pey a0y (1) exp (—aps) ds.
(3.55)
Thanks to (3.54]) and since p has its moment of order 2 finite, the FUBINI theorem ensures

us that . t
</o exp (0s) Ysds, MM(O’“> = /0 exp (ags) (ts, @) ds.

From (3.55)) we deduce that
t
</ exp (as) ¥sds, ,uM(O)H>
0
t s t
= 040/0 exp (0408)/0 exp (—aou) PFVC(U)Pgo,M(o)dUdSJr/O Peve(s) Pey oy (1)ds  (3.56)

t
= exp (apt) /0 exp (—agu) Prve(w) Pey ar(0) (1) du.

Then, the first announced result follows from (3.55) and (3.56) and the second one from
B54). 0

3.6.2.2 Proof of Lemma [3.6.4]

The key point of this proof is to establish that for all & € ‘5174 (RM (0),R), t > 0 and
e M (R),
t
Prve(t) Pey a0y (1) = <§07MM(0)> +/ Live Prve(s) Pe ar(o) (11)ds
0 (3.57)
= Pey (0 () + /0 Live Py, (o)1 (1)ds.
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3.6. Characterisation of the occupation measure limit on the torus

where we use Proposition [3.6.7] in the second equality. To do this, we will first prove that for

all ¢ > 0, there exists a constant C; > 0 such that for all x € RM )+1 , |[Hess (Vp) (z)|| o, <
i (1+ |lz]2,), so that V; € €7, (RMO+L R).

For all n € N*, for any function f : R® — R, k € N times differentiable, we denote by DFf
the differential of order k of f. Let t >0, A\ >0, u € ME’Z(R) and & € 6} (RM(O), ]R) be fixed.

Step 1. Preliminary bounds. Let z € RM©)_ Tt follows from l) that

Oy TV O ()60 )

TiT;TpTe
M(0)
A A A A A 4 A
= Z axz (mt,ﬂl)m a33]' (mt,l‘)p azk (mt7$)q 8x£ (mt,x)r (gt,O * 8ymypyqy7"£0) (mt,a))
m,p,q,r =1
where (max)p designates the p'™ component of mg\x Then, for all k € {0,--- ,4}, there exists a

constant C7 > (0 independent of x and ¢ such that

[z < i 1+ o)

From and ((3.24)), we deduce that there exists a constant Co > 0 independent of ¢
such that for all T € RM( +1 , for all k € {0,1,2},

[t < o1 (1+ ol ) + 35 [preant™ g (- o]
Z#J
+ 3 [PrE M () g
ij=1

<Oy (1 + HDk&]Hoo + ”Dk+250"0093?\4(0)+1> .

By the theorem of differentiation under the integral sign, for all k& € {0,1,2} and z ¢ RM(O)+1
we deduce that

[PFunta)| | < exp (AM1(07) B ([ DM @) ) < Cooxp (Ab10)%) (1412l

)

Then, from the definition of V; in (3.53) we deduce that there exists a constant C; such that for all

ke {0,1,2), for all z € RMO)+1_| DkVt(x)H < Gy (1+]|2]2,), so that V; € €2, (RMO+L R).

Step 2. Proof of the key point (3.57)). Thanks to (3.26)), for all ¢ > 0,

t
Prve(t) Pey a0y (1) = Py a0y (1) + Ey (/0 LivePeo M (0) (Xs) dS) :
From 1) there exists a constant C3 > 0 such that for all t > 0, E, (‘ﬁf}chgo,M(o) (Xt)’) <

C3 (14 E, (M2 (Xy))) which is finite from Proposition |2.2.11| of Chapter |2/ since p € MSA(R).
Hence, from FUBINI’S theorem we obtain that

t
Prve(t) Pey a0y (1) = Peo a0y (1) + /0 E, (’C%‘VCPEO,M(O) (Xs)> ds. (3.58)
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Chapter 3. Convergence of IBMs with small and frequent mutations to the CEAD

As E%VCP&),M(O) (1) is a polynomial in p and since |Lpy, (L’%VCP@’M(O) ()| < Ca (14 My (p))
for some constant Cy > 0, we deduce as in (3.46) that

t
By (LivePeyar(0) (X1)) = B (LivePey 110y (X0)) = By (/0 Live (Live Peonr(o)) (Xs) dS) :

