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Abstract
A speci�c type of vector beams can be created naturally via the conical di�raction (also
known as conical refraction) phenomenon, which occurs as a tightly focused beam is inci-
dent along one of the optic axis of a biaxial crystal. In the case of a homogeneously polar-
ized input wave, conical di�raction (CD) gives rise to double circular rings, where every two
diametrically opposite points on the rings possess orthogonal linear polarization. In this
thesis research work, we perform fundamental new investigations on the tailoring of CD
vector waves in linear and nonlinear biaxial crystals (BC). The properties being a�ected
are shape, intensity, polarization and orbital angular momentum (OAM). Complex beam
shaping is obtained in conjugate cascades of BCs. This breaks the usual circular symmetry
characteristics typical of CD and leads to complex non-circular CD patterns with peculiar
properties. The conjugate cascade involves at least two BCs with aligned optic axis and two
crossed cylindrical lenses between adjacent BCs to perform intermediate wave-vector space
manipulation. A modi�ed paraxial di�raction theory of CD, which incorporates the e�ects
of this manipulation reproduces well the experimentally observed features. Besides the
exact theoretical treatment, speci�c rules of thumb established via newly introduced struc-
ture parameters help to predict the shape and polarization distribution of the non-circular
CD beams. In strong contrast to conventional cascades, which result in generating multi-
ple concentric rings with uniform intensity and homogeneously varying polarization, the
conjugate cascades results in the creation of patterns that consist of non-circular individ-
ual structures possessing convex or concave curvatures, with non-homogeneously varying
intensity and polarization distribution. Extended conjugate cascade of three or more biax-
ial crystals results in patterns, where individual structures can cross each other or merge
locally to give interference. While for conventional cascades the polarization on the rings
keeps being linear, in our case elliptical or circular polarizations can be observed locally at
structure crossing or merging regions. By looking at the azimuthal phase of the non-circular
CD beams, it turns out that they possess single charged vortices and phase discontinuity
lines. Their fractional OAM values can be scaled by adapting the conjugate cascade param-
eters. All in all, the non-circular CD beams lead to an increased vector pattern richness and
versatility as compared to the circular rings of conventional CD.

In this thesis we also combine for the �rst time the linear optical CD e�ect with the
nonlinear recording of dynamic holograms in a photorefractive (PR) biaxial crystal, with
all processes taking place within the same medium. Even though the hologram recording
is driven by the intensity distribution as in conventional holography, it is observed that
e�cient recording of CD object beams can be achieved with any combination of the input
polarizations of the object and reference waves, including the case of orthogonal linear or
circular polarizations. Similarly for a two-wave mixing (TWM) experiments, it is observed
that di�erent regions of CD object beam can be ampli�ed by varying the polarization of
the pump beam. A simpli�ed theoretical model that considers the physics of the CD phe-
nomenon as well as of the photorefractive grating recording and read-out (in a complex
oblique orientation inside the crystal) veri�es qualitatively the experimental observations.
These investigations might open interesting perspectives for CD holography and TWM to
be utilized for multichannel polarization multiplexing of vector beams and for intensity
reshaping and equalization within the vector beam.
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Résumé
Un type spéci�que de faisceaux vectoriels peut être créé naturellement via le phénomène

