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Abstract

This thesis is devoted to study the well-posedness and stabilization of some locally coupled systems.

First, we study the well-posedness and stability of a one-dimensional Timoshenko system with loca-
lized internal fractional kelvin-Voigt damping in a bounded domain. We investigate three cases : the
first one, when the damping is localized in the bending moment, the second case when the damping is
localized in the shear stress, we prove that the system is well posed in the sense of semigroup theory
and its energy decays polynomially with rate t~! in both cases. While, when the fractional Kelvin-
Voigt is acting on the shear stress and the bending moment simultaneously, we show that the system
is well posed in the sense of semigroup theory and polynomially stable with energy decay rate of type

—4
t2=a, provided that the two dampings are acting in the same sub-interval.

Second, we consider the generalized Rao-Nakra beam equation. The system consists of four wave
equations for the longitudinal displacements and the shear angle of the top and bottom layers and one
Euler-Bernoulli beam equation for the transversal displacement. We start by proving that the system
is well posed in the sense of semigroup theory. Then, we study the stability problem. First, we show
that the analytic stability holds when all the displacements are globally damped through Kelvin-Voigt
damping. Second, we consider the case where the local damping acts only on the shear angle displa-
cements of the top and bottom layers, and we obtain sufficient conditions for the system to be strongly
stable. Using frequency domain arguments combined with the multiplier method, we prove that the
energy of the system decays polynomially with rate ts.

Finally, we investigate the stability of a Bresse-type system in the whole line with a frictional damping
working only on the first equation (vertical displacement). Our objectives are proving some stability
and non-stability results depending on the parameters in the system. More precisely, we prove that, in
some cases, the system is polynomially stable, and in some other cases, the solution does not converge
to zero at all. The proofs are based on the energy method and Fourier analysis combined with some
well choosen weight functions.

Keywords : Cj-semigroup, Timoshenko system, Rao-Nakra system, Bresse system, Frequency do-
main approach, Multiplier method, Strong stability, Analytic stability, Polynomial stability, Kelvin-
Voigt damping, Fractional derivative, Frictional damping, Cauchy problem, Asymptotic behavior,
Energy method, Fourier analysis.



Résumeé

Cette these est consacrée a I’étude de 1’existence, I'unicité et la régularité des solutions, et la stabili-
sation de certains systemes localement couplés.

Tout d’abord, nous étudions 1’existence, I’unicité et la régularité des solutions et la stabilité d’un sys-
teme de Timoshenko unidimensionnel avec un amortissement fractionnaire interne localisé de Kelvin-
Voigt dans un domaine borné. Nous étudions trois cas : le premier, lorsque 1’amortissement est loca-
lisé dans le moment de flexion, le deuxieéme lorsque I’amortissement est localisé dans la contrainte
de cisaillement, nous prouvons que le systeme est bien posé au sens de la théorie des semigroupes
et I’énergie du systeéme décroit polynomialement avec le taux ¢! dans les deux cas. En revanche,
lorsque le Kelvin-Voigt fractionnaire agit simultanément sur la contrainte de cisaillement et le mo-
ment de flexion, nous montrons que le systeme est bien posé au sens de la théorie des semigroupes
et il est polynomialement stable, ol le taux de décroissance de I’énergie est de type t%, a condition
que les deux amortissements agissent dans le méme sous-intervalle.

Deuxiemement, nous considérons 1’équation de la poutre de Rao-Nakra généralisée. Le systeme se
compose de quatre équations d’ondes pour les déplacements longitudinaux et 1’angle de cisaillement
des couches supérieure et inférieure et d’une équation de poutre d’Euler-Bernoulli pour le déplace-
ment transversal. On commence par montrer que le systeme est bien posé au sens de la théorie des
semigroupes. Ensuite, on traite la question de la stabilité. Tout d’abord, nous montrons que la stabilité
analytique est assurée lorsque tous les déplacements sont globalement amortis par I’amortissement de
Kelvin-Voigt. Ensuite, nous considérons le cas ou 1’amortissement local n’agit que sur les déplace-
ments de 1’angle de cisaillement des couches supérieure et inférieure, et nous obtenons des conditions
suffisantes pour que le systeme soit fortement stable. En utilisant la méthode fréquentielle combinée
avec la méthode des multiplicateurs, on montre que 1’énergie du systeéme décroit polynomialement
avec un taux ¢ 2.

Enfin, nous étudions la stabilité d’un systeme de type Bresse dans la ligne entiere avec un amortisse-
ment par frottement en travaillant uniquement sur la premiere équation (déplacement vertical). Nos
objectifs sont de prouver certains résultats de stabilité et de non-stabilité en fonction des parametres
du systeme. Plus précisément, nous prouvons que, dans certains cas, le systeme est polynomialement
stable, et dans d’autres cas, la solution ne converge pas du tout vers zéro. Les preuves sont basées
sur la méthode de I’énergie et I’analyse de Fourier combinées avec certaines fonctions de poids bien
choisies.

Mots-clés : Cj-semigroup, Systeme de Timoshenko, Systeme de Rao-Nakra, Systeme de Bresse, Mé-
thode fréquentielle, Méthode des multiplicateurs, Stabilité forte, Stabilité analytique, Stabilité polyno-
miale, Amortissement de Kelvin-Voigt, Dérivée fractionnaire, Amortissement Frictionnel, Probleme
de Cauchy, Comportement asymptotique, Méthode de 1’énergie, Analyse de Fourier.
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Asymptotic Notations

Let f and g be two functions defined on some subset of the real numbers, we define

e f(x) =0 (g(x))as x — oo to mean that there exists a positive number M and a real number
o such that
[f(@)] < Mlg(x)] V=

e f(x)=o0(g(x))asx — oo to mean that

lim |f(a:) =0.
e f ~ gasx — oo tomean that

lim |f(:c) =1.

=00 | g ZL‘)
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Introduction

1 Introduction in English

1.1 Context and physical motivation

Many natural phenomena can be described by partial differential equations, and the control of such
equations is a relatively new and active field of study.

For the control of PDE, which forms the framework of this thesis, the studied models take into account
the variations and spatial distributions of variables that reflect the state of the system. These issues
are then posed in the context of infinite-dimensional dynamic systems.

The field of control theory in partial differential equations has expanded thanks to the introduction
and study of more practical models. It proves advantageous in various domains including engineering,
biology, computer science and biomedical research.

1.1.1 Control theory

Control theory is a branch of engineering and mathematics that deals with the analysis and design of
systems that can be controlled or regulated to behave in a desired manner.

The primary objective of control theory is to develop mathematical models that describe the dynamics
of a system and to design control strategies that can influence the system behavior. These strategies
are typically implemented using feedback mechanisms, where the system output is measured and
used to adjust the control inputs in real-time.

The "stabilization problem", which consists of determining a control law that brings the system to
equilibrium from any starting point, is one of the most popular control problems. This problem has
attracted and continues to attract many researchers, and many techniques can be used to solve the
stabilization problem for dynamical systems. In practice, the stabilization problem is the most im-
portant in the design phase of any control system because it provides the desired performance to the
designed control system. This theory is applied in a wide range of scientific and technical disciplines.

9



Introduction

For example, it can be used for noise reduction in systems such as engines or electronic devices. It
can also be applied to structural vibration, aiming to attenuate or eliminate undesirable oscillations.
Furthermore, control and stabilization theory is used to study waves and seismic earthquakes, with the
aim of predicting and minimizing the adverse effects of these natural phenomena. Also, it is beneficial
in many other areas such as biology, biomedical research, robotic systems and computer science.

In summary, control theory is a field that enables us to understand, analyze and manipulate the behav-
ior of dynamic systems through feedback mechanisms.

The primary aim of this research is to investigate the well-posedness and asymptotic behavior of the
solutions of the Timoshenko, Bresse and Rao-Nakra beam systems (models).

One of the most commonly used theories is the beam theory.

1.1.2 Beam theory

The stabilization of flexible beams has become a significant area of research, given their widespread
utilization in various applications, including aerospace and civil structures.

Beams are certainly the most commonly used mathematical models by structural engineers and play
a crucial role in their various construction projects. Due to their simplicity and effectiveness, beams
have become the cornerstone of structural design, allowing engineers to analyze and understand the
behavior of different types of structures quickly and accurately.

Analyzing beams models under internal or external loads is crucial for advancing engineering prac-
tices, as beams are commonly employed in the design of flexible structures found in various fields,
including structural and mechanical engineering. Examples of such applications include bridges,

roads, buildings, airplanes, robots and many more.
b les longerons des ailes

Le longeron d'un avion est

une poutre qui part de

I'emplanture de |'zile et quiva
jusqu'ason extrémité. C'est
cette piece quisupparte les
charges aérodynamiques qui

s'appliquent surla voilure.

Figure 1.1 — Highway beam bridges construction.
Source: https://www.
steel-bridges.com/
highway-bridge-composite-beam.
html

Figure 1.2 — Beam of an airplane.
Source: https://slideplayer.fr/
s1ide/13960149/

In the following section we present several beam theory models:

1.1.3 Some beam models

The term "beam" designates an object whose length is large compared to the transverse dimensions.
The beam theory is a model used in the field of material resistance. This theory, in case of small de-
flections, is classified into two main groups. The first one (Euler-Bernoulli theory) ignores the shear
deformations whereas the other (Timoshenko theory) takes this effect into account.

10
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Euler-Bernoulli beam theory:

This theory is the oldest and simplest classical theory for beam bending. Its simplifies the linear
theory of elasticity and allows for the calculation of load-carrying capacity and deflection character-
istics of beams. It specifically applies to the scenario where beams experience small deflections and
are subjected solely to lateral loads. This theory assumes that the cross-section of the beam remains
perpendicular to the neutral axis, even after deformation. The Euler-Bernoulli beam theory is suitable
of thin beams. By ignoring the effects of shear deformation and rotatory inertia, it is thus a special
case of Timoshenko beam theory.

Timoshenko beam theory:

In 1921, physicist and engineer Stephen Timoshenko developed the Timoshenko beam model in
[102]. Unlike the Euler-Bernoulli beam, the mathematical model of the Timoshenko beam takes
into consideration both the effects of shear deformation and rotational bending, making it suitable for
describing the behavior of thick beams. This model is particularly useful in cases where the beam is
subjected to large transverse loads such as torsion loads. Applications of the Timoshenko beam can
be found in various engineering disciplines including structural and mechanical engineering, such as
bridges, road constructions, buildings, aircraft and numerous other fields. The mathematical model of
the transverse vibration of a Timoshenko beam can be described by the following system of coupled
partial differential equations (for details see, e.g., [103, 104]):

pruge — ki (ug +y), =0, (xz,t) € (0,L) x Ry, (L.1)
P2yt — koYuw + k1 (uy +y) =0, (xz,t) € (0,L) x Ry, '

where 7 is the time variable, x is the space coordinate along the beam, of length L, in its equilibrium
position. With py := pA, py = pl, ky := KAG, ky := EI, where p the density in mass per
unit volume, A the cross-section area, / the area moment of inertia with respect to the central axis
of bending, K the shear coefficient for measuring the stiffness of materials (K < 1), E/ the Young
modulus of elasticity, G the shear modulus or modulus of rigidity. Functions S := k; (u, + y) and
M := koy, stand for the bending moment and the shear force, respectively. The functions u and
y denote the transverse displacement and the rotation angle of a filament of the beam, respectively.
See, for example [46, 53, 54, 55, 56, 57, 58] and the references therein for various stability results of
(1.1) under (finite or infinte) memories or frictional dampings. For unbounded domain (R instead of
(0, L)), we refer reader to [53] and the references therein.

z

Euler-Bernoulli
P

Timoshenko

=y

Figure 1.3 - Deformation of a Timoshenko Figure 1.4 — Deformation of a Timoshenko beam.
beam (blue) compared with that an Euler- The normal rotates by an amount 6, which is
Bernoulli beam (red). https://upload. not equal to %, contrarily to the Euler-Bernoulli

wikimedia.org/wikipedia/commons/ hypothesis (n(émrmal remains normal). https:
thumb/5/57/TimoshenkoBeam. svg/ //upload.wikimedia.org/wikipedia/
1200px-TimoshenkoBeam. svg.png? commons/thumb/e/e4/Plate_theory.
20150802215617 svg/800px—Plate_theory.svg.png
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Bresse beam theory:

The Bresse systems, named after the French engineer Jacques Antoine Charles Bresse, are a well-
known set of systems and methodologies in the field of civil engineering. One of the notable contri-
butions of Bresse was in the construction of bridges. He introduced the concept of metal arch bridges,
which offered advantages in terms of cost, structural integrity, and aesthetics. Bresse’s designs for
metal arch bridges revolutionized bridge engineering and were widely adopted in France and other
parts of the world.

In 1993-1994, Lagnese et al. in [70, 71] developed a general model of 3 dimensional nonlinear elas-
tic beams. A special case of this model represents a linear model coupling 3 wave equations. This
specific model describes the motion of a planar elastic beam when subjected to small deformations.
It is the Bresse system also known as the circular arch beam, originally derived by Bresse, in 1859, in
[28] and is given by the following equations:

P1Pt — k(@x + ¢ + lw)w - kol(wz - lSO) = 07 (‘Tv t) € (07 L) X R-f—’
p2e — bibos + k(pz + ¢ + lw) = 0, (z,t) € (0, L) x Ry, (1.2)
1w — kU(wz — o)z + kl(gom + 1 +lw) =0, (xat) € (07 L) xRy,

~+

where N := ko(w, — lp) is the axial force, Q) := k(¢, + ¢ + lw) is the shear force and M := by,
is the bending moment. The functions ¢, w and v denote the vertical, longitudinal, and shear angle
displacements, respectively. Furthermore, p; = pA, ps = pl, kg = EA, k = K'GA, b = EI and
| = R~!, where p denotes the density, E is the elastic modulus, G is the shear modulus, £’ is the
shear factor, A is the cross-sectional area, [ is the second moment of area of the cross-section and
R 1s the radius of the curvature of the beam, and we assume that all this quantities are positive. We
note that when R — +o00, then [ — 0 and the Bresse model reduces to well-known Timoshenko
beam equations. Thus, the Bresse system is more general than the Timoshenko where the longitudi-
nal displacement w is not considered and assuming zero initial curvature. We refer the readers to,
for example, [1, 2, 25, 39, 42, 49, 50, 51, 52] and the references therein for the stability of (1.2) in
bounded domains using different control mechanisms.

L

Figure 1.5 — After deformation the particle M, of the beam take the position M.
Source: [33]
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Rao-Nakra beam theory:

The classical sandwich beam is an engineering model for a three-layer beam consisting of two stiff
face plates and a much more compliant inner core layer. Numerous models of this three-layered lam-
inated beam and plate have been suggested over the past six decades [82, 91, 111].

The Rao-Nakra beam is a mathematical model used to analyze the dynamic behavior of beams sub-
jected to dynamic loading. It is named after K. Rama Rao and Birendra Kumar Nakra, who developed
this beam theory in the field of structural engineering. The Rao-Nakra beam theory provides a refined
approach to analyze the response of beams under dynamic loads, taking into account the effects of
both shear deformation and rotary inertia. Unlike simpler beam theories, such as Euler-Bernoulli or
Timoshenko beam theories, the Rao-Nakra beam theory considers the coupling between axial, bend-
ing, and torsional deformations, making it suitable for analyzing a wider range of beam structures.

The model proposed by Rao and Nakra [91] incorporates rotary inertia in each layer and longitudinal
inertia, in addition to transverse inertia. This model assumes that continuous piecewise linear dis-
placements are present throughout the cross-sections, and it applies the Kirchhoff hypothesis to the
face plates. The modeling includes consideration of transverse, longitudinal and rotational inertial
forces.

The Rao-Nakra model is derived by using Timoshenko beam assumptions for the core layer, a “noslip”
assumption for the displacements along the interface and Euler-Bernoulli beam assumptions for the
face plate layers. In 1999, Liu-Trogdon-Yong [73] developed the following generalized Rao-Nakra
beam model, where the shear effect of the bottom and top layer are taken into account:
p1h1U§t - Elhluix —-7=0, (z,1) € (0,L)
pilvyyy — Erliy,, — 57+ Giha(ws +y') = 0, (,t) € (0,L)
phwtt + E[wmm — Glhl(wx —+ yl)x - Gghg(wx + y3)x — h/27-1- = 0, (.I',t) € (O, L) X R+,
pshsuy, — Eshyug, +7 =0, (,t) € (0, L)

(z,t) € (0,L)

pg[gy?t — E3I3y§$ — %T + Gghg(wx + y3) = O,

Here, u!, y*, u* and y are, respectively, the longitudinal displacement and shear angle of the top and
bottom layers; w is the transverse displacement of the beam and 7 is the shear stress in the core layer
defined by

1 h3 3

h
T=-u —?lyl—l—hng—l—u?’—?y.

The physical parameters h;, p;, E;, G; and I, are positive and represent the thickness, density, Young’s
modulus, shear modulus and moments of inertia of the ith layer, for i = 1,2, 3, respectively. In ad-

dition, ph = p1hy + pasho + pshs, EI = EiI; + E3l3 and the shear modulus Gy = 2(&/) with

—l<rv< % being the Poisson ratio (see figure 1.6).

If we neglect the rotatory inertia and the transverse shear of the top and bottom layers, equations
(1.3)5 and (1.3)5 are reduced to the familiar Euler-Bernoulli hypothesis y* — w, = y* — w, = 0.

Several models were derived from (1.3) and studied in the literature by neglecting some components
and/or parameters and/or considering some connections between them, such as the Rao-Nakra sand-
wich beam [91]

prhiul, — Eyhyul, — %22 (—u! +v® +aw,) =0, (x,
0, (x,t)€(0,L) xRy, (1.4)

pghgu?t — Eghgugx + % (—Ul + U3 + Oéwx> =
—0, (x,1) € (0,L) x Ry,

phiy + Elwppee — G2 (—u! + 0 + aw,),
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which is obtained when we consider the core material to be linearly elastic, i.e. 7 = 2G5, with the
shear strain

v = 21h2 (—u1+u3+awz) and a:h2+;(h1+h3),
where the shear modulus Gy = ﬁ with —1 < v < 1 being the Poisson ratio.
The laminated beam [65]
pwi + G —w,)e =0, (xz,t) € (0,L) x Ry,
1,35 —Y)u — D(3s = ¥)pe — G(¢b —u;) =0, (,1) € (0,L) x Ry, (1.5)

31,8t — 3Dy + 3G (Y — wy) +4ps +40s, =0, (x,t) € (0,L) x Ry,
which is obtained when the extensional motion of the bottom and top layers is neglected.
The Mead-Markus model [82]
phwy + Elw,ppe — Goay =0, (x,t) € (0,L) x Ry,
{ 2hoYer — Gody — QW =0,  (2,t) € (0,L) x Ry, (1

which is obtained if the extensional forces in the top and bottom layers are also neglected and which
can be simplified into a six-order PDE for w.

For the well-posedness and stability of (1.4), (1.5) and (1.6), we refer the readers, for example, to [19,
20, 53, 59, 62,73, 92, 105] and the references therein. In case of unbounded domain, see for example
[40, 41, 45, 47] and the references therein.

1)

@)
h

3

Figure 1.6 — Model describing the generalized Rao-Nakra beam.
Source: [10]
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In the upcoming section, we delve into the crucial role played by damping mechanisms and cite spe-
cific types, emphasizing that the chosen ones "Viscous damping, Kelvin-Voigt damping and Fractional
damping" are central to our investigation.

1.2 Damping mechanisms

Mechanical structures like beams and plates play a crucial role in modern life, and their vibration
characteristics are extensively examined by numerous researchers. However, these vibrations can
be undesirable due to their potential to cause damage and destruction. In order to restrain those vi-
brations, several dampings can be added such as frictional (viscous), Kelvin-Voigt, time delay, past
history (infinite memory), finite memory, heat conduction (coupling with some heat equations) and
fractional dampings.

Viscoelasticity refers to the property of materials that display both viscous and elastic behavior when
subjected to deformation. In the context of vibration studies, there are various mathematical models
used to represent physical damping. The two most common types of damping encountered are linear
viscous damping and Kelvin-Voigt damping, both of which fall under the category of proportional
damping. Viscous damping is typically associated with external friction forces, such as air resistance
acting on vibrating structures, hence it is referred to as "external damping". On the other hand, Kelvin-
Voigt damping arises from the internal friction within the material of vibrating structures, earning it
the name "internal damping".

Fractional damping has received considerable attention in recent years and has found widespread
applications across various scientific domains. The fractional-order type of damping is not only sig-
nificant from a theoretical perspective but also holds importance for practical applications. It naturally
emerges in a wide range of physical, chemical, biological, and ecological phenomena, as evident in
reference [80] and the extensive bibliography provided therein. Fractional damping is utilized to ef-
fectively describe memory and hereditary properties of diverse materials and processes, enhancing
our understanding and modeling of complex systems in various fields.

The concept of indirect damping mechanisms was first introduced by Russell in reference [95]. Since
then, it has continued to captivate the interest of numerous researchers. In particular, the focus on
cases where only one equation within a coupled system is damped has led to the emergence of the
"indirect" stabilization problems. These problems were initiated and explored in [15, 16, 17] and have
since been subject to further investigation by various authors, as evidenced by studies in [18, 31, 38,
43, 76], and other comprehensive references.

1.3 Stability theory

Stability issues have motivated the introduction of new mathematical concepts in engineering, par-
ticularly, in control engineering. Stability theory has long been of interest to mathematicians and
astronomers, and has had a stimulating impact in these fields.

The aim of stabilization is to attenuate vibrations by retro-action (feedback), it therefore consists of
guaranteeing the decrease of the energy of the solutions towards O more or less quickly by a dissipa-
tion mechanism.

More precisely, the stabilization problem in which we are interested most consists of determining the
asymptotic behavior of the energy F, studying its limit in order to determine whether this limit is zero
or not, and if this limit is zero, to give an estimate of its speed of decay towards zero.

15



Introduction

There are several type of stability that can be studied. The first type consists of simply analyzing the
decay of the energy of the solutions towards zero, i.e.

E(t) — 0, when t— +4o0.

This is called strong stabilization.

For the second, we are interested in the fastest decay of energy, that is to say when it tends towards O
exponentially, i.e.
E(t) < Ce™, Vt>0,

where C' and 9§ are positive constants with C' which depends on the initial data.

As for the third, we study intermediate situations in which the decay of the solutions is not exponen-
tial, but of the polynomial type, for example,

E(t) <Ct™®, ¥Vt >0,

where C' and « are positive constants with C' which depends on the initial data.

1.4 Objectives and results of the thesis

Over the past few decades, extensive research efforts have been dedicated to investigating the exis-
tence of solutions on a local and global scale, as well as studying the long-term behavior of solutions
for various problems.

In this respect, the aim of this dissertation is to study the well-posedness and stabilization of some
locally coupled systems with different kinds of local discontinuous dampings on a bounded domain
by using the semigroup theory and the energy method. We also study the stabilization of a Bresse
system with a frictional damping in the whole line R by using the Fourier analysis.

We now turn to a detailed presentation of the systems studied in this thesis and the main results
obtained. These results will be presented in greater detail in Chapters 3, 4 and 5.

1.4.1 Preliminaires

In this part, we recall some well known results on the semigroup theory; especially the results and
theorems related to the strong, polynomial and analytic stability of a Cj-semigroup.

1.4.2 Polynomial stability of a transmission problem involving Timoshenko systems with frac-
tional Kelvin-Voigt damping (Chapitre 3)

In this part, we consider the well-posedness and stabilization of a one-dimensional Timoshenko sys-
tem with localized internal fractional kelvin-Voigt damping in a bounded domain under fully Dirichlet
or Dirichlet-Neumann boundary conditions. The system is governed by the following partial differ-
ential equations:

{ prug — [k1 (ue +y) + Di(2)0;" (uy +y)], =0, (x,t) € (0,L) x Ry,
payut — [koys + Do(2)07 "y, + k1 (ug +y) + D1(2)0" (us +y) =0, (z,t) € (0,L) x Ry
(1.7)
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subject to the following initial condidtions:

U(J],O) = UO<CL’), ut(l‘70) = U1($)7 LS (07L)7
(1.8)
y(l’,O) :yO(x>a yt(xvo) :yl(x)7 2SS (07L)
and the following boundary conditions:
u(0,4) = y(0,4) = u(L,t) = y(L,1) =0, tER, (1.9)
or
u(0,t) = y.(0,t) = u(L,t) = y.(L,t) =0, te€R;. (1.10)

The coefficients p;, p2, k1 and ko are positive constants, 77 is a non-negative constant and « is in
(0,1). We assume that there exists 0 < a1 < by < L, 0 < as < by < L and two positive constants d;
and ds such that

dQ, T € (ag,bg),

dl, RS ((Zl,bl),
Dl(f) ==
0, z€(0,a2)U(by, L).

and Ds(x) = {
0, z€(0,a1)U(by, L)

The Caputo fractional derivative 9;"" of order « € (0, 1) with respect to time variable ¢ is defined by

1 t d
(D] (,6) = "l 1) = ey — s [t =) e ds, (1)
where [' denotes the Gamma function. We shall study the well-posedness and stability of system
(1.7)-(1.8) with boundary conditions (1.9) or (1.10) by distinguishing three cases. In the first one,
we consider a fully damped system; i.e. the two equations are effectively damped. However, in the
other two cases, we assume that the system is partially damped; i.e. only one of these equations is

effectively damped. To this end, we introduce the following assumptions on the damping coefficients
Di(zx);j=1,2:

D1 # 0 and D2 7é 0 (Al)
or

D=0 and Dy #0 (A2)
or

Dy #0 and D, =0. (As3)

First, we need to reformulate the system into an augmented model. For this purpose, we recall Theo-
rem 2 stated in [81].

Theorem 1.1. Let o € (0,1), > 0 and p(¢) = |€|*% (defined almost everywhere on R). The
relationship between the input V' and the output O of the following system:

wi(@, &) + (&2 +n)w@ &) — pOV(z,t) = 0, @& € (O0,L) xRxRy,  (112)

w(x,£,0) = 0, (2, €(0,L)xR, (1.13)
O(a:,t)—ﬁ(a)/R,u({)w(x,g,t)dg — 0, (x,4)€(0,L)xRs (1.14)
is given by
O = I'>ny, (1.15)
where

t (¢t — 7)a—le—n(t—m) sin(am
1V t) = | (t )F(a) Ve, 7)dr and k(a) = <7r ),
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By taking the inputs
Vi(z, 1) = ) D1 (2) (uai (2, 1) + (2, 1))
and
Va(z,t) = 1/ D2(2)yut(, 1)

in Theorem 1.1, we deduce that system (1.7)-(1.8) with boundary conditions (1.9) or (1.10) may be
recast into the following augmented model:

P1U — (k:1 (uy +y) + k(a)y/ Dy (x / (x,&,1) §> = 0, (1.16)
patie = (Fae + () Dalw) [ (€, €, 1)) (1.17)
Stk (g + y) + K@)/ Di (@ / Wiz, 6, 1)dE = 0,

wtl(xaét) + (52 + 7])(,01(1‘75775) - Dl(x)(uﬂﬁt + ?Jt)M(f) = 07 (118)

wf(x, ga t) + (52 + 77)002(% 57 t) - DQ(I)ytx/i(g) = 07 (119)

where (x,&,t) € (0, L) x R x R, with the following initial conditions:

’LL(Q?,O) = UO(QZ‘), ut(x70) = ul(x)> S (OvL)v (1.20)
y(l’,O) = y()(l’), yt(I,O) = yl(x)a YIS (07L>7 (121)
wh(z,£,0) = w(2,£,0) =0, (z,6) €(0,L) xR (1.22)

and with fully Dirichlet boundary conditions
u(0) = u(L) = y(0) = y(L) =0 (1.23)
or with Dirichlet-Neumann boundary conditions
u(0) = u(L) = y,(0) = y.(L) =0, w*0,&,t) = w?(L,&,t) = 0. (1.24)

We define the energy of the system (1.16)-(1.22) to either the boundary conditions (1.23) or (1.24) by

E(t 2/ pulwl® + oz [yl + g+ gl + ko [y ?) d + T //(M +\w\)dfdx

Let (u,us, y, ys, w', w?) be a regular solution of the system (1.16)-(1.24). By some direct computa-
tions, we deduce that the energy F satisfies the following estimation:

/ L 2 1 2 9 2
E'(t) = —Fv(a)/ / (& +n) (\w "+ |7 )dgda;. (1.25)
0o Jr
Since a € (0,1), then k(a) > 0 and so E’ () < 0, which implies that the system (1.16)-(1.22)

subject to either the boundary conditions (1.23) or (1.24) is dissipative in the sense that its energy is
decreasing with respect to time variable ¢.

We proceed by introducing the Hilbert energy spaces H; and Hs by
2
Hy = (Hy (0,L) x L*(0,1))" x W2,
Ho = HJ (0,L) x L? (0, L) x H! (0,L) x L* (0, L) x W2,

18



Introduction

where

W = L?((0,L) x R)
and

L
H!(0,L) = {f € H(0,L) | / fdr = 0}.
0
It is easy to check that the space H!(0, L) is Hilbert spaces over C equipped with the norm

2
1o,L) — Ju||”,

where || - || denotes the usual norm of L? (0, L). Both energy spaces H; and H, are equipped with the
inner product defined by

N L _ L _ L
<U, U> =p1 / vod + ,02/ zzdx + ky / (uz +y) (0 + y)dx
H; 0 0 0

L L — —
+ /{:2/ Yo Y dr + Ii(Oé)/ / (wlwl + w2w2> dédx,
0 0o Jr

forall U = (u,v,y, z,w',w?) and U = (ﬁ,'f), 7, E,quvl,o;é) in#H;,j =1,2. Weuse || ||, to denote the
corresponding norm. Now, we define the following unbounded linear operators A; on H; (j = 1,2):

U= (u,v,y,zw w?) € H v, 2 € H}O, L),

(kl (s +y) + (a W/ (w,€ dg) € 12(0, L),
(/@ym + )y Dae) [ (€t (z,6) d§> e 120, L), ,
e, ) + m@m +2)u(e), lelw €W,
(2,€) + /Da(x) 2opt(€),  [E)w® €W

2

)
—(& + n)w

U= (u,v,y,zw, w?) € Hlve H0,L), z€ H}(0,L),

b (s +9) + £(0)yDale) [ pl€)'(2.8)d¢ ) € L(0,L),

Do(@)zop(€), €| €W,
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and

/)1<n1(ux+y + k(o \/?/u x{d{)
AUT = ,)1(“29”“ \/?/ -’Ifﬁdf) —Z(uﬁy)—?@/ﬂ@ﬂ(é)wlxug

—(& +mw'(z,€) +/D1(z)(vz + 2)p(€)

—(& 4+ n)w?(z, &) + V/Da(x)zp (€

forall U = (u,v,y,z,w',w?) € D(A;) and j = 1,2. If U is a regular solution of system (1.16)-
(1.22), then we transform this system into a first order evolution equation on the Hilbert space H ;

Ut(x7t) = ‘AjU<x>t)a
(1.26)
U(z,0) = Uy(x),

where
Up () = (uo(x),us(x), yo(x), y1(x),0,0)

with j = 1, 2 corresponding to the boundary conditions (1.23) and (1.24), respectively.

Then we prove that the operator A; is m-dissipative in the energy space H;. Therefore, thanks to
Lumer-Phillips theorem (see [88]), we deduce that .A; generates a Cy-semigroup of contraction et
inH;, j = 1, 2. Then the solution of the evolution problem (1.26) admits the following representation:

U(t) = eAilly, t >0,

and therefore, problem (1.26) is well-posed and we have the following result:

Theorem 1.2. For all Uy € H;, problem (1.26) admits a unique weak solution
UeC(RuH;).
Moreover, if Uy € D (\A,) , then problem (1.26) admits a unique strong solution
UeCRy;D(A)NCH (R Hy).
Remark 1.3. All previous results still valid even when the Timoshenko System (1.7) is considered

with only one fractional Kelvin-Voigt damping; i.e. D1 = 0 or Dy = 0.

Second, we use a general criteria of Arendt-Batty [22] to show the strong stability of the C,-semigroup
e associated to the Timoshenko System (1.16)-(1.22). Our main result is the following theorem:

Theorem 1.4. Assume that either (A,), (As) or (A3) holds. Then, the Cy—semigroup €' is strongly
stable in the energy space H; in the sense that

lim

HetA- 0
t—4o0

=0, VUyeH;, j=1,2

The argument for Theorem 1.4 relies on the subsequent lemmas.
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Lemma 1.5. Assume that assumption (A3) holds. Then, we have

ker (1A — Aj) = {0}, VAeR, j=1,2
Lemma 1.6. Assume that 1 = 0 and assumption (A3) holds. Then, the operator —A; is not invertible,
and consequently, 0 € 0(A;), j =1,2.
Lemma 1.7. Assume that assumption (A3) holds and either (n, \) € R x Ror [n=0and A € R¥].
Then, i\l — A; is surjective, j = 1,2.

Thus, using Lemma 1.5, we directly deduce that A; has non pure imaginary eigenvalues. According
to Lemmas 1.5, 1.6 and 1.7 and with the help of the closed graph theorem of Banach, we deduce that

o(A)N iR =¢
if n > 0, and
o(A)N iR = {0}
if » = 0. Thus, we get the conclusion by applying Theorem 2.7 of Arendt and Batty.

Third, we study the polynomial stability of the system (1.16)-(1.22) when 7 > 0 by considering three
cases: in the first one, the damping is effective only in the bending moment. However, in the second
one, the damping is effective only in the shear stress. Finally, in the third case, the damping is present
in both shear stress and bending moment. For this purpose, we will use a frequency domain approach
with a multiplier method, namely, we will use Theorem 2.10. Our main results in this part is the
following theorems:

Theorem 1.8. Assume that 7 > 0 and assumption (A5) holds. Then, for 5 = 1, 2, there exists ¢ > 0
such that, for every Uy € D (\A;), the following energy estimation holds:

c
Et) < n ”UOH2D(,A]-) , >0 (1.27)

Theorem 1.9. Assume that 7 > 0 and assumption (A3) holds. Then, for 5 = 1, 2, there exists ¢ > 0
such that, for every Uy € D (\A,), the following energy estimation holds:

&
E(t) < [Uollpa,y. >0, (1.28)

For the third case we assume that the following assumption holds:
D1 7& 0, D2 7é 0, a; = ay = a and b1 = bg =b. (A4)

Theorem 1.10. Assume that n > 0 and assumption (A,) holds. Then, for j = 1,2, there exists ¢ > 0
such that, for every Uy € D (\A,), the following energy estimation holds:

C
E(t) < e HUOHQD(AJ.) ,  t>0. (1.29)

1.4.3 Polynomial stability of the generalized Rao-Nakra beam with local Kelvin-Voigt damp-
ing (Chapitre 4)

In this part, we investigate the well-posedness and stabilization of the generalized Rao-Nakra beam
equation. The system consists of four wave equations for the longitudinal displacements and the
shear angle of the top and bottom layers and one Euler-Bernoulli beam equation for the transversal
displacement. So, in this chapter, we are interested in studying the asymptotic behavior of the solution
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of the following generalized Rao-Nakra beam model with Kelvin-Voigt damping and under various
boundary conditions:

pihiufy — (Erhiug + Di(@)ujy)s — 7 =0, (z,t) € (0,L) x Ry,
o1yl — (Brliyl + Do(2)yl,)e — 717 + Grhi(we +y') =0, (x,t) € (0,L) x Ry,
Phwtt + (ijmx + D3(x)wtzx)ra: - Gih (W:n + yl)m

—~Gshy(ws +y*)e — ho7y = 0, (z,t) € (0,L) x Ry, (=
pshsud, — (Eshsul + Dy(z)ui,)s + 7 =0, (z,t) € (0,L) x Ry,
pslsyl, — (Eslsys + Ds(x)yi,) — %87 + Gshs(we + %) =0,  (x,1) € (0,L) x R
System (1.30) is subjected to the following initial conditions:
ul(z,0) = ug(x), uy(r,0) =uj(x), x€(0 L),
w2, 0) = ud(x), uw}(z,0)=u}(zx), =€ (0,L),
w(z,0) = wo(z), wi(x,0)=wi(z), =€ (0,L), (1.31)
y'(2,0) = yp(z), 9 (x,0) =yi(x), = €(0,L),
Yy (x,0) = uj(x), v;(x,0) =ui(z), xe(0,L)

For the boundary conditions, we assume that variables u!, 3, y' and 3/? satisfy one of the following
boundary conditions:

Dirichlet boundary conditions for all waves
u(0,t) = u' (L, t) = u*(0,t) = v*(L,t) = y*(0,t) = y*(L,t) = 4°(0,t) = y*(L,t) = 0. (DD)
Neumann boundary conditions for all the waves
ug(0,8) = uy (L, t) = ug(0,1) = uz(L,t) = y,(0,1) =y, (L, t) = y;(0,¢) = y;(L, ) = 0. (NN)
And w satisfies one of the following boundary conditions:
The clamped boundary condition
w(0,t) = w(L,t) = w,(0,t) = w,(L,t) = 0. (FBC)
The hanged boundary condition
w(0,t) = w(L,t) = wee (0, 1) = Wy (L, 1) = 0. (HBC)
We suppose that there exists 0 < a < b < L and five positive constants d;, for = 1, .., 5, such that
Di(a) = { dy, x € (a,b),
0, x€(0,a)U(b,L).

First, we begin by study the well-posedness of our system using the semigroup approach. Let

(u',u?,w, y', y*) be a regular solution of system (1.30)-(1.31). Its associated energy is given by

1 L L L L
E(t) = <p1h1/ |ut1]2dx+E1h1/ |u1|2dx+p3h3/ || 2dm+E3h3/ [u?|*dw

—|—,0h/ o dx+EI/ el dx+,o111/ Iy |2da:+E111/ 2| da

(1.32)
+/)313/ ly; |2da;+E3[3/ ly2 Ide+G1h1/ |wz + 4| dw+/ 7| dx

+G3h3/ |lwe + y3|2da:> .
0
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A straightforward computation gives that
d _ L 127,. L 1127, t 2
SEW = [ D@l Pdr— [ Do)yt e — [ Dyl o
L L
1.
— [ Duta)ui Pz — [ Ds(a)lyl, P (139

< 0

Thus, system (1.30)-(1.31) subject to either the boundary conditions [(DD) and (FBC)] or [(NN) and
(HBC)] is dissipative in the sense that its energy is a non increasing function with respect to the time
variable t.