In particular, ¢ — E, (ﬁFchgo, M(0) (Xt)) is continuous, so

t+h
A
By (LivePeo,nr0) (X2) = lim hE ( | LevePe ) (Xs)ds)

= lim hIE (Pey,ar(0) (Xen) = Peyar0) (X2))

= }lllgg) EE“ (Peve (t) Pey ni(0) (Xn)) — Peve (t) Pey (o) (1)

1
= ,?L% EE“ (Py, m0)+1 (Xn) — Py, m0)+1 (1))

where we used MARKOV’s property in the third equality and Proposition in the last equality.
From Step 1, we deduce that there exists a constant C5 > 0 such that

| £Rve P aro) 1 ()| < G5 (1+ Ma (). (3.59)

Thus, from the martingale problem 1’ and the continuity of ¢ — E, (LFVCPW M(0) (,u)), we
have that

h
lim hE (Pv 21041 (Xn) = Py a0y 41 (1) = lim hE </0 LivePy, a0y +1 (Xs) dS)

= Live Py, p0)+1 (1)
Therefore, we have proved that for all ¢ > 0, for all u € MY (R),
By (LivePeonr(o) (X1)) = Live Py ar)1 (1),
and so, by (3.58)), we obtain ([3.57)).

Step 3. Conclusion. From (3.57) and (3.59) and since [, gy M (1) y(dp) < oo, we deduce
that

/ Prve(t) Pey, a0y () (dpe)
M (R)

t
= P, dp) + / / Ly P dye)ds
oy oM M) (1) y(dp) 0 Jan @ FEVeT Vo041 (p)y(dps)

= / Py ar(0) () v(dp),

where we used the assumption of Lemma in the last equality.

As the set of test functions {van’ f € GHR",R),n € N*} is M1 (M;(R)) —convergence

determining [60, Lemma 2.1.2], it is M; (M1(R)) —separating [94, Chapter 3, Section 4, p.112],
so we have for any bounded continuous function ¢ from M;(R) to R that

| Prve®olmrn) = [ ot
My (R) M;i(R)
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3.7. Characterisation of the limiting values of the slow component

Hence v is an invariant probability measure for the centered FLEMING-VIOT process with re-
sampling rate A\. Now, from Theorem of Chapter [2| 7% is its unique invariant probability
measure which ends the proof of Lemma [3.6.4

3.7 Characterisation of the limiting values of the slow com-
ponent

Combining the results of Sections[3.5]and 3.6 we have proved that for all R > 0, the sequence
of laws of ((2™F, T R))KeN* is tight in My (D ([0, 7], Tr) x MZ, (M1(R))) and for any limiting

value Q of this sequence, the canonical process ((%,T'F) on €°([0,T],Tg) x ML (M1(R))
satisfies for all f € 6}' (Tg, Tg), for all t € [0,T], Q—a.s.,

7 () = / / Lstow (¢f) ) (an) s (3.60)

From now on, we will establish in Section with Lemma [3.7.1] that the sequence of laws of
(2751 rene converges weakly in D ([0, 7], Tr) to the solution of an ODE in the torus. Finally,
Section [3.7.2] allows us to get away from the torus and to prove Theorem [3.2.1]

3.7.1 Convergence of the slow component on the torus

Lemma 3.7.1. The sequence (/%) Kene converges in law in D ([0, T], Tr) to the unique solu-
tion of

1 t
Ve [0,T), = =0+ 5/ D1Fit (26, 25) B (25) ma (25) ds (3.61)
0
on the torus Tg.

Proof. For any limiting value Q of the sequence of laws of (zK’R) Kens rom 1) and applying
(3.60) with f = id € € (Tg, Tr), we deduce that Q—a.s.,

et = ([, 002 Ew) o (cel) i

From Corollary [2.4.16| of Chapter 2, for all s € [0, ¢],

R 1 B (¢E)my (¢F)
M2 M 7T>\(<5 ) dILL = = S il R
/./\/ll(]R) ) () = 35 (¢H) 2
so ¢ is solution of (3.61) Q—a.s. By uniqueness of the solution of (3.61)), the announced result
follows. O

3.7.2 End of the proof of Theorem [3.2.1

Let T > 0 be fixed and recall that o is the mean trait value of . From Lemma
and since the ODE (3.61) is non-explosive, we can choose R > 0 large enough such that
limg o P (th’R € [mo - %,xo + g] ,Vt € [0, T]) = 1. From Proposition [3.4.8 and 1) we

have that, limg oo P (Diam (Supp VtK’R) < KHE/Q,W € [0, T]) = 1. Hence,

lim P (Suppy)jics, C [0 — Rywo+ R], ¥t € [0,7]) = 1.