de di�raction conique (également connu sous le nom de réfraction conique), se produisant
lorsqu’un faisceau focalisé se propage le long de l’un des axes optiques d’un cristal dit bi-
axe (BC). Dans le cas d’une onde initialement polarisée, la di�raction conique (CD) donne
naissance à des anneaux circulaires doubles, où deux points diamétralement opposés possè-
dent des polarisations linéaires orthogonales. Dans ce travail, nous e�ectuons de nouvelles
recherches sur le moyen de contrôler linéairement ou non linéairement ces faisceaux issus
de la CD. Lesdits contrôles auront lieu sur : la forme, l’intensité, la polarisation ou bien
encore le moment cinétique orbital (OAM) des faisceaux. En ce qui concerne la forme, des
faisceaux vectoriels de formes complexes peuvent être obtenues grâce à des cascades con-
juguées de BC, ce qui brise la symétrie circulaire usuelle de la CD. Ces cascades conjuguées
impliquent au moins deux BC avec un axe optique aligné ainsi que deux lentilles cylin-
driques croisées placées entre les BC pour e�ectuer une manipulation spatiale des vecteurs
d’onde. Contrairement aux cascades conventionnelles, qui aboutissent à la génération de
plusieurs anneaux concentriques avec une intensité uniforme et une polarisation variable
de manière homogène, les cascades conjuguées aboutissent à la création de motifs consti-
tués de structures individuelles non circulaires possédant des courbures convexes ou con-
caves, avec des variations non homogènes de l’intensité, phase et polarisation. Une cascade
conjuguée étendue à trois cristaux biaxiaux ou plus donne lieu à des motifs dans lesquels des
structures individuelles peuvent se croiser ou fusionner localement pour produire des inter-
férences. Alors que pour les cascades conventionnelles, la polarisation sur les anneaux reste
linéaire, dans notre cas, des polarisations elliptiques ou circulaires peuvent être observées
localement au niveau des régions de croisement ou de fusion des structures. En examinant
la phase azimutale des faisceaux CD non circulaires, ces derniers possèdent des vortex de
charge unique et des lignes de discontinuité de phase indiquant la présence d’OAM frac-
tionnaires pouvant être mis à l’échelle en adaptant les paramètres des cascades conjuguées.
Nous avons également développé une théorie paraxiale de cette nouvelle CD en cascade, in-
tégrant les e�ets de manipulation des lentilles dans l’espace des vecteurs d’onde. Nos résul-
tats reproduisent bien les observations expérimentales. Outre le traitement théorique exact,
nous proposons deux règles empiriques établies via des valeurs spéci�ques des paramètres
de structure pour aider à prédire la forme et la distribution de polarisation.

En�n, pour la première fois, l’e�et optique issu de la CD linéaire est combiné à
l’enregistrement non linéaire d’hologrammes dynamiques dans un cristal biaxe pho-
toréfractif (PR) : tous les processus (linéaire et nonlinéaire) se déroulant dans le même mi-
lieu. Même si l’enregistrement de l’hologramme est piloté par la distribution d’intensité
comme dans l’holographie conventionnelle, il est observé qu’un enregistrement e�cace
des faisceaux objets issu de la CD peut être obtenu avec n’importe quelle combinaison des
polarisations d’entrées des ondes objet et référence, y compris le cas d’ondes ayant des po-
larisations orthogonales. De même, pour les expériences de mélange à deux ondes (TWM),
on observe que di�érentes régions du faisceau objet issu de la CD peuvent être ampli�ées en
faisant varier la polarisation du faisceau de pompe. Un modèle théorique simpli�é prenant
en compte la physique du phénomène de CD ainsi que l’enregistrement et la lecture du
réseau photoréfractif véri�e qualitativement les observations expérimentales.
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Introduction

Structured or tailored light refers to the tailoring of light beams in one or several degrees
of freedom. It may be in time and frequency to create ultrafast tailored time pulses or,
more commonly, in controlling the spatial degrees of freedom of light, such as amplitude,
phase and polarization. This tailoring of light beams is gaining wider attention from the
scienti�c community, as the technological advancement and fundamental knowledge of
beam shaping has evolved enormously in the last decades. Techniques and methods to
generate such tailored beams are fuelling this progress faster than ever before [1–6].

Structured laser beams possessing phase singularities and a point of null intensity at the
center are termed as optical vortices. Optical vortex beams have helical phase fronts and
possess an orbital angular momentum (OAM) of l~. Here l is an integer and represents the
topological charge of the phase singularity. Tailoring the laser beams polarization has cap-
tivated a lot of interest in the research community. In this regard other special unconven-
tional beams are “vector beams”, which have a spatially varying polarization distribution.
Vector beams are quite intriguing, as the polarization singularities in their �elds makes
them interesting candidates for investigating fundamental optics phenomenon from classi-
cal to quantum domain. Vector beams have been utilized in many prospective technological
applications ranging from free-space optical communication to super-resolution imaging
of biological samples [7–9]. Also beams with such singularities (phase and polarization) fall
into a well known �eld of singular optics. Singular beams with such optical singularities
have been implemented for optical manipulation or tweezing [10–12], free space optical
communication[13], quantum information processing [14, 15], super-resolution imaging
[16] and several others key enabling technologies [1].