Next, we introduce the following Hilbert energy spaces: for the bondary conditions (DD) and (FBC),
set the energy space as

Hy = (H}(0,L) x L*(0, 1)) x H3(0,L) x L*(0,L) x (Hy(0,L) x L*(0, L))"

For the bondary conditions (NN) and (HBC), set the energy space as
Hy = (HL(0,L) x L2(0,L))2 x (H*(0,L) N Hy (0, L)) x L*(0, L) x (HZ (0, L) x L2(0,L))2,
where
HY(0,L) = {f e H'(0,L) | /OLfdx - 0}.
Both spaces H; and H, are equipped with the inner product which induces the energy norm
1015, = @' vty 2w u’, 0%y, 2%) |17,
= Evh|ugl® + prhallot1* + Eshsllugl® + pshsl|v®[*de + ET||waol* + phll]|?
Ly 12 + o Lll2H1? + EsL|lyRl1* + psLs|| 227 + Gihaflw. + ¢ 12

7l + Gshsllws + 71, 5 =1,2;
(1.34)
here || - || denotes the norm of L?(0, L).

Now, we define the following linear unbounded operators A; : D(A;) C H; — H;:

U= (ut,vl, y', 2t w, v, ud, 033, 23) € Hy|

ol v 2t 23 e HY(0,L), v € HE(0, L),

D (Ay) =< (Exhau, + Dy(x)v ;)I € L2(0, L), (Eshsul + D4(x)v2)x e L*0,L), v,
(Eiliys + Da(w)z}) € L2(0, L), (Eslsy} + Ds(x)z3) € L*(0, L),

xT

(Elwey + D3(2)hss),, € L*(0,L)

U= (ut,vl, yt, 24w, i, ud, 03,43, 23) € Hal
ol v 2t 28 e HYO, L), + € H*(0,L) N Hy(0, L),

Eyhyul + Dy ( x)vl) € L*(0,L), ul(0,t) = ul(L,1)

xT

0,
Eshzul + Dy( a:)v3) € L*(0,L), u2(0,t) = u(L,t) = 0,

xT

Eily, + Dy(x)2}) € L*(0,L), y3(0,1) = y3(L, 1)

0,
Bslsys + Ds(x)23) € L*(0, L), y3(0,t) = y3(L,1) = 0,
(Elwze + D3()as),, € L*(0,L), wee(0,1) = weu (L, t) =

(
(
(
(
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and

1}1

(p1ha) ™! [(Brhiug + Di(2)vg)e + 7]

Zl

— = = e

(1)L [(Buliyh + Da()zd), + %7 — Gl (ws + 1)
¥

(Ph)_l [_(ijxz + D3(1‘)¢mx)xx +Gih (wz + yl)x + G3h3(wx + yS):v + h27_:r]
3

e <

v

(pshs) ™t [(Eshsul 4+ Dy(z)vd)e — 7]
3

NNQw @w :wg IS

z

(p3l3)~t [(E?szg + Ds(2)23) , + 7 — Gshs(w, + 1/3)]
(1.35)

forall U = (u*, 0!yt 2t w, 0,63, 03,43, 2%) € D(A;) and j = 1,2. If U is a regular solution of
system (1.30)-(1.31), then the system can be rewritten as evolution equation on the Hilbert space H ;
in the abstract form
Up(z,t) = A;U(x, 1),
(1.36)
U (ZE, O) = U()(ZE),
where
Up = (u[1J7 U%, y(%? y%’ Wo, W1, ug’ u?» y(?)’v yil)))
with j = 1,2 corresponding to the boundary conditions [(DD) and (FBC)] or [(NN) and (HBC)],
respectively.

Then, we prove that the operator 4, is m-dissipative in H,;, 7 = 1,2. Thus, according to Lummer-
Phillips theorem(see [88]), we deduce that .4; generates a Cy—semigroup of contractions (etAj)t .
in H; and then the problem is well-posed in H ;. Hence, we have the following result: -
Theorem 1.11. Let Uy € H;, then system (1.36) admits a unique weak solution U satisfying
UeC’(Ry,H,).
Moreover, if Uy € D(.A;), then problem (1.36) admits a unique strong solution U satisfying
UeC' (R, H;)NC® (Ry, D(A;))).

Second, we study the stability of our system and prove that its energy converges to zero when t goes
to infinity for all initial data in #;. Since the resolvent of A; is not compact, we have to discuss the
full spectrum on the imaginary axis. We use a general criteria of Arendt-Batty theorem in [24] which
states that, in a reflexive Banach space, a Cy—semigroup eV is strongly stable if e’ is bounded,
A; has no eigenvalues on the imaginary axis and o(.4;) N iR is countable. Before we state our main
result, we need the following stability conditions:

D; >dy>0 foreveryz e (0,L), i=1,..,5, (SSC1)
. . El E3
DZ(ZB) = dg >0 in (CL, b), 1= 2,9, G 7é Gg and — 7é —. (SSC2)
P1 P3
So, we will prove the following stability result:
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Theorem 1.12. Assume that condition (SSC1) or (SSC2) holds. Then, the Cy—semigroup of contrac-
tions (e*); is strongly stable on the energy space H;, j = 1,2; that is

lim ||€tAjU0||'Hj = 0, VU() € Hj.

t——+o0

To prove Theorem (1.12), we need the following two lemmas:

Lemma 1.13. Assume that condition (SSC2) hold, then we have
ker (iN — A;j) = {0}, VAeR, j=1,2,
where [ is the identity operator.

Lemma 1.14. Assume that condition (SSC2) hold, then, for all A\ € R, we have

R(Z)\I - .A]) - Hj, j = 1,2

Thus, using Lemma 1.13, we directly deduce that .A; has non pure imaginary eigenvalues. According
to Lemma 1.14 and with the help of the closed graph theorem of Banach, we deduce that o(A4;)N iR =
¢. Thus, we get the conclusion by applying Theorem 2.7 of Arendt and Batty.

Now, we need to study the energy decay rate by using a frequency domain approach combined with
piecewise multiplier technique in two cases depending on the regularity of the coefficient functions
D;,1 =1, ... 5, the localization of their supports and their number.

In the case when the five dampings are globally distributed, we prove an analytic stability. Our result
is the following:

Theorem 1.15. Assume that condition (SSC1) holds and D; € L*>°(0,L), ¢ = 1,..,5. Then, the
Co-semigroup (e'47) is analytic in H,, for j = 1, 2.

In the case of only two local damping Dy and Dj; acting on the shear angle displacements of the
top and bottom layers, i.e. assumption (SSC2) holds, we show that the energy of the system decays
polynomially. We prove the following theorem:

Theorem 1.16. Assume that condition (SSC2) holds. The Cy—semigroup (et““f)t>1 is polynomially
stable; more precisely, there exists constant C' > 0 such that for every U, € D(Aj)/, we have

Et) < tC Vt >0, VU, € D(A,). (1.37)

1.4.4 Some stability and non-stability results for a Cauchy problem of Bresse-type with fric-
tional damping on the vertical displacement (Chapitre 5)

In this part, we study the stability of a Bresse-type system in the whole line R with frictional damping
working only on the first equation (vertical displacement). The system is governed by the following
partial differential equations:

Pt — (o — ¥ — lw)o — kL(we — o) + 700 =0,
Uit — @Yy — (P — Y — lw) =0, (1.38)
wi — K (we = 1p)s — U(pz — P — lw) =0,

with the initial data

(QO, Pt 1/}7 wta W, Wt)(‘r7 O) - (@07 P1, ¢07 77Z)1)w07w1)(x)7 (139)
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where (z,t) € R x Ry and a,l,~ and k are positive constants. The functions w(z,t), p(x,t) and
Y(z,t) are, respectively, the longitudinal displacements, the vertical displacement of the beam and
the rotation angle of the linear filaments material.

Indeed, stability proofs for Bresse systems in bounded domains typically rely on energy method by
using in particular, Poincaré’s inequality, some sobolev injections and the imposition of appropriate
boundary conditions. However, the focus of this paper is on the unbounded situation where the
domain is R. Our proofs are based on some estimates for the Fourier image of the solution, Plancherel
Theorem, as well as on a suitable linear combination of series associated to energy estimates. Thus, in
order to establish the decay rate of the Bresse system (1.38)-(1.39), we have to transform the original
problem to a first-order (with respect to the variable ¢) system, defining new variables. Then, we
apply the energy method in the Fourier space to prove some point wise estimates which will help in
the proof of the decay estimates.

First, we write system (1.38)-(1.39) as a first order Cauchy system of the form

{m+Am+LU:0,xeRt>0, (1.40)

U(x,0) = Up(z), z € R,

where A is a real symmetric matrix and L is non-negative definite matrix. To this end, we introduce
the following variables:

v =g — ¢ —lw, U= @, z = aly, y =y, ¢ = k(wy —lp) and n=w. (1.41)
Consequently, system (1.38)-(1.39) can be rewritten into the following first order system:

Ut_ux+y+ln:07
Uy — Uy — Lk 4+ yu = 0,
Zt_ayx:O7

Y — az, —v =0,

¢Or — kng + lku = 0,
nt_k¢x_lvzoa

(1.42)

and the initial conditions takes the form

(Uv u,z,y, ¢7 77)(157 0) = (U07 U, 20, Yo, ¢0a nO)(x)

System (1.42) is equivalent to system (1.40) with

v o -1 0 0 0 O 0o 001 0
U -1 0 0 0 0 O 0 ~ 00 =k O
z 0O 0 0 —-a 0 O 0O 000 0 O
U= Y A= 0 0 —a 0 0 O L= -1 0 00 0 0
) o 0 0 0 0 -k 0O k00 0 O
n o 0 0 0 =k 0 -0 00 0 0

and
Uo = ('UO, Up, 205 Yo, ¢07 770)t-

By taking the Fourier transform of (1.40), with respect to the space variable x, we obtain the following
Cauchy problem of a first order system in the Fourier space:

U, +i€AU+ LU =0, ¢€R, t>0,
(1.43)

U(&,0) = Uy, ¢ eR.
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The solution of (1.43) is given by

U(&,t) = O, 6), (1.44)
where A
(&) = —(iEA+ L). (1.45)

The first equation of system (1.43) can be rewritten into the folowing form (that is, the Fourier trans-
form of (1.42)):

Gy — €0 — k¢ + vt = 0,
2, — aiff = 0,

G — aifz — 9 =0, (1.46)
Op — kign + ki = 0,
N — kil — 10 = 0.
Now, let us define the energy functional associated with (1.43) by
~ 1, A 1, . . N . A .
E(&1) = SIUE O = 5001 + [a* + [2]° + [ + [¢I° + [21°) (& ). (1.47)

Let (0,4, 2,7, QAS, 7)) be the solution of (1.43), then the energy Eisa non-increasing function with
respect to ¢ and satisfies, forall ¢ > 0 and £ € R,

d . )
T EE 0 =—laE P (1.48)
Thus, (1.43) is a dissipative system.

The goal is to present and show some stability and non-stability results for (1.43) depending on the
following conditions:

L[ (a* = 1)(k* = 1) + k] l(a* — 1) Pa* +1
— k) (k-1 d 1.4
(a—k)( )>0 an max{ 2(a — k) (k2 — 1) + k2 a® — k2 ST (149)
and
2
po o VAL (1.50)

Second, we show an estimate for the Fourier image of the solution. This estimate will play the key
role in proving Theorem 1.18 below.

Theorem 1.17. Let U be the solution of (1.43).

1. Assume that (1.49) holds. Then there exist ¢, ¢ > 0 such that

IUED|? < ee O T(9)]?, €€R, t€Ry, (1.51)
where
= 672 1.52)

2. Assume that (1.50) holds. Then ||U (¢, t)|| does not converge to zero when time ¢ goes to infinity.

Our main result in this chapter is stated in the following theorem:

Theorem 1.18. Assume that (1.49) holds. Let N, ¢ € N* such that / < N, Uy € HY(R) N L*(R) and
U be the solution of (1.40). Then, forany j =0, ..., N — /, there exists ¢y > 0 such that

109U L2y < co (14 8) 492 Upllprmy + co (1 +8) 2|00 Up || 12®)y, t € Ry (1.53)
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2 Introduction en Francais

2.1 Contexte et motivation physique

De nombreux phénomenes naturels peuvent étre décrits par des équations aux dérivées partielles et le
controle de ces équations est un domaine d’étude relativement nouveau et actif.

Dans le cas du controle des EDP, qui constitue le cadre de cette theése, les modeles étudiés prennent
en compte les variations et les distributions spatiales des variables qui refletent I’état du systeme. Ces
questions sont alors posées dans le contexte de systemes dynamiques en dimension infinie.

Le domaine de la théorie du controle des équations aux dérivées partielles s’ est élargi grace a I’introdu-
ction et a I’étude de modeles plus pratiques. Il s’avere avantageux dans divers domaines, notamment
I’ingénierie, la biologie, I’informatique et la recherche biomédicale.

2.1.1 Théorie du controle

La théorie du contrdle est une branche de I’ingénierie et des mathématiques qui traite de 1I’analyse et
de la conception de systemes qui peuvent tre controlés ou régulés pour se comporter de la maniere
souhaitée.

L’objectif principal de la théorie du controle est de développer des modeles mathématiques qui
décrivent la dynamique d’un systeme et de concevoir des stratégies de contrdle qui peuvent influ-
encer le comportement du systeme. Ces stratégies sont généralement mises en ceuvre a I’aide de
mécanismes de rétroaction, ou la sortie du systeme est mesurée et utilisée pour ajuster les entrées de
contrOle en temps réel.

Le "probleme de stabilisation", qui consiste a déterminer une loi de contr6le qui amene le systeme
a I’équilibre a partir de n’importe quel point de départ, est I’un des problemes des contrdles les plus
populaires. Ce probleme a attiré et continue d’attirer de nombreux chercheurs en contrdle, et de
nombreuses techniques peuvent €tre utilisées pour résoudre le probleme de stabilisation des systemes
dynamiques. Dans la pratique, le probleme de stabilisation est le plus important dans la phase de con-
ception de tout systeme de controle car il fournit les performances souhaitées au systeme de controle
congu. Cette théorie est appliquée dans un large éventail de disciplines scientifiques et techniques.
Par exemple, elle peut étre utilisée pour la réduction du bruit dans des systémes tels que les moteurs
ou les appareils €lectroniques. Elle peut également étre appliquée aux vibrations structurelles, dans
le but d’atténuer ou d’éliminer les oscillations indésirables. En outre, la théorie du contrdle et de la
stabilisation est utilisée pour étudier les vagues et les tremblements de terre, dans le but de prédire
et de minimiser les effets néfastes de ces phénomenes naturels. Elle est également utile dans de
nombreux autres domaines tels que la biologie, la recherche biomédicale, les systemes robotiques et
I’informatique.

En résumé, la théorie du contrdle est un domaine qui nous permet de comprendre, d’analyser et de
manipuler le comportement des systemes dynamiques par le biais de mécanismes de rétroaction.

L’ objectif principal de cette recherche est d’étudier 1’existence, I’unicité et la régularité des solutions
et leur comportement asymptotique pour les systemes de poutres de Timoshenko, Bresse et Rao-Nakra
(modgeles).

L’une des théories les plus couramment utilisées est la théorie des poutres.
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2.1.2 Théorie des poutres

La stabilisation des poutres flexibles est devenue un domaine de recherche important, étant donné
leur utilisation répandue dans diverses applications, notamment dans 1’aérospatiale et les structures
civiles.

Les poutres sont certainement les modeles mathématiques les plus utilisés par les ingénieurs struc-
turels et jouent un role crucial dans leurs différents projets de construction. En raison de leur simplicité
et de leur efficacité, les poutres sont devenues la pierre angulaire de la conception structurelle, per-
mettant aux ingénieurs d’analyser et de comprendre le comportement de différents types de structures
avec rapidité et précision.

[’analyse des modeles de poutres soumises a des charges internes ou externes est cruciale pour faire
progresser les pratiques d’ingénierie, car les poutres sont couramment utilisées dans la conception
de structures flexibles dans divers domaines, y compris 1’ingénierie structurelle et mécanique. Parmi
les exemples d’applications, citons les ponts, les routes, les batiments, les avions, les robots et bien
d’autres encore.

ﬁ les longerons des ailes

Le longeron d'un avion est

une poutre qui part de
I'emplanture de |'zile et quiva
jusqu'ason extrémité. C'est
cette piece quisupparte les

charges aérodynamiques gui

s'appliquent surla voilure.

Figure 1.7 — Construction de ponts routiers a

poutres. Figure 1.8 — Poutre d’un avion.

Source: https://www. Source: https://slideplayer.fr/
steel-bridges.com/ slide/13960149/
highway-bridge-composite—beam.

html

Dans la section suivante, nous présentons plusieurs modeles de théorie des faisceaux :

2.1.3 Certains modeles de poutres

Le terme "poutre" désigne un objet dont la longueur est importante par rapport aux dimensions
transversales. La théorie des poutres est un modele utilisé dans le domaine de la résistance des
matériaux. Cette théorie, dans le cas de petites déflexions, est classée en deux groupes principaux. La
premiere ignore les déformations de cisaillement tandis que I’autre prend en compte cet effet.

Théorie d’Euler-Bernoulli :

Cette théorie est la plus ancienne et la plus simple des théories classiques de la flexion des poutres.
Elle simplifie la théorie linéaire de 1’élasticité et permet de calculer la capacité de charge et les carac-
téristiques de flexion des poutres. Elle s’applique spécifiquement au scénario dans lequel les poutres
subissent de petites déformations et sont soumises uniquement a des charges latérales. Cette théorie
suppose que la section transversale de la poutre reste perpendiculaire a I’axe neutre, méme apres dé-
formation. La théorie des poutres d’Euler-Bernoulli convient aux poutres minces. En ignorant les
effets de la déformation en cisaillement et de 1’inertie rotative, elle est donc un cas particulier de la
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théorie des poutres de Timoshenko.
Théorie de Timoshenko :

En 1921, le physicien et ingénieur Stephen Timoshenko a développé le modele de faisceau de Timo-
shenko dans [102]. Contrairement a la poutre Euler-Bernoulli, le modele mathématique de la poutre
Timoshenko prend en considération a la fois les effets de la déformation en cisaillement et de la
flexion rotative, ce qui le rend apte a décrire le comportement des poutres épaisses. Ce modele est
particulierement utile dans les cas ou la poutre est soumise a des charges transversales importantes,
telles que les charges de torsion. Les applications de la poutre de Timoshenko peuvent étre trouvées
dans diverses disciplines de 1’ingénierie, y compris 1’ingénierie structurelle et mécanique, telles que
les ponts, les constructions routieres, les batiments, les avions et de nombreux autres domaines.

Le modele mathématique de la vibration transversale d’une poutre de Timoshenko peut étre décrit
par le systeme suivant d’équations aux dérivées partielles couplées (pour plus de détails, voir, par
exemple, [103, 104]) :

{ pruge — ki (ug +y), =0, (z,t) € (0,L) x Ry, (154

P2Yt — k2y:mc + kl (u:p + y) = 07 (l’,t) S <07 L) X R+7

ou ¢ est la variable temps, = est la coordonnée spatiale le long de la poutre, de longueur L, dans sa
position d’équilibre. Avec p; := pA, ps := pl, k1 := KAG, ko := EI, ou p la densité en masse par
unité de volume, A I’aire de la section transversale, / le moment d’inertie de I’aire par rapport a I’axe
central de flexion, K le coefficient de cisaillement pour mesurer la rigidité des matériaux (K < 1),
E le module d’élasticité de Young, GG le module de cisaillement ou module de rigidité. Les fonctions
S = ki (uy +y) et M := kyy, représentent le moment de flexion et 1’effort de cisaillement. Les
fonctions u et y représentent respectivement le déplacement transversal et 1’angle de rotation d’un
filament de la poutre. Voir, par exemple [46, 53, 54, 53, 55, 56, 57, 58] et les références qui y
figurent pour divers résultats de stabilité de (1.54) sous I’effet de mémoires (finies ou infinies) ou
d’amortissements par frottement. Pour un domaine non borné (R au lieu de (0, L)), nous renvoyons
le lecteur a [53] et les références qui y figurent.

Euler-Bernoulli
Timoshenko g

>y

Figure 1.9 — Déformation d’une poutre de Tim-  Figure 1.10 — Déformation d’une poutre de Timo-
oshenko (bleu) comparée a celle d’une poutre  shenko. La normale tourne d’une quantité 6, qui

d’Euler-Bernoulli (rouge). n’est pas égale & %, contrairement a I’hypothese
Source:https://upload.wikimedia. d’Euler-Bernoulli (Ia normale reste normale).
org/wikipedia/commons/thumb/ Source:https://upload.wikimedia.
5/57/TimoshenkoBeam. svg/ org/wikipedia/commons/thumb/e/
1200px-TimoshenkoBeam.svg.png? e4/Plate_theory.svg/800px-Plate_
20150802215617 fheory.svg.png
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Théorie de Bresse :

Les systemes de Bresse, du nom de I’'ingénieur francais Jacques Antoine Charles Bresse, sont un
ensemble de systemes et de méthodologies bien connus dans le domaine du génie civil. L'une des
contributions notables de Bresse a été la construction de ponts. Il a introduit le concept de ponts mé-
talliques en arc, qui offraient des avantages en termes de cofit, d’intégrité structurelle et d’esthétique.
Les ponts métalliques en arc congus par Bresse ont révolutionné I’ingénierie des ponts et ont été
largement adoptés en France et dans d’autres parties du monde.

En 1993-1994, Lagnese et al. dans [70, 71] ont développé un modele général de poutres élastiques
non linéaires a 3 dimensions. Un cas particulier de ce modele représente un modele linéaire cou-
plant 3 équations d’ondes. Ce modele spécifique décrit le mouvement d’une poutre élastique plane
lorsqu’elle est soumise a de petites déformations. Il s’agit du systeme de Bresse, également connu
sous le nom de la poutre en arc circulaire, dérivé a 1’origine par Bresse, en 1859, dans [28] et est
donné par les équations suivantes :

P1Pet — k(@%: + ¢ + lw):c - kol(wm - lgp) = 07 (Z‘, t) € (07 L) X R-H
p2¢tt_wax+k(@x+¢+lw) :Oa (xvt) € (OaL) XR-H (155)
prwy — ko(we — lp)e + kl(pe + ¢ + lw) =0, (z,t) € (0,L) x Ry,

o N := ko(w, —ly) est la force axiale, Q) := k(¢ +1+Iw) est la force de cisaillement et M := b,
est le moment de flexion. Les fonctions ¢, w et 1) désignent respectivement les déplacements vertical,
longitudinal et I’angle de cisaillement. En outre, p; = pA, po = pl, ko = EA, k =K GA, b= EI et
| = R, ou p représente la densité, E est le module d’élasticité, G est le module de cisaillement, &’
est le facteur de cisaillement, A est 1’aire de la section transversale, [ est le second moment de 1’aire
de la section transversale et R est le rayon de courbure de la poutre, et nous supposons que toutes ces
quantités sont positives. Nous notons que lorsque R — +00, alors | — 0 et le modele de Bresse se
réduit aux équations bien connues de la poutre de Timoshenko. Ainsi, le systeme de Bresse est plus
général que celui de Timoshenko ol le déplacement longitudinal w n’est pas pris en compte et ou la
courbure initiale est supposée nulle. Nous renvoyons les lecteurs, par exemple, a [1, 2, 25, 39, 42,
49, 50, 51, 52] et les références qui y figurent pour la stabilité de (1.55) dans des domaines bornés en
utilisant différents mécanismes de contrdle.

L

Figure 1.11 — After deformation the particule M of the beam take the position M.
Source: [33]
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Poutre Rao-Nakra :

La poutre sandwich classique est un modele d’ingénierie pour une poutre a trois couches composée
de deux plaques frontales rigides et d’une couche centrale intérieure beaucoup plus souple. De nom-
breux modeles de cette poutre et plaque stratifiée a trois couches ont été proposés au cours des six
derniéres décennies [82, 91, 111].

La poutre Rao-Nakra est un modele mathématique utilisé pour analyser le comportement dynamique
des poutres soumises a une charge dynamique. Elle porte le nom de K. Rama Rao et Birendra Kumar
Nakra, qui ont développé cette théorie des poutres dans le domaine de 1’'ingénierie structurelle. La
théorie des poutres de Rao-Nakra fournit une approche raffinée pour analyser la réponse des poutres
sous des charges dynamiques, en prenant en compte les effets de la déformation en cisaillement et de
I’inertie rotative. Contrairement aux théories plus simples, telles que celles d’Euler-Bernoulli ou de
Timoshenko, la théorie des poutres de Rao-Nakra prend en compte le couplage entre les déformations
axiales, de flexion et de torsion, ce qui la rend adaptée a 1’analyse d’un plus grand nombre de struc-
tures de poutres.

Le modele proposé par Rao et Nakra [91] incorpore I’'inertie de rotation dans chaque couche et
I’inertie longitudinale, en plus de I’inertie transversale. Ce modele suppose que des déplacements
linéaires continus par morceaux sont présents dans toutes les sections transversales et il applique
I’hypothese de Kirchhoff aux plaques frontales. La modélisation tient compte des forces d’inertie
transversales, longitudinales et de rotation.

Le modele de Rao-Nakra est dérivé en utilisant des hypotheses de poutre de Timoshenko pour la
couche centrale, une hypotheése de "non-glissement" pour les déplacements le long de I’interface et
des hypotheses de poutre d’Euler-Bernoulli pour les couches de la plaque frontale. En 1999, Liu-
Trogdon-Yong [73] a développé le modele de poutre de Rao-Nakra généralisé suivant, ou I’effet de
cisaillement des couches inférieure et supérieure est pris en compte :

plhlu%t — E1hluix — T = O,

plllytlt — Ellly;z — %T + Glhl(wx + yl) = 0,

pghgu;?t — Eghguigg +7 = O,

(z,t) € (0, L)
(z,t) € (0, L)
phwiy + Elwepes — Giha (W +y')e — Gaha(we +y°)e — ho7 = 0, (3,) € (0, L) x Ry,
(z,t) € (0,1)
(z,t) € (0, L)

pslsys — Eslsys, — %T + Gshs(w, +y°) =0,

(1.56)
Ici, u', yt, u® et y> sont, respectivement, le déplacement longitudinal et I’angle de cisaillement des
couches supérieure et inférieure ; w est le déplacement transversal de la poutre et 7 est la contrainte
de cisaillement dans la couche centrale définie par

h h
T=—u'— Elyl + how, +u® — gy?’.

Les parametres physiques h;, p;, E;, G; et I; sont positifs et representent 1’épaisseur, la densité, le
module de Young, le module de cisaillement et les moments d’inertie de la ¢eme couche, pour
1 = 1,2,3, respectivement. En outre, ph = p1hy + paho + pshs, EI = E1I, + FE3l3 et le mod-

ule de cisaillement G5 = % avec —1 <v < % étant le coefficient de Poisson (voir figure 1.12).

Si I’on néglige I’inertie de rotation et le cisaillement transversal des couches supérieure et inférieure,

les équations (1.56), et (1.56)5 se réduisent a 1’hypothése familiere d’Euler-Bernoulli 4! — w, =
3

y° —w, = 0.

Plusieurs modeles ont été dérivés de (1.56) et étudiés dans la littérature en négligeant certains com-
posants et/ou parametres et/ou en considérant certaines connexions entre eux, comme la poutre sand-
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wich de Rao-Nakra [91] :

prhug, — Exhyuy, — $2 (—u' + 0 + aw,) =0, (x,t) € (0,L) x Ry,
pshauy, — Eshgul, + 2 (—u' +u® + aw,) =0, (z,t) € (0,L) x Ry, (1.57)

phwy + Elwgpp: — Gh—zf‘ (—u! + v + aw,)

qui est obtenu lorsque nous considérons que le matériau du noyau est linéairement élastique, ¢’est-a-
dire 7 = 2G5, avec la déformation de cisaillement

7:2—]12( u +u —|—ozw$) and o =hy + = (h1+h3)
ol le module de cisaillement Gy = (1 = y avec —1l<v < étant le coefficient de Poisson.
La poutre laminée [65]:
pPWit + G(w - w$>$ = O? ('Ta t) € (07 L) X R+J
Ip(gs - w)tt - D(38 - w)xx - G(¢ - uz) = 07 (ZL’, t) € (07 L) X R—i—a (158)

31,514 —3Dsyy + 3G(Y — wy) +4pus +40s, =0, (z,t) € (0,L) x Ry,

qui est obtenue lorsque le mouvement d’extension des couches inférieure et supérieure est négligé.

Le modele Mead-Markus [82]:

Phwtt + Elwmazzx - GQQ’Y - O, ($, t) € (0, L) X R_,_,
(1.59)

thfyﬂm - G2d7 — QWggy = 07 (.CE, t) S (07 L) X R-ﬁ-a

que I’on obtient si I’on néglige également les forces d’extension dans les couches supérieure et in-
férieure et qui peut étre simplifié en une EDP d’ordre six pour w.

Pour le bien posé et la stabilité de (1.57), (1.58) et (1.59), nous renvoyons les lecteurs, par exemple,

a[l9, 20, 53, 59, 62, 73, 92, 105] et les références qui y figurent. Pour un domaine non borné, voir
[40, 41, 45, 47] et leurs références.
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Figure 1.12 — Model describing the generalized Rao-Nakra beam.
Source: [10]

Dans la section suivante, nous approfondissons le rdle crucial joué par les mécanismes d’amortissement
et citons des types spécifiques, en soulignant que ceux qui ont été choisis, a savoir I’amortissement
visqueux, 1I’amortissement de Kelvin-Voigt et I’amortissement fractionnaire, sont au cceur de notre
étude.

2.2 Mécanismes d’amortissement

Les structures mécaniques telles que les poutres et les plaques jouent un role crucial dans la vie
moderne, et leurs caractéristiques vibratoires sont étudiées de maniere approfondie par de nombreux
chercheurs. Cependant, ces vibrations peuvent étre indésirables en raison de leur capacité a causer
des dommages et des destructions. Afin de limiter ces vibrations, plusieurs amortissements peuvent
étre ajoutés, tels que les amortissements par friction (visqueux), Kelvin-Voigt, les délais, 1’historique
(mémoire infinie), la mémoire finie, la conduction thermique (couplage avec certaines équations de la
chaleur) et les amortissements fractionnaires.

La viscoélasticité est la propriété des matériaux qui présentent un comportement a la fois visqueux
et élastique lorsqu’ils sont soumis a une déformation. Dans le contexte des études sur les vibrations,
divers modeles mathématiques sont utilisés pour représenter 1’amortissement physique. Les deux
types d’amortissement les plus courants sont I’amortissement visqueux linéaire et I’amortissement de
Kelvin-Voigt, qui entrent tous deux dans la catégorie de I’amortissement proportionnel. L’ amortissem-
ent visqueux est généralement associé a des forces de frottement externes, telles que la résistance de
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I’air agissant sur des structures vibrantes, d’oll son nom "d’amortissement externe". En revanche,
I’amortissement Kelvin-Voigt résulte du frottement interne dans le matériau des structures vibrantes,
ce qui lui vaut le nom "d’amortissement interne".

L’amortissement fractionnaire a fait I’objet d’une attention considérable ces dernieres années et a
trouvé de nombreuses applications dans divers domaines scientifiques. Le type d’amortissement
d’ordre fractionnaire n’est pas seulement significatif d’un point de vue théorique, il est également im-
portant pour les applications pratiques. Il apparait naturellement dans un large éventail de phénomenes
physiques, chimiques, biologiques et écologiques, comme le montrent la référence [80] et la vaste
bibliographie qu’elle contient. L’amortissement fractionnaire est utilisé pour décrire efficacement les
propriétés de mémoire et d’hérédité de divers matériaux et processus, améliorant ainsi notre com-
préhension et notre modélisation de systemes complexes dans divers domaines.

Le concept de mécanismes d’amortissement indirect a été introduit pour la premiere fois par Russell
dans la référence [95]. Depuis lors, il a continué a captiver I'intérét de nombreux chercheurs. En
particulier, I’accent mis sur les cas ou une seule équation d’un systeme couplé est amortie a conduit a
I’émergence des problemes de stabilisation "indirecte". Ces problemes ont été initiés et explorés dans
[15, 16, 17] et ont depuis fait I’objet d’études plus approfondies de la part de divers auteurs, comme
en témoignent les études réalisées en [18, 31, 38, 43, 76], et d’autres références completes.

2.3 Théorie de la stabilité

Les questions de stabilité ont motivé I’introduction de nouveaux concepts mathématiques dans I’ingénierie,
en particulier dans 1’ingénierie de controle. La théorie de la stabilité intéresse depuis longtemps les
mathématiciens et les astronomes et a eu un impact stimulant dans ces domaines.

La stabilisation a pour but d’atténuer les vibrations par rétro-action, elle consiste donc a garantir la
décroissance de 1’énergie des solutions vers 0 plus ou moins rapidement par un mécanisme de dissi-
pation.

Plus précisément, le probleme de stabilisation auquel nous nous intéressons consiste a déterminer le
comportement asymptotique de 1’énergie F, a étudier sa limite afin de déterminer si cette limite est
nulle ou non, et si cette limite est nulle, a donner une estimation de sa vitesse de décroissance de
I’énergie vers zéro.

Plusieurs types de stabilité peuvent étre étudiés. Le premier type consiste simplement a analyser la
décroissance de 1’énergie des solutions vers zéro, ¢’ est-a-dire

E(t) — 0, quand t — +oo.

C’est ce qu’on appelle la stabilisation forte.

Pour la seconde, on s’intéresse a la décroissance la plus rapide de 1’énergie, c’est-a-dire lorsqu’elle
tend vers 0 de maniere exponentielle, soit

E(t) < Ce™ Vt>0,

ou C et § sont des constantes positives avec C' qui dépend des données initiales.

Quant au troisieme, nous €tudions des situations intermédiaires dans lesquelles la décroissance des
solutions n’est pas exponentielle, mais de type polynomial, par exemple,

E(t) <Ct™®, Vt>0,

ou C' et o sont des constantes positives avec C' qui dépend des données initiales.
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2.4 Objectifs et résultats de la these

Au cours des dernieres décennies, des efforts de recherche considérables ont ét€ consacrés a 1’étude
de I’existence de solutions a 1’échelle locale et mondiale, ainsi qu’a I’étude du comportement a long
terme des solutions pour différents problemes.

A cet égard, I’objectif de cette these est d’étudier le bien posé et la stabilisation de certains systemes
localement couplés avec différents types d’amortissements locaux discontinus sur un domaine borné
en utilisant la théorie des semigroupes et la méthode de 1’énergie. Nous étudions également la sta-
bilisation du systeme de Bresse avec un amortissement frictionnel dans la ligne entiere R en utilisant
I’analyse de Fourier.

Nous allons maintenant présenter en détail les systemes étudiés dans cette these et les principaux
résultats obtenus. Ces résultats seront présentés plus en détail dans les chapitres 3, 4 et 5.

2.4.1 Préliminaires

Dans cette partie, nous rappelons quelques résultats bien connus sur les semigroupes, en particulier
les résultats et théoremes relatifs a la stabilité forte, exponentielle, polynomiale et analytique d’un
Cp-semigroupe.

2.4.2 Polynomial stability of a transmission problem involving Timoshenko systems with frac-
tional Kelvin-Voigt damping (Chapitre 3)

Dans cette partie, nous considérons le bien posé et la stabilisation d’un systeme de Timoshenko uni-
dimensionnel avec un amortissement fractionnaire interne localisé de Kelvin-Voigt dans un domaine
borné sous des conditions aux limites enticrement Dirichlet ou Dirichlet-Neumann. Le systeme est
régi par les équations aux dérivées partielles suivantes :

{ P1Us — [kl (U:Jc + y) + Dl(x) ?ﬂ?(ux + y)]z = O? (x7t) < (07 L) X ]R+7
payut — [koys + Do(2)07 "y, + k1 (ug +y) + D1(2)0"(us +y) =0, (z,t) € (0,L) x Ry
(1.60)

sous les conditions initiales suivantes :

U(QZ,O) = U()(CC), ut(l‘70) = ul(l‘)7 LS (07L)7
(1.61)
y(IaO) :yO(I)a yt(xvo):yl(x)v T e ) )
et les conditions aux bords suivantes :
u(0,1) = y(0,8) = u(L,t) = y(L,t) =0, tER, (1.62)
et
uw(0,t) = y.(0,t) = u(L,t) = y.(L,t) =0, te€R,. (1.63)

Les coefficients p1, p2, ki et ko sont des constantes positives, 7 est une constante non négative et «
est dans (0, 1). Nous supposons qu’il existe 0 < a; < by < L, 0 < ay < by < L et deux constantes
positives d; et d, telles que

D ( ) d17 S (aflabl)a and D ( ) d27 T e <a27b2)7
xTr) = €T) =
1 0, ze€(0,a1)U by, L) i 0, z€(0,as)U (b, L).
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La dérivée fractionnaire de Caputo 9;"" d’ordre o € (0, 1) par rapport a la variable temps ¢ est définie
par

1 t dw
D — AN — _ &) apn(t—s) 1.64
[DY"w) (z,t) = 0;""w(x, t) Ti—a) /0 (t—s) % s (x,s)ds, (1.64)

ou ' désigne la fonction Gamma. Nous allons étudier le bien posé et la stabilité du systeme (1.60)-
(1.61) avec les conditions aux limites (1.62) ou (1.63) en distinguant trois cas. Dans le premier,
nous considérons un systeéme entierement amorti; c’est a dire les deux équations sont effectivement
amorties. Par contre, dans les deux autres cas, nous supposons que le systeme est partiellement
amorti; i.e. seule une de ces équations est effectivement amortie. A cette fin, nous introduisons les
hypotheses suivantes sur les coefficients d’amortissement D, (z);j = 1,2 :

D #0 and D, #0 (A1)
ou

D1 =0 and DQ 7é 0 (AQ)
ou

D #0 and D, =0. (Az)

Tout d’abord, nous devons reformuler le systtme dans un modele augmenté. Pour ce faire, nous
rappelons le théoréme 2 énoncé dans [81].