K—+oco
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Chapter 3. Convergence of IBMs with small and frequent mutations to the CEAD

Now, on the event {Supp Z/f/{}?ag C [xo — R,z0 + R],Vt € [O,T]}7 l/f/(’[fUQ = Z/ffKJQ for all ¢ €

[0, T, identifying = € Tg with its unique representant in [xg — 2R, 2o + 2R]. In particular,
vte[0,T), =z =zK

Theorem [3.2.1] then follows from Lemma B.7.11
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Appendix A

Technical lemmas involved in the
existence proof

A.1 Approximation lemma

Lemma A.1.1. Letp € N*, y,v € Mi(R), F € €2 (R”,R) and g = (g1, ,gp) where for each
i€{l,---,p},gi € €3(R,R). Then,

F ({grom_gau 1) (Ip O Tt 1))
—F <<gl O T_(idv)> V> L) <gp O T_(idv)> l/>)
= Z {akF (<gl O T_(id,wv)> V> PR <gp O T_(id,v)» V>) (<gk O T_(idw)> b — V>
k=1

— (id, . — ) [(gr © T—tia ) V) + {9k © T—idwys b — V)]

b g (o)

NN

1 p
3 2 B (orom—an ) lop o 1)) ({900 a1 v)

ij=1

X <g] O T_(idyw)s 4 — V> - <1d1 K= V> |:<g; O T_(idw)> V> <gz OT_(idw)s ¥ — U>

)}

+ <g; O T_(id,v)> V> <gj O T_(id,w)) W — 1/>

— (gi o T_giawy, V) (g © T_giawy,v) (id, p — v)

P 2
+0 <r<id,u ~)P 4+ 33 ok o gy - u>13)

Proof. The general case p € N* can be proved by a straightforward extension of the proof of the
case p = 1 which is the only case that we prove. Applying TAYLOR’s formula to g o 7_q ) =
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g (- — (id, u)), we obtain that

(90T (i — 9° T—(idw)s 1)

= / p(de) g (@ — (id, 1)) (id, v — ) + ég" (w — (id, 1)) (id,» — )* + O (|<id,u—u>|3)}
R

= —(id,n —v) [(¢ o T_giaw), V) + (9 © T_giawy, b — V)]

1
+ 5 (id = V)2 [{g" 0 Tty ¥) + (9" 0 T_giawy, 1 — v)] + O (|(id, = )[*) .

Therefore, we deduce the following approximation:

(90T i 1) — (90 T_(ia): V)
= (goT_gawy, b —v)—(id, p —v) [(¢' 0 T_tia) ) + (9" © T_tia ) it — 1)) (A1)

1. . .
+3 (id, p — v)? (9" oT_pawy,v) + O (|<1d,,u — )P+ (id, g — v)? (9" 0 T iy bt — u>’) )
Applying TAYLOR’s formula to F' (<g o 7'_<id’u>,,u>), we obtain that

F({goT gau i) —F ({907 (iaw), 7))
=F' ({90 (iaw ) x [(g0 T iapm 1) = (90T fiaw: V)]

F' ({907 (iau),v))
2

+0 ([{g 0 mag: my — (g0 T_gamy V)[) -

+ x [(g07_gapy 1) — {90 Ty V)]

Using (A.1]), we deduce that

2
(90 T—(iaus 1) — {90 T—(id): V)]
= <g CT_(idw) H — V>2 + <1d7 = V>2 <g/ ©T_(id,v)> V>2
—2(g 0T (i) b — V) (id, = ) (g 0 T_(iq), V)

+ 0 <|<1d7,u - V>‘3 + <1d7:u - l/>2 [|<g OT_(idw)) H — V>|
+ ‘<gl O T_(idw)) W — 1/>‘ + ’<g” O T_(idw) H — V>|:|
+ |(id, e = ) (g 0 T—giay b — V) (9" 0 T_jiawy, 1t — V)| ) ,
and
3
O (I{g 0 7 tiays 1) = (9. ™G0y )[")
=0 <|<ld,/L - V>|3 + <1d7/~j“ - V>2 |:‘<g OT_(idw)s ¥ — V>} + ‘<gl OT_(idw)s ¥ — 1/>@
+ [(id, . — )| [<9 O T_(id,pys i — VY2 + (g o T_{idw)s K — V>2] + [{g 0Tt 1 — V>|3) -
The announced result follows from YOUNG’s inequalities. O
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A.2. Lemma of convergence