Among vector beams, the most familiar beams are the radial and azimuthal modes of a
Laguerre-Gaussian (LG) beam. This beam possesses both a radial and azimuthal distribu-
tion of linear polarization [17]. A speci�c type of vector beam can be generated naturally
from conical di�raction phenomena occurring in a biaxial crystal. The vector beam gen-
erated from conical di�raction phenomena possess a unique spatial distribution of linear
polarization, which is much di�erent from the familiar radial and azimuthal LG modes.

Vector beams generated naturally via conical di�raction (CD) have intrigued the scien-
ti�c community owing to their unique properties and their application potential. Despite
for a nearly 200 years long history, the interest in CD has been renewed in the last 2 decades,
primarily because of the development of adequate di�raction theory and demonstration of
novel CD applications [18]. The CD phenomenon is observed when a su�ciently tightly
focused beam is incident on an optically biaxial crystal (BC) with its wave-vector k parallel
to one of the optical axes of the crystal. For this singular k-direction, the Poynting vector
directions are degenerate and lie on the surface of a slanted cone with circular base inside
the crystal. The section of this cone can be easily visualized in the plane of tighter focus-
ing of the incident wave (focal image plane, FIP), where one observes two closely spaced
circularly shaped bright rings (double rings) separated by a dark ring (called Poggendor�
ring). Two diametrically opposite points always possess orthogonal linear polarizations,
leading to the vector beam character[18–20]. An elegant geometrical explanation on how
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Introduction

the Poynting vector directions on the cone depend on the local electric (E) and electric
displacement vectors (D) of the wave is given in Born and Wolf’s book [21]. This peculiar
CD phenomenon was predicted by W. R. Hamilton in 1832 and experimentally observed by
H. Lloyd in 1833.

At present a thoroughly investigated con�guration considers conical di�raction from a
cascade of N biaxial crystals. CD from a cascade of N biaxial crystals gives rise to 2N−1

rings (or double rings) [22]. Thus if two biaxial crystals are placed in a series, it leads to two
concentric rings (or double rings) in the focal image plane. A simple modi�cation by insert-
ing a spherical lens between the two biaxial crystals (variable cascaded con�guration) [23]
provides additional versatility to modify the radii of the CD rings by modifying the magni-
�cation of the spherical lens. For any two biaxial crystals, a value of magni�cation can be
chosen for which the inner rings would collapse to give a central spot (degeneracy). This
variable cascade approach proves very useful for obtaining di�erent patterns out of crystals
with �xed length [23]. Modi�ed cascaded con�gurations with a polarization scrambling
element such as a half-wave plate or quarter-wave plate placed between the two biaxial
crystals has also been reported earlier [24]. A polarization scrambling element between
two biaxial crystals leads to complexly shaped vector beams that break the homogeneous
azimuthal intensity. Also, the acquired complex vector beams with this con�guration are
governed by parameters (crystal strength parameter and its orientation), which allow one
to acquire speci�c patterns with unique localization of azimuthal intensity distribution.

Another interesting aspect of CD beams is that, the conical di�raction from a single
biaxial crystal results in a beam possessing fractional OAM of exactly ±~/2 per photon,
the sign depends on the handedness of the incident circular polarization (i-e + for left and
− for right) [25]. This is evident from the fact that a conical di�raction beam is considered
as a composition of two beams that may be labelled B0 and B1

1. The phase and electric
�eld distributions in these components depends on the input polarization such that a left
circularly polarized Gaussian incident beam would result in B0 component with Jorb =
0; Jspin = +1~ and B1 component with Jorb = +1~; Jspin = −1~. Thus the total angular
momentum of conical di�raction beam has spin part equals to zero (S = 0) while the orbital
part is equal to +~/2 per photon [26–29]. It has already been shown in various studies
that the fractional OAM of CD beams can be scaled in an all optical means by separating
and isolating either the B0 or B1 [26, 30–32]. For instance in a cascade of two biaxial
crystals, one can separateB0 orB1 components. This is done by a combination of a quarter
wave plate and a linear polarizer. After separation of the desired component, one can vary
the polarization state of the highest OAM state generated in a �rst CD pass to obtain a
maximum increment of OAM for the second CD pass in the other BC [27, 33]. Interestingly
the fractional OAM property of CD beams has also been investigated with nonlinear e�ects
such as second harmonic generation and sum-frequency generation [31, 34].