Theorem 2.1. Soit o € (0,1), > 0 et u(€) = |¢|*= (définie presque partout sur R). La relation
entre I’entrée V' et la sortie O du systéme suivant :

wi(m,6,0) + (€ +n) w@ & 1) — pE)V(w,1) = 0, (0,61 € (0,L) xRxRy,  (1.65)

W@ £,0) = 0, (2.6 € (0,L)xR, (1.66)
Oz, 1) — k(@) /R W(E)w(z, &, 0)de = 0, (2,6) € (0,L) x Ry (1.67)
est donnée par
O = [, (1.68)
where
127V (2, 1) = /Ot (t_7>§(_;§_”(t_7)v<x,7)d7 and f;(oé)zsmgf‘”).

En prenant les entrées
Vi(w, 1) = /Dy (@) (uni (2, 1) + yu(2, 1))

et

‘/Q(xvt) - DQ(x)yrt(xvt)

dans le Théoreme 2.1, on en déduit que le systeme (1.60)-(1.61) avec des conditions aux bords (1.62)
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ou (1.63) peut étre transformé en un modele augmenté :

D1ty — (k1 (s +y) + r(a)y/Da(z / (2,6, 1) g) — 0, (1.69)
paut — <k:2yx + (a)y/Da(x) / (2, 6,1) 5) (1.70)
+k1 (uz +y) + k() Dy (x / w(z, &, t)dE = 0,

wy (2, &,1) 4+ (€ +nw' (2,&,t) — \/Di(z) (ugt + y) (&) = 0, (1.71)

wi(x, &,t) + (&2 + nw?(2,6,t) — \/Da(2)yp(§) = 0, (1.72)

avec les conditions initiales suivantes :

uw(x,0) =up(x), w(z,0)=ui(z), xe€(0,L), (1.73)
y(ZU, 0) = y0<x)7 yt(xa 0) = yl(x)> YIS (07 L)? (174)
wh(z,£,0) = W (2,£,0) =0, (z,6)€(0,L) xR (1.75)

et avec des conditions aux bords entierement de type Dirichlet
u(0) = u(L) = y(0) = y(L) =0 (1.76)
ou avec des conditions aux bords de type Dirichlet-Neumann
u(0) = u(L) = y2(0) = 4(L) = 0, w*(0,&,#) = w*(L,&, 1) = 0. (1.77)

Nous définissons 1’énergie du systeme (1.69)-(1.75) avec les conditions aux limites (1.76) ou (1.77)
par

E(t 2/ pl\utl —|—p2\ytl +/<;1]ux+y| —|—/~c2|ym dx+ / /(‘w‘ +‘w‘)d£dm

Soit (u, us, ¥, ys, w', w?) une solution réguliere du systeme (1.69)-(1.77). Par quelques calculs directs,
nous déduisons que I’énergie F satisfait I’estimation suivante :

/ L 2 1 2 2 2
E'(t) = —H(a)/ / (& +n) (\w "+ |?] >d§da:. (1.78)
0o Jr
Puisque o € (0,1), alors x(ar) > 0 et donc E’ () < 0, ce qui implique que le systeme (1.69)-

(1.75) soumis aux conditions aux bords (1.76) ou (1.77) est dissipatif dans le sens ou son énergie est
décroissante par rapport a la variable temps t.

Nous procédons a I’introduction des espaces énergétiques de Hilbert #; et H, donnés par
2
Hy = (Hy (0,L) x L*(0, L))" x W2,
Ho = Hy (0,L) x L*(0,L) x H!(0,L) x L*(0, L) x W?,
W= L?((0,L) x R)

et

HY0,L) = {feHl(o,L)| /OLfdxzo}.
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I est facile de vérifier que I’espace H!(0, L) est un espace de Hilbert sur C équipé de la norme

2 . 2
Lo,0) — Ju||”,

ou || - || dénote la norme usuelle de L? (0, L). Les deux espaces d’énergie H; et Ho sont équipés du
produit intérieur défini par

L

~ L _ L _
<U, U> — / vodx + pz/ zzdx + ky / (ug +v) (4 + 7)dx
H; 0 0 0

L = L — ==
+ kg/ Yo dr + f@'(oz)/ / (wlwl + w2w2> dédz,
0 0 R

pour tous U = (u, v, v, z, w!, w?) et U= (u 0,7, 2, wl w ) dans H;, j = 1,2. Nous utilisons || - [|3;
pour désigner la norme correspondante. Nous deﬁnlssons maintenant les opérateurs linéaires non
bornés suivants A; sur H; (j = 1, 2):

U= (u,v,y,zw, w?) € Hlv, z€ Hy0,L),

(kl (ur + ) + Kl \/T/ (2, dg) € 12(0, L),
D(A) = (/@yx + k(o \ﬁ/ (2, dg) € 12(0, L), ,
(& + ) (z,€) + mwx +2u(e), el €W,
—(€ 4 n)w(2,€) + \/Da(2)zepn(€),  El® €W

U= (u,v,y,zw w?) eHlve HY(0,L), z€ H:(0,L),

(k1 (e ) + (@ Di(@) [ () (@.€)d€) € L2(0. L)

et

(i1 s+ 9) + (o \/f/ oM @, )de)
a7 = | o (o + sty Date) [ ()06 —’Z(uﬁy)—"””f)j)\/mm) GRS

—(& +mw' (2, €) +/D1(z) (vz + 2)p(€)

(§2+77 375 +\/D2 Zxﬂ
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pour tous U = (u,v,y, z,w',w?) € D(A;) et j = 1,2. Si U est une solution réguliere du systeme
(1.69)-(1.75), alors nous transformons ce systeme en une équation d’évolution du premier ordre sur
I’espace d’Hilbert H ;
Ut(m7 t) = AjU(xa t),
(1.79)
U (z,0) = Up(x),

UO (.ZU) - (UO(:L‘)7 Ul(l‘)7 yO(l‘)7 yl(l‘)7 07 O)
avec j = 1, 2 correspondant aux conditions aux bords (1.76) and (1.77), respectively.

Nous prouvons ensuite que 1’opérateur A, est m-dissipatif dans I’espace d’énergie H;. Par con-
séquent, grice au théoreme de Lumer-Phillips (voir [88]), nous déduisons que A; génére un Cj-
semigroupe de contraction ¢4 dans H,;, j = 1,2. Alors la solution du probléme d’évolution (1.79)
admet la représentation suivante :

U(t) = eAilhy, t >0,
et donc le probleme (1.79) est bien posé et nous avons le résultat suivant :
Theorem 2.2. Pour tout Uy € H;, le probleme (1.79) admet une unique solution faible
UeC Ry H)).
En outre, si Uy € D (A;), alors le probleme (1.79) admet une unique solution forte
UeCRy;D(A))NC (R H).

Remark 2.3. Tous les résultats précédents restent valables méme lorsque le systeme de Timoshenko
(1.60) est considéré avec un seul amortissement fractionnaire de Kelvin-Voigt; i.e. D1 = 0 ou Dy = 0.

Deuxiemement, nous utilisons un critere général d’ Arendt-Batty [22] pour montrer la stabilité forte
du Cy-semigroupe ¢4 associé au systeme de Timoshenko (1.69)-(1.75). Notre résultat principal est
le théoréme suivant :

Theorem 2.4. Supposons que (A1), (As) ou (As) soit valide. Alors, le Cy—semigroupe e est forte-
ment stable dans I’espace d’énergie H; au sens ou

lim_ et 0|
t——+o00

:O, VerHj, j21,2
H;

L’ argument du théoreme 2.4 repose sur les lemmes suivants.
Lemma 2.5. Supposons que I’hypothese (A3) tienne. Dans ce cas, nous avons
ker (1A — Aj) = {0}, VAeR, j=1,2

Lemma 2.6. Supposons que 1 = 0 et que I’hypothese (A3) soit vérifiée. Alors, I'opérateur —A; n’est
pas inversible, et par conséquent, 0 € o(A;), j =1,2.

Lemma 2.7. Supposons que I’hypothése (Aj) vérifiée et que (n, \) € R* x Rou [n=0et A € R*].
Alors, i\l — A; est surjectif, j = 1,2.
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Ainsi, en utilisant le lemme 2.5, nous déduisons directement que .A; a des valeurs propres imaginaires
non pures. D’apres les Lemmas 2.5, 2.6 et 2.7 et a I’aide du théoreme du graphe fermé de Banach,
nous déduisons que

o(A)N iR =¢

sin > 0,et

o(A)N R = {0}
si 7 = 0. On obtient donc la conclusion en appliquant le théoreme 2.7 d’ Arendt et Batty.
Troisiemement, nous étudions la stabilité polynomiale du systeme (1.69)-(1.75) lorsque n > 0 en
considérant trois cas : dans le premier, I’amortissement n’est effectif que sur le moment de flexion.
Cependant, dans le deuxieme cas, I’amortissement n’est effectif que sur la contrainte de cisaillement.
Enfin, dans le troisieme cas, I’amortissement est présent a la fois sur la contrainte de cisaillement
et le moment de flexion. Pour ce faire, nous utiliserons une approche basée sur le domaine des
fréquences avec une méthode de multiplicateur, c’est-a-dire que nous utiliserons le Théoreme 2.10.
Nos principaux résultats dans cette partie sont les théoremes suivants :

Theorem 2.8. Supposons que 1 > 0 et que I’hypothese (A,) soit vérifiée. Alors, pour j = 1,2, il
existe ¢ > 0 tel que, pour chaque U € D (A;), ’estimation d’énergie suivante est valable :

C
E(t) < [Uollpa,y. >0, (1.80)

Theorem 2.9. Supposons que 17 > 0 et que I’hypotheése (A3) soit vérifiée. Alors, pour j = 1,2, il
existe ¢ > 0 tel que, pour chaque Uy € D (\A;), I’estimation d’énergie suivante est valable :

C
E(t) < - [Ullpa,y . >0, (1.81)

Pour le troisieme cas, nous supposons que I’hypothese suivante est valable :
D1 7& O, DQ 7& 0, ap =as=a et b1 = b2 =b. (A4)

Theorem 2.10. Supposons que 1 > 0 et que I’hypothese (A,) soit vérifiée. Alors, pour j = 1,2, il
existe ¢ > 0 tel que, pour chaque Uy € D (\A;), I’estimation d’énergie suivante est valable :

&
E(t) < e 1Uollpeay . t>0. (1.82)

2.4.3 Polynomial stability of the generalized Rao-Nakra beam with local Kelvin-Voigt damp-
ing (Chapitre 4)

Dans cette partie, nous étudions le bien posé et la stabilité de 1’équation de la poutre de Rao-Nakra
généralisée. Le systeme se compose de quatre équations d’ondes pour les déplacements longitudinaux
et I’angle de cisaillement des couches supérieure et inférieure et d’'une équation de poutre d’Euler-
Bernoulli pour le déplacement transversal. Dans ce chapitre, nous nous intéressons donc a 1’étude
du comportement asymptotique de la solution du modele de poutre de Rao-Nakra généralisé suivant,
avec amortissement de Kelvin-Voigt et sous diverses conditions aux limites :

prhiugy, — (Brhiul + Dy(2)ul,). — 7 =0, (x,t) € (0,L) x Ry,
p1liyl — (Byliyt + Da(2)yl)s — 7 + Giha(we +91) =0, (2,t) € (0,L) x Ry,
phwit + (Elwee + D3(2)wiza)zx — Giha(we + y')z

—Gshs(wz +y3)z — hae = 0, (xz,t) € (0,L) x Ry,
pshsu}, — (Eshsul + Dy(z)u},). + 7 =0, (z,t) € (0,L) x Ry,

(1.83)

p3lsyy, — (Eslzys + Ds(2)y},) — %7 + Gsha(wy +3%) =0,  (2,t) € (0,L) x RY.

41



Introduction

Le systeme (1.83) est soumis aux conditions initiales suivantes :

u'(z,0) = uj(z), wu(z,0)=ui(z), =€ (0,L),
u?(2,0) = uj(x), ui(r,0)=wui(x), x€(0, L),
w(z,0) = wo(z), wi(x,0)=wi(z), =€ (0,L), (1.84)
y'(z,0) = yo(z), ¥ (2,0) =yi(z), z€(0,L),
v’ (x,0) = ug(z), v/(x,0) =wui(z), z€(0,L)

Pour les conditions aux limites, nous supposons que les variables u!, u3, 3! et 3® satisfont a I’'une des
conditions aux limites suivantes :

Conditions Dirichlet aux bords pour toutes les ondes

ur(0,t) = u(L,t) = u*(0,t) = v*(L,t) = y*(0,t) = y* (L, 1) = 4*(0,t) = v*(L,t) = 0. (DD)
Conditions Neumann aux bords pour toutes les ondes

Wb(0,1) = ul (L) = ud(0,1) = (L, t) = yh(0,1) = y2(L,1) = 42(0,1) = y2(L,1) = 0. (NN)
Et w satisfait I’'une des conditions aux limites suivantes :

La condition aux bords de serrage
w(0,t) = w(L,t) = w,(0,t) = w,(L,t) = 0. (FBC)

La condition aux bords suspendue
w(0,t) = w(L,t) = Wee(0,1) = wea(L, 1) = 0. (HBC)

Nous supposons qu’il existe 0 < a < b < L et cinq constantes positives d;, pour i = 1,.... 5, telles

e dy, x € (a,b),
0, x€(0,a)U(b,L).

Tout d’abord, nous commencons par étudier 1’existence, I'unicité et la régularité de notre systeme
en utilisant 1’approche des semigroupes. Soit (u', u3,w, y',4®) une solution réguliere du systéme
(1.83)-(1.84). Son énergie associée est donnée par

1 L L L L
B(t) = <p1h1/ |u§y2dx+Elh1/ |u;|2da:+p3h3/ |u§|2dx+E3h3/ a2
0 0 0 0

L L L L
+ph/ |wt|2dx+EI/ |wm|2dx+p1]1/ |ytl|2dx+E1.71/ |2 | da
0 0 0 0

L L L L (1.85)
+p3]3/ |yf|2dx—|—E3]3/o |y2|2dx+G1h1/0 |w$+y1|2da:+/0 I7|2dx
0
L
+G3h3/ |ws +y3|2dx> .
0
Un calcul simple permet d’obtenir le résultat suivant
4 Y g [F 1127, LD 2
7P = — | Di@)ug[de— | Da(@)lys|"de — | = Ds(@)|wras|"de
(1.86)

L L
— [ Da@li,Pda = [ Dy lyi,Pde
< 0.
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Ainsi, le systeme (1.83)-(1.84) sous réserve des conditions aux bords [(DD) et (FBC)] ou [(NN) et
(HBC)] est dissipative dans le sens ou son énergie est une fonction décroissante par rapport a la
variable temps t.

Ensuite, nous introduisons les espaces d’énergie de Hilbert suivants : pour les conditions aux bords
(DD) et (FBC), définir I’espace de I’énergie comme

Hy = (HY(0,1) x L*(0, L))" x H3(0,L) x L*(0, L) x (H}(0,L) x L*(0, L)) .
Pour les conditions aux bords (NN) et (HBC), définir I’espace de 1’énergie comme

Ha = (HL(0,L) % L2(0,L))2 x (H(0, L) N HY(0, L)) x L*(0, L) x (H! (0, L) L2(0,L))2,

L
HY0,L) = {f e HY(0,L) | / fdo = 0}.
0
Les deux espaces H; et Ho sont munis du produit intérieur qui induit la norme d’énergie

||U||’2HJ = || (uluvlayla217w7¢7u3av3ay3a23) ||2}{J
= Eih||uyll® 4+ prha||o'||? + Eshs||ul]|? 4 pshs||v?||*dz + EIl|jwae||* + phle]?
+E Ly |” + po |27 + Esls||ya]]? 4 psls]| 2| + Giha[|we + 3|2

HI7I1* + Gshsllws + 7112, 5 =1,2;
(1.87)
ici || - || dénote la norme de L?(0, L).

Nous définissons maintenant les opérateurs linéaires non bornés suivants A; : D(A;) C H; — H,;:

U= (u', Ul,yl 2w ud 03 g3 2%) € Hy|

D (A) =14 (Bihiu, + Dy(x)v ;)I S L2(0,L), (Eshsul + Da(w)el) € L(0,L), ¢,
(Eiliy; + Da(w)zp) € L*(0, L), (Eslsy} + Ds(x)z3) € L*(0, L),
(Elwse + Ds(2)tha),, € L*(0, L)
U= (ut,vl, yt, 24w, o, ud, 03,43, 23) € Hyl
ol v 2t 23 e HYO, L), + € H*(0,L) N Hy(0, L),
Eyhyul + Dy ( x)vi)x € L*(0,L), ul(0,t) = uL(L,t) =0,
D (As) = { (Eshsu} + Da(x)v}) € L*(0,1), ul(0,t) = ul(L,t) =0,

Erly, + Dy(x)2}) € L*(0,L), y3(0,1) = y3(L, 1)

T

(
(
(
(

0,
Bslsys + Ds(x)23) € L*(0, L), y3(0,t) = y3(L,1) = 0,
(Elwze + D3(@)es),, € L*(0,L), wee(0,1) = weu(L,t) =
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et
’Ul
(p1h1) =t [(Erhiul + Di(z)vl)s + 7]
1
’LL1 21
v
vl (1)~ (Bl + Da()2h), + %7 = Gihu(we + 91
z
A | ¢ v
! l/g | (0h) 7 [~(Elwee + Ds(2)002)ae + Gihr (we + 1) + Gahs(we + ¥3)z + hora] |
u
o3 v3
3
Y (psha) ™" [(Eshsug + Da(x)v})s — 7]
z
3
y4

(p3l3)~! [(Esf:ayg + Ds5(z)23), + %T — G3h3(wz + y?’)]
(1.88)

pour tous U = (u',v,yt, 2t w, ¥, u? 0% 9, 2%) € D(A;) et j = 1,2. Si U est une solution
réguliere du systeme (1.83)-(1.84), alors le systeme peut €tre réécrit comme une équation d’évolution
sur I’espace de Hilbert H; sous la forme abstraite suivante :

Up(z,t) = A;U(x, 1),
(1.89)
U(Z‘,O) = U()(ZE),

UO = ( (1]) UL yév y%a Wo, Wi, uga U?, 987 y?)
avec j = 1, 2 correspondant aux conditions aux bords [(DD) et (FBC)] ou [(NN) et (HBC)], respec-
tivement.

Ensuite, nous prouvons que 1’opérateur A; est m-dissipatif dans H;, j = 1, 2. Ainsi, selon Lummer-
Phillips théoreme (see [88]), on en déduit que A; génere un Cj—semigroupe de contractions (et““j)

=0
dans H; et le probleme est alors bien posé dans H ;. Nous obtenons donc le résultat suivant :

Theorem 2.11. Soit Uy € H;, alors le systeme (1.89) admet une unique solution faible U satisfaisant
UeC®(Ry,H,).
En outre, si Uy € D(A;), alors le probleme (1.89) admet une unique solution forte U satisfaisant

UeC' (R, H;)NC® (Ry, D(A;))).

Deuxiemement, nous étudions la stabilité de notre systeme et prouvons que son énergie converge
vers zéro lorsque t va a I’infini pour toutes les données initiales dans #;. Comme le résolvant de
A; n’est pas compact, nous devons étudier le spectre complet sur I’axe imaginaire. Nous utilisons
un critere général du théoreme d’ Arendt-Batty dans [24] qui stipule que, dans un espace de Banach
réflexif, un Cy—semigroupe ¢ est fortement stable si ™Y est borné, A; n’a pas de valeurs propres
sur 1’axe imaginaire et o(.A;) N iR est dénombrable. Avant d’énoncer notre résultat principal, nous
avons besoin des conditions de stabilité suivantes :

D; >dy>0 pourtoutz € (0,L), i=1,..,5, (SSC1)
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E,  E
Di(z) > dy>0 in(ab), i=25 G #Gs et 71 + pi’. (SSC2)
1 3

Nous allons donc prouver le résultat de stabilité suivant :
Theorem 2.12. Supposons que la condition (SSC1) ou (SSC2) soit vérifiée. Alors, le Cy—semigroupe
de contractions (e™7),> est fortement stable dans I’espace d’énergie H;, j = 1,2 ; c’est-a-dire

lim ||€t'AjU()||H]. = 0, VU() S Hj.

t——+o0

Pour démontrer le Théoréme (2.12), on a besoin des deux lemmes suivants :

Lemma 2.13. Supposons que la condition (SSC2) soit vérifiée, on a alors
ker (1N — Aj) = {0}, VAeR, j=1,2,
ou I est I’opérateur identité.

Lemma 2.14. Supposons que la condition (SSC2) soit vérifiée, alors, pour tout A € R, on a

Ainsi, en utilisant le Lemme 2.13, on en déduit directement que .4, n’a pas des valeurs propres imagi-
naires pures. Selon le Lemme 2.14 et a I’aide du théoréme du graphe fermé de Banach, nous déduisons
que o(A;) N iR = ¢. On obtient donc la conclusion en appliquant le Théoréme 2.7 d’ Arendt et de
Batty.

Il s’agit maintenant d’étudier le taux de décroissance de 1’énergie en utilisant une approche basée sur
le domaine des fréquences combinée avec la technique du multiplicateur par morceaux dans deux cas
qui dépendent de la régularité des fonctions de coefficient D;,7 = 1, ..., 5, de la localisation de leurs
supports et de leur nombre.

Dans le cas ou les cinq amortissements sont globalement distribués, nous prouvons une stabilité ana-
lytique. Notre résultat est le suivant :

Theorem 2.15. Supposons que la condition (SSC1) soit vérifiée et D; € L>*(0,L), i = 1,...,5.
Alors, le Cy-semigroupe (e™4); est analytique dans H;, pour j = 1,2.

Dans le cas de seulement deux amortissements locaux D, et Dy agissant sur les déplacements de
I’angle de cisaillement des couches supérieure et inférieure, c¢’est-a-dire que I’hypothese (SSC2) est
valable, nous montrons que 1’énergie du systeme décroit de facon polynomiale. Nous prouvons le
théoréme suivant :

Theorem 2.16. Supposons que la condition (SSC2) soit vérifiée. Le Cj-semigroupe (e“‘f )t>1 est
polynomialement stable ; plus précisément, il existe une constante C' > 0 telle que pour tout UO/ dans
D(.A;), nous avons

E(t) < tC Vt >0, VU, € D(A;). (1.90)

2.4.4 Some stability and non-stability results for a Cauchy problem of Bresse-type with fric-
tional damping on the vertical displacement (Chapitre 5)

Dans cette partie, nous étudions la stabilité d’un systeme de type Bresse sur toute la ligne R avec
un amortissement par frottement n’agissant que sur la premiere équation (déplacement vertical). Le
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systeme est régi par les équations aux dérivées partielles suivantes :
Pt — (SDQZ - ¢ - lw)a: - k2l(wx - l‘P) + TPt = 07
wtt - a21/]:l:x - (901’ - w - ZCU) = Oa (191)
wy — kK (we —19)s — (e — ¥ — lw) =0,

avec les données initiales

(907 Pt ¢7 wta w, wt)(xv O) = (@07 ©1, ¢0a ¢17w07w1>(x)7 (192)

ou (z,t) € RxR, eta,l,~ etk sont des constantes positives. Les fonctions w(z, t), p(z,t) et (z, 1)
sont, respectivement, le déplacement longitudinal, le déplacement vertical et I’angle de rotation du
matériau des filaments linéaires.

En effet, les preuves de stabilité pour les systemes de Bresse dans des domaines bornés reposent
généralement sur la méthode de 1’énergie en utilisant en pariculier 1’inégalité de Poincaré, quelques
injections de sobolev et I'imposition de conditions aux limites appropriées. Cependant, ce chapitre
se concentre sur la situation ou le domaine est R (donc non bornée). Nos preuves sont basées sur
des estimations de 1’image de Fourier de la solution, le théoréme de Plancherel, ainsi que sur une
combinaison linéaire appropriée de séries associées a des estimations d’énergie. Ainsi, afin d’établir
le taux de décroissance du systeme Bresse (1.91)-(1.92), nous devons transformer le probleme original
en systeme du premier ordre (par rapport a la variable ¢) en définissant de nouvelles variables. Ensuite,
nous appliquons la méthode de I’énergie dans I’espace de Fourier pour prouver quelques estimations
ponctuelles qui nous aideront a prouver les estimations de décroissance.

Tout d’abord, nous écrivons le systeme (1.91)-(1.92) comme un systeme de Cauchy du premier ordre
de la forme

{Ut+AUx+LU:0’ reR, t>0, (1.93)

U(z,0) = Up(x), z € R,

ou A est une matrice symétrique réelle et L une matrice définie non négative. A cette fin, nous
introduisons les variables suivantes :

V= @r— Y —lw, U= g, z = aty, y = U, ¢ = k(wy —lp) and n=uwys. (1.94)
Par conséquent, le systeme (1.91)-(1.92) peut étre réécrite dans le systeme du premier ordre suivant :

vy —u, +y+1Iln=0,
Uy — Uy — Lk +yu = 0,
Zt_ayz:07

Yy —az, —v =0,

b0 — k. + lhu = 0,
ne— kop —lv=0,

(1.95)

et les conditions initiales prennent la forme

(U, u,z,y, ¢7 T/)(I7 0) = (?}07 Uo, 20, Yo, ¢07 770)(17)

Systeme (1.95) est équivalent au systeme (1.93) avec

v o -1 0 0 0 O 0o 0 01 0 !
U -1 0 0 0 0 0 0O v 00 —=lk O
z 0 0 0 —a 0 O 0O 0 00 0 0
U= Y A= 0O 0 —a 0 0 O L= -1 0 00 0 0
0] o 0 0 0 0 =k 0O kOO0 0 O
n o 0 0 0 =k O - 0 00 0 O
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et
UO = (UOﬂ Up, 205 Yo, ¢07 770)15-

En prenant la transformée de Fourier de (1.93), par rapport a la variable d’espace x, on obtient le
probleme de Cauchy suivant d’un systeme du premier ordre dans I’espace de Fourier :

U, +i€AU + LU =0, £€R, t>0, (196)
U(&,0) = U, §eR '
La solution de (1.96) est donnée par
U(&,t) = O (¢), (1.97)
ol A
D) =—(IEA+L). (1.98)

La premiere équation du systeme (1.96) peut tre réécrite sous la forme suivante (c’est-a-dire la trans-
formée de Fourier de (1.95)) :

Uy — i€0 — k¢ + v = 0,
2 — aiff) = 0,

G — aifs — 0 =0, (1.99)
oy — ki&n + ki = 0,
Ny — ki€p — 10 = 0.
Définissons maintenant la fonctionnelle énergétique associée a (1.96) par
- 1 - 1, . R N “ .
E(§6) = SIUEOI° = 501 + [al” + [21° + 191 + [6]° + [21*)(&, 1)- (1.100)

Soit (0,4, 2, 7, ngS, 7)) la solution de (1.96), alors 1’énergie E est une fonction décroissante par rapport
a t et satisfait, pour tous t > Oet & € R,

d -
&) =—la . (1.101)

Ainsi, (1.96) est un systeme dissipatif.

L’ objectif est de présenter et de montrer quelques résultats de stabilité et de non-stabilité pour (1.96)
en fonction des conditions suivantes :

[[2(a® = 1)(k* = 1)+ k%] l(a®> — 1) Pa?+1
(a—Fk)(k—1)>0 and max{ P+ B a?— R <2 (1.102)
and
3
ok Z+1 (1.103)

Ensuite, nous montrons une estimation de I’image de Fourier de la solution. Cette estimation jouera
un role clé dans la démonstration du Théoreme 2.18 ci-dessous.

Theorem 2.17. Soit U la solution de (1.96).

1. Supposons que (1.102) est vérifié. Alors, il existe ¢, ¢ > 0 tels que

IUEO)? <ee TO T2 €€R, t € Ry, (1.104)
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62

f(&)zig%z“. (1.105)

2. Supposons que (1.103) est vérifié. Alors, ||U(&,)|| ne converge pas vers zéro lorsque le temps ¢
converge vers I’infini.

Notre principal résultat dans ce chapitre est énoncé dans le théoréme suivant :

Theorem 2.18. Supposons que (1.102) est satisfaite. Soit N, £ € N* tels que ¢ < N, Uy € HN(R) N
L'(R) et U est la solution de (1.93). Alors, pour tout j = 0, ..., N — /, il existe ¢y > 0 tel que

H(?;UHLZ(R) é Co (1+t)_1/4_j/2”U0HL1(R) +CQ (1—|—t)_£/2Hai-%UQHLQ(R), t e R+. (1106)

3 List of works collected in the thesis

This thesis consists of three chapters:

e Chapitre 3: Polynomial stability of a transmission problem involving Timoshenko systems
with fractional Kelvin-Voigt damping. In: Mathematical Methods in the Applied Sciences [60]
(doi: https://doi.org/10.1002/mma.8960, Aissa Guesmia, Zeinab Mohamad Ali,
Ali Wehbe and Wael Youssef).

e Chapitre 4: Polynomial stability of the generalized Rao-Nakra beam with local Kelvin-Voigt
damping. (In preparation, Aissa Guesmia, Zeinab Mohamad Ali and Ali Wehbe ).

e Chapitre 5: Some stability and non-stability results for a Cauchy problem of Bresse-type

with frictional damping on the vertical displacement. (In preparation, Aissa Guesmia, Zeinab
Mohamad Ali, Ali Wehbe and Wael Youssef).
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Preliminaires

As the analysis in this thesis is based on the semigroup and spectral analysis theories, in this chapter,
we will present some well-known results about semigroups, including some theorems about strong,
exponential, and polynomial stability of a Cy—semigroup. All the theorems are stated without proofs,
but the relevant references are given. The reader may skip this chapter in the first reading, then refer
to it as a reference of related. For more details, see [22, 24, 26, 29, 32, 66, 67, 68, 74, 78, 89].

1 Bounded and unbounded linear operators

We start this chapter by giving some well known results about bounded and unbounded operators. We
are not trying to give a complete development, but rather review the basic definitions and theorems,
mostly without proofs ([29, 67, 68]).

Let (E,||-||g) and (F, || - ||r) be two Banach spaces over C, and H will always denote a Hilbert space
equipped with the scalar product (-, -) ;; and the corresponding norm || - || .
A linear operator 7' : E —— F'is a transformation which maps linearly £ in F, that is
T(au+ pv) =T (u) + T (v), Yu,ve EandVa,p e C.
Definition 2.1. A linear operator 7" : F — F' is said to be bounded if there exists C' > 0 such that

|Tul|r < Cllullg, Yuc€E.

The set of all bounded linear operators from F into F is denoted by L(E, F'). Moreover, the set of all
bounded linear operators from F into £ is denoted by L(FE).

Definition 2.2. A bounded operator T" € L(F, ') is said to be compact if for each sequence (z,,),en €
E with ||z, ||z = 1 for each n € N, the sequence (7'z,),en has a subsequence which converges in F'.

The set of all compact operators from £ into F is denoted by K(E, F'). For simplicity one writes
K(E)=K(E,E).
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Definition 2.3. Let 7" € L(FE, F'), we define
e Range of 7" by
R(T)={Tu: ue E} CF.

e Kernel of T" by
ker (T)={ue E: Tu=0} C E.

Theorem 1.1. (Fredholm alternative see Theorem 6.6 in [29]). If T € C(E), then

e ker (I —T) is of a finite dimension ([ is the identity operator on F)) .
e R(I—T)is closed.
eker(/-T)=0&R(I-T)=EFE.

Definition 2.4. An unbounded linear operator 7" from E into F'is a pair (7', D (T')), consisting of a
subspace D (T') C E (called the domain of 7") and a linear transformation.

T:D(T)C Ew+— F.

In the case when £ = F then we say (7', D (T')) is an unbounded linear operator on E. If D (T') = E,
then T € L(E, F).

Definition 2.5. Let 7" : D (T') C E —— F be an unbounded linear operator.
e The range of 1" is defined by

R(T)={Tu: ue D(T)} CF.
e The Kernel of 7' is defined by
ker (T)={ue D(T): Tu=0} CE.
e The graph of 7' is defined by
G(T)={(u,Tu): ue D(T)} C E x L.

Definition 2.6. A map 7T is said to be closed if G (T) is closed in £/ x F. The closedness of an
unbounded linear operator 7' can be characterized as follows

if u, € D (T) such that u,, - vin E and Tu,, — vin F, thenu € D (T) and T'u = v.

Definition 2.7. Let 7 : D (T') C E —— F be a closed unbounded linear operator.
e The resolvent set of 7" is defined by

p(T)={Xe C: X —T is bijective from D (T") onto F'}.
e The resolvent of 7" is defined by
ROAT)={(\M =T)"": xep(T)}.
e The spectrum set of 7" is the complement of the resolvent set in C, denoted by

o (T) = C/p(T).

Definition 2.8. Let 7' : D (T') C E —— F be a closed unbounded linear operator. We can split the
spectrum o (T") of T into three disjoint sets given by
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e The ponctuel spectrum of 7" which is defined by
0p,(T) ={A € C: ker(M —T) # {0}};

in this case, A is called an eigenvalue of 7'
e The continuous spectrum of 7" which is defined by

0.(T) = {\ € C: ker(\ = T) = {0}, R(\[ = T) = F and (\] — T)~" is not bounded } .
e The residual spectrum of 7" which is defined by
0. (T) ={Ae€ C: ker(\] = T)=0and R(A\] —T) is not dense in F'} .

Definition 2.9. Let 7' : D (T') C E —— F be a closed unbounded linear operator and let A be an
eigevalue of A. A non-zero element e € F is called a generalized eigenvector of 7" associated with
the eigenvalue ), if there exists n € N* such that

(M —~T)'e=0 and (M —T)"'e#0.
If n = 1, then e is called an eigenvector.

Definition 2.10. Let 7" : D (7)) C E —— F be a closed unbounded linear operator. We say that 7'
has compact resolvent if there exist Ay € p (T') such that (\g/ — T')~! is compact.

Theorem 1.2. (see [67]). Let (T, D (T')) be a closed unbounded linear operator on H, then the space
(D(T), Il pry ) where ||l pay = 1Tl g + |l .Y u € D (T), is a Banach space .

Theorem 1.3. (see [68]). Let (T, D (T)) be a closed unbounded linear operator on H, then p (T') is an
open set of C.

2 Semigroups

2.1 Ecxistence, uniqueness and regularity of solution

In this section, we introduce some basic concepts concerning the semigroups. The vast majority of
the evolution equations can be reduced to the form

2.1

U, = AU, t >0,
U) = Uy,

where A is the infinitesimal generator of a Cy-semigroup S (t) over a Hilbert space H. Let’s start by
basic definitions and theorems (see [29, 88]).

Let (X, ||-||x) be a Banach space and H be a Hilbert space equipped with the inner product (-, -)
and the induced norm ||| ; .

Definition 2.11. A family (S (t)),, of bounded linear operators in X is called a strong linear conti-
nous semigroup (in short, a Cy-semigroup) if

e S(0) =1 (I is the identity operator on X).

e S(t+s)=8(t)S(s), Vit,s=0.

e Foreachu € H, S (t)w is continuous in ¢ on [0, +o0.
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Sometimes we also denote .S (t) by e'A.

Definition 2.12. For a semigroup (.S (%))
consisting of points u such that the limit

1>0» We define an linear operator A with domain D (A)

uA = lim S(t):—u7 ue D(A)

t—0t

exists. Then A is called the infinitesimal generator of the semigroup (S (t)),-

Proposition 2.13. (See Theorem 2.2 in [88]). Let (S (1))
exist a constant M > 1 and w > 0 such that

1S ()]l ) < M, Vit >0,

=0 be a Co—semigroup in X. Then there

If w = 0 then the corresponding semigroup is uniformly bounded. Moreover, if M = 1, then
(S (1)), is said to be a Cp—semigroup of contractions.

Definition 2.14. An unbounded linear operator (A, D (A)) on H, is said to be dissipative if
R(Au,u),; <0, YueD(A).

Definition 2.15. An unbounded linear operator (A, D (A)) on X, is said to be m-dissipative if

e A is a dissipative operator.
e 1)y > Osuch thatR()\()[ — A) =X.

Theorem 2.1. (See Theorem 4.5 in [88]). Let .4 be a m-dissipative operator, then

e RM—-A) =X, V>0

® J0,00[C p(A).
Theorem 2.2. (Hille-Yosida; see Theorem 3.1 in [88]). An unbounded linear operator (A, D (A)) on
X is the infinitesimal generator of a Cy—semigroup of contractions (S (t)),,, if and only if

e Aisclosedand D (A) = X.
e The resolvent set p (A) of A contains R, and for all A > 0,
. _
H()\] —A) HL(X) <A

Theorem 2.3. (Lumer-Phillips; see Theorem 4.3 in [88]). Let (A, D (.A)) be an unbounded linear
operator on X, with dense domain D (.4) in X. The operator A is the infinitesimal generator of a
Cp—semigroup of contractions if and only if it is a m-dissipative operator.
Theorem 2.4. (see Theorem 4.6 in [88]). Let (A, D (A)) be an unbounded linear operator on X. If A
is dissipative with R (I — A) = X, and X is reflexive, then D (A) = X.

Corollary 2.16. Let (A, D (A)) be an unbounded linear operator on H. The operator A is the
infinitesimal generator of a Cy—semigroup of contractions if and only if A is a m-dissipative operator.

Theorem 2.5. Let A be a linear operator with dense domain D (A) in a Hilbert space H. If A is
dissipative and 0 € p(.A), then A is the infinitesimal generator of a Cy—semigroup of contractions
on H.

Theorem 2.6. (Hille-Yosida; see Theorem 7.4 in [29]). Let (A, D (A)) be an unbounded linear opera-
tor on H. Assume that A is the infinitesimal generator of a Cp—semigroup of contractions (S (t)),-,-

1. For Uy € D (A), the problem (2.1) admits a unique strong solution
U(t) = St € C° (R*, D (A))nC" (R, H).
2. For Uy € H, the problem (2.1) admits a unique weak solution

U(t) e C°(RY, H).
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2. Semigroups

2.2 Stability

In this section, we introduce some definitions about strong, exponential, polynomial and analytic
stability of a C;-semigroup. Then, we give some results about the stability of Cy-semigroup. For
more details see [22, 24, 26, 32, 66, 74, 78, 89].

Let (X, ||-||x) be a Banach space and H be a Hilbert space equipped with the inner product (-, -)
and the induced norm ||| .