A.2 Lemma of convergence

Lemma A.2.1. Let k € N*. We assume that <idk,y> < oo. We consider for t € [0,T], an
increasing sequence 0 = tg <t < --- <t, =T of subdivisions of [0, T] whose mesh tends to 0.
Then, for all k € N*, hy € {1,id} and hy € €2(R,R), we obtain that, in PLV —probability,

R Lotr At k
0 L
Pl 4n /\t k

'L/\t

. i+1
SR ) G T R

Proof. The two properties can be proved similarly. We only prove the first one. Thanks to

Lemma (1)(a) and using that hs is LIPSCHITZ, there exists a constant Cp;, such that

o AL k

/ o ds
AL

(o oo gy~ ]2

o A
< [ o ol

nAL

ME(d) = My, ()| A 2]1h2ll,0)*] ds

If hy = 1, the dominated convergence theorem allows us to conclude the proof. If h; = id, using
that sup;c(o 7 [(id, Y2)| < 00 PLV —a.s. by Lemma 1{(1)(b), we can also apply the dominated
convergence. O

A.3 Control of error terms

Lemma A.3.1. Let t > 0 be fized and assume that <id2,u> < oo. Let j € {0,1,2} and g €
EHR,R) fived. The sequences

(1) (pi_:l‘Mtn e (id) — t”/\t (1d)‘ )
neN

1=0

@) (Z

1=0

3)
neN

Proof. Step 1. Proof of (1). Let ¢ > 0 and ¢ > 0 fixed. Let A > 0 to be determined later. We
introduce the stopping time

Mn At <g(j) © T<id,Yt?,\t>> - Mti?’\t <g(j) ° T<id,Yt?At>)

converge to 0 in PEV —probability.

T4 := inf {t 20 <id2’Yt> o <id’Yt>2 > A}

which satisfies almost surely lima_, s 74 = +00 by Lemma Then, using MARKOV’s
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inequality, we obtain that

PV <pnz:l) n ol "At(ld)‘ > 5)

pn—1
<PEV (74 < t) +PEV ({TA >N { Z ‘ t" at(id) — "/\t(ld)’g > 5})

pn 1 3
<PV )+ = ZEO t" ntnrg (id) — M”/\t(ld)‘)

SATA

3
From the definition of 74, we obtain for all s € [t At 1" At], (id) — Mtn/\t(ld)‘ is
bounded and (M™(id)), nry 18 2yA?-LipscHITZ. Thanks to the BURKOLDER-DAVIS-GUNDY in-
equality and Lemma (2), there exists a constant C such that

- s )

i+1 7

(‘Mn ntnra (1d) = Mti;dmt(id)r) S GE <[<Mid(id)>t

3
2

3
< O (29A%)2 (At — 7 AE)2.
Therefore, if we choose A such that PXV (14 <t) < 5, and ng € N such that for all n > ny,

82

N N Y —
\/ieﬂo,pn1ﬂ| " A 201 (27A2)2 ¢

we obtain that

1=

pn—1 5
P5V< ‘M;S o (id) — Mn/\t(ld)‘ >€>

[N

Cy (2vA?
<PFV(TA<7:)+1(Z)t\/ sup |t At —tP At
le[[ovpn_lﬂ

and the first announced result follows.

Step 2. Proof of (2). In similar way as previously, we obtain that

PFV el
AP
=0

M, v (g(j) oT—<id,nyAt>> Mg < v OT—<id,Yth>>

3
> €
1 pn_l

< B (‘Mn N (g(j) ° T<id7Yt?At>> Mn/\t ( e T<id’y’f?’\t>>

alwl)’

€

)

t\/ sup [t At —t7 At
i€[0,pn—1]

which converges to 0 when n — 4o00. O
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Appendix B

R code for IBM simulation

Here is the R-source code of the program simulating the versions of Kispr's model [140],
firstly for the IBM of Section with parameters ((1.13) and secondly for the IBM of Section
with parameters . This program directly creates one or two .png images similar to
the figures of Sections [1.1.3.2] and [1.3.3] of the introduction.