In addition to the above mentioned ongoing fundamental investigations, CD from a sin-
gle BC or a cascade of 2 BC’s has been reported as robust means for optical trapping [35],
beam shaping [24, 36], free-space multiplexing [37], polarimetric applications [38], Con-
ical di�raction lasers [39], super-resolution imaging [40] and several other potential ap-

1This naming is connected to the Belskii-khapalyuk integrals introduced in Chapter 3. These integrals
contain the zeroth and �rst order Bessel function of the �rst kind, respectively.
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Introduction

plications are currently under investigations [18]. This thesis research work is devoted
to fundamental investigation of new methods for tailoring various properties of the con-
ical di�raction beams generated in anisotropic biaxial crystals. In this regard, the conical
di�raction phenomena is investigated in a linear centro-symmetric potassium gadolinium
tungstate (KGW) biaxial crystal as well as in a nonlinear non-centrosymmetric tin thiohy-
podiphosphate (SPS) biaxial crystal. The chapters of the thesis are organized as follows

In chapter 1, a brief introduction to the newly emerging �eld of structured/tailored light
is presented. This includes discussion on the fundamental physics regarding amplitude,
phase and polarization singularities in optical �elds. A short overview of singular optics is
presented along with a more detailed discussion on vector beams. The chapter concludes
with a brief overview of the current trends and ongoing investigations for applications of
structured light.

Chapter 2 introduces crystal optics, after some preliminaries of electrodynamics. We
discuss brie�y plane wave propagation in anisotropic medium. The various optical phe-
nomenon such as double refraction, optical activity are discussed in this context. The
last section of this chapter discusses nonlinear photo-refractive crystals useful for dynamic
hologram recording, as this feature has been explored for CD beams in this thesis.

Chapter 3 discusses the phenomenon and primary features of conical di�raction in de-
tails. The theoretical treatment developed so far is also presented rigorously. This is fol-
lowed by few examples of CD patterns obtained from single biaxial crystal and from a con-
ventional CD cascade. The chapter concludes with the review on the recent developments
and examples of some demonstrations of CD applications.

Chapter 4 is focused on our novel con�gurations (known as "conjugate cascade"), which
results in the generation of non-circular CD beams with highly peculiar properties. These
new patterns are composed of individual structures with non-homogeneous distribution of
intensity and polarization around them. It is analyzed in detail that the general shape and
polarization distribution of these individual structures correlate with the structure param-
eters, which depend on the conical di�raction cone aperture angle, on the crystal lengths,
and on the magni�cation values due to x- and y-oriented cylindrical lenses placed between
the crystals and coupling common conjugate planes. The way in which the obtained pat-
terns depend on the orientation of individual crystal samples around the common optical
axis and on an eventual polarization �ltering at various stages of the cascade is discussed as
well. Additionally, certain other aspects arising from this conjugate cascade such as non-
commutation of CLs, longitudinal evolution of non-circular CD beams and possibility to
select individual structures are discussed. In short, this chapter treats in detail the principle
concept, theoretical model and obtained non-circular CD patterns via conjugate cascade.
Both experimental and theoretical results are presented.

Chapter 5 concerns the fractional orbital angular momentum (OAM) of the non-circular
CD beams generated via conjugate cascade con�guration. Due to the di�culty involved for
a direct measurement of fractional OAM, a brief explanation of the various qualitative and
quantitative techniques used to determine the OAM is presented �rst. This is followed
by few illustrative examples showing the robustness of the techniques employed for OAM
determination. Finally, the results on the spatial phase distribution and fractional OAM
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values of our non-circular CD beams are presented, which show the presence of spatially
distributed single charge vortices in the beam cross-section and the possibility to tune the
fractional OAM values.

Chapter 6 discusses investigations on combining the linear CD optical e�ect with the
nonlinear recording of dynamic holograms in a photorefractive (PR) material, with all
processes taking place within the same medium. Our results demonstrate polarization-
sensitive holography and two-wave mixing ampli�cation of the conical di�raction (CD)
vector beams. A simpli�ed theoretical model that veri�es qualitatively the experimental
observations, by considering the physics of the conical di�raction e�ect as well as the one
of the nonlinear photorefractive e�ect is elucidated.