Definition 2.17. Assume that A is the generator of a strongly continuous semigroup of contractions
(S (t));50 on X. We say that the Cy-semigroup (S (1)), is

e Strongly stable if
lim [|S(t)ullx =0, YuelX.

t—+o00

e Uniformly stable if
lim |5 (£) lex) = 0.

t—+o00

e Exponentially stable if there exist two positive constants M/ and e such that
IS (8) ullx < Me™Jullx, Yt>0,VueX.
e Polynomially stable if there exist two positive constants C' and « such that

1S () ullx < Ctullx, VE>0,VueX

The Co-semigroup (S(t)),, is said to be polynomially stable with optimal decay rate t~* (with
a > 0) if it is polynomially stable with decay rate ¢~ and, for any ¢ > 0, the semigroup (S(t)),,
does not decay at a rate ¢~ (@),

Proposition 2.18. Assume that A is the generator of a strongly continuous semigroup of contractions
(S (1)) on X. The following statements are equivalent:

® (S(t))sq is uniformly stable.

® (S(t))s is exponentially stable.

To show the strong stability of a Cy-semigroup of contraction (e/4),~, we rely on the following result
due to Arendt-Batty [22].

Theorem 2.7. (Arendt and Batty) Assume that A is the generator of a strongly continuous semigroup
of contractions (S (t)),-, on a reflexive Banach space X. If

e A has no pure imaginary eigenvalues,
e 0 (A)NiR is countable,

then S (¢) is strongly stable.

Remark 2.8. If the resolvent (I — T)~* of T is compact, then o (T) = o, (T). Thus, the state of
Theorem 2.7 lessens to 0,(A) NiR = (.

Next, when the Cy-semigroup is strongly stable, we look for the necessary and sufficient conditions of
exponential stability of a Cj-semigroup. In case when the Cj-semigroup is not exponentially stable,
we may look for a polynomial one. In fact, exponential and polynomial stability results are obtained
using different methods like: multipliers method, frequency domain approach, Riesz basis approach,
Fourier analysis or a combination of them. In this chapter, we will review only two methods. The
following method is a frequency domain approach method which was introduced by Huang-Priiss
(see [66, 89]).

53



Chapter 2 — Preliminaires

Theorem 2.9. (Huang-Priiss) Assume that A is the generator of a strongly continuous semigroup of
contractions (S (t)),-, on H. S (t) is uniformly stable if and only if

e IRCp(A).
e sup || (Zﬁf — A)_l HE(H) < 4-00.
BER

Moreover, the following result is a frequency domain approach method which was introduced by
Batty [24], Borichev [26] and Tomilov, Liu and Rao [74].

Theorem 2.10. (Batty , Borichev and Tomilov, Liu and Rao.) Assume that A is the generator of a
strongly continuous semigroup of contractions (S (t)),., on H. If iR C p (A), then, for a fixed ¢ > 0,
the following conditions are equivalent:

, 1., _
lim sup 7£||(2)\I —A) 1||£(H) < 00, 2.2)
AR N —oo |A|
C
1S (t) Uoller < T |Uollpay Yt >0, Uye D(A), for some C' > 0. (2.3)
£

Also, the analytic property of a Cp—semigroup of contraction (S (t)),, is characterized in the fol-
lowing theorem due to Arendt, Batty and Hieber [23].

Theorem 2.11. Assume that A is the generator of a strongly continuous semigroup of contractions
(S ()0 on H. Assume that
iR C p(A). (A1)

Then, (S (t)),, is analytic if and only if

i 1
lim sup

Jmsp el GAT = A < o 2
A= oo
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Polynomial stability of a transmission
problem involving Timoshenko systems with
fractional Kelvin-Voigt damping

Résumé

Dans cette partie, nous étudions la stabilité d’un systeme de Timoshenko unidimensionnel avec un
amortissement fractionnaire interne localisé de Kelvin-Voigt dans un domaine borné. Tout d’abord,
nous reformulons le systeme dans un modele augmenté et en utilisant un critere général d’ Arendt-
Batty, nous prouvons sa forte stabilité. Ensuite, nous étudions trois cas : le premier, lorsque 1’amortiss-
ement est localisé dans le moment de flexion, le deuxieme lorsque 1’amortissement est localisé dans
la contrainte de cisaillement, nous prouvons que 1’énergie du systeme décroit polynomialement avec
le taux ¢! dans les deux cas. Dans le troisieéme cas, le Kelvin-Voigt fractionnaire agit simultanément
sur la contrainte de cisaillement et le moment de flexion. Nous montrons que le systeme est poly-
nomialement stable avec un taux de décroissance de 1’énergie de type t%, a condition que les deux
amortisseurs agissent dans le méme sous-intervalle. La méthode est basée sur la méthode fréquen-
tielle combinée a la technique des multiplicateurs.

Abstract

In this part, we study the stability of a one-dimensional Timoshenko system with localized internal
fractional kelvin-Voigt damping in a bounded domain. First, we reformulate the system into an aug-
mented model and, using a general criteria of Arendt-Batty, we prove the strong stability. Next, we
investigate three cases: the first one when the damping is localized in the bending moment, the second
case when the damping is localized in the shear stress, we prove that the energy of the system decays
polynomially with rate ¢~! in both cases. In the third case, the fractional Kelvin-Voigt is acting on
the shear stress and the bending moment simultaneously. We show that the system is polynomially
stable with energy decay rate of type t%, provided that the two dampings are acting in the same
sub-interval. The method is based on the frequency domain approach combined with the multiplier
technique.
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1 Introduction

We consider the Timoshenko beams subject to a feedback control that combines the fractional and the
Kelvin-Voigt type. The fractional derivative here is of Caputo type and it is defined by:

N 1 t v s d
[D¥w] (x,t) = 0 "w(x, t) = M/() (t —s) et )d—i(x,s)ds, (3.1)

where a € (0, 1) is the order of the derivative, ¢ is the time variable, > 0 and I" denotes the Gamma
function. Fractional calculus includes various extensions of the usual definition of derivative from
integer to real order. For mathematical description of the fractional derivative see [97]. In the recent
years, many researches showed interest in problems involving fractional (or fractional Kelvin-Voigt)
damping (see [7, 9, 11, 12, 14, 21, 69, 100]). Ammari et al. [21] studied the stabilization of a class
of evolution systems with fractional damping. They showed a polynomial stability result under some
consideration on the stability of an auxiliary dissipating system, also they gave some applications to
the wave equations. Recently, in [69], the authors considered a system of coupled wave equations
with a boundary control of fractional derivative type. They established an optimal decay result. Tahri
et al. [100] studied the energy decay rate for a one-dimensional non-degenerate wave equation under a
fractional control applied at the boundary. They proved the polynomial decay result with an estimation
of the decay rates. Now, we mention some recent results that treated the stabilization of beams
subject to fractional or Kelvin-Voigt damping. In [3] Contreras and Rivera considered the Timoshenko
beam with localized Kelvin-Voigt dissipation distributed over two components: one of them with
constitutive law of the type C* and the other with discontinuous law. The third component is simply
elastic, where the viscosity is not effective. They showed that the system is exponentially stable if
and only if the component with discontinuous constitutive law is not in the center of the beam. When
the discontinuous component is in the middle, the solution decays polynomially. Recently, in [9],
the authors studied the coupled wave and Euller-Bernoulli beam equations with one locally singular
fractional Kelvin-Voigt damping acting only on one equation. The system considered is as follows

uy — (auy + di(2)0F "u,), =0, (x,t) € (0,L) x (0,00),

Yt + (0Yze + d2(2) 0" Y0 )ae = 0, (z,t) € (—=L,0) x (0, 00),

u(L,t) = y(=L,t) = y=(=L, 1) = 0, t € (0,00),

atz(0,1) + bYurr(0,1) = 0,4,.(0,2) =0, ¢t € (0,00), (3.2)
u(0,t) = y(0,1), t € (0,00),

u(z,0) = ug(x), u(z,0) = uy(x), xz € (0,L),

y(,0) = yo(x), y:(x,0) =y (), z € (=L,0).

o If dy = doXfey,r,) and do = 0 where 0 < [y < I; < L, the authors proved that the energy decays
polynomially as =y

o If dy = doX[—¢,,—¢,) and d; = 0, the authors proved that the energy decays polynomially as {5,

In [85] Oquendo and Roberto da Luz investigated the asymptotic behavior of the solutions of a Tim-
oshenko beam with a fractional damping. The damping acts only in one of the equations and depends
on a parameter 6 € [0, 1]. Timoshenko systems with frictional or Kelvin-Voigt dampings are particu-
lar cases of this model. They proved that, for regular initial data, the semigroup of this system decays
polynomially with rates that depend on ¢ and some relations between the structural parameters of the
system. Moreover, they showed that the decay rates obtained are optimal and the only possibility to
obtain exponential decay is when 6 = 0 and the wave propagation speeds of the equations coincide.
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Zhao et al. [112] considered the following Timoshenko beam with Kelvin-Voigt damping:

{ pruw — [k (uz +9y), + Diuw — )], =0, (2,t) € (0,L) x Ry,

3.3)
P2y — (koyy + Doyer), + k1 (ug +y), + Di(uge —y:) =0, (x,t) € (0,L) x R,

They proved that the energy of the system (3.3) subjected to Dirichlet-Neumann boundary con-
ditions is exponentially stable when the coefficient functions Dy, D, € CU1([0, L]) and satisfy
Dy < ¢Ds (¢ > 0). Next, Malacarne and Rivera [79] considered the Timoshenko system (3.3) under
Dirichlet-Neumann boundary conditions. They showed that the system is analytic if and only if the
damping is present in both the shear stress and the bending moment. Otherwise, the solution decays
polynomially no matter where the damping is effective and that rate is optimal. Later, Tian and Zhang
[101] considered the Timoshenko system under fully Dirichlet boundary conditions with locally or
globally distributed Kelvin-Voigt damping when the coefficient functions Dy, Dy € C([0, L]). When
the Kelvin-Voigt is globally distributed, they showed that the corresponding semigroup is analytic.
Then, for their system with local Kelvin-Voigt damping, they analyzed the exponential and polyno-
mial stability according to the properties of the coefficient functions D, Ds. Next, Ghader and Wehbe
[107] studied the stabilization of the following Timoshenko system with only one locally or globally
distributed Kelvin-Voigt damping:

{ P1Us — kl (U:E + y)m = 07 (ZL’,t) < (O7L> X ]R+7

(3.4)
P2Yie — (kaa: + Dymt)x + kl (uz + y) = 07 (I,t) € (O’ L) X R+.

They established that the energy of the system (3.4) under fully Dirichlet or mixed boundary condi-
tions decays polynomially.

To the best of our knowledge, the stabilization of Timoshenko system with one or two fractional
Kelvin-Voigt damping has never been looked into yet. In particular, in the case, where only the first
equation (equation of shear force) is effectively damped. In the present paper, we investigate the
stability of the following Timoshenko system with fractional Kelvin-Voigt damping:

{ prue = [Fr (ue +y) + Di(2)07" (uz + y)], = 0, (z,t) € (0, L) x Ry,
Py — [kays + D2(2)0F My, + k1 (ug +y) + D1(2)0)" " (uy +y) =0, (z,t) € (0,L) x Ry,
3.5

subject to the following initial condidtions:

u(z,0) = ug(x), u(x,0) =u(z), z€(0,L),
y(2,0) = yo(), yi(w,0) =w(z), z€(0,L (3.6)

and the following boundary conditions:
u(0,4) = y(0,4) = u(L,t) = y(L,1) =0, tER, (3.7)
or
u(0,t) = y.(0,t) = u(L,t) = y.(L,t) =0, te€R,. (3.8)

The coefficients p;, po, ki, and ko are positive constants, 7 is non-negative and o € (0,1). We
assume that there exist 0 < a; < by < L, 0 < ay < by < L and two positive constants d; and ds,
such that

dg, T € (ag,bg),

dl, T € (al,bl),
Dl(CC) =
O, T € (O,ag) U (bg, L)

and Ds(z) = {
0, x€(0,a1)U (b, L)

We shall study the direct stability when D; # 0 and D, # 0. As well as the indirect stability when
D; = 0 or Dy = 0. In other words, we shall study the stability of system (3.5)-(3.6) with boundary
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conditions (3.7) or (3.8) by distinguishing between three cases. In the first one, we consider a fully
damped system i.e. the two equations are effectively damped. However, in the other two cases, we
assume that the system is partially damped i.e. only one of these equations is effectively damped. To
this end, we introduce the following assumptions on the damping coefficients D;(x);j = 1,2

Dy #0 and D, #0 (A1)
or

Di=0 and D, #0 (A2)
or

Dy #0 and D, =0. (As3)

The remaining of this paper is organized as follows: In Subsection 2.1, we reformulate problem (3.5)
into an augmented model and we prove the well-posedness of the problem by the semigroup approach.
In Subsection 2.2, we show that our system is strongly stable in the sense that its energy converges to
zero as t goes to infinity provided that any one of assumptions (A1), (A2) or (A3) holds. For this aim,
a general criteria of Arendt-Batty is used. Moreover, using a frequency domain approach combining
with a specific multiplier method, in Section 3 (respectively in Section ??), we prove that the energy
of our system decays polynomially to zero like t~! when the fractional Kelvin-Voigt damping is
acting only on the bending moment equation (respectively only on the shear force equation). Finally,
in the last section, we study the polynomial stability of our system when the fractional Kelvin-Voigt
damping is present in both the shear stress and bending moment equations. We establish a polynomial

—4
energy decay rate of type ¢« , provided that the two dampings are acting in the same sub-interval.

2  Well-Posedness and Strong Stability

2.1 Augmented model and well-posedness

For well-posedness of System (3.5)-(3.6) subjected to either boundary conditions (3.7) or (3.8), we
recall Theorem 2 stated in [81].

Theorem 2.1. Let o € (0,1), 1 > 0 and u(€) = |£|F be the function defined almost everywhere on
R. The relationship between the input ' and the output O of the following system:

wilw, &) + (€ +n)w(@, &) —u@OV(et) = 0, (@&He(OL)xRxRy,  (39)
w(z,£,0) = 0, (2,8 €(0,L) xR, (3.10)
O(x,t) —/i(a)/Ru(E)w(m,g,t)d{ = 0, (z,t)€(0,L) xRy (3.11)

is given by
O =1y, (3.12)

where
_ a—1_,-—n(t—T7) .
W)t = [ ‘ T>F (&‘; Ve, 7)dr and k(o) = Sm(:”).
0
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Corollary 3.1. System (3.5)-(3.6) with boundary conditions (3.7) or (3.8) may be recast into the
following augmented model

p1Utt — (lﬁ ug +y) + k(a)y/Di(z / (x,&,1) df) =0, (z,t) € (0,L) xRy,  (3.13)
P2yt — (k2ym + k(a)y/Da(z / w(éw(z,&,t) df) +k(ue +y)  (3.14)
@)y Dilx) [ ple)w! (@,€,8)de = 0, (z,t) € (0.L) x Ry

wi(x, &,1) + (€2 + n)wt(z, &, 1) — /D1 (x) (uar + ye)p(€) = 0, (z,6,t) € (0,L) x Rx Ry,  (3.15)

wi(z,&,t) + (2 + n)w?(z,&,1) — \/Da(2)ysapn(€) = 0, (2,€,1) € (0,L) x Rx Ry,  (3.16)

System (3.13)-(3.16) is subjected to the following initial conditions:

U(ZE’,O) = UO("E% Ut(l',O) = Ul(l'), LS (Oa L)a (317)
y(x,0) = yo(x), wu(x,0) =wy1(zx), x€(0,L), (3.18)
wh(z,£,0) = w?(2,£,0) =0, (z,6) €(0,L) xR, (3.19)

and fully Dirichlet boundary conditions
u(0) = u(L) = y(0) = y(L) =0, (3.20)
or with Dirichlet-Neumann boundary conditions
u(0) = u(L) = y,(0) = y,(L) = 0. (3.21)

Proof. Using the same techniques used in [9] by taking

Vi(z,t) = \/Di(x)(uge(x, t) + y(x,t)) and  Vi(z,t) = \/ Do(x)yw(x, t),
we get system (3.13)-(3.21). L]

Now, let (u, us, y, ys, w', w?) be a regular solution for the system (3.13)-(3.19) subjected to either the
boundary conditions (3.20) or (3.21), then its associated energy is given by

1 rE k(a) (L 2 2
E(t) = */ (,01 ‘Ut’2+p2‘yt’2+l€1 ]ux+y|2+/€2 \%:!2) dx+(>/ / (‘wl‘ + ‘wz‘ )d&dw.
2 Jo 2 Jo Jr

Lemma 2.2. System (3.13)-(3.19) subjected to either the boundary conditions (3.20) or (3.21) is
dissipative in the sense that it is energy is non-increasing function with respect to ¢ and satisfies

E (1) = —r() /OL/]R (€ +n) (\wlf + \uﬂf) dedz < 0. (3.22)

Proof. Let (u,uy,y,ys, w',w?) be a regular solution of (3.13)-(3.19), thus multiplying (3.13) and
(3.14) by @, and 7,, respectively, integrating over (0, L), adding the resulting equations, then using
the boundary conditions (3.20) or (3.21), we get

1d (b
sgp b (or el + oo ol b fue + 9 + Ke [y da

+R | k(o /\/Dl um+yt/ (§w 1d£d:v) (3.23)
i (o) [/ Dalom, | u<§>w2d§dx) _o.
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Next, multiplying (3.15) and (3.16) by x(a)w! and x(a)w?, respectively, integrating in (0, L) x R,
then using the boundary condition (3.20) or (3.21), we get

th /'1 O dédz + r(a //£+nlw<m£>|d§da:

(3.24)
- (m<a> [ VDA ) [ o).
and
K2 a /|w (z,&)|?dedx 4 k(o / /§+n|w (z,€)2dedx .

( ) [ VDl [ w?x&d&daz)

Finally, by adding (3.24), (3.25) and (3.23), we obtain (3.22). Since a € (0, 1), then x(«) > 0, and
therefore £'(t) < 0. The proof is thus complete. N

Now, let us define the energy spaces H; and H by:
Hy = (H} (0,1) x L* (0,1)) x W2,

Ho = H} (0, L) x L?(0,L) x H! (0,L) x L*(0,L) x W?,

where
W=L*((0,L) xR),

and

L
HY(0,L) = {f e HY(0,L)| / fdo = 0}.
0
It is easy to check that the space H is Hilbert spaces over C equipped with the norm

2 . 2
+(0,L) — ||UI|| )

where || - || denotes the usual norm of L? (0, L). Both energy spaces H; and H, are equipped with the
inner product defined by:

(0,0}, =p / vBds + ,02/ Fdo+k / (up +y) @ + §)dx
H; 0 0 0

L L — =
+ kg/ Yrldx + Ii(Oé)/ / (wlwl + w%ﬂ) dédz,
0 0o Jr

forall U = (u,v,y,z w",w?) and U = (ﬁ,ﬂ, 7, E,J,Jé) in H;, j = 1,2. We use ||Ul|y, to
denote the corresponding norm. We now define the following unbounded linear operators A; on H,;
(= 1,2) by:

= (u,v,y, z,w", w?) € H| v, z € HY(0, L),

(kl Uy +y) + Ko W/ xédé) € L*(0, L),
D(A) = (kaI + x(a ﬁ/ (2, d§) € 12(0, L), ,
—(€ + n)w!(z,6) + mw + (), [elwt €W,
—(& + )W’ (2,8) + /Do) 2:p(E),  [EJw? €W

60
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D (.AQ)

(

(
—(&*

—(¢&*

y.(0)

and

ki (uz +y) + K(a)y/ Di(x /
oy, + k(a)y/ Do x)/RN(

s (myz+f€ a)y/ Da(x /

= (u,v,y,z,w',w?) € H|ve HY0,L), z€ H (0, L),
(a,€ dg) € 120, L),
(z,€ dg) € L*(0,L),
VDi(@) (s + 2)(€), ekt € W,
VDa(@)zp(8), gl € W,

+n)w (z,

Jw' (
+ n)w?(
=y.(L) =

T,

§) +
&) +
0

Y

1 /7
o (K,l ux+y —|—/€ D1 /,u

x{d&)

K1

xfdf) - o +

- /ia) [ o)t

—(& +mw'(z,€) +/Di(z) (vz + 2)p(€)

33 g +\/D2 Zm#

—(& +n)w

forall U = (u,v,y, z,w',w?) € D(A;), forj =1,2.

Remark 2.3. The condition |£|w? € W is imposed to make

L&+l (,9)dsdr € L2(0,1) and \/D(a) [ 1617

In fact, if |{|w’ € W, we have

L//Mr W, )ded

<2// €5 w2, 6)| déda

Wi (x, €)de € L2(0,L), (j = 1,2).

<2/ /5*@9;5 dfde‘—f-Q// file(x,f)‘dﬁdx.

Since 0 < a < 1 and w’ € W, then by using Cauchy-Schwarz inequality, we get

/ /g* lwi(z,€)] d§dx<</ /62‘” 1d€dw) (

/OL /O1 ’wj(g:,g)fdfdxf

< \2/5 </OL/01 ‘wj(x,f)‘zdﬁdx>2 < ~00.
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On the other hand, since 0 < o < 1 and |£|w’ € W, by using Cauchy-Schwarz inequality, we get

[ e

(i, €) dgdx_//

(,€)| déde

< < /OL /1+°° fzaad@m)é ( /0 ’ /1 o ‘gwa'(x,g)fdgdxf

< 2<1\/_Za) (/OL /1+OO ‘fwj(x,é)f d{dx)Q < 400.

It follows that \/D;(x) / 13 lzaT_le (x,&)d¢ is well defined. Thus, the Timoshenko system (3.13)-
R

(3.19) is transformed into a first order evolution equation on the Hilbert space H ;

where

{ Uz, t) = A;U(x, 1),

U(z,0) = Uy(x),

Uo (x) = (uo(2), w1 (), yo(), 41 (), 0,0)

with j = 1, 2 corresponding to the boundary conditions (3.20) and (3.21), respectively.

Lemma24. Let0 <a<1,n>

et

I.0) = r(0) [ e

ndﬁ and _fi(fi,n,a):/{(oz)

0, then the following integrals are well -defined:

R1+&+7

(3.26)

' dédx, for i=>5o0ri=E6.

For the proof of I(n, o), see Lemma 2.1 in [9], and for the proof of I;(f;,n, ), see Proposition 2.4 in

[9].

Proposition 3.2. The unbounded linear operator A; is m-dissipative in the energy space H;, j = 1,2.

Proof. First, forall U = (u,v,y, z,w",w?) € D (A;), one has

R(A;U Uy, = —r(a

V[C (€ ) (o] + o o)) dedr < 0

which implies that A; is dissipative. Here R is used to denote the real part of a complex number. We

next prove the maximality of A;. Indeed, for F' =

of U = (u,v,y, z,w,w?) € D(A;), the unique solution of the equation

(I —A)U =

Equivalently, one must consider the system given by

u—v = f17

pro = (1 (s +9)+ @)y Di(a) [ @l (@.d) = pu,

Yy—z = f37

P27 — <K:2ym+/€ )/ Da(x /M (z,€ df) + k1 (uz +y)

a)/Di(z) /IR WEW (1, €)dE = pofa,

(1+& +nw'(z,€) — /Di(@)(ve + 2)u(€) = f5(x,6),

(1+€ +nw’(z,€) — \/Da(a)zop(§) = fo(z,8).
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(f1, fas f3, fas [5, f6) € H;, we prove the existence
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From (3.27), (3.29), (3.31), (3.32) and the fact that n > 0, we get

v=u—fi and 2=y — f3, (3.33)

f5(@.8)  VDi(@)p(@ua VD)) | VDL )y v D1(@)u(E)fs

Wl (,6) = 1+&247 1+§2+n 14+ +7 1+&+1 1+&8+n
(3.34)

fo(z,&) | VDa(@)p(€)ye  /Da(x)p(§)(f3)a
w?(x, &) = 1+€2+n+ ey ey (3.35)

Inserting (3.33), (3.34) and (3.35) in (3.28) and in (3.30), we get
pru — (F&l (g +y) + Diugd + Dyl — Di(f1)od — Dy f3l + VD1j5)x =pi(fi+fa), (3.36)

P2y — (I‘@yx + Doy, — Do(f3)sl + VD2[~6>z + K1 (ug +y) + Dyugd + Dyl

- (3.37)
= pa (fs + fa) +D1(fr)eI + Dy fsI — /D5,
with the following boundary conditions
u(0) = u(L) = y(0) = y(L) =0, (3.38)
or
u(0) = u(L) = y.(0) = y.(L) =0 (3.39)

where I = I(n, ) and I; = I;(f;,n,a) fori = 5,6, defined in Lemma 2.4. So, let (¢, v) € V;(0, L),
where V;(0, L) = H}(0, L) x H}(0, L) and V»(0, L) = H}(0, L) x H}(0, L). Multiplying Equations
(3.36) and (3.37) by p and 1) respectively, and integrating over (0, L), then we obtain the following
variational Problem:

L _ L
/0 (p19B + payh + b (e +9) (s + 0) + oy, ) da + I(n, 0 / Di()(uz +y)(pa + ¥)dx
L _
I(n, a / Da(2)yatpzdr = /0 (Pl (it f)P+p2(fs+ f)v dl‘ - / V' Di(2)(px + ) I5dx
1(n0) [ D@ ) T D410, 0) / (@) fo(r T 0 w)

/ VDa(2)iasdz + 17, a / Da(a)(fs)athadz, ¥ (,0) € V;(0,L), j =1,2.
(3.40)
Using the fact that I(n, o) > 0, we get that the left hand side of (3.40) is a sesquilinear continuous
coercive form on V;(0, L) xV;(0, L), and the right hand side of (3.40) is an antilinear continuous form
on V;(0,L). Then, using the Lax-Milgram theorem, we deduce that there exists (u,y) € V;(0, L)
unique solution of the variational problem (3.40). So, defining

vi=u—fi and z:=y— f3, (3.41)

f5(2.6) | VDnus VD) (f1)e | VDU v Di(2)u(€)fs

and

1+§2+77 1+&2+n 1+&2+n
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First, it is easy to see that (v, z) € V;(0, L), j = 1,2. Next, using Equation (3.42), Lemma 2.4 and
the fact thatn > 0, a € (0,1), f5 € W, we get

//|w (2, 6)Pded < 5//1|ij§2in déda

2a—1 L
w5y [ e [ 0P + e

R (14+&2+1)
< / |f"1’f_§ déda
o /R df';:n)dé /OL(\W H(A)al*Hyl? + | f]*)da
<(1+77/ /|f5w§|d§dx
" :(CS)I(W‘) /OL(M2 + (A1)l + [ f3])d < o0

It follows that w!(z, &) € W. On the other hand, using equation (3.42), we get

2
[ et ora <s [ [ SO g, (44)

400 ’5‘2&—%1

L 2 2 2 2
F10 [ e e [ (el 1l + L)

By similar way used in Lemma [69, Lemma 2.1], it is easy to see that

£2 Lol
max = —.
ek (14+&+n)2? 4(1+n) 4
€2a+1 §2a+1 5204—&-1 1

~ and ~ .
(L+&+mn)* 0 (1+n)? (14 & +m)? +oo 320
It follows from equation (3.44) and the fact that 0 < o < 1,

[ [let@epaede <2 [° [ 1fste.&)Pdedr+ e [l + (50l +Hol + 1) <
Owa, x\4OR5l‘,f Edx coux e Y 3|9 )dr < o00.

This implies that |¢|w!(z, &) € W. Similarly, we prove that w?(x, £), and ||w?(x, ) belong to W. Tt
follows, from (3.42) and (3.43), that

—(€ + w2, &) + /Di (v, + 2)u(€) = w' — f5(2,6) €W

—(E )P (x,€) + \/Dazep(€) = W — folx,6) € W.

On the other hand, taking ¢ € C°(0,L),? = 0 in (3.40), integrating and using (3.41)-(3.43), we
deduce that

[ [ = (s (e +0) + sty Di6e) [ @)t €)a)
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This implies that

(m (g +y) + k() /D1 (@ / (2, dg) — pu(v— fo) € L2(0, L.

Similarly, by taking ¢ = 0 and ¢ € C'2°(0, L) in (3.40), integrating and using (3.41)-(3.43), we obtain
equation (3.30) and consequently

(k:zyx+/£ f/ xfdf) e 12(0, L),

Therefore, U = (u,v,y, z,w',w?) € D(A;) is solution of (I — A;)U = F. To conclude, we need
to show the uniqueness of such a solution. So, let U = (u,v,y, z,w',w?) € D(A;) be a solution
of equation (I — A;)U = F with F' = 0, then we directly deduce that U = 0. The proof is thus

complete. [

Thanks to Lumer-Phillips theorem (see [88]), we deduce that A, generates a Cy-semigroup of con-
traction e in H;, j = 1,2. Then the solution of the evolution problem (3.26) admits the following
representation

U(t) = eAily, t > 0.

and therefore, problem (3.26) is well-posed and we have the following result.

Theorem 2.5. For all Uy € H;, problem (3.26) admits a unique weak solution
UeC Ry H,).
Moreover, if Uy € D (A;) , then Problem (3.26) admits a unique strong solution
UeCRyD(A)NCH (R Hy).

Remark 2.6. All previous results still valid even when the Timoshenko system (3.5) is considered with
only one fractional Kelvin-Voigt damping i.e. D1 = 0 or Dy = (.

Remark 2.7. In the case of Dirichlet boundary conditions we can replace condition ) < ay < by < L
and0<a2<b2<Lby 0<a1<b1<LandO<a2<bgéL.

Now, we are able to study the strong stability of system (3.5).

2.2 Strong stability

In this part, we study the strong stability of system (3.13)-(3.19) with either of the boundary conditions
(3.20) and (3.21), in which we distinguish between three cases. In the first case, we consider a fully
dissipative system i.e. the two equations are effectively damped. However, in the other two cases,
we assume that the system is partially dissipative i.e. only one equation is effectively damped. For
this aim, we use a general criteria of Arendt-Batty [22] (see Theorem 2.7) to show the strong stability
of the Cj-semigroup e associated to the Timoshenko system (3.13)-(3.19). Our main result is the
following theorem.

Theorem 2.8. Assume that either (A,), (As) or (As) holds. Then, the Cy—semigroup €' is strongly
stable in the energy space H; in the sense that,

lim HetAj Uy
t—+o00

H.:07 VU()G/H]', j =12
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For brevity, we will show the proof of Theorem 2.8 under assumption (A3) only, while the proof under
assumptions (A1) and (As) are left to the reader. System (3.13)-(3.16) becomes

pP1utt — <k1 Uy +y + K \/Dl / ,u ZL‘ ga 5) =0, (l‘,t) € (OaL) xRy, (3.45)
P2yt — kaYzx + k1 (uz +y) + K(a)y/ Di(x /M Ya, &,1)dE =0, (z,t) € (0,L) xRy,  (3.46)

wi(z, &,t) + (2 + n)wt(z, &,t) — \/D1(2) (uar + ye)u(€) =0, (z,6,t) € (0,L) x Rx R (3.47)

subject to the following initial conditions:

u(z,0) = ug(x), w(x,0)=wui(z), =€ (0,L), (3.48)
y((ﬂ, 0) = yo(x)a yt(xa 0) = yl(x)a YIS (07 L)? (349)
wH(z,£,0) =0, (2,8)€(0,L)xR (3.50)

with fully Dirichlet boundary conditions

u(0) = u(L) = y(0) =y(L) =0 (3.51)
or with Dirichlet-Neumann boundary conditions
u(0) = u(L) = y,(0) = y.(L) = 0. (3.52)

The argument for Theorem 2.8 relies on the subsequent lemmas.

Lemma 2.9. Assume that assumption (A3) holds. Then, we have
ker (iN] — A;) = {0}, VAeR, j=1,2

Proof. LetU = (u,v,y,z,w") € D (A;) and X € R such that

AU = iU
Equivalently, we have
v =i\u, (3.53)
(kl(% + ) + 5la \F/ (2, dg) — ip A, (3.54)
z =1y, (3.55)
Fotes — k1 (1 + y)—r(a) /D1 () / — ipphz, (3.56)
—(& 4+ n)w'(, &) + /D1 (v, + 2)u mwl(:c,g). (3.57)
With the following boundary conditions
uw(0) =u(L) =y(0) =y(L) =0, if j=1 (3.58)
or
u(0) = y.(0) = u(L) = y(L) =0, if j=2. (3.59)

First, a straightforward computation gives
L 2
0 =R(GAU,U)y, = RAUUY,, = —ﬁ-(a)/o /R (€4 n) | (2, ©) deae,
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consequently, we deduce that

wh(z,€) =0 ae.in (0,L) x R. (3.60)

Combining (3.60) with (3.53)-(3.57) and using the definition of the function D, (x), we get

and

Mug +y) =0, over (ay,b), (3.61)
k(g +19)e + pAu =0, over (0,L), (3.62)
Eolew — k1(uz +y) + p2 A2y = 0, over (0, L). (3.63)

Here we will distinguish two cases.
Casel. If A = 0:
From equations (3.53) and (3.55), we get

v=z=0 on (0,L).

1. If 5 = 1, using equations (3.62), (3.63) and the boundary conditions in (3.58) we can write u

and y as
L L? L
u= —%x?’ + %xz — al—zx and y= %:c2 — %x (3.64)
where a is a constant number to be determined. Now using (3.64) in (3.63) we get a(ky +
L2

ki—) = 0. Since ky, k2 > 0, we deduce that a = 0. Then we get u = y = 0. Hence, U = 0

over (0, L). In this case, the proof is complete.
If j = 2, from (3.62), (3.63), the boundary conditions in (3.59) and the fact that y € H}(0, L)

L
(i.e., / ydr = 0), we get
0
u=y=0, over (0,L),

therefore, U = 0, also in this case the proof is complete.

Case2. If A\ # 0:
From equation (3.61), we get

(uz +y) =0 over (ag,b). (3.65)

By using (3.65), (3.62) and the boundary conditions (3.58) or (3.59), we get

u=y=0 over (ay,by). (3.66)

Combining equations (3.62), (3.63) and (3.66), we get the following system

ki(ug +9)e + pr1\2u =0, over (0,L),
koYze — ki(uz +y) + p2A?y =0, over (0,L), (3.67)
u=y =0, over (ay, by).

According to the unique continuation theorem we get U = 0 over (0, L). The proof is thus completed.

]

Lemma 2.10. Assume that n = 0 and assumption (A3) holds. Then, the operator —A; is not invert-
ible, and consequently, 0 € 0(A;), j = 1,2.
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Proof. Let F' = (Sin(%), 0,0,0, O) € H,, and assume that there exists U = (u,v,y, z,w') € D(A;)
such that
—-A;U =F.

It follows that
v = —sin(ﬂ—;) in (0,L) and &w'+ %\/Dl cos (%)M(f) = 0.

Hence, we deduce that w'(z, &) = _fg%‘

\/D cos( 7 ) ¢ W, which contradicts the fact that U €
D(.A;). Consequently, the operator —A is not invertible, as claimed. The proof is thus complete. [

Lemma 2.11. Letr 0 < o < 1, n > 0 and f5(x,&) € W. Assume that (n > 0 and A € R) or
(n = 0and X € R*), then the following integrals:

2 2
B = iwta) [ e e = s [ 1 e
d
" o) [ HOS@0),
I3(f57>‘anva) _K’(a) R Z)\+€2+77 5
are well defined.

For the proof of Lemma 2.11, see [9, Lemma 2.2] and [69, Lemma 2.1].

Lemma 2.12. Assume that assumption (A3) holds and assume that either (n,\) € R*. x Rorn =10
and A € R*. Then, i\ — A; is surjective, j = 1,2.

Proof. Let F' = (fy, fa, f3, f4, f5) € H,;, we must prove that there exists U = (u,v,y,z,w') €
D(A;) such that

(AU — Aj)U =
Equivalently, we have
ixu—v= f1, (3.68)
iy —z = f3, (3.69)
)\2u+<k:1(ux+y + k(a)y/D / (z,€) dg) = —fo —iAf1, (3.70)

1 k
A2y + —koYne — 2 (ug + y)—@\/Dl / (€ (z,€)de = —f4 — iAfs, (3.71)
P2 P2 P2 R

1 _ f5(z,§) VD1p(€)idug  /Dip(€) VD1 (z)u( z)\y VD1 (z)u(€
w(x,f)—i)\+£2+n+ P M+§2+n “+ iy Sy . (3.72)

System (3.68)-(3.72) considered with fully Dirichlet boundary conditions (3.51) or with Dirichlet-
Neumann boundary conditions (3.52). Now, inserting (3.72) in (3.70) and in (3.71), respectively, we
get

PN+ </‘f1 (uz +y) + D1 (uz +y) [t — Di((f1)z + f3) I + \/D113) = I, (3.73)
P22 Y + KolYaw — K1 (Up +y)— D1 (u, +y) [} = By, (3.74)

where
Fi = —pi(fa+iXf1),

68



2. Well-Posedness and Strong Stability

Fy = —po(fa+iXf3)=D1((f1)e + f3)Ia(A, 0, ) + \/7[3 A,

and I; := I;(\,n, ), Io := Is(\, 1, ) and I3 := I3(f5, A\, 7, ) are defined in Lemma 2.11. System
(3.73)-(3.74) considered with fully Dirichlet boundary conditions (3.51) or with Dirichlet-Neumann
boundary conditions (3.52). Using Lemma 2.11, we get I;(\,n, ), Io(A, 0, ) and I3(f5, A, n, ) are
well-defined, and R(I; (), n, a)) > 0.

Now, we distinguish two cases:

Case 1. 7 > 0 and \ = 0, then system (3.73)-(3.74) becomes

</<91 (uy +9) + 5(a \/>/ (fs z, &) \/D_lﬂ(f)(<f1)m+f3)> d€>z s

§2+1 €241
— Koo + K1 (Uz +Y) = pofi—k \r/ (25291?7 \/Eu(ﬁgl(if;)x + f3)> "

with fully Dirichlet boundary conditions (3.51) or with Dirichlet-Neumann boundary conditions (3.52).

By applying Lax-Milgram theorem and using Lemma 2.11 it is easy to see that the above system has
a unique strong solution (u,y) € V;(0, L), j = 1, 2. In this case the proof is complete.