Our program is based on the IBMPopSim package developed by GIORGI ET AL in [I16]. Their
package makes it possible to simulate interacting age and trait-structured populations and allows
resampling events. In our situation, we have no age-structure, so we set the maximal life length
parameter of each individuals to +o00. The R-topics of various commands used in our programm
are given at https ://cran.r-project.org/web/packages/IBMPopSim/IBMPopSim.pdf.

When there are swap events (individuals can change of characteristics), the dates of swap
events and the changes of characteristics following each swap event should be recorded for each
individual in the population, which is a memory intensive and computationally costly process.
To maintain efficient simulations in the presence of swap events, GIORGI ET AL propose the
following solution.

In the presence of swap events, the argument time of popsim should a vector of dates

(to, -+ ,tn). In this case, popsim returns in the object population a list of n population data
frames representing the population at time t¢q,--- ,t, simulated from the initial time ¢3. For
i€{l,---,n}, the ith data frame describes individuals who lived in the population during the

period [to, t;], with their characteristics at time t;.

B.1 R-code for the IBM for constant population with swap events

# Current directory
getwd () # To know the current directory

3 setwd("/users/hass/Mes_images_simulations") # To choose the new current

10
11

directory

# Installation of the package IBMPopSim
install.packages ("IBMPopSim")

K <- 100 # Number of individuals in the initial population

# Creation of the trait-structured population
pop_init <- data.frame(
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"birth" = rep(0,K), # Age of each individual is the same
"death" = as.double(NA), # Death dates of individuals
"trait" = rep(1,K)) # All individuals have initially the same trait 1 (

Monomorphic population)

# The two previous commands concerning the birth and death dates (fixed) of

the individuals are necessary to make the algorithm work but are not

exploited, only the trait structure matters us.

# List of parameters
param <- list("p" = 0.1, "sigma" = 0.03, "jtrait"=0.)

# Remarks (1) CUnif is a realisation of a uniform law on [0,1]

# (2) CNorm(0, 1) is a realisation of Gaussian distribution with mean O

and variance 1

# Events creation

; # (1) Event describing the effect of mutations

eventl <- mk_event_individual( type = "swap",
intensity_code = ’result = 1;’, # Rate of mutation : Theta = 1
kernel_code = ’if (CUnif () < p)

I.trait = min(max(0.,I.trait + sigma*CNorm (O, 1)) ,4.);’) #
New value of the mutant trait according to the m-law conditional on the

mutant trait remaining in the trait space [0,4]

# (2) Resampling event of one individual by another
event2 <- mk_event_interaction(type = "swap", name = "swap2",

interaction_code = ’result = (4. - J.trait) * ( 1.- 1./
(1. + 2. * exp(-4. x (I.trait- J.trait)))); # Resampling rate b(x,y) where x

= I.trait and y = J.trait

jtrait = J.trait; °’,
kernel_code = ’I.trait = jtrait;’)

# Creation of the IBM
My_model <- mk_model (

characteristics = get_characteristics(pop_init), # Initial model population

events = list(eventl, event2), # Model events

parameters = param # Model parameters

)

# Events bounds

i b_eventl <- 1 # Bound of the mutation rate (Theta)

b_event2 <- 4 # Bounds of the resampling rate (b)

# Time of simulation

T <- 600;
STEP <- 1/100;
t_sim <- seq(0,T,by = STEP); # Vector of dates (tO, ... , tn) from tO

time T with time step of STEP : ti = tO + i * STEP

# Simulation of the random evolution of the IBM
sim_out <- popsim(

model = My_model,

population = pop_init,

events_bounds = c(’swap’ = b_eventl, ’swap2’ = b_event2),
parameters = param,
time = t_sim)
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B.2. R-code for the IBM with fluctuate population size

pop_out <- sim_out$population # Data frame containing the date of birth, death,
and traits of all individuals who lived in the population on each interval [
t0, ti].