The �nal chapter concludes and presents some perspectives of our work. Few prelimi-
naries investigations that were performed during the course of this thesis in parallel to the
main investigations are presented in appendices. Appendix A discuss CD patterns obtained
from a semi-cavity, involving a single BC with double pass conical di�raction in a counter-
propagating feedback architecture. The understanding of such a situation is a prerequisite
to address the case where the CD cascade is associated to a ring cavity. Appendix B de-
scribes the generation of CD patterns via Fibonacci and degenerate cascades. It is shown
with few examples that these special type of cascades can help to generate CD double rings
with elliptical polarization, the latter showing a variation along the azimuth direction.
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Chapter 1

Tailored light

Structured or tailored light refers to light beams, whose spatial and temporal degrees of
freedom are tailored in some sense. This tailoring of light beams has quite recently opened
new avenues for fundamental and applied research. Currently, there is an explosion of
research into this emerging �eld dealing with structured light [1, 2]. Structuring light is like
synthesizing or customizing light beams for speci�c purposes. In the next section, optical
singularities naturally present in a wave �eld are discussed in the �rst place. Connections
with more complex hybrid singularities are also brie�y elucidated. The methods to generate
or detect various types of optical singularities are also presented. In the last section of this
chapter, an overview of the current state-of-the-art applications and fundamental prospects
of structured light are presented.

1.1 Singular optics: amplitude, phase and polarization
singularities

Optical singularities of amplitude, phase and polarization have always intrigued researchers
to understand the underneath fundamental laws of physics. Singular optics deals with the
investigations of the topology of light in the presence of optical singularities [41]. It was
recognized in 1970s that light focusing by nature underpins a systematic behaviour, this
understanding comes from the mathematical work of “catastrophe theory” reported by R.
Thom in France [42–44] and further developed by V. I Arnold in Russia [45–47]. The ap-
plication of catastrophe theory to wave optics started soon after with the 1974 article by
J. F. Nye and M. V. Berry treating "Dislocations in wave trains" [48]. Thus investigations
of the systematic focusing of light by nature with catastrophe theory started to develop in
the next decades [49]. Here it is pertinent to mention that unnatural focusing of light is
the arti�cial focusing of light by carefully engineered materials/instruments such as lenses
to focus light onto a spot for image formation. On the other hand, a general refracting
medium naturally focuses light rays of a point source placed far away onto a bright caustic
surface. The optical caustics resulting from such natural focusing possess �ne structural
details with characteristic di�raction patterns [50]. A closer look at these di�raction pat-
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terns reveals that they are built around zero intensity lines or dark lines inside wave-�elds.
They are also termed as wave dislocations. These dark lines or threads exist in most wave-
�elds and they are spatial positions of phase singularities i.e. phase is unde�ned on these
threads [48]. If the wave-�eld is polarized then a characteristic arrangement of polarization
around these threads is observed [51]. Thus, the optical caustics resulting from natural fo-
cusing of a general refracting medium invoke intriguing singularities of amplitude, phase
and polarization in them [49, 52, 53].

Figure 1.1 – (a) Optical caustics observed as bright lines dancing on the �oor of a swimming pool, (b)
a co�ee cup caustic consisting of cusp and fold caustics observed with the sunlight (here co�ee cup
�lled with water shows a bright caustic line) and (c) shows the construction of bright caustic line
from geometrical optics point of view. It is observed that the region below the caustic is brighter
than the region above it [49].