Case 2. n > 0 and A € R*, then system (3.73)-(3.74) becomes

pl)\2u —+ (/ﬁ}l (Ux + y) + D1<Ux + y)ll (Av n, a))ac = Gl’
(3.75)

P2A2y + RolYxa — /{1(11,3; + y)_Dl(ux + y)Il ()‘7 m, CY) = GQ

such that

Gi=—pi (fo+irfi) + (D1<(f1) + f3)I2(A\m, \/>13 (fss A, ) ;

G2 = =pafa+ M) =Dr((fr)o + fo) o(Am, @) + \/7]3 (fsA,m, a

with fully Dirichlet boundary conditions (3.51) or with Dirichlet-Neumann boundary conditions (3.52).
Now define the linear unbounded operators

L1 :Vi(0,L) = H}(0,L) x H3(0,L) — H*(0,L) x H*(0, L)

and
L5 Va(0,L) = HY(0, L) x HX(0,L) — H(0,L) x (H}(0,L))
by
1 ko k1 1
»Cj(U,y) = (_ (kl(ux + y) =+ Dl(ux + y)Il()‘an7a))g; y = Yzz + 7(’“1 + y)+7D1(ux + y)Il()‘vna Oé)) .
1 P2 P2 P2

LetU = (u,y) and F = (G4, G>), then we transform system (3.75) with fully Dirichlet boundary
conditions (3.51) or with Dirichlet-Neumann boundary conditions (3.52) into the following form:

(VT -L;)u="F. (3.76)
Since £; is an isomorphism from H; (0, L) x Hj(0, L) onto H~*(0,L) x H*(0,L) and L is an
isomorphism from H((0,L) x H!(0,L) onto H~'(0,L) x (H!(0,L))" and Z is a compact oper-

ator from H}(0, L) x Hj(0,L) onto H'(0,L) x H*(0,L) and from HJ(0, L) x H}(0,L) onto
H-Y0,L) x (HL(0, L))'), then, using Fredholm’s Alternative theorem, problem (3.76) admits a
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unique solution in H1(0, L) x H~'(0, L) (when j = 1), and in H} (0, L) x H}(0, L) (when j = 2)
if and only if A°Z — L; is injective. For that purpose, let Uy, = (up,yn) € ker (\>Z — L;). Then, if

we set
iADyp(€)

Vp = i)\uh, Zh = i)\yh, and w;ll = m(ux + y),

we deduce that Uy, = (up,, Un, Yn, 25, w},) € D(A;) is solution of
(IA—A)U, =0, j=1,2

It follows from Lemma 2.9, that u;, = v, = y, = 2, = w,lL = 0. This implies that equation (3.76)
admits a unique solution (u,y) in H (0, L) x H~*(0, L) (when j = 1), and in H}(0, L) x H}(0, L)
(when 5 = 2) and, we have

(k1 (s +y) + Di(us + )11 (A, @), € L*(0, L),
RoYgx — Kl(um + y>_D1(um + y)ll (/\7 n, Oé) € L2(07 L)

Now, define v := i u — f1, z :=i\y — fs and

f5(2,€) n Di(z)u(8)

. : 3.77
iINFE2 4+ M+§2+n(v +2) .77

w'(z,€) =

It is easy to see that w'(z, §) and |{|w'(x,£) € W. This implies that U = (u,v,y, z,w") € D(A;) is
the unique solution of equation (:A\] — A;)U = F, j = 1,2, and the proof is thus complete. O

We are now in a position to conclude the proof of Theorem 2.8.

Proof of Theorem 2.8. Using Lemma 2.9, we directly deduce that .A; has non pure imaginary eigen-
values. According to Lemmas 2.9, 2.10 and 2.12 and with the help of the closed graph theorem of
Banach, we deduce that 0(A) N iR = {¢} if n > 0and o(A) N iR = {0} if n = 0. Thus, we get the
conclusion by applying Theorem 2.7 of Arendt and Batty.

In the following sections, we aim to establish the polynomial stability of system (3.13)-(3.19) in three
cases: In the first one, the damping is effective only in the bending moment. However, in the second
one, the damping is effective only in the shear stress. Finally, in the third case, the damping is present
in both the shear stress and the bending moment. For this purpose, we will use a frequency domain
approach method, namely we will use Theorem 2.10.

3 Polynomial stability when the damping is effective in the bend-
ing moment

In this section, we study the polynomial stability of system (3.13)-(3.19) either in the boundary con-
ditions (3.20) or (3.21) in the case > 0, when the fractional Kelvin-Voigt damping is acting only on
the bending moment equation, i.e assumption (A») holds. In this case, system (3.13)-(3.16) becomes

prug — k1 (ue +y), =0, (x,t) € (0,L) x Ry, (3.78)
Pt — (ky + r(a)y/Da(x) /R H()w?(w, €, t)d£> k1 (up+9) =0, (2,1) € (0,L) x Ry, (3.79)

wi(z,&,t) + (2 + n)w?(z,&,t) — \/ Do(z)ysap(€) = 0, (x,€,t) € (0,L) x R x Ry, (3.80)
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subject to the following initial conditions

u(z,0) = up(x), wlz,0)=u(x), ze€(0,L), (3.81)
y(l’, O) = yo(l’), yt(xa O) = yl(x)a S (07 L)? (382)
wi(z,6,0) =0, (2,8 €(0,L)xR (3.83)

with fully Dirichlet boundary conditions

u(0) = u(L) = y(0) = y(L) = 0, (3.84)

u(0) = u(L) = y,(0) = y,(L) = 0. (3.85)

Our main result in this section is the following theorem.

Theorem 3.1. Assume that 7 > 0 and assumption (A5) holds. Then, for j = 1, 2, there exists ¢ > 0
such that, for every Uy € D (\A;), the following energy estimation holds:

C
E(t) < - Ullpay), >0, (3.86)

According to Theorem 2.10 and by taking ¢ = 2, the polynomial energy decay (3.86) holds if the
following conditions
iR C p(A;) (Hy)
and
1
AcR | A2
are satisfied. Since condition (H,) is already proved in Theorem 2.8 in the case nn > 0. We will prove

condition (Hs) by an argument of contradiction. For this purpose, suppose that (Hs) is false, then
there exists

1GAT — Aj) oey) = O (1), (Hs)

{()‘m Up = (unavmym mei)—r)} CRx D(AJ)

with
|An] = +oo and  ||Uyllw, = H(un,vn,yn,zn,wi)Hﬂj =1 (3.87)
such that
)\i (Z)\nI - -/4]) Un = Fn = (fl,rm f2,n7 fS,na f4,n7 f5,n)T — O in Hj' (388)
For simplicity, we drop the index n. Equivalently, from (3.88), we have
idu—v=\2f inH}0,L), (3.89)
iAo — f}l(uz +9)e = A"2fy in L?(0,L), (3.90)
1
iy —z=A2f3 in0;(0,L), (3.91)

ire X (w"‘éj)@ / u<5>w2<x,s>d5) +2(ux+y)=/\_2f4 in120,1),  (3.92)

22
P2 x
(m +&+ n) w? = iAV/ Doy () = A7 (f5 - @(f@w(&)) in W, (3.93)

where
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[ Hy(0,L), ifj=1,
0;(0.L) _{ HX0,L), ifj=2.

By inserting (3.89) in (3.90) and (3.91) in (3.92), we deduce that

N+ I;i(ux +Y) = — (A_2f2 + i)\_lfl) ; (3.94)
My 4 I; ( (z,€ dg) (3.95)
k1 —2 -1
~lwty) = - (A2 fatir'fs).

From the above system,
lull = O (A7) Hlyll = O (IN7Y) ) lluaall = O (1)),
(- + =20 [ uernocrie) | =0a.

Our main goal is to find a contradiction with (3.87) such as [|Us||5,, = o(1). For clarity, we divide the
proof into several Lemmas.

= land ||F[|3, = o(1), we remark that

(3.96)

Lemma 3.2. Let o € (0,1),7 > 0 and \ € R, then

glots
Al = Al()‘777aa) = /R (’)\| |‘i‘|€2 _'_77)2

1 A |
Az i= A m) = </R N+ & +n>2df> - ﬁwm

B B £ R
—1)2-
y2

5

d¢ = ci(J\[+n)2 3,

and

?

=

where ¢; :/ y dy.
1

For the proof of Lemma 3.2, see [7, Lemma B.5] and [69, Lemma 2.1].

Lemma 3.3. Assume that > 0 and assumption (Aj) holds. Then, for j = 1,2, the solution
(u,v,y,z,w?) € D(A;) of system (3.89)-(3.93) satisfies the following asymptotic behavior esti-
mation:

/OL /R(é2 + 1) (e, 5)]2 dédz =0 (A7?). (3.97)

Proof. Taking the inner product of (3.88) with U in H;, then using the fact that U is uniformly
bounded in H;, we get

/ L€+ )|, dedo = R ((4,0,0)y, )

=R ((iAU = AU U),, ) =0 (A7)
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Lemma 3.4. Assume that > 0 and assumption (Aj) holds. Then, for j = 1,2, the solution
(u,v,y,z,w?) € D (A;) of system (3.89)-(3.93) satisfies the following asymptotic behavior esti-
mation:

b
/ ol da = o (A, (3.98)
az

Proof. From (3.93), we get

Ds(x

<N+ € +n)w? (@, ] + N2 f5(2, )1 + A 72y Do) €] |(f3)al.

Multiplying the above inequality by (X + &2 + )72 ||, integrating over R with respect to the variable
&, we obtain

2a+1

€l [ (z, §)) o [ _I&f5(, 8]
Dl | e S /<A+£2>d€+M| ZQQ/H(ME?M)?CZ& (3.99)

. €17
DA [, e e
Next, applying the Cauchy-Schwarz inequality to (3.99), we obtain
Ary/Dalal < Ao ( [ 16w, €)Pdg)” + N2 As ([ 1S5, €) )’ (3.100)
+ [N T2 A1y Do (f3)el,

where A, A; and Aj are defined in Lemma 3.2. Using Young’s inequality and the definition of the
function Dy(x) in (3.100), we arrive at

b2 A2 L A2 L
21, 124, < 322 2 2 —4413 2
dy [ INPlyaPdr <358 [ [ 160, &)Pdedr + 3N [T [ 155G, 6P

4 b2 2
+ 3y [ (Sl

It follows from Lemma 3.2 that

bo 1 o(1) 1 o) | o(l)
b [ NPl < + o
2. Ay "d a([Al+n)2t A2 (A +n)* M Al

Since a € (0, 1), we have min{1 + «,4 4+ «,4} = 1 + . Hence from the above equation, we get

o(1)
[ Pl e = 22

o(1)
[ o = 52

The proof is thus completed. 0

and so

Lemma 3.5. Assume that 7 > 0 and assumption (A,) holds. Then, for j = 1,2, the solution
(u,v,y,z,w?) € D (A;) of system (3.89)-(3.93) satisfies the following asymptotic behavior esti-

mation:
b
[ e S [ e
a2

dx =o(A7?).
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Proof. Using the fact that | P + Q|? < 2P? + 2Q?, we obtain

/b ?\/E/th(é)ﬁ(x,é)dér dr < 2/b2 lyo|” da
bo V&?T__— )
[ ([ et e €)d€>
< 2/@ |y | dz + ¢ /a2 /R(§2+77)|w2(x,§)|2d§d$’

r(a)?
+ 2d; K2

2a—1
where ¢y = 2d, <k2) Ay(a,n) and Ag(a,m) = ||§|’2 n dé. From [69, Lemma 2.1], we get Ay is
R
well defined. Usmg (3.97) and (3.98), we get our desired result. L]

Lemma 3.6. Assume that > 0 and assumption (As) holds. Let 0 < € < bTT“? Then, for j =
1,2, the solution (u,v,y, z,w?) € D (A;) of system (3.89)-(3.93) satisfies the following asymptotic

behavior estimation: , 0

—€ 1

/2 s = 20 (3.101)
az2+e€ )\2

Proof. We define the function § € C§°(0, L) such that 0 < 0(z) < 1, forall z € (0, L) and

O(x) =

{1 if 2 (ag+eby—e), (3.102)

0 if ze€(0,L)\ (az,b).

First, multiplying equation (3.95) by 07y, integrating over (0, L), then using the fact that \y, y are
uniformly bounded in L*(0, L), || f4]| = o(1) and || f3]| = o(1), we obtain

/OL 9|/\y|2dx+ﬁZ/OL ( \/7/ (z,& dg) (0y) dx (3.103)

ky (L _ 9
— — | O(uy +y)ydr = o(A77).
P2 /0

Using integration by parts and the definition of (z), we get
byt (
P2 /0
_ ke / <
P2 70
/02
Now, using (3.98), Lemma 3.5, the definition of Dy(x) and the fact that Ay is bounded in (0, L),

we get
Ky * ( \/>/ (¢ dg) (67) dz = Oi? (3.104)

(x,€) d§) (0y) dx

(x,& d{) Y, dz

(x,& df) ydz.

p2 70

On the other hand, using Young’s inequality, we get

lu, + y?
22

k el
= Jug +y]10]]y] <3 9 5|Ay\2-
P2
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3. Polynomial stability when the damping is effective in the bending moment

Consequently, we obtain

k. rL k2 L - 2 L
i/ 0] s + yllyldz < 12/ 0|u+y|dx+€/ 8|y |2dz. (3.105)
p2 Jo 2ep3 Jo A2 2 Jo

Inserting (3.104) and (3.105) in (3.103) and using the fact that u, + is uniformly bounded in (0, L),
we arrive at

e, L o(l) 0O(1)
1—- 0| \y|?dr < —=~ . 1
( 2)/0 MyFde < =57+ =5 (3.106)
Then, for £ small enough, we have
2 O(1
0 < / oy 2dr < 20 (3.107)
0 A2
From the above estimation and the definition of 6(x), we obtain (3.101). O

Lemma 3.7. Assume that > 0 and assumption (A;) holds. Let 0 < € < I”_T“Q Then, for j =
1,2, the solution (u,v,y, z,w?) € D (A;) of system (3.89)-(3.93) satisfies the following asymptotic
behavior estimation:

bo—e
/2 lup [2dz = o(1). (3.108)
ag+e€

Proof. First, multiplying (3.95) by —67u,, integration by parts, using the fact that Au is bounded in
L2(0, L), and || fa]| = o(1), [ f3]| = o(1), [|(f3)a H = o(1), we obtain

ko
_ / 0)\2yuxdx— e ( \/ / (2, € d§> (67, de
+ —1/ 0(ug + y)Uzdr = o(A72).
p2 /0
Consequently, we obtain

k. /L ki (L L

pl/ Olu,|*dr = ——1/ Hyﬂxdx—i-/ N2y, dx

2 JO

+’“2 (I+W / x§d§> (01,) dz (3.109)

o)
1
e

Now, using the integration by parts, the fact that Au is uniformly bounded in L?(0, L), (3.101) and
(3.98), we obtain

L L L (1)
/ Oyt dr — — / Oy, Ndz — / O NN = e (3.110)
0 0 0

Using integration by parts, the fact that ||u/ac\x|| = O(1), u, is uniformly bounded in L?(0, L) and

Lemma 3.5, we find

2 [ (0 2D [ et ) (o) -

P2

el (y + 50 /b, [ e, )d&) s i
’Z/ 4 (yﬁ“(f)@ [ new(a. >d§) T,z

(1

=o(1).
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Next, using (3.101) and the fact that u, is bounded, we see that

ki L o1
R T <2 ). (3.112)
P2 JO A

Now, inserting (3.110), (3.111) and (3.112) in (3.109), it leads to
— [ BOlugl*dz = o(1). (3.113)
P2 /0

From the above estimation and the definition of #(x), we obtain (3.108). O

Lemma 3.8. Assume that > 0 and assumption (As) holds. Let 0 < € < Z’Q_T“? Then, for j =
1,2, the solution (u,v,y, z,w?) € D (A;) of system (3.89)-(3.93) satisfies the following asymptotic
behavior estimation: -
/ uf2dz = o(1). (3.114)
as+e
Proof. First, multiplying equation (3.94) by 67, integrating over (0, L), using the fact that Au and u
are uniformely bounded in L?(0, L), and the fact that || f;|| = o(1), || f2|| = o(1), we remark that

L 2 kv [E _ —2
/ 6 \u| dx+—/ (g + ) (0T)dz = 0(A2). (3.115)
0 P1 /0

Using integration by parts, we obtain

ki L ki rL ki rL
L (g 4 y)e (W) dr = === | O(ug + y)Upde — — | 0 (up + y)uda,
p1 70 P1 70 P1 /0

inserting the above equation in (3.115), we get

L ky ot _ kv [E _ _
Ol ul*de = — | O(u, LA+ — [ 0 (uy d A2
/Ok\ ul*dx p1/0 (uz +y)u x+pl/0 (uz + y)udz + o(A™7)
1

L L L L
_ M ( | O+ [ oymde+ [ 0umdn+ [ 0’yudx> +o(A72).
p1 \Jo 0 0 0

(3.116)

Now, using definition of §(x), (3.101), (3.108) and the fact that u bounded in L?(0, L), we get (3.114).
]

From what precedes, Lemmas 3.3-3.8, we deduce that
[Ull#, = o(1), over (ag+ € by —e).

Lemma 3.9. Assume that 7 > 0 and assumption (A,) holds. Let ¢ € C*([0, L]) and ¢(0) = ¢(L) = 0
be a given function. Then, for j = 1,2, the solution (u, v, y, z,w?) € D (A;) of system (3.89)-(3.93)
satisfies the following behavior estimation:

o+ 542 i) [ e, 1 ) o = o(1).

Proof. First, multiplying equation (3.94) by 2p;¢1u,, integrating over (0, L), taking the real part, the
fact that u, is uniformly bounded in L?(0, L), || f1|| = o(1) and || f2|| = o(1), we obtain

L
/0 ¢/ (p1|)\u]2+k1\ux]2+p2\)\y\2+k2

L L L
pl/ gb—|)\u|2dx+k1/ oL |uy|Pde + R 2k1/ SyTiade b = o(A1). 3.117)
0o dx 0o dx 0
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3. Polynomial stability when the damping is effective in the bending moment

Now, multiplying equation (3.95) by 2p2¢ (yl, + H,ia)\/Dg(x) / p(&)w?(z, £)d§), integrating over
2 R

(0, L), taking the real part, then using the fact that (yz + @\/Dg(x) / p(€)w?(x, §)d§> is uni-
k?g R
formly bounded in L*(0, L), [|ly|| = O(|A|™"), || fs|| = o(1) and || f4]| = o(1), we obtain

%{2,)2A2/L¢y<yx \ﬁ/ w2x§d§)da:}
+/<:2/0Ld>;; Ya ]({\ﬁ/ w?(z,€)
%{%1/ our (7. + f@ﬁ/ w2fc£d€> }
% {%1 [Cou(+ v, [ u(é)w?(x@dﬁ) dx}

=o(1)
=R {2p2 /OL ¢ <—)\72f4 - ixlfs) ( Uy

—o(A~1)

(3.118)

w2x§d§> }

Moreover, by using the definition of Dy(x) and Cauchy-Schwarz inequality, the fact that 0 < o < 1
and 7 > 0 and by using Lemma 3.3 and the fact that u,, Ay are uniformly bounded in L*(0, L), we
obtain

L L
R {2@2 [ ou (5. + 52 D; [ et gae) dx} — o [ o Nulds -+ (1)

R {%1 [ ous (3 + 52Dy [ e e dx} S {%1 [ qzmxyxdx} Fo(a7Y).

Inserting the above equations in (3.118), we obtain

d

L ) L
po [ o NyPda ks [0 (3.119)
0o dx o ' dx

o+ S0, [ ©,6)

- R {Qk‘l /OL gbuxyxdx} =o(1).

Adding (3.117) and (3.119), then using integration by parts, we obtain (3.9). The proof is thus com-
plete.

]

Lemma 3.10. Assume that 7 > 0 and assumption (Aj) holds. Then, for j = 1,2, the solution
(u,v,y, z,w?) € D (A;) of system (3.89)-(3.93) satisfies the following asymptotic behavior estima-
tion:

|Ull3; = o(1). (3.120)

Proof. Define the cut-off functions 61,0y € C3°([0, L]) by
1 if z€(0,as + ),
01(1‘) = 0 if ze€ (b2 — €, L),

€ [0,1] elsewhere
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and
1 if ze€(by—¢ L),

Or(x) =< 0 if z€(0,as +e¢),

€ [0,1] elsewhere.

Take ¢ = x6; in Lemma 3.9, then use the fact that ||U]|;, = o(1) in (a2 + €,by — ¢€) and ay + € <
as + 2¢ < by — €, we have
2
) dz
(3.121)

e NG ) do = o),
2 R

L R\
R N e N NG

L
+/0 01 <p1”1)|2+k‘1‘ux’2+P2|Z’2—‘rk2

therefore, we get

az+e k(o
[ (o e e+ 525 [ gt

2
)dx:dn. (3.122)

Moreover, using estimation (3.97), the definition of D, and (3.122), we observe that

2
[ b <2 [ e+ 5, [ u<£>w2<x,£>d5’ o

d az+te 3.123
oL T e, ) Pded G129
k2 as R
= 0<1)7
using (3.122) and (3.123), we get
|U|#, = o(1) on (0, az + ).
Similarly, by taking ¢ = (x — L)0,, we can prove ||U||y, = o(1) on (by — €, L). Therefore,
[Ull3; = o(1) on (0, L).
Thus, the proof is complete. [

Proof of Theorem 3.1. For j = 1,2, from Lemma 3.10, we get that ||U |3, = o(1), which contradicts
(3.87). This implies that

?\E@IR? ;2 H(z’)\[ — Aj>_1HL(Hj) < 0.

The result follows from Theorem 2.10.

4 Polynomial stability when the damping is effective in shear
force

In this section, we study the polynomial stability of system (3.45)-(3.50) with the boundary condi-
tions (3.51) or (3.52) in the case > 0, when the fractional Kelvin-Voigt damping is acting only on
the shear force equation, i.e assumption (A3) holds. Our main result in this section is the following
theorem.
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Theorem 4.1. Assume that 7 > 0 and assumption (A3) holds. Then, for 5 = 1, 2, there exists ¢ > 0
such that, for every Uy € D (\A,), the following energy estimation holds:

C
E(t) < [Ullpa,. >0, (3.124)

According to Theorem 2.10 and by taking ¢ = 2, the polynomial energy decay (3.124) holds if the
following conditions
iR C p(A;) (Hs)

and

sup 1GAL — Aj) M2y = O (1) (Hy)

\W
are satisfied. Since condition (I3) is already proved in Theorem 2.8 in the case > 0. We will prove
condition (H,) by an argument of contradiction. For this purpose, suppose that (H,) is false, then
there exists

{()\n, Un = (Un, Vn, Yn, 2, Wy) )} C R x D(A))

with
Anl = +oo and  (|Unlls, = [[(tn, Vn, Yns 20, wp) |2, = 1 (3.125)
such that
A2 (iIAd — A Up = Fy i= (fins foms fams fams fsm) | — 0 in H;. (3.126)
For simplicity, we drop the index n. Equivalently, from (3.126), we have
iu—v = A2f; in H}(0,L), (3.127)
iM—h<( +——M /u xf%) = X 2fy inL*0,L), (3.128)
P1
iNy—z = A 2fs in0;(0,L), (3.129)
k k
i — e+ — (U + y)
P2 P2
-ﬁﬁ?MDaéu@M%LQ% = A\2f, inL*0,L), (3.130)
(iA+€ +n)w! —in/Dius +9)u(€) = A7 [fs = VDiu() (f)e + f3)]
in W, (3.131)

where
Hy(0,L), ifj=1,
L), ifj=2.

By inserting (3.127) in (3.128) and (3.129) in (3.130), we obtain

v“+z(($ ffd@ = - \2fo+iX 11, (3.132)
Ny byw_k%%+WY—Haxﬁh/u@%”@fﬂf——%”h+wxﬂﬁ. (3.133)
P2 P2 P2 R

From the above system, ||U||3, = 1 and || F'[|3;; = o(1), we remark that

HuH:O(W‘l) Iyl =0 (IN7) llyaell = O (A,
(w49 + 52000 [ et 1ac) =0 ).

(3.134)
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Our main goal is to find a contradiction with (3.125) such as ||Un||H] = o(1). For clarity, we divide
the proof into several Lemmas.

Lemma 4.2. Assume that 7 > 0 and assumption (A3) holds. Then, for j = 1,2, the solution
(u,v,y, z,w?) € D(A;) of system (3.127)-(3.131) satisfies the following asymptotic behavior es-
timation:

/L / (& + ) [ (2,6)| dedw = 0 (A). (3.135)
0 R

Proof. Taking the inner product of (3.126) with U in #;, then using the fact that U is uniformly
bounded in H;, we get

s(@) [ [€ +m) | dede = R ((A,0.0)y, )

=R ((iAU = AU U),, ) =0(X7?).
0

Lemma 4.3. Assume that 7 > 0 and assumption (A3) holds. Then, for j = 1,2, the solution
(u,v,y, z,w?) € D(A;) of system (3.127)-(3.131) satisfies the following asymptotic behavior es-
timation:

by
/ g+ y[Pdz = 0 (A-G+). (3.136)

Proof. From (3.131), we get
A D1(@) €155 |us + y| < (1A + €2 + n)|w' (2, 6)]
+ A2 fs (@, )] + A2 Da (@) €17 | (f)e + fal-

Multiplying the above equation by (A + £2 + 1) ~2 |¢], integrating over R and proceeding in a similar
way as in Lemma 3.3 (Section 3), we get our desired estimation (3.136). Thus, the proof is complete.
O

Lemma 4.4. Assume that n > 0 and assumption (A3) holds. Then, for j = 1,2, the solution U €
D (A;) of system (3.127)-(3.131) satisfies the following asymptotic behavior estimation:

b1
A
Proof. using the fact that |P + Q[* < 2P% + 2Q?, we obtain
by
1,

b1 9
<2/ lug + y[> do + 2d;

() + 2D [ )€1 o= o1

(ue +y) + ?\/E/R/ﬁ(ﬁ)wl(x,ﬁ)dir da
k() /b (/R u(é)g/fj ; 0o

2
2 NCET (x,&)d&) dx
< 2/;1 |U;p + y|2dx + c3 /abl /]1{(52 + 7])|W1($,§)|2d£dl‘,

2
where c3 = 2d; Rg:;) Ay(a,m) and Ay, ) is defined in Lemma 3.5.

i
Using (3.135) and (3.136), we get our desired result. Hence, the proof is complete. 0
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Lemma 4.5. Assume that 7 > 0 and assumption (A3) holds. Let 0 < € < I“_T‘“ Then, for j = 1, 2,
the solution (u,v,y, z,w') € D (A;) of system (3.127)-(3.131) satisfies the following asymptotic
behavior estimation:

h o(1)
Aul“dr = —~. 3.137

[11+6 ‘ u‘ e )\2 ( )
Proof. We define the function 63 € C§°(0, L) such that 0 < 65(x) < 1, forall z € (0, L), by

1 if z € (a;+¢€b —e),

(@) :{ 0 if e (0,L)\ (a1,b). (.138)

First, multiplying (3.132) by 051, integrating over (0, L), using the fact that Au and u are uniformly
bounded in L?(0, L) and || f1]| = o(1), || f2|| = o(1), we obtain

/0 O3] \ul*dx + — / [um +y) + 7\/>/ (x,& d&] (03w)dz = o(A7%).  (3.139)

Using integration by parts on the second term of the left hand side of (3.139), we get

pP1 70
:_,]: 03 [(%‘Fy +7\/7/ & fdfl Uad
_ii A [(umLy _1_7\/7/ xfdf] udzx.

Now, using (3.136), Lemma 4.4 and the fact that \y is bounded in L?(0, L), we get

\/7/ (x,& df] Uzdx
ks

h 03[<ux+y @) o, [ e mgds]wﬁwdx
L oo
o)

k L
pP1 /0

a2
(3.140)
Thanks to Lemma 4.4 and the fact that Au is uniformly bounded in L?(0, L), we have
ks o(1)
s 9' / V| Nadz = 22 3.141
O Lo o0+ D [ o] v = % (3.141)
Now, inserting (3.140) and (3.141) in (3.139), we get
o(1)
Os| \u|“dx ) 3.142
/0 sufde = 2 (3.142)
From the above estimation and the definition of 05(z), we obtain (3.137). Thus, the proof is complete.
[

Lemma 4.6. Assume that > 0 and assumption (A3) holds. Let 0 < € < bl_T‘“ then, for j = 1,2,
the solution (u,v,y, z,w') € D (A;) of system (3.127)-(3.131) satisfies the following asymptotic
behavior estimation:

b1 —e
/ \y|2dz = o(1). (3.143)
a1+e
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Proof. First, multiplying (3.133) by 65(u, + y), integrating over (0, L), using integration by parts,
the fact that Au, \y are uniformly bounded in L?(0, L) and || f3]| = o(1), || f4]] = o(1), we obtain

/ (93)\ y(uy +y)dx + — / 05Yz (up +y)dr — —/ O3, + y|*dx

(3.144)
93 Dy (z (w,8)d€(uy +y)d = o(A7?).
Using (3.135), (3.136) and the fact that §||y.. || = O(1), we get
ky (L 1 . o(1
—2/ ngym)\(u:p +y)dx = /\ET},
1
—/ 93\uz—|—yl dr = /\§+<>l (3.145)
o(1
" 0,/D1(x (e, el F ) = 2.
2
Inserting (3.145) in (3.144) and since 0 < a < 1, we get
L L 1
/ s\ 2yti d + / 0y g2 = 2L (3.146)
0 0 A2
Using the integration by parts, we get
L L L
/ s\ 2y, da — — / 0L Ay Nadzr — / O3 Ay NIz, (3.147)
0 0 0
Now, using (3.137) and the fact that Ay and ¥, are uniformly bounded in L?(0, L), we get
L
/ O\ 2y, dz = o(1). (3.148)
0

Inserting (3.148) in (3.146), we get

L
/ 03| \y|*dx = o(1).
0

From the above estimation and the definition of 05(z), we obtain (3.143). Thus, the proof is complete.
[

Lemma 4.7. Assume that 7 > 0 and assumption (A3) holds. Let 0 < € < bl_T‘” Then, for j = 1, 2,
the solution (u,v,y, z,w') € D (A;) of system (3.127)-(3.131) satisfies the following asymptotic
behavior estimation:

b1—e¢
/ lyal2dz = o(1). (3.149)

1+e€

Proof. First, multiplying (3.133) by 57, integrating over (0, L), using integration by parts, using the
fact that \y is bounded in L*(0, L), || f3]| = o(1) and || f4|| = o(1), we obtain

Lo ky [T B - B
/ O3\ \y[ dx + 7/ O3y ydr — —/0 05(u, + y)ydx (3.150)
P2

93 (z,&)deydr = o(A72).

Using integration by parts for the second term of the left hand side, we get

Dk
p2 70
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Inserting (3.151) in (3.150), using (3.143), (3.135) and the fact that y, and u, + y are uniformly
bounded in L?(0, L), we get

— [ Os]y.|"dx = o(1). (3.152)

p2 /0
From the above estimation and the definition of 05(z), we obtain (3.149). Thus, the proof is complete.
O

From what precedes, from Lemmas 4.2-4.7, we deduce that
HUHHJ. =o(l) over (a;—¢€b; —e).
Lemma 4.8. Assume that 7 > 0 and assumption (A3) holds. Let h € C'([0, L]) and h(0) = k(L) =
(

be a given function. Then, for j = 1,2, the solution (u,v,y, z,w') € Aj;) of system (3.127)-
(3.131) satisfies the following asymptotic behavior estimation:

u, + F”,(f‘)ﬁ /| u(&)wl(x,ﬁ)dﬁ‘ ) dz = o(1).

L
/0 W (Pllml2 + kaly=|” + pol Myl* + I

Proof. Let S := (z,€)d¢, from Lemma 4.2, the definition of D;(z) and

the fact that u, is unlformly bounded in L2(O L), we get S is uniformly bounded in L?(0, L). First,
multiplying (3.132) by 2p,hS, integrating over (0, L), taking the real part, then using the fact that
|f1ll = o(1) and || f2]| = o(1), we obtain

?fﬁ{pl /[)szusczx} +§R{k1 /OL hnydx} Yk /OLh(]S|2)xdx
= 3%{—2;)1 /OLh (A2 +i>\‘1f1)8dx}. (3.153)

o(A—1)

Moreover, from the definition of S and the definition of D;(x) and from using Cauchy-Schwarz
inequality, the fact that 0 < o < 1 and n > 0, Lemma 4.2 and the fact that y,., Au are uniformly

bounded in L?(0, L), we obtain
e | u(é)wl(w‘,ﬁ)didw},

R {le /OL hyzde} =R {2k1 /OL hymuxdx} +R {2/4;(04)\/(171/:
=o(A71)

R {p1 /OL 2h)\2u5d:c} =p /OL h (\)\u\2)wdx + 3 {2,01 KI(;:) @Lil h)\zu/Ru(g)wl(x,g)dfdx} :

=o(1)

>=

Inserting the above estimations in (3.153), we get

o /(]Lh(|)\u|2)xd:c+k1 /()Lh(\S|2)xdx+§R{2k1 /OL hyzumdm} — o(1). (3.154)

Now, multiplying (3.133) by 2p2h¥,, integrating over (0, L), taking the real part, then using Lemma
4.2, the fact that y,, is uniformly bounded in L?(0, L), = O(IAI™Y), |If3]] = o(1) and || f4]| = o(1),
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we obtain

P2 /OLh(])\y\Q)zdx+k‘g /Lh(]yx|2> dx—%{%‘l /L huxyx} dx
—§R{k:1 /OLZhyyx} dr — R {2m dl/ hyx/ l(z, & dgdx}

=o(1) =o(A~1!
L
= §R {—2p2/0 h ()\_2f4 + A~ f4) yxdx} .

=o(x~1)

(3.155)

Adding (3.154) and (3.155), then using integration by parts, we obtain

L
/0 3 (mAUI2+kz|yx|2+pzl>\yl2+k1 Uy + \/ /u

) =o(1). (3.156)

The proof is thus complete. ]

Lemma 4.9. Assume that 7 > 0 and assumption (A3) holds. Then, for j = 1,2, the solution
(u,v,y, z,w) € D(A;) of system (3.127)-(3.131) satisfies the following asymptotic behavior es-
timation:

105, = o(1). (3.157)
Proof. Define the cut-off functions 4, 05 € C§°(]0, L]) by
1 if z€(0,a1+e),

94(.%‘): 0 if xe(bl—e,L),

€ [0,1] elsewhere

and
1 if z€(b—eL),
O5(x) =¢ 0 if z€(0,a1+e€),
€ [0,1] elsewhere.
First, by taking ¢ = x6, in Lemma 4.8 and proceeding in a similar way as in Lemma 3.10, we
get [|Ully, = ( ) on (0,a; + €). Moreover, by taking ¢ = (z — L)0s, we can prove ||Ully, =
o(1) on (by — €, L). Thus, the proof is complete. O

Proof of Theorem 4.1. From Lemma 4.9 we get that ||U||3, = o(1), which contradicts (3.125). This
implies that

ilelg H (iN— A;)” H Loy < O

The result follows from Theorem 2.10.
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5 Polynomial stability when the damping is effective in shear
force and bending moment

In this section, we study the polynomial stability of system (3.13)-(3.19) in the case n > 0, when
the fractional Kelvin-Voigt damping is present in both shear stress and bending moment equations
provided that the following assumption

D17£0, DQ#O, a; = as = a and blszZb (A4)

hold. Our main result in this section is the following theorem.

Theorem 5.1. Assume that 7 > 0 and assumption (A,) holds. Then, for j = 1, 2, there exists ¢ > 0
such that, for every Uy € D (\A;), the following energy estimation holds:

&
E(t) < —IVolhea,, t>0. (3.158)

2—a

According to Theorem 2.10 and by taking £ = 1 — ¢, the polynomial energy decay (3.158) holds if
the following conditions
iR C p(A;) (H;)

and

ST aII(MI Aj) Mlea,) =0(1), (He)

are satisfied. In the case n > 0, according to Theorem 2.8, condition (Hj) is proved. Now, we will
prove condition (Hg) by an argument of contradiction. For this purpose, suppose that (Hg) is false,
then there exists
{(/\n, Up = (Un, Vn, Un, Zn, W), w?) )} C R x D(A))

with

|An| = 400 and |[|Uyllx, = ||(un,vn,yn,zn,w w )||HJ =1 (3.159)
such that

1

)‘”_5 (Z)\TLI - -’4) Un = Fn = (fl,na f2,n7 f3,n7 f4,n7 f5,n7 fG,n)T — 0 in Hj- (3160)

For simplicity, we drop the index n. Equivalently, from (3.160), we have

du—v = A2TLfi in HY(0, L), (3.161)

i)\vf)i(Sdl)x = A27'fy in L2(0, L), (3.162)

Ny —z = X27lfy in0;(0,L), (3.163)

ZAZ—Z(Sdz) ];;(ux+y) (3.164)

F L et@ode = A m20,n),

(ix+¢+ n) W' —iMDiluy +9)u) = A [fs = VDiu€) (F)e + f5)]
in W, (3.165)
(iA+€+n)w” —iM/Dayan() = A" [fo = VDa(fs)an(6)]
in W, (3.166)
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where
- H (0,L), ifj=1,
0;(0,L) = { Hl(o,L), if j =2
and

51:<<ux+y +—\T/ mgdg>andsd2_<x+f/ x5d5>

Here we will check the condition (Hg) by finding a contradiction with (3.159) by showing ||U |3, =
o(1). For clarity, we divide the proof into several lemmas.

Lemma 5.2. Assume that > 0 and assumption (A4) holds. Then, for j = 1,2, the solution
(u,v,y, z,w',w?) € D(A;) of system (3.161)-(3.166) satisfies the following asymptotic behavior
estimations:

/OL /R(€2+77) \wl(w,ﬁ)fdfdx:o(ﬁ‘l) and /OL /R(§2+n) ‘wQ(x,g)‘2dfdx:0()\%_l), (3.167)

b o b N
Yz| AT =0|A 2 °) an Zel"dx =0 (A 2), .
d A7272) and d A (3.168)
b o b N
/ luy +y)* de = o ()\’5*2) and / vy + 2|* dz = o ()(5) : (3.169)
b o b N
/ S, [> = 0o(A27") and / 1S4, 2 = o(A271). (3.170)

Proof. First, taking the inner product of (3.160) with U in H;, then using the fact that U is uniformly
bounded in H;, we get

a) /OL /R(é’2 +1) (‘w2($,§)‘2 + ’wl(x7§)’2> déde = =R ((A;U,U),, )
=R ((IAU = AU U, ) =0 (A7),

estimation (3.167).
From (3.166) and proceeding in a similar way as in Lemma 3.3 (Section 3), we get the first estimation
of (3.168). Now, we proof the second estimation of (3.168). From (3.163), we have

Zx = i)‘yx - /\%71(]03)1'

It follows that

a_ o(1 o(1
Jzellren < Psllizen + NE el < A+ 20)
Since o € (0,1), we have min{§,1 — §} = ¢, hence, from the above equation, we get

N[

b
/ |2,%dx = o(A"2).