# Graphical illustration: plot of the evolution of the population trait
distribution

# (1) Creation of data frame containing the traits of all individuals who lived
in the population in [0,T] with time step of STEP by iteration and
concatenation

My _YY = pop_out[[1]1]$trait
for (i in 2:((1/STEP)*T)){

My _YY = c(My_YY, pop_out[[il]l$trait)
}

# Creation of the corresponding abscissa (by iteration and concatenation)
My_XX = rep(1,K)
for (i in 2:((1/STEP)*T)){

My _XX = c(My_XX, rep(i*STEP,K))

}

# (2) Creation of .png figure in the current directory : we graphically
represent all the traits present in the population at each time instant ti

png(file = "CEAD_Swap_K_100_T_600_sigma_0_03_p_O_1.png")

plot (My_XX, My_YY, xlab = "Time", ylab = "Traits", col = "blue", pch = 46)

dev.off ()

B.2 R-code for the IBM with fluctuate population size

# Current directory

getwd () # To know the current directory

setwd ("/users/hass/Mes_images_simulations") # To choose the new current
directory

# Installation of the package IBMPopSim
install.packages ("IBMPopSim")

# Library for graphing
library (ggplot2)
library(colorspace)

K <- 300 # Number of individuals in the initial population

# Creation of the trait-structured population
pop_init <- data.frame(

"birth" = rep(0,K), # Age of each individual is the same
"death" = as.double(NA), # Death dates of individuals
"trait" = rep(1,K)) # All individuals have initially the same trait 1 (

Monomorphic population)
# List of parameters
# (1) Parameters for birth events

params_birth <- list(
npn = 1,
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25 "sigma" = 0.0005)

27 # (2) Parameters for death events
28 params_death <- list(

29 "beta" = 2.,
30 "c" = 1.2,
31 "N" = K)

33 # Remarks (1) CUnif is a realisation of a uniform law on [0,1]
34 # (2) CNorm(0, 1) is a realisation of Gaussian distribution with mean O
and variance 1

36 # Event creation

38 # (1) Birth event
30 birth_event <- mk_event_individual (

40 type = "birth",

41 intensity_code = ’result = 4-I.trait;’,

42 kernel_code = ’if (CUnif () < p)

43 newl.trait = min(max (0., CNorm(I.trait, sigma)), 4.);

44 else
45 newl.trait = I.trait;’)

47 # (2) Death event

15 death_event <- mk_event_interaction (

49 type = "death",

50 interaction_code = "result = (beta / N) * ( 1.- 1./(1. + c¢c * exp(-4. * (I.
trait- J.trait))));"

53 # Creation of the IBM

54 My _model <- mk_model(

55 characteristics = get_characteristics(pop_init), # Intial model population

56 events = list(birth_event, death_event), # Model events

57 parameters = c(params_birth, params_death) # Model parameters obtained by
concatenation of params_birth and params_death

60 # Events bounds

61 birth_bound <- 4 # Bound of the birth rate (b)

62 interaction_bound <- 2 # Bound of the competition rate (c)
63

64 # Time of simulation

65 T <= 200000

67 # Simulation of the random evolution of the IBM on [0, TI]

68 sim_out <- popsim(model = model,

69 population = pop_init,

70 events_bounds = c(’birth’=birth_bound, ’death’=interaction_
bound) ,

71 parameters = c(params_birth, params_death),

72 time = T)

74 pop_out <- sim_out$population # Data frame containing the date of birth, death,
and traits of all individuals who lived in the population over the period
[0, Tl

76 pop_size <- nrow(population_alive(pop_out, t = T)) # Number of individuals alive
at final time T
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B.2. R-code for the IBM with fluctuate population size

# Graphical illustrations

# (1) Graphical illustration of the evolution of the population size
# For a clear illustration, we limit ourselves to about 3,000 points over the
period [0,T].

Nb_points_start <- 15
Nb_points_middle <- 66
Nb_points_final <- 10

Start_range <- seq(0, 1, 1/Nb_points_start) # Sequence of numbers between 0 and
1 with a step of 1/Nb_points_start

Middle_range <- seq(l, T-100, Nb_points_middle) # Sequence of numbers between 1
and T-100 with a step of Nb_points_middle

Final_range <- seq(T-100, T, Nb_points_final) # Sequence of numbers between T
-100 and T with a step of Nb_points_final

My_range <- c(Start_range, Middle_range, Final_range) # Concatenation of the
three previous ranges

# (1) (a) Creation of vectors of population size for each date of My_range
Pop_size_1 <- c()
for(i in 1 : length(Start_range))
{
Pop_size_1 <- c(Dates_1, nrow(population_alive(pop_out, t = i/Nb_points_start)
)) # Vector of population size for each date of Start_range

}

Pop_size_2 <- c()
for(i in 1 : length(Middle_range))
{
Pop_size_2 <- c(Pop_size_2,nrow(population_alive(pop_out, t = (i * Nb_points_
middle)))) # Vector of population size for each date of Middle_range
}

Pop_size_3 <- c()
for(i in 1 : length(Final_range))
{
Pop_size_3 <- c(Pop_size_3,nrow(population_alive(pop_out, t = (max(Middle_
range) + 1i)))) # Vector of population size for each date of Final_range

}

My _pop_size <- c(Pop_size_1, Pop_size_2, Pop_size_3) # Concatenation of the
three previous vectors

# (1) (b) Plot of the evolution of the population size

5 png(file = "Pop_size_K_300_T_200000_sigma_0_0005_p_1.png") # Creation of .png
figure in the current directory
plot(x = My_range, y = My_pop_size, col = "blue", pch = 19, cex = 0.01, main = "
Evolution of the population size", ylab = "Number of individuals", xlab = "
Time")
7 dev.off ()

# (2) Graphical illustration of the evolution of the population trait
distribution
My_draw <- ggplot(pop_out) + geom_segment (
aes (x=birth, xend=death, y=trait, yend=trait),
na.rm=TRUE, colour = "blue", alpha = 0.1) +
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123 labs(title = "Evolution of the trait distribution", x = "Time", y = "Traits")

124

125 ggsave ("CEAD_K_300_T_200000_sigma_0_0005_p_1.png", # Creation of .png figure in
the current directory with ggplot

126 plot = My_draw,
127 width = 6, height = 4.5
128 )
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Résumé

La théorie des dynamiques adaptatives est une branche de la biologie de I’évolution qui étu-
die les liens entre Ecologie et Evolution. Les hypothéses biologiques qui définissent son cadre
sont celles de mutations rares et petites et de grande population asexuée. Les modeles de dy-
namiques adaptatives décrivent la population au niveau des individus, lesquels sont caractérisés
par leurs phénotypes, et visent a étudier I'influence des mécanismes d’hérédité, de mutation
et de sélection sur I’évolution a long terme de la population. Le succes de cette théorie vient
notamment de sa capacité & fournir une description de I’évolution a long terme du phénotype
dominant dans la population comme solution de “I’Equation Canonique des Dynamiques Adap-
tatives” dirigée par un gradient de fitness, ou la fitness décrit la possibilité d’invasions mutantes,
et est construite a partir de parametres écologiques. Deux approches mathématiques principales
portant sur ’équation canonique ont été développées a ce jour : une approche basée sur des EDP
et une approche stochastique. Malgré son succes, 'approche stochastique est critiquée par des
biologistes puisqu’elle est basée sur une hypothese non-réaliste de mutations trop rares. Le but
de cette these est de corriger cette controverse biologique en proposant des modeles probabilistes
plus réalistes. Plus précisément, le but est de s’intéresser mathématiquement, sous une double
asymptotique de grande population et de petites mutations, aux conséquences d’une nouvelle
hypothese biologique de mutations fréquentes sur 1’équation canonique. Il s’agit de déterminer,
a partir d’'un modele stochastique individu-centré, le comportement en temps long du trait phé-
notypique moyen de la population. La question que 'on se pose se reformule en une analyse
asymptotique lent-rapide agissant sur deux échelles de temps éco-évolutives. Une échelle lente
correspondant a la dynamique du trait moyen et une rapide correspondant a la dynamique d’évo-
lution de la distribution recentrée et dilatée des traits. Cette analyse asymptotique lent-rapide
repose sur des techniques de moyennisation. Cette méthode requiert d’identifier et de carac-
tériser le comportement asymptotique de la composante rapide et que cette derniere possede
des propriétés d’ergodicité. Plus précisément, le comportement en temps long de la composante
rapide est non-classique et correspond a celui d’une diffusion & valeurs mesures originale qui s’in-
terpréte comme un processus de FLEMING-VIOT recentré que ’on caractérise comme 1'unique
solution d’un certain probléme de martingale. Une partie de ces résultats repose sur une relation
de dualité portant sur ce processus non-classique et nécessite des conditions de moments sur
les données initiales. Au moyen de techniques de couplage et de la correspondance entre les
processus particulaires de MORAN et les généalogies de KINGMAN, on établit que le processus
de FLEMING-VIOT recentré satisfait une propriété d’ergodicité avec résultat de convergence ex-
ponentielle en variation totale. La mise en ceuvre des méthodes de moyennisation, inspirée par
KURTZ, est fondée sur des arguments de compacité-unicité. L’idée consiste a prouver la com-
pacité des lois du couple constitué de la composante lente et de la mesure d’occupation de la
composante rapide puis d’établir un probleme de martingale pour tous points d’accumulation de
la famille des lois de ce couple. La derniere étape consiste a identifier ces points d’accumulation.
Cette méthode requiert notamment 'introduction de temps d’arrét pour contréler les moments
de la composante rapide et de prouver qu’ils tendent vers I'infini a I’aide d’arguments de grandes
déviations, de réduire le probléme posé initialement sur la droite réelle au cas du tore afin de
prouver la compacité, d’identifier la limite de la composante rapide en adaptant un argument
basé sur la dualité de DAWSON, d’identifier la limite de la composante lente puis de passer du
tore a la droite réelle.