From (3.165) and proceeding in a similar way as in Lemma 4.3 (Section 4), we get the first estimation
of (3.169). Now, we proof the second estimation of (3.169). From (3.161) and (3.163), we have

Ve = idug — A2 N f1), and  z=i\y — A2 7lfs.

It follows that

los + 2l 2@y < I + )llz2gasy + Mo + follzzan <

86



5. Polynomial stability when the damping is effective in shear force and bending moment

Since o € (0, 1), we get
b (o7
/ v, + z|%dz = o(A"2).

Finally, the proof of estimations (3.170) can follow using similar computations as in Section 3
(Lemma 3.5) and Section 4 (Lemma 4.4). ]

Lemma 5.3. Assume that 7 > 0, assumption (A,) holds. Let g € C*([a, b]) such that

= — :1 = ! = /
9(b) = —g(a) =1, max |g(x)| = ¢, and max |g'(z)] = ¢y,

where ¢, and ¢; are strictly positive constants. Then, for j = 1,2, the solution (u,v,y, 2, w', w?) €
D (A;) of system (3.161)-(3.166) satisfies the following asymptotic behavior estimations:

1S 0) +1Sn, (@) < gZAE /|zy dz + of1) (3.171)

and
SOP + ()P < (EAE 20 [ s+ 2 (3.172)

Proof. First, we will prove equation (3.171). Multiplying (3.164) by —222 ng2 and integrating over
(a,b), we get

b b _
Sa.(OF +1Su(@f = [ g’]Sd2|2da:+§R< / ngde:E> +afe< L g () Sdex>
kQ a

+§R< n / \/7/ d£Sd2dx> —%(lfjm—l/a gf4Sd2dx>,

consequently,
S0, (0) + [ (@) / NG d:B—I—Q—cg/ 2] |4y | da
+2k2¢g/a e + ] [Say | dx
K@) b ) (3.173)
S e, [ [ €1 .| [ do
+2,52A2 o [ 10l 18 do
Using Young’s inequality and second estimation of (3.170), we obtain
22 [ < PO [ ePae s PG g e cany
P2)\1+

< /\z| dz + o(1).

Using Cauchy-Schwarz inequality, first estimations of (3.167) and (3.169), second estimation of
(3.170) and using the fact that || f4|| = o(1), we obtain

b o(1 b o(1
[t ol = 2, /|Sd212dm= o

/b o(1)

A5

(3.175)
o(1)
)\’_T

[ w0 . €0 15l dr = 2 A [l |5, do =

87



Chapter 3 — Polynomial stability of a transmission problem involving Timoshenko systems with
fractional Kelvin-Voigt damping

Inserting (3.174) and (3.175) in (3.173), and since a € (0, 1), we obtain
p2>\1+

1S, (0)* + |S4,(a)]? < / |2)* dz + o(1). (3.176)

Now, we will prove (3.172). From equation (3.163), we have
Ze = iAYe — A7 (f)e (3.177)
Multiplying Equation (3.177) by 2¢Z and integrating over (a, b), then taking the real part, we get

b b b
12(B)2 + | 2(a) 2 :/ g’|z|2dx+§R{2i)\/ gymzdx} —afe{zx—l/ g(fg)ggzdx}.
Then,

b
2O + @ < e [ 1elPdr + 20\ [ uellzlde + 26057 [N f)ellldn. G78)
Using Young’s inequality, we have

P2 _a 21{?202 a
)\1 | ’2 g)\1+2‘ym|2

2\ ll2] < 32

and
2

o c
26257 |(fo)ell2l < cglof? + ZEXT(fy)af
g/
Using the above inequalities, first estimation of (3.168) and the fact that ||( f3).|| = o(1), then equation
(3.178) becomes

20) + |2(@)* < (fEA " + 20y [ el + Al

]

Lemma 5.4. Assume that > 0 and assumption (A4) holds. Then, for j = 1,2, the solution
(u,v,y, z,w',w?) € D(A;) of system (3.161)-(3.166) satisfies the following asymptotic behavior
estimations:

/b|z\2dx: o) nd /b|y\2d:c: oll) (3.179)

AtS A3t5

Proof. Multiplying Equation (3.164) by —iA~'%Z and integrating over (a, b), then taking the real part,
we get

/|z| dx——— 13%{/ (Su). zd:v}+ M- 1%{ /b(ux+y)zdx}
15}3{ / \/7/ x§d§zdx}—/\3_2§}%{i/abf4zdx},

consequently,

(Sdz) z.dz| +

18, (B)][2(0)]

b
(ux + y)zdz

b k
/ 22 de < =22
a P2

+@A-1 Su(a)] |2(a)] + *xl
p ? P2

/\/>/ Wz, €)de zdu
A5 /a [fallldz.
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Using Cauchy-Schwarz inequality, the fact that 2 is uniformly bounded in L?(0, L) and || f4|| = o(1),
we get

”/ fal|2]dz = o(A372). (3.181)
Using Cauchy-Schwarz inequality, the second estimations in (3.168) and (3.170), we get
k 1
22\t (SdQ) zoda| = 21 (3.182)
P2 A2

Using Cauchy-Schwarz inequality, the first estimation in (3.169) and the fact that z is uniformly
bounded in L%(0, L), we get

ki o] [P N o(1)
o /a(um—i-y)zdx = (3.183)
Using Young’s inequality, Cauchy-Schwarz inequality and the first estimation of (3.167), we get
(x,&)dE dx
P2
1 ) b 2
< A / o do + AN ([ ()t @, €)de) do
a R
71
<Ly 1+/’Z’d+ ) )\la/ /M WE + M (2 f)df (3.184)
2 VY
1
<5 1+/|zyd:c+c4 //§+n\wxg]d§dx
[ o(1)
S oA / ol dw + =5,
@)’dy |5|2” L .
where ¢, = 2 / d£ . Since 0 < a < 1 and n > 0, then ¢, is well defined.
P3
Inserting estimations (3. 181) (3 184) in (3.180), we get
k o
(1- )\ 1+5 / j2dw < S2ATE (J2(@) + 120)F) (3.185)
2p2
kf2 1-5 2 2
oA (Sul@)l +1560)F)
0(1) o(1)
Now, inserting estimations (3.171) and (3.172) in (3.185), we get
Lol e ke ey [P o(1) o1)  o(1)
P 2 — =2 2 < . .
(537 p2ch )/a fPdr < 35+ i (3.186)
Since 0 < o < 1, then min(2 — §,1+ %, 2) 1 + 5. Consequently,
1 1 o« k 1
(a5 _ 2 A" 142 / 12[2de < 1( ), (3.187)
2 2 P2 A +
Since |A\| — 400, for A large enough, we get
11 12 k2 Fy 148 o(1)
0< (=5 A= e / e < o (3.188)
hence, the first asymptotic estimate of (3.179) holds. Then inserting the first asymptotic estimate of
(3.179) in (3.163), we get the second estimate of (3.179). Thus, the proof is complete. L]
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Lemma 5.5. Assume that > 0 and assumption (A4) holds. Then, for j = 1,2, the solution
(u,v,y, z,wh,w?) € D(A;) of system (3.161)-(3.166) satisfies the following asymptotic behavior
estimations:

Sy (b2) 2 + |Say (az)[* < 2 )\”2/ [vof?dz + o(1) (3.189)
and \ 0
2 P1 y1-2 2 o)

0B + fo(as)” < (57-) +20)/a jolda + 2. (3.190)

Proof. First, we will prove equation (3.189). Multiplying (3.162) by —22% ngl and integrating over
(a,b), we get

b
|Sd1(b)|2+|5d1(a)|2:/ g'|Sd1|2d$+§R{ plz)\/ gdeldx} (3.191)

2 o b S
- 8%{ o )‘5_1/ gf2 Sd1dx} ’
kl a
consequently,

1Sy ()2 + |Su, (@)? < /|Sd1|2dx+2—cg/ 0] 1S4, dx (3.192)

2p1 \a_
T TAEAT

Using Young’s inequality and first estimation of (3.170), we obtain

2Aey [P ALHS b A
M/ (0] 1S4, | dz < P / \v|2d:v+p17/ 1S, |? der (3.193)
ko 2%k Ja i
1)\1+2

<P [ ol da o).

Using Cauchy-Schwarz inequality, first estimation of (3.170) and using the fact that || f2|| = o(1), we

obtain
/ |Sd1| dl‘ = ( ()1

(3.194)
- o(1)
A2 |f2||Sd1|dx_ 3_3a:
A2 1
Inserting (3.193) and (3.194) in (3.192) and since 0 < o < 1, we get
2 pl/\
1S ) + S (@) < / jof? d + o(1). (3.195)
Now, we will prove (3.190). From equation (3.161), we have
Ve = iAy — A2 N f1)e (3.196)

Multiplying equation (3.196) by 2¢v and integrating over (b, a), then taking the real part, we get

b b b
lw(b)]? + [v(a)|” :/ g’|v|2dm+3‘ﬁ{2i/\/ guzvdx} - %{2/\3_1/ g(fl)xvdx}.
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Then,
b
()] + [v(a)? cg/ o dx+zch/ fwallvlds + 2,080 [I(f)alleldz. (3.197)

Using Young’s inequality, we have

a 2k c? 2
2egMugllo] < DENTF o] + T\, 2 and 2e, 0271 |(f1)al 0] < cgrfuf® + SN2 ()]
2]'{71 P1 Cqg

(3.198)
Using equation (3.198) and the fact that ||(f1).|| = o(1), then equation (3.197) becomes
()2 + [o(a)? < (2’2 A5 4 2y )/ o2 dz (3.199)
1
2]’6’109 (1)
AL+ / J|2de
= |ug|*dz + Yoo
Using the first estimation of (3.169) and the second estimation of (3.179), we get
(o] b (o]
A1+5/ wPde < oNFE [ us + yffde 4+ 2013 / ly[2da
< Q @ (3.200)
A A2
o)
DY
Now, inserting (3.200) in (3.199) and 0 < @ < 1, we get
o(1
()2 + [v(a)? < (2’2 A% +2cg>/ |2 da + &) (3.201)
O

Lemma 5.6. Assume that 7 > 0 and assumption (A,) holds. Then, for j = 1,2, the solution
(u,v,y, z,wh,w?) € D (A;) of system (3.161)-(3.166) satisfies the following asymptotic behavior
estimations:

~—

b 1 b 1
/ lo[2de = ;1(+ and / e = 20 (3.202)
a 2 a

Proof. Multiplying Equation (3.162) by —iA\~'v and integrating over (a, b), then taking the real part,

we get
b . b
/|u| . é)%{ / (Su), vdag}—x%%{z/ fgvdx},
b
/|v|2dx<

consequently,

b k
L (Sa)Tada] 4 A 1S5, 0)] )

(3.203)

k o [0
Fo S (@) Jo(@)] + 42 [ flleld
1 a
From the fact that v is uniformly bounded in L?(0, L) and || f2|| = o(1), we get
o b (o]
A‘“E/ | fol[o]dz = o(A"2+%). (3.204)
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Using the second estimation in (3.169), the first estimation in (3.179) and the first one in (3.170), we
get

kv 4] [t _ Ey 4| P _
—A / (Sq,) Updz| < )\ / (Vg F 2)da| + — A~ / (Sq,) Zdx
P1 a a P1 a
< (1 0( (3.205)
A2
o(1
i)
Inserting (3.204) and (3.205) in (3.203), we get
[P < S (@) + o(a)?)
‘ 201 2 2
+ AT (1S, (O + 1S4 (a)) (3.206)
o(1) , o(1)
Now, inserting (3.189) and (3.190) in the above estimation, we get
LKy cagey [0 o(1) o(1) , o(1)
(5= e 2)/a pPde < g+ g T (3.207)
Since 0 < a < 1 and |\| — 400, for A large enough, we get
1 kl / 1+ (1)
0< (5=t / jolfdr < rer (3.208)
Hence, the first asymptotic estimate of (3.202) holds. Inserting the first asymptotic estimate of (3.202)
in (3.161), we get the second estimate of (3.202). Thus, the proof is complete. L]

From what precedes and from Lemma 5.2-5.6, we deduce that
|Ull#, = o(1) over (a,b).

Lemma 5.7. Assume that 7 > 0 and assumption (A,) holds. Let h € C'([0, L]) and h(0) = k(L) =
be a given function. Then, for j = 1,2, the solution (u,v,y, z, w', w?) € D (A;) of system (3.161)-
(3.166) satisfies the following asymptotic behavior estimation:

L / 2 2 2 2 _
[ h (prlv? + k2 |Sa,|* + pal2l® + Ky |S[?) da = o(1),

where

S = u +7f/ Wiz, €)dE and Sy, =y,

Proof. From Lemma 5.2, the definition of D;(z) and the fact that u, is uniformly bounded in L?(0, L),
we get S is uniformly bounded in L?(0, L). First, multiplying (3.162) by 2p;hS, integrating over
(0, L), taking the real part, and using the fact that || f2|| = o(1), we obtain

§R{p1 /OL 2hz'/\dex} - %{le /OL hy$de} _ /OLh (1) de

L o J—
= 3%{2p1/0 hmlfggdgc}. (3.209)

0()\%_1)
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5. Polynomial stability when the damping is effective in shear force and bending moment

From equation (3.161), we have
NG = —T; — AT (1)

IS =~ — A2 \(Ty \F/ )l (, &)d (3.210)

Moreover, from the definition of .S and D, (z), Cauchy—Schwarz inequality, the fact that 0 < o < 1
and 7 > 0, Lemma 5.2, Lemma 5.6, equation (3.210), the fact that y,. and v are uniformly bounded in
L*(0, L) and [|(f1).]| = o(1), we get

%{zkl /OLhnydx} {%1/ hyxuxdx} +§R{2Fb f/ hyx/ wl(z, & dgdx}

Then,

M\CA?

L _ L 9 a L
%{pl/ 2hi)\dex} = —pl/ h (!U\ ) dx — )\5712/)1/ ho(f1).dx
0 0 x 0

— 0(1)

\f / hid / (@, €) dgdx}
Inserting the above estimations in equation (3.209), we obtain
L ) L ) L
_pl/ h(lof?) de— kl/ h(IS72) d:c—@%{zkl/ hyx%dx} — o(1). 3.211)
0 @ 0 x 0

=o(1)
Now, multiplying (3 164) by 2p2h57d2, integrating over (0, L), taking the real part, then using the
fact that (yx + —\/DQ / (x,& d§> is uniformly bounded in L2(0, L), equation (3.167),
equation (3.170), HyH O(|A|™!) and Hf4H = o(1), we obtain

{2,022)\/ thde:c} —k2/0 h— x+—\/>/
+&E{2k1 /0 hudede} +3%{2/<:1 /O hySdde}

o(1)
A

+§R{ a/ my/D1 [ (&) dgsdex} (3.212)

L o 7
R {2p2/ h/\2‘1f45d2dm}.
0

__o(1)
- o
A2

From equation (3.163), we have
i = —Z — A2 H(f3),
Then,

NSz = =% = N (e + NS D, [ (e e (3.213)



Chapter 3 — Polynomial stability of a transmission problem involving Timoshenko systems with
fractional Kelvin-Voigt damping

Moreover, from the definition of Sy, and Dy (x), Cauchy-Schwarz inequality, the fact that 0 < o < 1
and n > 0, Lemma 5.2, Lemma 5.4, equation (3.213), the fact that u, and z are uniformly bounded
in L?(0, L) and ||(f3).|| = o(1), we have

ére{zkl /OL hqudex} {2k1/ huxyxdx} +3fe{ f/ huﬁ/ APEEN: dgdx}

€9)

Q

w\»—‘
MQ

A

L L 9 o L
%{pQ/ thAzSdzd:c} = —pQ/ h (!Z\ ) dz — )\571201/ hz(f3)zdx
0 0 x 0

— 0(1)

{ngl-i \/7/ hz)\z/ Ew?(x, & d{dx}

=o(1)

N[Q

Inserting the above estimations in (3.212), we obtain

o [y [0 S Dy [ et ete] d
/020 de x 20 dmyz o 2RM W, T

L
+?R{2k1/0 huxyxdac} — o(1).

(3.214)

Adding (3.211) and (3.214), we get our desired result. [

Lemma 5.8. Assume that > 0 and assumption (A4) holds. Then, for j = 1,2, the solution
(u,v,y, z,w',w?) € D(A;) of system (3.161)-(3.166) satisfies the following asymptotic behavior
estimation:

1U]l3, = o(1).

Proof. Proceeding in a similar way as in Lemma 3.10, we get our desired result. 0

Proof of Theorem 5.1. From Lemma 5.8 we get that ||U||3;, = o(1), which contradicts (3.159). This
implies that

(iN — A;)~

< 0Q.

R AL Haﬂj)

(Jt
AeR 2

The result follows from Theorem 2.10.

6 Conclusion and comments

We have studied the stabilization of a one-dimensional Timoshenko system with localized internal
fractional kelvin-Voigt damping via non-smooth coefficients. We proved the strong stability of the
system using Arendt-Batty criteria. Polynomial stability results has been proved in three cases: The
case of fractional kelvin-Voigt damping acting on the bending moment equation. We showed a poly-
nomial energy decay rate of type t 1. The case of fractional kelvin-Voigt damping acting on the shear
force equation. We proved a polynomial energy decay rate of type t~!. In the last case, the fractional
kelvin-Voigt damping acting on the shear force and bending moment equations. We established a

polynomial energy decay rate of type t%, provided that the two dampings are acting in the same
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6. Conclusion and comments

sub-interval.

Thereby, we highlight the following important open problems: the optimality of the obtained decay
rates and the generalization of our results to a Bresse system (see [13] for a Bresse system with local

Kelvin-Voigt damping).
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Polynomial stability of the generalized
Rao-Nakra beam with local Kelvin-Voigt
damping

Résumé

Dans cette partie, nous étudions le bien posé et la stabilité de 1’équation de la poutre de Rao-Nakra
généralisée. Le systeme se compose de quatre équations d’ondes pour les déplacements longitudinaux
et I’angle de cisaillement des couches supérieure et inférieure et d’'une équation de poutre d’Euler-
Bernoulli pour le déplacement transversal. Tout d’abord, nous prouvons que le systéme est bien
posé. Ensuite, nous montrons que la stabilité analytique se vérifie lorsque tous les déplacements sont
globalement amortis par I’amortissement de Kelvin-Voigt. Troisiemement, nous établissons le cas ol
I’amortissement n’agit que sur les déplacements de I’angle de cisaillement des couches supérieure et
inférieure. Dans ce cas, nous n’obtenons que des conditions suffisantes pour une forte stabilité. En
utilisant la méthode fréquentielle combinée avec la méthode des multiplicateurs, nous prouvons que
I’énergie du systeéme décroit polynomialement avec un taux de décroissance ts.

Abstract

In this part, we focus on investigating the well-posedness and stabilization of the generalized Rao-
Nakra beam equation. The system consists of four wave equations for the longitudinal displacements
and the shear angle of the top and bottom layers and one Euler-Bernoulli beam equation for the
transversal displacement. First, we prove that the system is well-posed. Second, we show that the an-
alytic stability holds when all the displacements are globally damped through Kelvin-Voigt damping.
Third, we establish the case where the damping acts only on the shear angle displacements of the top
and bottom layers. In this case, we obtain only sufficient conditions for the strong stability. Using
frequency domain arguments combined with the multiplier method, we prove that the energy of the
system decays polynomially with a decay rate s,

1 Introduction

The classical sandwich beam is an engineering model for a three-layer beam consisting of two stiff
face plates and a much more compliant inner core layer. Numerous models of this three-layered
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1. Introduction

laminated beam and plate have been suggested over the past six decades [82, 91, 111]. Later, Liu-
Trogdon-Yong [73] developed the following generalized Rao-Nakra beam model, where the shear
effect of the bottom and top layer are taken into account:

pihiul, — Exhyul, — 7 =0 in (0,L) xRy,
prlyl, — ExLys, — %7 + Gihy(we +31) = 0 in (0,L) x Ry,
phwy + Elwepee — Gihy(we +yY)e — Gshg(we +4%)e —hoo =0 in (0,L) x R,, (4.1)
pshsud, — Eshsul, + 7 =0 in (0,L) xR,
pslsyy, — Eslsys, — 7 + Gshs(w, +y%) = 0 in (0,L) xR,.

Here, u!, y*, u? and y? are, respectively, the longitudinal displacement and shear angle of the top and
bottom layers, w is the transverse displacement of the beam and 7 is the shear stress in the core layer

defined by

h
T=—u'— Elyl + how, + u® — Egy?’.

The physical parameters h;, p;, F;, G; and I; are positive constants and represent the thickness, den-
sity, Young’s modulus, shear modulus, and moments of inertia of the ith layer for : = 1, 2, 3, respec-
tively. In addition, ph = p1hy + pahs + pshs and EI = E1 1) + Esl;.

If we neglected the rotatory inertia and the transverse shear of the top and bottom layers, equations
(4.1)5 and (4.1)5 are reduced to the familiar Euler-Bernoulli hypothesis 4 — w, = y* — w, = 0.

Several models were derived from (4.1) and studied in the literature by neglecting some components
and/or parameters and/or considering some connections between them, such as the Rao-Nakra sand-
wich beam [91]:

plhlu,}t — Elhluix — % (—Ul + u3 + awm) = O,

pshsuy, — Eshgul, + $2 (—u' + u® + aw,) =0, (4.2)

phwy + Elwepee — %a (—u' +u® + aw,), =0,

which is obtained when we consider the core material to be linearly elastic, i.e. 7 = 2G5y with the
shear strain

1 1
7:2—}@(—u1+u3+awx) and a:h2+§(h1+h3),
where the shear modulus Gy = ﬁ with —1 < v < 1 being the Poisson ratio.

The laminated beam [65]:

pwit + G(dj - w:p)x = 07
I,(3s =) — D(35s — )z — G(¢ —uy,) = 0, 4.3)
31,54 — 3Dy + 3G(Y — wy) + 4pus + 40s, = 0,

which is obtained when the extensional motion of the bottom and top layers is neglected.

The Mead-Markus model [82]:

{ phwtt + ij:rxxm - GQCK’V = 07 (44)

2h27$$ - G2d’7 — OWggy = 07

is obtained if the extensional forces in the top and bottom layers are also neglected, which can be
simplified into a six-order PDE for w.
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damping

For the well-posedness and stability of (4.2), (4.3) and (4.4), we refere the readers, for example, to
[19, 20, 62, 73, 92, 105] and the references therein.

The boundary controllability problems of the Rao-Nakra beam, not only for the three-layer, but also
for the multi-layer models, have been studied in a series of papers; see for example, [61, 64, 86, 90,
87]. Exact controllability results for the multi-layers Rao-Nakra plate system with locally distributed
control in a neighborhood of a portion of the boundary were obtained by the Carleman estimates in
[18, 63].

In 2013 (see [87]), the exponential stability of Rao-Nakra model (4.2) was obtained when standard
boundary dampings are imposed on one end of the beam for all three layers. Later, in 2019, Wang
[106] studied Rao-Nakra beam with boundary damping only on one end for two displacements and
obtained that the semigroup generated by the system is polynomially stable of order 1/2.

In the recent years, many researchers showed interest in problem involving linear viscous damping
and Kelvin-Voigt damping (see, for example, [4, 5, 6, 8, 13, 107, 108]). Viscous damping usually
models external friction forces such as air resistance acting on the vibrating structures and is thus
called external damping”, while Kelvin-Voigt damping originates from the internal friction of the
material of the vibrating structures and thus called “internal damping”.

In 2018 (see [72]), the authors considered the stability of the Rao-Nakra system (4.2) subject to
viscous and/or kelvin-voigt damping. First, they showed that the system is unstable if only one
damping is imposed on the beam equation, beyond this, the exponential stability holds when all three
displacements are damped. Moreover, they showed the optimal polynomial stability of the system
for seven different cases of damping locations and types when just two of the three equations are
damped. In 2020 (see [77]), the authors proved certain orders of polynomial stability of the Rao-Nakra
sandwich beam equation with various boundary conditions, when there is only one viscous damping
acting either on the beam equation or one of the wave equations. For a few special cases, optimal
orders are confirmed. They also studied the synchronization of the model with viscous damping
on the transversal displacement. Their results reveal that the order of the polynomial decay rate is
sensitive to various boundary conditions and to the damping locations. In 2021-2022, exponential
stability of the Rao-Nakra sandwich beam with kelvin-voigt damping (or internal damping) and time
delay was proved by the authers in [30, 94] respectively.

In 2021, the authers of [93] proved the exponential stability for a thermoelastic structure given by a
Rao—Nakra sandwich beam.

In 2022, the authers of [36] studied the global well-posedness and exponential stability for a Rao-
Nakra sandwich beam equation with time-varying weight and time-varying delay.

Recently, Liu and Akil considered in [10] the generalized Rao-Nakra beam equation, which consists
of four wave equations for the longitudinal displacements and the shear angle of the top and bottom
layers and one Euler-Bernoulli beam equation for the transversal displacement, with only two viscous
dampings. The location of the damping are divided into two groups characterized by either both of
the top and bottom layers are directly damped or otherwise. The system considered is as follows:

prhiu}l, — Eyhyul, — 7+ au} =0 in

prhvyl, — EnLiyt, — %T + Gihy(we +y) + byt =0 in

(0, L)
(0,L)

phwit + Elw,pey — Gihy(wy + y')e — Gshs(wy + v?)e — homw + cwy =0 in (0,L) x Ry,
pshsud, — Eshsul, + 7+ du? =0 in (0,L)
(0.1)

pslsyy, — Eslsys, — 57 + Gaha(ws +9°) + eyl =0 in
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System (4.5) is subjected to the following initial conditions:

ul(2,0) = ul(x), uj(z,0)=ui(z), =€ (0,L),
w(x,0) = ud(x), uw}(z,0)=ui(zx), =€ (0,L),
w(z,0) =wo(z), wi(z,0)=wi(z), =€ (0,L), (4.6)
y'(2,0) = y(x), v(x,0) =yi(z), € (0 L),
v’ (2,0) = uj(z), ¥;(x,0)=ui(z), =€ (0,L)

and the following boundary conditions:
u'(0,t) = u'(L,t) = v*(0,8) = w*(L,1t) = y'(0,1) = y'(L,1) = y°(0,1) = y*(L,) =0 (4.7)
and
w(0,t) = w(L,t) = w,(0,t) = w,(L,t) = 0. (4.8)

Group one consists of three cases: [a,d # 0andb=c=e¢=0]or[b,e #0anda =c=d = 0] or
l[a,e # 0 and b = ¢ = d = 0]. Group two also consists of three cases: [a,b # 0 and c = d = e = 0]
or [a,c # 0and b =d =e = 0] or [b,c # 0and a = d = e = 0]. They obtained the necessary
and sufficient conditions for the strong stability of group two. However, they only obtained sufficient
conditions for strong stability and instability of some cases of group one. Furthermore, the polynomial
stability of certain orders was proved for the cases of group two only; more precisely,

o If (a,b > 0 and ¢ = e = d = 0), the authors proved that the energy decays polynomially as t7,
where
3 if L= Ls
f — { P1 p3’
¢ E E
5 if £ 8

P1

o If (a,c > 0andb = ¢ = d = 0 and G; # G3s), the authors proved that the energy decays
polynomially as 7, where

2 if (& =L apd Gsha o —Glhl),

[ — p1 p3 p3l3 p1ly
6 if (& £ B o (& _ B3 gand Gshs _ %)) '
p1 P3 p1 P3 p3l3 p1l1

oIf (b,c>0anda =e =d=0and % # %) the authors proved that the energy decays polynomi-
ally as ts.

As far as we know, no previous research has studied the stabilization of the generalized Rao-Nakra
beam in the presence of local or global viscoelastic Kelvin-Voigt damping. So, in this paper, we are
interested in studying the well-posedness and asymptotic behavior of the solution of the following
generalized Rao-Nakra beam model with Kelvin-Voigt damping and under various boundary condi-
tions:

pihiul, — (Eihiul + Dy(x)ul), — 7 =0 in (0,L) xRy,
plllytlt - (Ellly;; + D2(x)yt1x)1 - %T + Grhy(we + Z/l) =0 in (0,L) x Ry,
phwit + (Elwee + D3(2)wiee)ee — Gihi(we + y1)s

—Gshz(wy + %) — hoTe =0 in (0,L) xRy,
p3hsud, — (Eshsu? + Dy(x)ui ), +7 =0 in (0,L) xRy,
p3lsysy — (Bslsy? + Ds(2)yp,)e — 27 + Gshs(w, + %) =0 in (0,L) x Ry.

4.9)
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System (4.9) is subjected to the following initial conditions:

(0, L)
(0,L)
w(z,0) = wo(x), wi(z,0) =wi(z), z€(0,L), (4.10)
(0, L)
(0, L)

For the boundary conditions, we assume that variables u!, v, y' and 3® satisfy one of the following
boundary conditions:

Dirichlet boundary conditions for all waves

u'(0,t) = u'(L,t) = u3(0,t) = v*(L,t) = y*(0,t) = y*(L,t) = v*(0,t) = 4*(L,t) =0 (DD)
or Neumann boundary conditions for all the waves

Wh(0,1) = ub(Lt) = u}(0, ) = w(L,1) = yH(0, ) = yA(L,t) = y3(0,1) = y*(L.1) =0, (NN)

where w satisfies one of the following boundary conditions:

Clamped boundary condition
w(0,t) = w(L,t) = w,(0,t) =w,(L,t) =0 (FBC)
or Hanged boundary condition
w(0,t) = w(L,t) = we(0,t) = wee (L, t) = 0. (HBC)
We suppose that there exists 0 < a < b < L and five positive constants d;, for 7 = 1, .., 5, such that

{ dy, z € (a,b),

Dile) = 0, z¢€(0,a)U(b L)

In this work, we study the energy decay rate of system (4.9)-(4.10) subject to either the boundary
conditions [(DD) and (FBC)] or [(NN) and (HBC)] in distinguished two cases. In the first case, we
prove that the corresponding semigroup is analytic provided that our system is subject to five global
Kelvin-Voigt damping. Then, in the presence of only two local damping D, and Ds acting on the
shear angle displacements of the top and bottom layers (D; = D3 = D4y = 0), we show that the
energy of the system decays polynomially.

This paper is organized as follows: In section 2, we present the semigroup setting of the system for
well-posedness results. In section 3, we show the strong stability. In Section 4, we prove the analytic
stability when the five Kelvin-Voigt dampings are globally distributed. Later, section 5 is devoted to
study the energy decay rate of our system where we prove that the energy has a polynomial decay rate
of type t™ 2.

2 Well-Posedness

In this part, by using semigroup theory, we give the Well-Posedness results for problem (4.9)-(4.10)
subject to either the boundary conditions (DD) and (FBC) or (NN) and (HBC).
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Let (u!, u3,w, y!, y®) be a regular solution of system (4.9)-(4.10). Its associated energy is given by

1 L L L L
Blt) = 5 <p1h1/0 \utldeerElhl/O yu;\2d:c+p3h3/0 |u§|2dx+E3h3/0 0 2

L L L L
ph [ il + BI [ wel’da+ iy [yt Pde+ il [yl

4.11)
—|—p3[3/ |2 |2dx—i—E3[3/ |2 \de—l—Glhl/ |we + o' dx—i—/ I7|*dx
+Gshs / |wm+y3|2dx>.
0
A straightforward computation gives that
d L 12 L 12 L 2
SE®O = = ["Di@)ulPde — [T Da(@)lyll?de = [ Da@) e da
L L 4.12
— [ DuG@)ui Pz — [ Ds(a)lyi, 2 *12

< 0

Thus, system (4.9)-(4.10) subject to either the boundary conditions [(DD) and (FBC)] or [(NN) and
(HBC)] is dissipative in the sense that its energy is a non increasing function with respect to the time
variable . Now, we are in position to prove the existence and uniqueness of the solution of our system.
For this aim, we introduce several Hilbert energy spaces.

For the bondary conditions [(DD) and (FBC)], set the energy space as

Hy = (Hy(0,L) x L*(0, L))2 x H3(0,L) x L*(0, L) x (Hy(0, L) x L*(0, L))2.
For the bondary conditions [(NN) and (HBC)], set the energy space as

Ha = (H(0,L) x LQ(O,L))Q x (H(0, L) N HY (0, L)) x L*(0, L) x (H! (0, L) LQ(O,L))Q,
where
HY0,L) = {f e HY(0,L) | /OLfdx - 0}.
Both spaces H; and H are equipped with the inner product which induces the energy norm
1015, = l(u! vl oyt 2w o0 0%y 20) 3,

Evhalug||? + prfu[[vt]|* + Eshsl|[ug]|? + pshsl[v®||* + ET[|wse|* + phl[¥]®
+E Lyl + pu |21 + Eslsllygl* + psls|| 2] + Gilullws + 4|

(4.13)

7P + Gshsllw. + 7% 5 = 1,2,

here ||.|| denotes the norm of L?(0, L). It is clear that the above equality is equivalent norm on H;

for j = 1,2. We next define the following linear unbounded operators A, : D(A;) C H; — H;:

U= (ut,vl, y', 2t w, o, ud, 03 43, 23) € Hy|

o', v 2t 22 e Hy(0, L), ¢ € H3(0, L),

D(A) =4 (Eihiuj + Di(x)v}) € L*(0,1), (Eshgu} + Da(x)v}) € L*(0,L1), ¢,
(

x T

T x

Eyliy, + D(x)2}) € L*(0,L), (Eslyy} + Ds(2)2}) € L*(0, L),

(Elwge + Ds(2)tbss),, € L*(0,L)
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U= (ut,vl, yt, 24w, v, ud, 03,43, 23) € Hyl
Lot 2l 2t e Hi(0,L), o € H*(0,L) N Hy(0, L),

Ehyul + Dy ( x)vl) € L*(0,L), ul(0,t) = ul(L,1)

T

( 0,
D (As) = { (Bshsu} + Da(x)v}) € L*(0,1), ul(0,t) = ul(L,t) =0,

(

(

xT

EiLy; + Da(x)z;) € L*(0,L), y3(0,t) = y3(L, 1) = 0,
Eslay} + Ds(x)z3) € L*(0, L), y}(0,t) = y3(L,t) = 0,
t) =

T

(Elwee + D3(2)thes),, € L*(0, L), wer(0,1) = wyr(L,
and
I
(p1h1) ™t [(Erhiu + Di(x)vy)e + 7]
ul 1
ol
yi (p111)~* {(Elllyi: + Dy(x)zy), + %T — G1hy(wg + yl)]
z
A v
! 7’% a (Ph)_l [_(Elwxx + D3(x)w:cr)xx + Glhl (Wx + yl):c + G3h3(wx + yg)x + h2Tx] ’
23 v3
v (pshs) ™ [(Bshsul + Da(w)vd). — 7]
z
3
z

(psls) ™! | (Bslsy? + Ds(2)23), + %7 — Ghs(w, +v°))|
(4.14)

forall U = (u*, vt y*, 2h w, v, u, 03,43, 2%) € D(A;) and j = 1,2. If U is a regular solution of
system (4.9)-(4.10), then the system can be rewritten as evolution equation on the Hilbert space H; in
the abstract form
Up(z,t) = A;U(x, 1),
(4.15)
U(Z‘,O) = U()(ZE),

where
_ 1,1 .1 1 3.3,3 .3
UO - (u07u17 Yo, Y1, Wo, W1, Uy, Uy, Yp, yl)

and j = 1,2 corresponding to the boundary conditions [(DD) and (FBC)] or [(NN) and (HBC)],
respectively.

Proposition 4.1. The unbounded linear operator A; is m-dissipative in the hilbert space H,.

Proof. We will prove proposition 4.1 in the case D; = D3 = Dy = 0on (0, L) and Dy, D5 > dy > 0
on (a,b). Forall U = (u!,v', y', 21, w, ¢, u?, 03,42, 2%) € D(A;), we have

b b
R (AU, U)) = —do/ 121 2dz — do/ 1232de < 0
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which implies that A; is dissipative.

Now, we prove that .A; is maximal. Let F' = (fy, fa, fs, fa. f5. fo, f7. f5, fo, f10) € H;, we look for
U= (u', vl gyt 2t w0, ud 0342, 2%) € D(A;) unique solution of the equation

—AU=F

Equivalently, we consider the following system:

' = fi, (4.16)

—Elhlu;x —7 = pihifo, 4.17)

= (4.18)

— (Elllyglc + DQ(I’)Z;)m — h217 + Gih(we +yY) = pilify, (4.19)

- = fs5 (4.20)

Blwppey — Giln(we +y')e — Gaha(we +9°)e — home = phfs, (4.21)
—* = f, (4.22)

—Eshyuy, +7 = pshsfs, (4.23)

—22 = fy, (4.24)

— (Bslsy} + Ds(x)23) — ;;37 +Gshs(we +y°) = palsfio (4.25)

with the boundary conditions [(DD) and (FBC)] or [(NN) and (HBC)].
By inserting (4.18) in (4.19) and (4.24) in (4.25), system (4.16)-(4.25) implies that

—E\hyug, —7 = pihifs, (4.26)
h
—(BEhyy = Dafa)(fa)a) = 57+ Cilualwe +y') = pilifi (4.27)
E[wxxx:c - Glh'l (wx + yl)x - G3h3(wz + yg)x - hQTx = phfﬁa (428)
—Eshgul, +7 = pshsfs, (4.29)
3 h3 3
— (Bslaylf = Ds()(fo)a) = 57+ Gahalws +°) = pslafo. (4.30)

Let (¢1, @2, &3, ¢4, ¢5) € V;(0, L), where
Vi(0, L) := Hy(0, L) x Hy(0,L) x H3(0,L) x Hy(0,L) x Hy(0,L)
and
V5(0, L) := Hy(0, L) x H}0, L) x (H*(0, L) N Hy(0,L)) x Hy(0,L) x HX(0, L).