Mots-clés: Dynamiques adaptatives, Equation Canonique, Modeles stochastiques individu-
centrés, Analyse asymptotique lent-rapide, Méthode de moyennisation, Processus de diffusions
a valeurs mesure, Processus de FLEMING-VIOT, Probleme de martingale, Méthode de dualité,
Ergodicité, Processus de MORAN, Généalogies de KINGMAN, Look-down modifié de DONNELLY-
Kurtz, Couplage.
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Abstract

Adaptive dynamics theory is a branch of evolutionary biology which studies the links
between ecology and evolution. The biological assumptions that define its framework are those
of rare and small mutations and large asexual populations. Adaptive dynamics models describe
the population at the level of individuals, which are characterised by their phenotypes, and
aim to study the influence of heredity, mutation and selection mechanisms on the long term
evolution of the population. The success of this theory comes in particular from its ability to
provide a description of the long term evolution of the dominant phenotype in the population
as a solution to the “Canonical Equation of Adaptive Dynamics” driven by a fitness gradient,
where fitness describes the possibility of mutant invasions, and is constructed from ecological
parameters. Two main mathematical approaches to the canonical equation have been developed
so far: an approach based on PDEs and a stochastic approach. Despite its success, the stochastic
approach is criticised by biologists as it is based on a non-realistic assumption of too rare
mutations. The goal of this thesis is to correct this biological controversy by proposing more
realistic probabilistic models. More precisely, the aim is to investigate mathematically, under a
double asymptotic of large population and small mutations, the consequences of a new biological
assumption of frequent mutations on the canonical equation. The goal is to determine, from
a stochastic individual-based model, the long term behaviour of the mean phenotypic trait
of the population. The question we ask is reformulated into a slow-fast asymptotic analysis
acting on two eco-evolutionary time scales. A slow scale corresponding to the dynamics of the
mean trait, and a fast scale corresponding to the evolutionary dynamics of the centred and
dilated distribution of traits. This slow-fast asymptotic analysis is based on averaging techniques.
This method requires the identification and characterisation of the asymptotic behaviour of the
fast component and that the latter has ergodicity properties. More precisely, the long time
behaviour of the fast component is non-classical and corresponds to that of an original measure-
valued diffusion which is interpreted as a centered FLEMING-VIOT process that is characterised
as the unique solution of a certain martingale problem. Part of these results is based on a
duality relation on this non-classical process and requires moment conditions on the initial
data. Using coupling techniques and the correspondence between MORAN’s particle processes
and KINGMAN’s genealogies, we establish that the centered FLEMING-VIOT process satisfies an
ergodicity property with exponential convergence result in total variation. The implementation
of averaging methods, inspired by KURTZ, is based on compactness-uniqueness arguments. The
idea is to prove the compactness of the laws of the couple made up of the slow component and
the occupation measure of the fast component and then to establish a martingale problem for
all accumulation points of the family of laws of this couple. The last step is to identify these
accumulation points. This method requires in particular the introduction of stopping times to
control the moments of the fast component and to prove that they tend to infinity using large
deviation arguments, to reduce the problem initially posed on the real line to the torus case in
order to prove compactness, to identify the limit of the fast component by adapting an argument
based on DAWSON duality, to identify the limit of the slow component and then to move from
the torus to the real line.

Keywords: Adaptive dynamics, Canonical Equation, Stochastic individual-based models, Slow-
fast asymptotic analysis, Averaging method, Measure-valued diffusion processes, FLEMING-VIOT’s
processes, Martingale problems, Duality method, Ergodicity, MORAN’s processes, KINGMAN’s
genealogies, DONNELLY-KURTZ’s modified look-down, Coupling.
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