Multiplying equations (4.26), (4.27), (4.28), (4.29), (4.30) by ¢1, ¢, ¢3, ¢4 and ¢s, respectively,
inetgrating over (0, L), then using integration by parts, we obtain

L L L
Bihy [ ukdrade — [ réide = pihn [ fodnde, (431
0 0 0
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L hy 11 L o
%8 /0 yidaade — /O Thada + Gy /0 (we + 1) Gada
L o L .
= ol /0 Ffiad — /0 Do ()(f3)aPayde, (4.32)
L - L -
El / WeaBradt + Gihy / (ws + ") Psud
0 0
L _ L L _
+ Gshs /O (W + 1) Pandt + ho /O Thandr = ph /0 Fodada, (4.33)
L L L
Fshs /0 W3 Pmds + /0 Thadz = pshs /0 Febada, (4.34)

L . hy (L — L .
Bl [ yidsade = 5 [T rdsde + Gahy [ (w, +y)dsda
L L _
= pols [ frodsda = [ Ds(x)(fo)as,da. (4.35)
Now, adding equations (4.31)-(4.35), we obtain the following variational problem:
a ((u17 yla W, 'LL3, y3>7 (¢17 ¢27 ¢37 ¢47 ¢5)) =L (¢17 ¢27 ¢37 ¢47 ¢5) ) (436)

for all (¢1, d2, @3, 44, ¢5) € V;(0, L), where

L
a ((ulv yla w, U,S, y3)7 (gblv ¢27 ¢37 ¢4a ¢5)> = Elhl /0 uglggblxdx
L L
+ B / Y ondr + EI / O v
0 0
L L
+ E3h3/ Ui¢4md$ + E3]3/ yiqbszdx
o 0 (4.37)
+Gihy /0 (we + yl)(¢3x + ¢o)dx
L
+ Gahy [ (o + ") (G0, + d5)da
L Y R A
‘|‘/0 T <—¢1 — ?1% + ho@zy + Q4 — ;%) dx

and

L L
L (¢1> ¢2a ¢37 ¢47 (/55) = plhl/o f2¢1d$ + 0111/0 f4¢2d$
— [ Do) )B4 o [ fide
0 0
L L _
+ Psh3/0 fapadw + P3I3/0 Jro¢sdx

— [ D) (1)

We see that a is a sesquilinear, continuous and coercive form on V;(0, L) x V;(0, L) and L is an
antilinear continuous form on V;(0, L). Then, using Lax-Miligram Theorem, we deduce that there
exists a unique (u',y',w,u? y*) € V;(0, L) solution of the variational problem (4.36). By set-
ting —z' = f3 and —2z®> = fy and by applying the classical elliptic regularity we deduce that

(4.38)
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U = (ul,ol, ', 21w, ud 0343, 2%) € D(A)) is the unique solution of —A;U = F and con-
sequently 0 € p(A;), where p (A;) denotes the resolvent set of A;. Then, A; is an isomorphism and
since p(.A;) is open set of C (see Theorem 6.7 (Chapter 3) in [68]), we easily get R(\] — A;) = H;,
for A > 0. This, together with the dissipativeness of .A;, imply that D(.A;) is dense in #; and that A;
is m-dissipative in H; (see Theorems 4.5 and 4.6 in [88]). The proof is thus complete. ]

Thanks to Lummer-Phillips Theorem (see [88]), we deduce that A; generates a Cj—semigroup of
contractions (et““f >t>0 in H; and therefore the solution of the Cauchy problem (4.15) admits the

=

following representation:
Ut) =iy, t>0,

which leads to the well-posedness of (4.15). Hence, we have the following result.

Theorem 2.1. Let Uy € H;, then system (4.15) admits a unique weak solution U satisfying
UeC®(Ry,H,).
Moreover, if Uy € D(.A;), then problem (4.15) admits a unique strong solution U satisfying

U e CH Ry, Hy)NC® Ry, D(A))).

3 Strong stability

Since the resolvent of A; is not compact, we have to discuss the full spectrum on the imaginary axis.
We use a general criteria of Arendt-Batty theorem in [24] which states that in a reflexive Banach space
a Cy-semigroup e’ is strongly stable if ¢4 is bounded, A; has no eigenvalues on the imaginary
axis and o(A;) N 4R is countable. Before we state our main result, we need the following stability

conditions:
D;>dy>0, foreveryxe€ (0,L),i=1,..5, (SSC1)

E,  E
Di(z) >dy >0 in(a,b), i=25 Gy #Gs and ?1 - pi’. (SSC2)
1 3

So, we will prove the following result:

Theorem 3.1. Assume that condition (SSC1) or (SSC2) holds. Then, the Cy-semigroup of contractions
(e49),5 is strongly stable on the energy space H;, j = 1,2; that is

lim ||6tAon||Hj = 0, VUO S Hj.

t—-+o00

We will prove Theorem 3.1 under condition (SSC2) only. For simplicity, we divide the proof of
Theorem 3.1 into two lemmas.

Lemma 3.2. Assume that condition (SSC2) hold, we have
ker iA] — A;) ={0}, VAeR, j=12

Proof. From Proposition 4.1, we have 0 € p(.A;). We still need to show the result for A € R*. For
this aim, suppose by contradiction that there exists A € R* and U € D(.A;)\{0} such that

AU = iAU. (4.39)

Equivalently, we have the following system:
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ol =il o¥ =idd, ¥ = idw, 2t =iyt 2% = ixy? (4.40)
and

Nul 4 (pih) 7t [Bihaul, +7] = 0, @441

- , h ]
Nyt + (o) {(Elhy; +iADa(a)yy) + 5T - Cililwety)| = 0, (442)
Mo+ (ph) ™ [~ Elwgews + Giha(we +y')a + Gha(we + y%)0 + hora| = 0, (4.43)
NP+ (pshs)t [Bshgul, — 7] = 0, (444

_ , h ]
Ny’ + (pals) ™ [(Eglsyi FiADs(@)y) + 57— Gaha(we +37)| = 0. (449)

A straightforward calculation gives

0=R((IAU.U)y ) = R (AU, 0),, ) = - /OL Dy ()| dz — /OL Ds(x)|z;] dx

b b
= —do/ |22 [P dx — do/ |23|2dx = 0.

Thus, we have

Dy(z)z2 =0 in (0,L) and Ds(z)z2=0 in (0,L). (4.46)
Consequently, From (4.40) we deduce that

yr=0 in (a,b) and y2=0 in (a,b). (4.47)
Nl + (o)t [Eihiiy, +7] = 0 in (a,b), (4.48)

-1 h1~ ~ .
(plfl) |:2T—G1h1wx:| = 0 in (a,b), (4.49)
N& + (ph) ! [~ ElGpene + G1hi@ay + G3hs@ey + hoTe] = 0 in (a,b), (4.50)
N+ (pshs) ™! | Eshsil, — 7] = 0 in (a,b), @.51)

-1 h3~ ~ .
(psls) [2T—G3h3wx} = 0 in (a,b). (4.52)

Now, we introduce the functions @' = u’, §' =y, 7 = 7, and © = w,, fori € {1,3}. It follows
from (4.47) that
7' =0 in (a,b) and =0 in (a,b), (4.53)

and consequently, system (4.41)-(4.45) will be (after differentiating it with respect to x)

N+ (prhy) " |Eahaiih, + 7| = 0 in (a,b),  (454)
-1 hl ~ ~ .
(,01[1) [27 — Glhlwx] = 0 1in (&, b), (455)

N+ (ph) [~ El@pezs + Grhi@ee + Gahalue + hoty] = 0 in (a,b), (4.56)

N0+ (pshs) ™" [Eshstil, — 7] = 0 in (a,b),  (457)
-1 h3 ~ ~ .
(,0313) [27 - G3h3wx] = 0 in (CL, b) (458)
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From (4.55), (4.58) and (4.53), we get

1 1
if—Gldjz:O and if—ngjz:O in (a,b).

Subtracting the two equations in (4.59) and using the fact that G35 # G, we find
0, =0 in (a,b).

Using (4.59) and (4.60), we obtain
0 in (a,b).

Using (4.56), (4.53), (4.60) and (4.61), we get

7’1

Mo =0 in (a,b).

Since A # 0, we get
w=0 in (a,b).
Using the definition of 7 and (4.53), (4.60) and (4.61), we get
' =a* in (a,b).
Now, using (4.54), (4.57) and (4.61), we get
E E.
N+ =gl =0 and M@+ =22, =0 in (a,b).
P1 P3
Subtracting the above two equations and using (4.63), we get
E, FE
(1 - 3) al, =0 in (a,b).
P1 P3

Using the facts that % £ % in (4.64), we obtain

From (4.54), (4.57), (4.61) and (4.65), we find
Nt =N =0 in (a,b).

Since A\ # 0, we get

Thus,

U =0in (a,b).

(4.59)

(4.60)

4.61)

(4.62)

(4.63)

(4.64)

(4.65)

(4.66)

(4.67)

Now, after differentiating system (4.41)-(4.45) with respect to x, we can write it in (0,a) U (b, L) as

the following:

)\21]1 + (plhl)_l [Elhlﬂ;x + ’7~'_ = 0,
2-1 —1 1, ha o]
A Yy +(p1[l) |:E1[1yxa:+ ?T_Glhl(wx_Fy ) = 07
)\2@ + (Ph)_l [*Elaxazxaz + Glhl ((Dx + gl)x + GShS(LD:c + 2]3)3; + h27~—x_ = 07
N+ (pshy) ! [Bshad, 7] = 0,
2-3 -1 -3 hs . - 3]
NG+ (p3l3)” " | E3l37;, + 57 Gzh3(@: +9°)| = 0.
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LetV = (@', al, 9, 7}, @, Op, Qu, Opww, @3, 02, 52, 52). From (4.67) and the regularity of @', §', @, @® and 7,
we have V' (a) = 0. Now, system (4.68)-(4.72) can be written as

V,= AV in (0,a), (4.73)
where

0 1 0 0 0 0 0O 0 O 0 0 0

K 0 Ky O 0 Ks 0 0 Ky 0 Ks O
0 0 0 1 0 0 0O 0 0 0 0 0

K 0 K 0 0 Kxg 0 0 Ky 0 Kio 0
0 0 0 0 0 1 0O 0 O 0 0 0
0 0 0 0 0 0 1 0 O 0 0 0

HD=1"9 0o 0o 0 0 0 0 1.0 0 0 0 (4.74)

0 Kn 0 Kp Kiz 0 Ky 0 0 Kis 0 K
0 0 0 0 0 0 0O 0 O 1 0 0

K17 0 K18 0 0 K19 0 0 K20 0 Ko 0
0 0 0 0 0 0 0O 0 O 0 0 1

Ky 0 Ky 0 0 Koy 0 0 Kos 0 Ky O

and ( 3¢
—(prhy)A\+1 1 —hs 1 hs
! Erhy 2 2B T Eihy YT Eihy 7 2Bk
hl —4<,01]1))\2 + 4G1h1 + h% 2G1h1 — hlhg —hl
Ko =7, K7 = y K= ——F=———, Ko = ;
2F 14 4F1 1, 2K 1, 201,
hlhg —hg 2G1h1 — hghl (,Oh)>\2 Glhl + Gghg + h%
10 4E1]1’ 11 Elv 12 BT ) 13 El ) 14 Bl )
ho 2G3hs — hohs -1 —hy ho
15 EI7 16 2ET ) 17 E3h37 18 2E3h/3, 19 E3h37
—(pghg))\2 +1 -1 hg hghl QGghg — hghg
Koy = 5 Ko = A Ky = ) Kas = ) = ’
20 Eshs T oy TR T 2By P T 4R M 2E;1;
—h —4(p3I3)\? 4+ 4Gsh h?
Koy = ) Kog = (pala) A" + 4Gshs + 3.
2E3[3 4E3]3

Using ordinary differential equation theory, we deduce that system (4.73) has the unique trivial solu-
tion
V(z)=eMDV (@) =0 in (0,a). (4.75)

The same argument as above leads us to prove that
V(z) =MDV (0)=0 in (b L), (4.76)

consequently, we deduce that

U=0 in (0,a)U(b,L). 4.77)
Finally, from (4.67) and (4.77), we obtain

U=0 in (0,L).

This gives that U = C, where C'is a constant. Finally, from the boundary conditions, we deduce that
U = 0in (0, L). Consequently, .A has no pure imaginary eigenvalues. The proof is thus complete. [
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Lemma 3.3. Assume that condition (SSC2) hold, for all X € R, we have

RN — Aj) =H,;, j=1,2.

Proof. From Proposition 4.1, we have 0 € p(.A;). We still need to show the result for A\ € R*. For

this aim, let ' = (f1, fa, f3, fa, f5, fo, fr, fs, fo, fr0) € H;, we want to find
U = ( lavlaylaZl7w7w7u371}3;y3723) c D(Aj) solution Of

(i — A;)U = F.
Equivalently, we have the following system:
it —ol =

plhli)\vl - Elhluglm -7 =

iyl =2t =

piliidzt — (ElIly; + Dz(:t)Zi)gc - %T +Gihi(wy +y') =
Aw—1 =

Phi\y + Elwgyee — G1ha(we + 4 )e — Gahs(we + 4°)e — hota =
i —vd =

pshsiv® — Eshgul, + 17 =

iy — 22 =

) h
ngg’L)\Zg - (Eg[gyg + D5($)Z§)$ — ?37' + Gshg(w, + y3) =

with the boundary conditions [(DD) and (FBC)] or [(NN) and (HBC)].

f17
p1hi fa,

13,
p1l1 fa,

5,

ph fe,
Iz,
p3hsfs,
o,

p3l3fio

(4.78)

4.79)
(4.80)

(4.81)
(4.82)
(4.83)
(4.84)
(4.85)
(4.86)

(4.87)

(4.88)

Inserting (4.79), (4.81), (4.83), (4.85) and (4.87) in (4.80), (4.82), (4.84), (4.86) and (4.88), we get

—plhl)\Q'Lbl — Elhluix — T

2,1 1 . 1 ha 1

—p1[1>\ Yy — (Elflyz + Z)\DQ(I)yx)x — ?T + Glhl(wm + Yy )
—pNw + Elwypee — Gihy(we + y')e — Gaha(we + 4°)e — haTs
—p3h3)\2u3 - Eghguiw + T

. . h
—0313)\293 - (Esfgyi + 2)\D5(x)yi)$ - 537 + G3h3(wx + 93)

where
hy = p1ha(fr + f2), € D'(0, L),

hy == pr[1(iAf3 + f1) — [Da(x)(f3).),., € D'(0, L),
hs = ph(fs + fs), € D'(0, L),
hy := pshs(f7 + fs), € D'(0, L),

hs == p3l3(iAfo + fi0) — [Ds(x)(fo)z], , € D'(0, L)
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with the boundary conditions [(DD) and (FBC)] or [(NN) and (HBC)].
For all

(v, y" w, v, y*) € Vi(0, L) == Hj(0, L) x Hy(0,L) x H3(0,L) x Hy(0,L) x Hy(0,L)
for j =1 and
(u',y", w,u?, y?) € Vo(0,L) := H}(0,L)x H}(0, L) x (H*(0, L)NH(0, L)) x H} (0, L) x H}(0, L)
for j = 2, we define the linear operator £; by

1
—Elhlum — T

1
Zl — (ExLyyt +iADy(x)yl), — 87 + Griha(w, +yY)
Li|w|=|Flwwe — Gihi(ws +y")e — Gahz(wy + y*)s — hats | (4.95)
3
Z3 —Eghguiz + T

_ 3 ; 3\ _ hs 3
x 2
(Eslsy? +iADs(2)y?) 7+ Gshz(w, + 3°)

Using Lax-Miligram Theorem, it is easy to see show that £; is an isomorphism from V;(0, L) onto
(V;(0, L)) LetUd = (u', y*,w,u? y*) and F = (hy, ha, hs, ha, hs), then we transform system (4.89)-
(4.93) with the boundary conditions [(DD) and (FBC)] or [(NN) and (HBC)] into the following form:

(I=NL;U=L;'F. (4.96)

Since £L; is an isomorphism from V;(0, L) onto (V;(0, L))" and I is a compact operator from V;(0, L)
onto (V;(0,L))’, then by using Fredholm’s alternative Theorem, problem (4.96) admits a unique
solution in V;(0, L) if and only if the operator (I — Azﬁj_l) is injective. For that purpose, let
U= (a',j',o,a% %) € ker(\I — L;). Then, we have \X2U — L,;U = 0. It follows that

—pithi N2t — Byl — 7 = 0, (4.97)

—p N = (BiLg, + i)\Dz(x)g;)z - ];1% +Gih (@, +3') = 0, (4.98)
—pNG + Bl — il (G + 4o — Goha(ws +§°)e — haTe = 0, (4.99)
—pshs\2u® — Eshgti®, +7 = 0, (4.100)

—psIsN°5° — (Bs Ly} +iADs(2)i}) — f;% +Gshs(@, +35°) = 0. (4.101)

Multiplying equations (4.97)-(4.101) by ul, 7L, @, @3, 3, respectively, integrating over (0, L) and
taking the sum, then using by parts integration and the boundary conditions, and taking the imaginary

part we get
b, . -
dpS¥ (z/\/ <|y%|2 + |y§|2) d:r:) = 0.

Thus, we get y} = yé = 0in (a,b). Now it is easy to see that, if I/ is a solution of system (4.97)-

(4.101), then the vector V' defined by
V= (at,ixat, gt agt, @, ida, @, iaa®, g3, ing®) T
belongs to D(.A;) and satisfies IV — Aj)\V = (. Using Lemma 3.2, we deduce that V' = 0 and

consequently Ker(I — A2L;") = {0}. Thanks to Fredholm’s alternative, (4.96) admits a unique
solution U € V; and

(Euhgh + iADa(a)yl — Dalw)(fa).), € LA(0. L),
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(E3[3y3 +iAD5(x)y; — Ds(l")(fe))x)x € L*(0, L).

Thus, by setting z! = i\y! — f3, 23 = i\y® — fy and a classical elliptic regularity arguments we
conclude that (¢A\] — A;) = F' admits a unique solution U € D(.A;). The proof is thus complete. [

Proof of Theorem 3.1. Using Lemma 3.2, we directly deduce that .4, has non pure imaginary eigen-
values. According to Lemma 3.3 and with the help of the closed graph theorem of Banach, we deduce
that o(A;) N ‘R = ¢. Thus, we get the conclusion by applying Theorem 2.7 of Arendt and Batty
[22].

4 Analytic Stability

In this section, under the condition (SSC1), we will prove that the associated semi-group of the system
(4.15) 1s analytic. For this aim, we will use the following result:

Theorem 4.1. Let (S(t))=0 = (™49);50 be a Cy-semigroup of contractions in a Hilbert space. Assume
that
iR C p(A;) (AS1)

Then, (&™), is analytic if and only if

limsup |Al||[(iA — Aj) " 2y < o0 (AS2)

AER,|A|—o0

Now, we are ready to state our result.

Theorem 4.2. Assume that condition (SSC1) holds and D; € L*(0,L), ¢ = 1,..,5. Then, the
Co-semigroup (e'47);~ is analytic in H;, for j = 1, 2.

Proof. We know that condition (AS1) is verified. Our goal now is to prove that condition (AS2) is
satisfied. For this aim, we proceed by a contradiction argument. Suppose that (AS2) does not hold,
then there exist a sequence (\,) C R and a sequence (U,,) C D(.A;) such that

|An| — +o0, 1Unll2, = Nl (g v w03 Wi ton, Yoy 2 Yoy 2) T, = 1 (4.102)
and
)\V_Ll@/\nUn _A]Un> =F = (fl,n,fZ,n;f3,n7f4,n;f5,n7fﬁ,naf?,n;fS,n;fQ,nafIO,n>T — 0 in Hj-

(4.103)
are satisfied. In what follows, we drop the index n for simplicity.

Step 1 (The dissipation). Taking the inner product of (4.103) with U in H;, then using the fact that
U is uniformly bounded in H;, we get

L
A [T (Dufus P + Dol 4 Dol + Dol + Dsl22) dr = —X~"Re((A = 4;)U, U
=o(1).

It follows that
A 2wkl 2o,y = o(1),  ATYE|0d]| 1200y = o(1),

ANV 2 20,0y = o(1),  ATY2||23 | 20,2y = o(1), (4.104)
A2 12(0,1) = o(1).
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Using Poincaré inequality, we get

A2 0 [ r20,2) = 0(1),  ATYE{03]| 120,y = o(1),

A2 e,y = o(1), A2 o,y = o(1),

A2l 20,y = o(1).

(4.105)

Step 2 (Information on u’, y!, w,,, u2 and y?). By detailing equation (4.103), we get the following

system:

At —ol) = £,

A (idw — ) = fs,

(4.106)
ipthio! = A7 [(Brhaul + Divd), + 7] = piha o, (4.107)
Ayt = 2 = f3, (4.108)
T [(Ellly; + Dzz;)m + %7’ — G1hy(wy + yl) =111 f4, (4.109)

(4.110)
iphty = A~ [~(Elwes + Dythun)ow + Gihn(we +y')e + Gaha(wo +y)a + hore| = phfe,  (111)
A Ea? —03) = fr, (4.112)
ipshav® = A7 [ (Bshaul + Davd)s — 7| = pshafs, (4.113)
ALy = 23) = fo, (4.114)
ip3lzz® — A7 [(nggyf; + Ds523), + %T — G3hg(wz +y*)| = p3lsfio- (4.115)

By differentiating (4.106), (4.108), (4.110), (4.112), (4.114) with respect to the variable x, then using

(4.104), (4.105) and the fact that /' — 0 in H;, we obtain

and

lugll 20,0y = o(1),  [[u3llz20,0) = o(1),

1Yallz20,0) = 0(1),  NlW2llz2(0,2) = o(1), (4.1106)
|waz | 220,r) = 0(1)

[u'l[z2(0,0) = 0(1),  [|4®[| z2(0,2) = 0(1),

1y 220,y = 0(1), 197 ]l £20,) = 0(1), (4.117)
[wl£2(0,2) = o(1).

Step 3 (Information on v', z*, 1, v* and 2%). Multiplying equation (4.107) by —iv', then integrating

over (0, L) gives

(4.118)
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Then, using (4.104) and (4.116), the fact that v! and 7 are uniformly bounded in L?(0, L) and the fact
that ”f2HL2(O,L) = 0(1), we find
[0"]| z2(0.0) = o(1). (4.119)

Similarly, multiplying equation (4.113) by —iv3 and using the same arguments, we arrive at
[v*|| 220,y = o(1). (4.120)
Now, multiplying equation (4.109) by —iz!, then integrating over (0, L) leads to
L L .
,01]1/ |21 * dx — i)\_lEJl/ yl .21, dv
0 0
L hy L —
—M—ID2/ 1212 dar — i/\_lg/ 7 dz @.121)
0 0
L _ L
—iAGi / (wo +y")2Ade = —ipi Ty / F21 da.
0 0

Using (4.104) and (4.116), the fact that 2!, 7, (w, + y') are uniformly bounded in L?(0, L) and the
fact that || f4|| 2(0,z) = o(1), it appears that

12" | 220,y = o(1). (4.122)
Similarly, multiplying equation (4.115) by —i23 and using the same arguments, we observe that
12° )| 220, = o(1). (4.123)
Finally, multiplying equation (4.111) by —i1), then integrating over (0, L) gives
L L L
ph [0 de = N BT [y, do i3 Dy [l da
0 0 0
L _ L L .
HiATIGh / W di + iIN"L Gy / Yyl da + iA"LGahs / W3 do (4.124)
0 0 0
L _ L _
FiN Ry / 79, dz = —iph / o da.
0 0

Using (4.104) and (4.116), the fact that ¢) and 7 are uniformly bounded in L?(0, L) and the fact that
| f6ll2(0,0) = o(1), we find

9] 20,y = o(1). (4.125)
Hence, we obtain ||U, |y, = o(1) which contradicts (4.102). Therefore, (AS2) holds and, conse-
quently, we deduce the analytic stability of (4.15) in the case of five global dampings. [

5 Polynomial Stability

In this section, we study the polynomial stability of system (4.9)-(4.10) subject to either the boundary
conditions [(DD) and (FBC)] or [(NN) and (HBC)]. For this purpose, we will use a frequency domain
approach. Our main result in this section is the following theorem.

Theorem 5.1. Assume that condition (SSC2) holds. The C-semigroup (et““ﬂ')t>1 is polynomially

stable; more precisely, there exists constant C' > 0 such that for every U, € .D(Aj), we have
C 2
E(t) < F HUOHD(Aj) . Vt>0, VU, € D(A)). (4.126)
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Proof of Theorem 5.1. According to Theorem 2.10, the polynomial energy decay (4.126) hold if the
following conditions:

iR C ,0(./4]') (Hy)
and

Sup [GA — A) M e,y < O (1) (Hy)

IAI4
are satisfied. Since condition (H,) is already proved. We will prove condition (Hs) by an argument of
contradiction. For this purpose, suppose that (H-) is false, then there exists

{()\na Un = (uljvl’yl’Zl’w’w’ui’)’vi’:’yS,Zi’))T)} CRx D(A])

with
Aal = oo and  [[Ul, = [[(u', 0", w07 w0,y 21 2, %), = 1 (4.127)
such that
Ai (Z)\n[_A]) Un = Fn = (fl,naf?,n:f3,n7f4,naf5,naf6,n7f7,n7f8,n7f9,naflO,n)T — 0 in Hj-
(4.128)
For simplicity, we drop the index n. Equivalently, from (4.128), we have
it — ot = T4, (4.129)
! = (p1hn) 7! [Brhaul, + 7] = A7, (4.130)
iyt — 2t = AT, (4.131)
h
izt — (py )71 [(Elllyi + D(z)2)), + ?17 — G1hi(wg + yl)} = A4y, (4.132)
Idw—1=A"1fs, (4.133)
M = (ph) ™! [~ Elwype + Grhi(wo + y')o + Gaha(wr + 9%)e + hom| = X~fs,  (4134)
i — o = T4, (4.135)
i® = (psha) ™! | Bshgul, — 7] = A7 fs, (4.136)
iyd — 23 = ATy, (4.137)
- ~1 3 hs —4
ix® — (psls) ™" | (Eslsyl + D(2)23)s + 57 Gshs(w. +1°)| = A" fio, (4.138)
where
1 3 hi 1 hg 3
T=—-u +u’+ hw, — —y — —y". (4.139)

2 2
From (4.129)-(4.138), we obtain the following system:

Nul 4 (puhn) 7t [Bihaul, +7] = =AU —iX T, (4.140)

hy
Nyl + (o) [(Elhy; +D(@)2h) + =7 — Gihi(we +yY)| = AT —iA T3 fs, (4.141)

2
Aw 4 (ph) [ Elwges + Grwae + Gihuys + Gshsys + hm} “A e i f5, (4142

NP+ (pshs) ™t [Bshgul, — 7] = A" fy — i fr, (4143

|_|

_ h _ N
228+ (pal) ™ [(Balayl + D@)2D, + 7 — Gl +07)] = =X 110 — X5, (4144

where GG}, = G1hy + Gshs. For clarity, we divide the proof into several lemmas.

114



5. Polynomial Stability

Lemma 5.2. The solution U € D(A;) of system (4.129)-(4.138) satisfies the following asymptotic
estimations:

b o)) it o)

12 312 312
[lpar =250 [apae = 20, [ipae = 20, [ipar =2 ana ) = 9.
(4.145)

Proof. Taking the inner product of /' with U in H;, then using the fact that U is uniformly bounded
in H;, we get

b 12 b 312 - —4
d/a 12]] dx+d/a Pde = —R((AU,U),) = R (M — AU, U),) =0 (AY). @.146)

Then, we obtain the first two estimations in (4.145). Now, using (4.146), (4.131), (4.137) and the
facts that f3, fo — 0in Hg (0, L), we find

b 2 " ap o(1)
/a|yz|dx<ﬁ/a’2x|dx+)\10/|f5 |d$_7

and

v < 2L o(1)
[ipar< 5 [par+ 5 [lar =25

Therefore the third and fourth estimations of (4.145) hold. Now, using the Gagliardo-Nirenberg
interpolation inequality and the facts that A\w and w,, are uniformly bounded in L?(0, L), we obtain

1

1 1 1
lwzllz20.0) < lwaall 220,y 191l 220,0) + 1l z20.0) < O(AT2). (4.147)

Because Au', \u?, A\y', \y? are uniformly bounded in L?(0, L) and (4.147) in (4.139), then we get the
last equation in (4.145). The proof of Lemma 5.2 has been completed. [

Forall 0 < e < %, we fix the following cut-off function n € C§°(0, L) such that 0 < n(z) < 1, for
allz € (0, L) and

n(x) = (4.148)

1 if ze€(a+eb—oe),
0 if ze€(0,L)\ (a,b).
Lemma 5.3. The solution U € D(A,) of system (4.129)-(4.138) satisfies the following asymptotic
behavior estimations:
o)

b b O(1
/n\)\y1]2d$: 2 and /n])\y?’\zdx: ;2) (4.149)

Proof. Multiplying (4.141) by ny!, using integrating by parts on (a, b), using the fact that \y' is
uniformly bounded in L?(0, L) and the fact that f3, f4 — 0in L?(0, L), we arrive at

B,
/nlAy *dz — plfnlyxl dz — /77 yldx

d b _
— ziyldr — / 2 1dx—i— Tylde 4.150
/éljﬁ - NZ%Y plé’lh 0 2y 2p11(11)a 77 Yy ( )
111 —,. L1 1/ 1
w, ytdx dx )
1]1 / g ,01]1 | ’ )\4
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Using Lemma 5.2, (4.139) and the fact that Aw, Au', Au3, Ay, A\y? are uniformly bounded in L?(0, L)
in (4.150), it follows

Ey b o(1)

_E ; U’yi|2d$ =6

—fll 0y ylde = Sl)

- [t =2

- [ et =2,

2,511[1 /abnT;yld:v = ol /abn(—u1 +u® — hélyl - }ggy?’)yldx + 2;?[1 /abnthx ytdw
-0 thlfl;l IR 2}21}}21 [t witdr = O+ %,

_C;lzl /abnwxyldx = C;llzl/abnwy;dx—l— illzl/abn’wyldx = 0)%) + 0;21),

SO0 [alpas - 9

(4.151)
Inserting (4.151) in (4.150) leads to the first estimation in (4.149). Similarly, multiplying (4.144) by
ny3 and using the same arguments, we observe that the second estimation in (4.149) holds. The proof
of Lemma 5.3 has been completed. 0

Lemma 5.4. The solution U € D(A;) of system (4.129)-(4.138) satisfies the following asymptotic
behavior estimation:

b
/ 1 |w,*da = Oil). (4.152)

Proof. Multiplying (4.141) by hsp[1nw,, using integrating by parts on (a,b) and the fact that
|wzllz2(0,0) = O(A"2), we get

b b b
hapi N2 [ 0y T — Exlihs [ nykeede - Eulibg [ yiode
hihs
2

b b b
—Gihnihsl, / ny'@rde = —hapi LA / 0 fimdz — hapr LA™ / n fomdz.

b b b b
—hyd / 0 2 wmad — had / i 2wrde — Gihahy / 7 |we2dz + / nrade  (4.153)

Using Lemma 5.2, Lemma 5.3, ||w.|/z200.) = O A2 , the fact that w,, and A\w are uniforml
g (0.L) y
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bounded in L?(0, L) and f3, f4, (f3). — 0in L?(0, L), we observe that (4.153) implies that

b b 1
/\2/ ny'wydr —‘ )\2/ n'y wdx—/\Q/ nyiwdr —OE\)
_o(1)
zxd - "Na
[ yutea] = 0
b
1
; nz;wmdx = 0§\2),
’ o(1)
r 1
sz = 3 9
; N z,wydx 3
b b o(1 O(1
Anylwxdm = ‘—/@ ny,wdr — | n’ylwdx‘ =§4) /\(3)’
1
A fawpdr = 0(9),
a A2
b
S\ /nf?,%dx_A 3/ Fa)owdz — A /nfgwdx—

Inserting (4.154) in (4.153), we have

hihs 01

wydxr =
wydx )\

b
NG

b
—Glhlhg/ 1 o |2 +

o(1)

A2

(4.154)

(4.155)

Similarly, multiplying (4.144) by h, p3I3nw,, and using the same technique, we obtain

hihs
2

o)

b
dr =
T TWy QT )\

a

b
—G3h3h1/ 7 os |2 +

Now, subtracting (4.155) and (4.156), we find

O(1)

b
(G — G1) hlhg/ o, ffde = ==,

Using the fact that G; # G in the above estimation, we get

b
/ 0w, |*dz =

The proof of Lemma 5.4 has been completed.

o)
Y

Lemma 5.5. The solution U € D(A
behavior estimation:

0(1)

b
2
x:vd:
| nlwarlda = =

(4.156)

(4.157)

]

;) of system (4.129)-(4.138) satisfies the following asymptotic

(4.158)

Proof. First, using the Gagliardo-Nirenberg interpolation inequality and the facts that === and w,,

are uniformly bounded in L?(0, L), we get

||szx||L2(0,L)
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Now, multiplying (4.141) by hzpil11 Wy, using integrating by parts on (a,b) and the fact that
f3, fa — 0in L*(0, L) and ||wyes || 22(0,1) = O(A2), then taking the real part, we find

b b
§R{hi’>p1]1/\2/ nylwmzdf} - §R{Eljlhi%‘/ inwxmzdx}
b b
—R Elflhg/ n yiwxmdx} — %{hgd/ nz;wmmdaﬂ}

b b
R h3d/ i Z;wmd:p} +3‘E{G1h1h3/ n|wm|2dx} (4.160)

b
%{h12h3/ nr%dm}

b
+% Glhlhg/ n'wx%d:v}

b
_§R Glhlh?)]l/ Uyl%;mdx

Using Lemma 5.2, Lemma 5.3, ||wzq || 12(0,) = O ()\%), |Wazae || L20,0) = O (A) and wy,, is uniformly
bounded in L*(0, L) in (4.160), we obtain

b b b
3?{)\2/ nylwmxdx} = ?R{—/\2/ nyi@dm—)ﬁ/ n/ylwmdx}

0(1 1— 2 b ", 1l—
T—l—% n yywedr + A / 0"y wpdr
1)  o(1)
— 0()\ )\é { )\2/ 0" yrwdr — )\2/ n"’ylwda:}
_ o) o) o) O1)
TN Tt T
b 1
‘ 4.161)
b 1
éR{ 77/ yaltwa:a:xdx} = 0(5)’
a A2
b 1
3?{/ nz;wmmdx} = O()\),
b 1
§R{ 77/ Ziﬂwxm:pdm} = 0<3)7
a /\5
b 1 O(1)
/ _ = 1" 2 _
3‘%{/& n wxwmdx} = 2/a " |wel \
b b o(1 O(1
3?{ Y wmwdx} = §R{—/a N Yy Wrrdr — ; n’ylwmdx} = )(\3) + )52)
Inserting (4.161) in (4.160), we get
b hihs [? o1
Glhlhg/ n|wm|2dx+§)%{ 12 3/ mwmdx} - (A> (4.162)
Similarly, multiplying (4.144) by hp313nW..., and using the same technique, we obtain
b b o1
Glhlhg/ N |Wae|Pd + %{hlzh?’ / nTwmxdx} = ;) (4.163)
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Now, subtracting (4.162) and (4.163), leads to

(G — G1) hihs /abn w2z = OS).
Using the fact that G; # (3 in the above estimation, we get
/abn (a2 = Ogl). (4.164)
The proof of Lemma 5.5 has been completed. ]

Lemma 5.6. The solution U € D(A;) of system (4.129)-(4.138) satisfies the following asymptotic
behavior estimation:

b
/ 1 Mwl?de = Oil). (4.165)

Proof. Multiplying (4.142) by n w, using integrating by parts on (a, b) and the fact that fs, f5 — 0 in
L*(0, L) and \w is uniformly bounded in L?(0, L), then taking the real part, we find

b EI
/ n Mw|?dx — pih 77|wm| dr — R 2—/ N WapWpdT
EI b b b
—R —/ n//wmwdx}+3?{Gh/ nwmwdx}—HR{Gl 1/ nyiwdm} (4.166)
,Oh a ph a ph a
G3h3 3

b, ho b _o(1)
+R o anyxwda:}%—%{ph/anuwdx}— i

Using Lemma 5.5, Lemma 5.4, Lemma 5.3, Lemma 5.2 and the fact that Aw is uniformly bounded in
L?(0, L), we get

R /abn”wmwdx} /n” |ws| dx—i)%{/ n' w$wdx}
00 1 P, O, O

22

3‘%{ abnwmwdx = —/abn|wx|2dx—3? ; n wywdx
:Og\l)—k;/abn"|w|2da:20§\1)+0)g),

w [y | = 2,

R abnyiwdw :Oii),

b b b
R /T]wadl‘ zﬁR{—/ UT@dl’—/ n’Tcudx}
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and
b b Chiy hs b )
R nTwgdr y =R n(—u' +udwpdr p + R / oY Y Yz dx +h2/77|wx| dx
o) o[ hy oy hy hll hy 4 0(1)
=2 +?R{/a [U(ny+2yz) +n(2y+2y) dr ¢+ —
0(1)

A
b b b h h b b
R {/ n dex} = 5}%{ n (—u' + u3)wdx} + R {/ n (—?lyl - ;y3)wdx} + ?2/ 0 |w|*dx

b
[ nhwpds = " (4.167)

Then Lemma 5.6 holds. O]

Lemma 5.7. The solution U € D(A) of system (4.129)-(4.138) satisfies the following asymptotic
behavior estimation:

b b
/ n|ullPde = o(1) and / n|ulPdz = o(1). (4.168)

Proof. Multiplying (4.140) by n(E1 11yl + D(z)z}),, using integrating by parts on (a, b), the fact that
fi, f2 = 0in L?(0, L) and A\™'(E Iy} + D(x)z}), is uniformly bounded in L?(0, L) , we get

b b
2 [“nul(EiTyl + D(@)d)de — X | of w'(Biligs + D(w)2)da

E, o
_,_7/ Uy (E1Tiyl + D(2)2))dr —
plaﬁ (EvLy (z)2;) ol Ja

1 b o(1
“ o 0 T(Erlyl + D(z)zl)de = ig)

b
n1.(Ev Lyt + D(x)z))dx (4.169)

Using the fact that A\u', ul and 7, are uniformly bounded in L?(0, L) and Lemma 5.2, it appears that

b
X [ nui(Exiyl + D(@)a)de| = o(1),
b 1
3 [ (Bt T D) = 4D,
’ (4.170)
! /b (Bihiyl + D)) da| = 2
plhl ; NTe\L111Yy Ry - 2’
1 b, o(1)
— E\Liyl +D Ddx| = .
plhl u n T( 1 1yx+ ($)ZI> T )\%
Inserting (4.170) in (4.169), we get
Ey
o num(Elflym + D(z)z})dx = o(1). (4.171)
1 Ja
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Now, multiplying (4.141) by nul_, using integrating by parts on (a, b) and the fact that f3, f4, (f3), —
0in L?(0, L) and\~ ! is uniformly bounded in L?(0, L), we obtain

b o
—)\2/ 77?/95 1d:c )\2/ n'y 1d$+ /n(Ellly;—l—D(x)z;)xu;xdx

h b —
_ / nTyuldr —
2[)1]1 a

Gihh ® —
— 1/ nwzul der — —— ; /ny ul dz =2 SR
a 11

P1] 1
Using Lemma 5.2, Lemma 5.3, Lemma 5.4, Lemma 5.5 and the fact that v}, A\™'u]  are uniformly
bounded in L?(0, L), we get

b
1 / 1
Tuldr 4.172
2p1]1 /a g ( )

1
_)\2/ nyx 1d$ ( >7
b _ 1 1
—)\2/ n’ylu;dx )\2/ n'y 1dw+)\2/ "y Lulde| = §\2)+O§\ ),
hl /lb /1 O( )
- TUy| = )
2p1[1 a g v A2
o(1
—Glhl/ nweul dr :‘Glhl/ nwmuldm—I— / n wyuldz| = O(l) (1),
p11y p1lh p1ly A2 A2
Glhl /b 171 0(1)
- ul dr| = ——=
only Ja Ny Uzy \
(4.173)
Inserting (4.173) in (4.172), we get
Ey b 1 — hy b O(1)
— FELy, + D(x ul dr — TLul = —=. 4.174
” aﬁ(lly (%)2;)a opudy Jo " 31 ( )
Using (4.171) and taking the real part we get
b _
R </ nTxu;dx> =o(1). (4.175)

Using the definition of 7 in (4.175), we get

b _ b _
—/ n|ulPdz + R / nuxuldx> +%<h2/ nwmu}cdm> —%(f;/ nyiuidm)

L (4.176)
_p( 22 3,1 _
R ( 5 /a ny,uldx o(1).

Now, using Lemma 5.2, Lemma 5.5 and using the fact that .. is uniformly bounded in L?(0, L), we
get

b b
—/ n|ullPde + R (/ nuiuidm) =o(1). (4.177)

Similarly, multiplying (4.143) by n(E3l3y3 + D(z)z3), and (4.144) by nu?, and using the same
technique, we get

/bn|ui|2da:—§R</ nu, u3dx> =o(1). (4.178)
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Multiplying (4.140) by nu3, using integrating by parts on (a, b), the fact that f;, f, — 0 in L?(0, L)
and using the fact that Au? is uniformly bounded in L?(0, L), we get
o)

nTuddr = e (4.179)

b . b _
)\2/ nutuddr — / nuluddr — £ / n uluddr +
a L1 Ja plhl a

Now, using Lemma 5.2 and the fact that Au®, u! are uniformly bounded in L?(0, L), we get

|—El/b77’u1u3dx = ()
P1 Ja v A ’
, (4.180)
! nTuddr| = 0(31)
p1h1 Ja A2

Inserting (4.180) in (4.179), we get

b — E b — O(1

)\2/ nuludde — —1/ nuluddr = i) (4.181)
a P1 Ja

Multiplying (4.143) by nuy, using integrating by parts over (a,b) and the fact that f7, fs — 0 in
L*(0, L) and Au' is uniformly bounded in L?(0, L), we get

b _ b — 1
)\2/ nutuldr — / nusuldr — 3/ n uwiulde + —— / nTutdr = )(\) (4.182)
a P3 Ja

p3hs
Now, using Lemma 5.2 and the fact that A\u', u? are uniformly bounded in L?(0, L), we have
k&/wiww_omj
P1 Ja A
(4.183)
O O(1)
/ nruldr| = —5
p1h1 Ja A2
Inserting (4.183) in (4.182), we get
b — E, b — O(1
)\2/ nutuddr — —1/ nuiuddr = ;) (4.184)
a P1 Ja

Subtracting (4.181) and (4.184) and taking the real part, we obtain

b .
(B ([ uds) - O
P1 P3 a A

Using the fact that 2+ # 4 in the above estimation, leads to

(/ 1 Uy u3dx> = 0&1)' (4.185)

Inserting (4.185) in (4.177) and (4.178), we get

b
[ itz = o(1) (4.186)
and )
/ 0l 2dz = o(1). (4.187)
This follows that Lemma 5.7 is satisfied. L]
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Lemma 5.8. The solution U € D(A) of system (4.129)-(4.138) satisfies the following asymptotic
behavior estimations:

b b
/ n |\t Pde = o(1) and / n | e Pdr = o(1). (4.188)

Proof. Multiplying (4.140) and (4.143), respectively, by nu! and nu3, using integrating by parts over
(a,b) and the fact that fy, fo, f7, fs — 0 in L?*(0,L) and Au' and A\u® are uniformly bounded in
L*(0, L), we arrive to

£, 2 By b 1 b —4
/ n | ! Pdr — / n |ulPdx — / N uyutde + nrTutde = o(A™7) (4.189)
P1 P1 Ja

p1hi Ja
and
1o
/ n | \u?)?dr — / n|ull? dx / n ududdr + - nrudde = o(A™?). (4.190)
P33 Ja

Using (4.168) and Lemma 5.2, the desired result (4.188) holds. The proof of Lemma 5.8 has been
completed. 0

Lemma 5.9. Let P € C3([0, L]) be a function such that P(0) = P(L) = 0. The solution U € D(A)
of system (4.129)-(4.138) satisfies the following asymptotic behavior estimation:

ul 2) dz

2) dz (4.191)

- [ (o i s+ o
— ‘/OL P/ (plll ‘/\yl’Q + Elll

L
—/ P (ph ol? + 3ET |weu? + G lwal?) d = o(1).
0

2 2
Ys +P3]3‘>\y3’ + B3l |y2

Proof. First, multiplying (4.140) and (4.143) by 2P(p1h1)ﬁ and 2P(pshs)u3, respectively, integrat-
ing over (0, L), taking the real part and using the fact that u’, u? are uniformly bounded in L*(0, L)
and f1, fo, f1, fs — 0in L?(0, L), we get

L 2 L
plhl/ P(‘Aqﬂ‘) da:+E1h1/ P(
0 x 0

and

L 2 L
p3h3/ P(\W\) dx+E3h3/ P(
0 x 0

Let S' := FEi Ly + D(z)z} and S? := F3l3y2 + D(z)z2. From Lemma 5.2, the definition of
D(z) and the fact that y*(z) and y*(x) are uniformly bounded in L?(0, L), we see that S; and Sy are
uniformly bounded in L?(0, L). Now, multiplying (4.141) and (4.144) by 2P(p,I,)(FE,1;)~*ST and
2P (p3l3)(E,1,)~1S2, respectively, integrating over (0, L), taking the real part, then using the fact that

I3, fa, fo, f10 = 0in L?(0, L), we get

2 s (o) s (o
3%( B /P Stz )+ (E0) ™ [P (9] et R (g [T PrSiar

R <2G1h1/0 Plw, )Sldx) = o(A?)

1

Uy,

2) dz + R (2 /0 ' Pm;dx> —o(A?)  (4.192)

3

Uy

2) dr — R (2 /0 : ng;;dx> —o(AP). (4.193)

(4.194)

E L

123



Chapter 4 — Polynomial stability of the generalized Rao-Nakra beam with local Kelvin-Voigt
damping

and

2N (b L " prs
0 (20 [ Py + B [ P(|s) dot(h [ PrETs
Esly o 0 @ °

. (4.195)
—R <2G3h3/0 P(w, + y‘?’)Sde) =o(A7%).

From the definition of S', S? and D(z), Lemma 5.2 and the fact that A\y' and \y® are uniformly
bounded in L?(0, L), we observe that

2p1[1)\2 /L 1 &7 L 2 2p1[1
Py'STd :I/P(/\1>d d/P 2d
ER( B Jo y Stdx pli | ‘y’ ) x4+ R B, y zldx

L 1
:Pljl/ P<‘Ay1’2> dI‘I—O()\),

(4.196)
2p313\? 1G5 _ / ( 3 2) 2p3I3\° / —
?R( Bl / Py’ S2dx | = psls ‘Ay‘ zdx—l—?R Bl d | Py*z3dx
L
= P3.73/ P <‘/\y3’2> dzr + @.
0 . A
Inserting (4.196) in (4.194) and (4.195), we find
L 1|2 o (" 1)?
ol [ P(\Ay | ) dr+ (BL) [ P(’S | ) dr + R / PrSTde
0 T 0 T EIII (4 197)
2G1h1 L NoT . 0(1) )
%(Elh ./0 Plw, +y)Stdx | = )
and
L 3[2 o[t 22
psls [ P(\Ay () d+ (Bsly) ™ | P(js \) do+ % (2 / Pr52ds
0 v 0 v Esly (4.198)

2Gshy 1+ N | = 0
§R<E3[3 /0 P(w, +y°)S%dx | = N

Now, multiplying (4.142) by 2P(ph)w,, integrating over (0, L), taking the real part, then using inte-
gration by parts and the fact that w, is uniformly bounded in L?(0, L) and the fact that f4, f5 — 0 in
L*(0, L), we find

L
ph / (AP, do+3E1 / (lowl?) dz —R <2EI / P”wmwxdx>
x 0
L L
+G) / P (lwl) dr+ R <2G1h1 / Py}cwxda:> + R <2G3h3 / Pyic%da:) (4.199)
0 x 0 0

L L
R <2h2/ PTwmdx> —R <2h2/ P%%dm) =o(A7?%).
0 0

Adding (4.192), (4.193), (4.197), (4.198) and (4.199), using the definition of 7 and D(x), Lemma
=0 ()\_%), ()\_%) and the fact that A\y', A\y3, 42, y! and w,, are
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uniformly bounded in L?(0, L), we obtain

plhl/ (]Au \) dx+E1h1 ( ) dx+p3h3/ <]Au3|2> dz
2

+E3h3 ( \) doc+p1[1 ( ) d:c+(E111)1/OLP(\Sl\2> du
+p313 (\Ay |2> d + (Bsly)~ / ()52 ) dx+ph/0LP(|)\w]2)xda:
+3EI/ |wu|2)xd:r—|—Gh/ <|ww| ) dx—/L (|T|2>Idl‘

1

Uy

_om (4.200)
L
- R <2E1/ P wmwgcdx) —R <2h2 P Tu)de>
0
_ow o
1 DY
A2
L o(1)
—R 2G1h1/ Py'yldr | — R 2G3h3/ Py*y3dx =
0
eles] _om
A
Thus, we obtain our desired result (4.191). [

Now, we fix the cut-off functions 6,0, € C5°(]0, L)) satisfying 0 < 61(x) < 1, 0 < 65(x) < 1, for
all z € [0, L], and

0 if z€(0,b—2e),

1 if z€(0,a+¢),
01(x) = .
1 if ze((b—¢L).

and Oy(z) =
0 if ze€(a+2¢L)

Lemma 5.10. The solution U € D(A;) of system (4.129)-(4.138) satisfies the following asymptotic
behavior estimation:

|Ull3, = o(1). (4.201)

Proof. First, take P = x6;(z) in (4.191), we get

112

L / 12 3 2
_,/0 (81 —|—$81) (plhl ‘)\U ‘ + Elhl u 3]’L3 ’)\U ' + Eghg

ul 2) dz

L / 112 112 3|2 92
~ [ @+ a8 (ot P[4 B[S 4 s |+ Eol |57 ) da (4.202)

L / 2 2 2
—/O (61 + 6;) (ph Mol + 3BT |wgo + G | ?) da = o(1),
Using Lemmas 5.2, 5.3, 5.4, 5.5, 5.6, 5.7, 5.8 and the definition of #,, we have

a+e€ 2 2
/ (Plhl P\Ul‘ + Erhy |u u? >dx
0

ate 2 2 2 2
+/0 <p1]1‘)\y1’ + B[S 4 pols N[ + Baly |5?) )dx (4.203)

! ? 3h3 ‘/\U?)’Q + E3h3

a+te
+/ (0 |\of? + 2T [ + G e ) dir = o(1).
0
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Similarly, by taking P = (x — L)0,, we see that

2 2
+ pshs |Mi®| + Eshg

3
Uy

1
Uy

L 2
/b (plhl‘)\ul‘ + Eihy

+€

2
> dx
+ /bi (mh DYL IS o U P AV R o8 ¢ 152\2) dx (4.204)

L 2 2 2
+/ (ph X[ + 2T [ + G | ?) da = o(1).
b+e
Finally, using equations (4.203), (4.204) and Lemma 5.2, (4.201) follows. L]

Proof of Theorem 5.1. For j = 1,2, from Lemma 5.10, we have ||U||4, = o(1), which contradicts
(4.127). This implies that

sup | (A1 = A7),

The result follows from Theorem 2.10.

=0 ().

6 Conclusion and comments

In this paper, we investigated the asymptotic stability of the generalized Rao-Nakra beam subject to
Kelvin-Voigt damping and under various boundary conditions. First, we proved the well-posedness
using a semigroup approach. Then, we analysed the strong stability in two cases using Arendt-Batty
criteria. We summarize the obtained results as follows:

e When the five dampings are globally distributed, no condition on the system coefficients is needed
for stability.

e When the shear angle displacements of the top and bottom layers are damped, we need G # G
and % £ % for stability.

Second, we studied the energy decay rate by using a frequency domain approach combined with
piecewise multiplier technique in two cases depending on the regularity of the coefficient functions
D;,i=1,..,5, the localization of their supports and their numbers:

e In the case when the five dampings are globally distributed, we proved an analytic stability.

e In the case of only two local damping D, and Dj acting on the shear angle displacements of the top

and bottom layers, i.e assumption (SSC2) holds, we showed a polynomial energy decay rate of type
1

t 2.

In conclusion, we provide the subsequent observations.

In systems involving partially damped wave equations that are interconnected through velocity or
displacement, such as the Timoshenko beam system or the Bresse beam system, it is widely recog-
nized that damping proves to be more impactful when the wave speeds are equal. That’s what we saw
when authers in [4] established the exponential stability of the solution if the three waves have the
same speed of wave propagation and they proved that the energy of the system decays polynomially
otherwise (also, see the works [13, 99, 107, 110]). However, for the Rao-Nakra sandwich beam or its
generalized version, the opposite is true:

The key to stabilization is to break up the symmetry. This is the observation that Akil and Liu, in
[10], encountered during their study of the generalized Rao-Nakra beam subject to viscous damping:

e When both the longitudinal displacement of the top layer and the shear angle of the (top or bottom)
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layer are damped, no condition on the system coefficients is needed for stability.

e When only the longitudinal displacement of the top/bottom layer is damped, we need G; # G5 for
stability.

e When only the shear displacement of the top/bottom layer is damped, we need % #+ % for stabil-
ity.

Thereby, it would be interesting to solve the stability question of system (4.1) with fractional vis-
coelastic damping.
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Some stability and non-stability results for a
Cauchy problem of Bresse-type with
frictional damping on the vertical
displacement

Résumé

Dans cette partie, nous étudions la stabilité d’un systeme de type Bresse dans la ligne entiere R avec un
amortissement frictionnel travaillant uniquement sur la premiere équation (déplacement vertical). Nos
objectifs sont de prouver certains résultats de stabilité et de non-stabilité en fonction des parametres
du systeme. Plus précisément, nous prouvons que, dans certains cas, le systeéme est polynomialement
stable, et dans d’autres, la solution ne converge pas du tout vers zéro. Les preuves sont basées sur la
méthode de I’énergie et I’analyse de Fourier combinées avec des fonctions de poids bien choisies.

Abstract

In this part, we study the stability of a Bresse-type system in the whole line R with frictional damping
working only on the first equation (vertical displacement). Our objectives are proving some stability
and non-stability results depending on the parameters in the system. More precisely, we prove that, in
some cases, the system is polynomially stable, and in some other ones, the solution does not converge
to zero at all. The proofs are based on the energy method and Fourier analysis combined with well
choosen weight functions.

1 Introduction

In this paper, we investigate the stability of the Bresse system (known as the circular arch problem)
in the whole space R with frictional damping acting only on the first equation. Namely, we consider

P — (e — P = lw)y — K (we — o) + v = 0,
2ptt - a2wzx - ((P:L" - w - lw) = Oa (51)
wit — kX (we — 1) — (e — ¥ — lw) =0,
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with the initial data

(@7 Pt ¢7 wtu W, Wt)(x, O) = (9007 P1, ¢07 77Z)1)w07w1>(x)7 (52)

where (z,t) € R x R, and a,l,v and k are positive constants. The functions w(x,t), ¢(z,t) and
Y(x,t) are, respectively, the longitudinal displacements, the vertical displacement of the beam and
the rotation angle of the linear filaments material.

Before stating our results, let us first mention some other results related to the problem we address.

Case of bounded domain: The initial boundary value problem associated to (5.1) has been consid-
ered by many researchers recently. Liu-Rao [75] considered the Bresse system with two different
dissipative mechanism, where the authers proved that the solutions decay exponentially to zero if and
only if the velocities of wave propagations are the same. Otherwise, the solutions decay polynomi-
ally to zero provided that the boundary conditions is of Dirichlet-Neumann-Neumann or Dirichlet-
Dirichlet-Dirichlet type. Fatori and Rivera [35], showed that, in general, the Bresse system is not
exponentially stable but the polynomial stability holds with rates that depend on the wave propaga-
tions and the regularity of the initial data. The Bresse system with one frictional damping acting on
the rotation angle was considered by Alabau Boussouira et al. [27], where the authors proved that
the Bresse system is exponentially stable if and only if the velocities of waves propagations are the
same. Otherwise, when the velocities are not the same, the system is not exponentially stable and
they proved that the solution in this case goes to zero polynomially. Also, Noun and Wehbe [84]
extended the results in [27] by considering only one locally distributed damping. There are numbers
of publications concerning the stabilization and decay rate of the Bresse system, we also direct the
reader to the cited references [34, 39, 51, 52, 98, 109] and the references therein.

The above mentioned works about the time decay of solutions of the Bresse system are concerned
with the case of the bounded domain where the semigroup approach and the Poincaré inequality play
crucial roles.

Case of unbounded domain: For the Cauchy problem, there are only few results. The decay rate
of the solution of the problem (5.1)-(5.2) has been first studied by Soufyane and Said-Houari in [96]
where they investigated the relationship between the frictional damping terms, the wave speeds of
propagation and their influence on the decay rate of the solution in presence of more than one fric-
tional damping. Moreover, Tej-Eddine Ghoul, Moez Khenissi and Belkacem Said-Houari in [37]
considered the Bresse system with frictional damping terms and proved some optimal decay results
for the L?—norm of the solution. Also, they showed that the solution does not decay at all if we
consider just one damping term acting on the second equation of the system. On the other hand,
by considering one damping term alone acting on the third equation, they proved that this damping
term is strong enough to stabilize the whole system, by presenting a new method that is based on the
eigenvalues expansion.

For stability and non-stability results for other cauchy problems (laminated Timoshenko beam, Timo-
shenko beam, Rao-Nakra sandwich beam, coupled wave equations) under various control mechanisms
(frictional dampings, infinite memories and heat conduction effects), see [41, 44, 45, 47, 53, 47].

Thus, the goal of this work is to investigate the Cauchy problem of the Bresse system with one fric-
tional damping via the vertical displacement. The proof is based on the energy method combined
with the Fourier analysis (by using the transformation in the Fourier space) and well chosen weight
function.

This paper is organised as follows: in section 2, we state the problem. Section 3 is devoted to prove
some formulas and lemmas which will be the key of our proofs. In section 4, under condition (5.22),
we investigate the asymptotic behavior of U (¢,t) when t goes to infinity. However, under condition
(5.23), we prove that the solution does not converge to zero when ¢ goes to infinity. Finally, in section
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5, we prove our polynomial stability estimates under condition (5.22).

Notations. Let f = F[f] be the Fourier transform of f given by
£(6) = FUAQ) = [ e da,
and let F[f]~! be the inverse Fourier transform of f defined by

FUI™ @) = [ F(©)ede.

For 1 < p < oo, we denote by LP = LP(R) the usual Lebesgue space on R with the norm || - || .». For
a non-negative integer s, H®* = H*(R) denotes the classical Sobolev space, equipped with the norm
| - ||zs. Let L1 = Li(R) denote the weighted L' space on R with the norm

£y = [+ el f@)lde.

Finally, for a non-negative integer k, C*(I; H*) denotes the space of k-times continuously differen-
tiable functions on the interval I with values in the Sobolev space H°®.

2 Statement of the problem
Let us first write system (5.1)-(5.2) as a first order Cauchy system of the form

(5.3)

U+ AU, + LU =0, 2 €R, t >0,
U(z,0) = Up(x), z R,

where A is a real symmetric matrix and L is non-negative definite matrix. To this end, we introduce
the following variables:

U:@x_¢_lw> U = P, Z:a¢x7 y:¢t7 gb:k(wm_l@)v n = W,

U= (U,U, z,Y, Cba??)T and U()(.I’) = (Uauvz7y7 ¢7 n)T(w70)

Then, using the three equations of (5.1), we get

v —ugy +y+In=0,
Uy — vy — Lk +yu =0,
zt—ayx:(),
yt_azx_vzoa

O — kng + lku = 0,

N — k¢, — v = 0.

5.4)

Consequently, system (5.1)-(5.2) can be rewritten in the form (5.3) with

0 =1 0 0 0 0 0 001 0 I
10 0 0 0 0 0 ~ 00 —Ik 0
0 0 0 —a 0 0 0 000 0 0
A=1"0 0 ¢« 0 0 o0 and L=1 "1 900 0 o0
O 0 0 0 0 —k 0 k00 0 0
0 0 0 0 —k 0 1000 0 0
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By taking the Fourier transform of (5.3), we obtain the following Cauchy problem of a first order
system:

{ U, +i€AU + LU =0, £€R, t>0, 5.5)
U(&,0) = Uo(8), §ER.
The solution of (5.5) is given by

U t) = e OTy(©), (5.6)
where A

O(&) =—(IEA+L). (5.7)

The first equation of (5.5) can be rewritten into the folowing form (that is, the Fourier transform of
(5.4)):

Gy — i0 — kg + ~va = 0,
2 — aigy = 0,

G — ai€2 — 6 =0 (5-:8)
b — kilh) + ki = 0,
My — ki&p — 1o = 0.
Let us define the energy functional of (5.5) by
~ 1, ~ 1/ . . N . ~ A
B&.t) = SI0E DI = 5 (0P + [a* + 2P + |9 + [0 + 12°) (€. 1). (5.9)
Lemma 2.1. Let U be the solution of (5.5). Then the energy E satisfies
d ~
P& =—fu& )P, (R, teR,. (5.10)

- = - = ~

equalities and taking the real part, we obtain (5.10). It is clear from (5.10) that £/ a non-increasing
function, and so, (5.5) is a dissipative system. O]

3 Preliminaries

In this section, we prove some formulas and two lemmas which will be the key of our proofs. We
start by proving the next nine formulas.

Multiplying (5.8)4 by i€Z and (5.8); by i£4, taking the real parts and subtracting the resulting equa-
tions, we get

doyiiins . N 3
SR(EDE) + ag (|21 — |9%) = R(i€03). 5.11)
Multiplying (5.8)3 by i&7 and (5.8)¢ by —i&2, adding the results and taking the real part, we have

d _ _ . _
%éﬁ(zgéﬁ) = —a&’R(GN) + kER(P2) — IN(i&D2). (5.12)

Multiplying the (5.8); by 7 and (5.8) by ¢, adding the results and taking the real part, we find
d AN A A~ CEAA A~ RPN
T R(00) + AP — 1o = R(igan) — R(G1) + kR(iHD). (5.13)
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Multiplying the (5.8)5 by gz:S and (5.8); by @, adding the results and taking the real part, we arrive at

A

fé}%(aé) 4 Ik|af? — k|Q|? = ER(i€77) — AR(0d) + R(i€04). (5.14)

Multiplying (5.8); by ¢ and (5.8)4 by 0, adding the results and taking the real part, it follows
d

SR(09) + 9 — [0 = R(i€05) — IR(35) + aR(i€20). (5.15)

Multiplying the (5.8), by a2 and (5.8)3 by ati, adding the results and taking the real part, we observe
that

—R(ati2) = aR(i€02) + lkaR(P2) — ayR(42) + a®R(i&Ga). (5.16)

Multiplying (5.8), by i€ and (5.8); by —i&, adding the results and taking the real part, we remark
that

jt%(z’fﬁ@) + 2102 — 2|a)? = IkR(i€dD) — AR(iEaD) + R(iEGR) + IR(iEATD). (5.17)

Multiplying (5.8)g by £ <2 and (5.8); by —i&n), adding the results and taking the real part, we obtain

Ly iend) + RGP — kNP = IR(i€0d) + IKR(iEar). (5.18)

Multiplying (5.8)4 by & gz:b and (5.8)5 by —i&, adding the results and taking the real part, we get

d PN AL A AR cea R

S R(€G) = —ag*R(20) + R(i€09) + ke*R (7)) + IkR(i€aj). (5.19)
We finish this section by giving two lemmas and their proof, which will be used in the next sections

(see [44)).

Lemma 3.1. Let o, p and q be real numbers such that 0 > —1 and p, ¢ > 0. Then there exists
Copq > 0 such that

/ €1 e < Cpp (L+ 1)~ P e R, (5.20)
Proof. For 0 <t < 1,(5.20) is true, for any C, p, , > 2(::1)/]0' For t > 1, we have

/1 £ e qtE&” dé = /1 €0+1—p e at&” gp—l d¢ = /1(517)(0-5-1—19)/1) e qt&” fp—l d€.
0 0 0

Taking 7 = qt &P, Then

@— " and @ lde— —dr
qt pqt

Replacing in the above integral, we find

(o+1-p)/p
/l(fp)(aﬂ—p)/p e~ at&” Pl de = /qt <T> e T L dr
0 o \qt pqt
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1 Fo0 9(e+1)/p

< C,,(t+1 —(U+1)/p7
p(qt) 2 E+1)

pq(‘7+1)/P
where .
Cop = / TOH=P/P =T
0

which is a convergent integral, for any o > —1 and p > 0. This completes the proof of (5.20), where

2(e+1)/p  9(o+1)/p
Copq = max o+ 1 "pqgleth/r Cop (-
[
Lemma 3.2. For any positive real numbers oy, oo and o3, we have
sup [€] 77 ™ T (14 01 /(0203))7 7 (L+ )77V t€R,. (5.21)

|€1>1

Proof. ltis clear that (5.21) is satisfied for ¢ = 0. Let ¢ > 0 and h(z) = 271 e~ 72! 7 forz > 1.
Direct and simple computations show that

B (x) = (o903ta™" — oy)z™ 7 e 200,
Ift > 01/(0203), then
h(z) h(((o205t) Jo1) %) = ((0203) [o1) 727 (1 + 1/1)7/78 (1 4 1)~ 7/
((0203) /1) ™77 (1 + (0205) [01)™ % (1 +8)™ 77 = (14 01/ (0205)) /7 (1 + 1)~/

which gives (5.21) by taking x = [£|. If 0 < t < 01/(0903), then

<
<

h(x) < h(1) = e (1457 (144)7 7% < (14 01/(0203)) /7 (14 1)/
$0, (5.21) holds true, for x = [¢|. o

4 Stability of (5.5)

In this section, we present and show some stability and non-stability results for (5.5) depending on
the following conditions:

(a—k)(k—1)>0 and max { ll[j;g__ki; EZE - 3 j: Zz] 1222__;2)} < PCL;j L s
and
f— k= 52l+ 1 (5.23)
Theorem 4.1. Let U be the solution of (5.5).
1. Assume that (5.22) holds. Then there exist ¢, ¢ > 0 such that
I0EDIF <ce /O T(©)°, €E€R, teR,, (5.24)
where ¢
f(&) = [ (5.25)

2. Assume that (5.23) holds. Then ||U (¢, t)|| does not converge to zero when time ¢ goes to infinity.
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Proof. Case 1: (5.22) holds. Let a4, --- , a9 be real numbers to be fixed later. Let us define the
functionals Fy and F' as follows:

Fo(&, 1) = R[iga([(as + kaa)€® — lar + lhas| 7+ [(as — a®ag)6? — ar + lkag| § — a0 |
R [a (m4§2¢§ - m%g?zﬂ (5.26)
and
F(e, 1) = R (z EGE +i b 3T + a2 07 — au? a&)

=

+R (a552 TT+ a6a€2UZ 4 i anf 0D + i agf b+ i gl g¢> (5.27)

By multiplying (5.11)-(5.19) by a1, aa, as€?, —au€?, as€?, as€?, oy, ag and ay, respectively, and
adding the obtained identities, we deduce that

jtF(g, ) =R +R(ALTE+ Afi+idsf D + A1g3)
+A5E? 07 + Aol [T1° + Ar€? |2]” + AsE® [§]* + Aol® [A* + Aro€” [0, (5.28)
where
Ay = alag—a5)E2 a1 —lay, Ay = —(acgt+as+las—kag)E?,  As = (kagtoy)E2+Hlkar—lag—ay,
Ay = (kag + lkacg — aag)E?,  As =las +as — a7, Ag=aa; —as, A; = —aoy,

Ag = —lk’Oé4 — k‘Oég, Ag = —la/g + k’ag and AlO = lk‘Oé4 + ar.

We choose
l k? — a?
oy = a(as — 1)€2 — Pa + %O&g, oy = —la + %ag, as = la? — las + ’ ¢ Qy, (5.29)
bo=1 and s = Yag+ —ag— — o — Ko + kla® + (K — a*) ag| €. (5.30)
k lk Ik
Then A; = Ay = A3 = A, = 0, and therefore
d

T F(E 1) = Fo(€, 1)+ A8 [0 + Aog® 717 + Ar® [2° + As€® [0 + Ao 7] + Aro€® [ (5.31)

with, according to (5.29) and (5.30),

A :(1—12—52)04 —|—a2(12—|—£2)—|—ia 52—la + b —a’ ([_1_152)_1 o
; ’ S TR i z |
2 2 2 2 la® 2 2, 2.2 la®
A6 =a (Oé5 - 1)6 — Qs —1"a” + ?a% A? =a (1 - 045)5 + l“a* — ?049,
[ (k* — a?)

Ag = —lk’Oé4 — kO[S, Ag = l2C¥5 - l2CL2 + kOéS —

and
1

1
Ay = lkay + —os + —ag oy — klag + kla® + (kK — a®) ag| €.

1

k lk lk

We remark that the last term in (5.31) and all the terms of F{, depend on %, so they will be estimated
using (5.10). Then we need to have negative values of As,--- , Ag. To do so, first, we make As, Ag

and A7 independent on £ by choosing

oy = (a2 - k:2> ag + Uk (1 ~ a2> and s = 1. (5.32)
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Therefore,
1 1(k* —a?®) 1 la?
_ 72 2 2 - o _ 2 2 i
A5—la+1—l—ka8+[k |00 As= (la+1)+koz9, (5.33)
2
A, = 12a® — lzag, Ag = —kag + Ik (k2 - a2) g + 12K? <a2 - 1) (5.34)
and ) )
I(k?—
Ag = ZQ(]_ — CL2) + kag - (ka)a/g. (535)

Thanks to the second inequality in (5.22), one can choose

Ik [12(a® — 1) (k2 — 1) + k] 1k(a® — 1)
P@-k) (R -1)+k -k

k(I?a* + 1)

2 )

max {lk, } < ag <

la

and according to the first inequality in (5.22) and the choice of ay, it is possible to choose ag such
that

1(k? — a?) 2(a® - 1)

max { {Z(/& —a?)— 1] a9+ [2(a? = 1) + 1] 1 [(K — a®)ag + lk(a? - 1)}} < ag < ao+

l k2 k
Hence, from (5.33)-(5.35), we observe that the choice of ag and «q leads to
max{As, -+, Ag} <0,
and then, for ¢q := —max{A4s, -, Ag} > 0, (5.31) implies that
CR(E 1) < FoE, 1) — o (JoP + 132 + 2 +18P + ) + A [l 536)
Because o, - - - , g are constant, then A,q = C,£2+C,, for two constants C; and Cs, and by applying

Young’s inequality for the terms of F{, we get, for any € > 0, there exists ¢, > 0 such that
Fo(&, ) + A [a]* < e€” (|0 + (51 + |22 + 10 + [7°) + e (&' + €+ 1) [aP. (537

By choosing 0 < € < ¢j, combining (5.36) and (5.37), we obtain, for the positive constant ¢c; = ¢y —e,
d ~ .
SFEN) < —afBED e (¢ +€+1) (5.38)

We introduce the perturbed Energy L as follows:

1

L& t) = ag B(&, t)+m

F(& 1), (5.39)

where oy is a positive constant to be fixed later. Then, from (5.10), (5.38) and (5.39), we have

L&) < —arfOBE 1) + (e = 7 ao) [, (5.40)
where f is defined in (5.25). Moreover, using the definitions of E, F and L, respectively, and notice
that ay, - - - , g are constants, we arrive at, for some ¢, > 0 (independent of «y),

- e (2 +1¢]) A 7
L& t)—an B ) < ——2FE(& t) <2 E(& 1), 541
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Therefore, for o large enough such that oy > max {%, 202}, it follows from (5.40) and (5.41) that

th(f’ t)+e fIEEE ) <0 (5.42)
and
cs B 1) S L 1) S ea B, 1), (5.43)

where c3 = ag — 2co > 0 and ¢4 = a9 + 2¢c2 > 0. Consequently, a combination of (5.42) and the
second inequality in (5.43) leads, for ¢ = i—i to

SIE 1) +efO L(E 1) <O (5.44)

Finally, by integration of (5.44) with respect to ¢ and using (5.9) and (5.43), estimate (5.24) follows.

Case 2: (5.23) holds. We show that, for any ¢ € R, the matrix é(f ) defined by (5.7) has at least a
pure imaginary eigenvalue; that is

VEER, INeC: R(A) =0, S(A)#£0 and det(\ — d(€)) =0,

where [ denotes the identity matrix. From the definition of the matrix A and L, we have

ANoo—ie 0 10 1

i€ A4y 00 —lk 0

o 0 A it 0 0
M=®©=1_ o e 2 0 0
0 Wk 0 0 A —ike

10 0 0 —ikt A

A direct computation shows that
det (A1 = 0(€)) = AN +a’€+1) [(A+9) (N + £26) + Pk2)]
+(A2 +a2§2) {62()\2 +k2§2 +l2k2) +l2 ()\(A_'_,y) +l€2(§2 _’_l2>)} )

We see that, under condition (5.23), A = iv/a?£? + [> + 1 is a pure imaginary eigenvalue of @(5 ).
Consequently, according to (5.6), the solution of (5.5) doesn’t converge to zero when time ¢ goes to
infinity. This implies the second result of Theorem 4.1. 0

5 Stability of (5.3)

This section is devoted to the proof of the following stability result for (5.3):

Theorem 5.1. Assume that (5.22) holds. Let N, ¢ € N* such that ¢ < N, Uy € HY(R) N L'(R) and
U be the solution of (5.3). Then, for any 7 =0, ..., N — £, there exists ¢y > 0 such that

109U L2y < co (L +8) 42| Upllprmy + co (1 +8) 2|00 U || 12wy, t € Ry (5.45)

Proof. From (5.25), we have (low and high frequences)
{ 36 if g <L,

Le2 i ¢l > 1.

f&) = (5.46)

136



Applying Plancherel’s theorem and (5.24), it follows that

12U 72wy = ||0AU (, )

2 . A~
= [ 710G, vl*ag (5.47)
L2(R) R

< 7 [ e IO Ty(e) P de
R

< @ £2je’cf(5)tHUO(f’)szf—i—E/ &7 e OO dE = Jy + Ja.

l€1<1 |€]>1

Using (5.20) (with 0 = 27, ¢ = 5 and p = 2) and (5.46), it appears, for the low frequency region, that
(where C' denotes a positive constant which can be different from inequality to another)

Ji < C N Uol[3 o ) €27 518 de < O (1 +¢) 2029 U3 ) - (5.48)

l€I<1

In the high frequency region, using (5.46), we entail

Jo < O P e s T de

l§1>1

< € o {Je Y e Ot 1Ty de

l§1>1

then, using (5.21) (with o1 = 2[, 03 = 5 and 03 = 2),
Jo <C(1+6)" 07Uy |32m). (5.49)
Consequently, by combining (5.47)-(5.49), we get (5.45). ]

6 Conclusion and comments

We have studied the cauchy problem of Bresse system in the whole space R and under only one
control given by a frictional damping acting on the first equation only. We proved some stability
and non-stability results depending on the parameters in the system. More precisely, under condition
(5.22), we proved that the system is polynomially stable by showing that the L?-norm of the solution
decays with the following rate:

109U L2y < co (14 8) 7492 Upllprmy + co (1 + )72 |00 Uy || 12wy, ¢ € Ry

On the other hand, under condition (5.23), we showed that the solution does not converge to zero
when ¢ goes to infinity.

Thereby, it would be interesting to solve the stability question of (5.3) when (5.22) and (5.23) are not
satisfied; that is

a#k and (a—k)(k—1)<0

or

a#k and max {lPQ(aQ_l)(kZ_lHkQ] l(a2—1)} > 2a241

12(2—k2)(K2—1)+k2 * a2—k? la?
or (5.50)
kY2 and (o —k)(k—1)<0
or
VPR 112(a?2—=1) (k2 —=1)+k2? a2
k 7é # and maX{ l[Z(a27k2)(k271)+k2]’ l22k12)} Z l2(ll§2+1
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