The optical caustics are commonly observed on the �oor of a swimming pool (see Fig.
1.1(a)), on the bottom of a tea cup (see Fig. 1.1(b,c)) and in many other natural places [49].
Optical caustics are characterized as generic and structurally stable. The genericity of caus-
tics implies that they appear in the wave�elds without any necessary conditions i.e. they
are typical feature of the system, while the structure stability implies that the caustics are
stable upon perturbation in the system. These two features are well observed in optical
caustics, for instance the bright lines at the bottom of the swimming pool move about but
they survive the small perturbations of the water surface. The above two features also im-
plies that caustics are independent of the particular geometrical shape or symmetry in the
system and thus similar caustics forms are expected from di�erent identical systems. In
Fig. 1.1(b) optical caustic formed in a co�ee cup placed in sunlight are shown. This bright
line caustic at the bottom of the co�ee cup can be explained via geometrical optics as il-
lustrated in Fig. 1.1(c). By treating Sun as a point source of light, the parallel rays re�ect
from the cup inner curved surface in such a fashion that the envelope of these rays in three
dimensions makes a caustics surface. The bright line is observed due to the intersection
of the caustic surface with the co�ee surface. This caustic has two features a cusp point
(sharp point) and fold caustics. If the rays make small angles with the axis (i.e. paraxial
rays), then only cusp will be observed, which implies that fold caustics are only observed
due to the presence of rays making large angle with the axis. Finally, the two main char-
acteristics of optical caustics of being generic and structurally stable apply very well to the
co�ee cup caustic. Firstly, if the co�ee cup is deformed then the bright line with a cusp
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would merely spatially move from its position but not disappear thus implying structure
stability, secondly the co�ee cup need not be an exact cylinder, as any curved re�ecting
surface would in general generate a caustic. Hence the generated caustic is generic [49].
Optical caustics are observed at scales much larger than wavelength, while the phase and
polarization singularities are observed at sub-wavelength scales. The next two subsections
take a closer look at the phase and polarization singularities in tailored wave-�elds.

1.1.1 Phase singularities: orbital angular momentum

In optical wave�elds, phase singularity refers to the position where the phase of the �eld
is unde�ned and thus the amplitude vanishes. There are two types of phase singularities
namely shear and vortices. In the former case, the phase changes by π owing to the sign
change of the �eld amplitude on those positions. While in the latter case, the phase is
unde�ned on the particular position and it spans a range of 2π (or a multiple of 2π) in a
closed path around that position. Another classi�cation is related to the way in which the
phase singularities extends into the three dimensions. This can be screw dislocations, edge
dislocations or mixed edge-screw dislocations. A solution to paraxial wave equation in
cylindrical coordinates results in a family of beams known as “Laguerre-Gaussian beams”.
Laguerre-Gaussian (LG) beams possess a phase singularity at it’s center, which is termed as
optical vortex as this is a spatial position of zero intensity and unde�ned phase. LG beams
forms a complete set of solutions and their optical �eld can be expressed as LGpl(r, φ, z) =

upl0 (r, z)exp(ilφ), where the amplitude u0 is given by

upl0 (r, z) =

√
2p!

π(p+ |l|)!
1
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here w(z) = w0

√
z2+z2R
z2R

represents fundamental Gaussian beam with w0 beam waist, zR
the Rayleigh range and Gouy phase is equal to (2p+ |l|+ 1) tan−1

(
z
zR

)
. L|l|p (x) represents

familiar associated Laguerre polynomials determined via L|l|p (x) = (−1)|l| d
|l|

dx|l|
Lp+|l|(x). l

and p denote the azimuthal and radial index respectively. At the beam waist position with
z = 0, the phase of the Laguerre-Gaussian (LG) beams is simply described by lφ, which
implies that the phase of the beam varies with the angular coordinate φ. There are two
consequences for taking l 6= 0, �rstly the intensity at the center vanishes due to the term
involving l-th power of r, secondly the term exp(ilφ) dictate that the phase would change
by 2πl in anti-clockwise direction (clockwise for negative l value) around the origin in a
constant z-plane. Thus the phase fronts are inclined in the azimuth direction such that
they have the shape of l intertwined helical surfaces with handedness that depends on the
sign of l. LG beams with l > 0 consist of p + 1 series of concentric rings of intensity
distributions. Figure 1.2 shows the intensity distributions, phase distributions and a plane
wave interference (collinear and non-collinear) of few LG modes. It can be observed that
for beams with azimuthal index l > 0, the number of concentric rings is equal to p + 1.
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Figure 1.2 – LG Beams with di�erent values of radial (p) and azimuthal (l) index. Intensity distribu-
tion (�rst row), phase distribution (second row), plane wave interference in a non-collinear manner
(third row) and collinear manner (fourth row). LG modes with l = 0; p = 0 (�rst column), l = −1;
p = 0 (second column), l = 1; p = 1 (third column), and l = 2; p = 1 (fourth column).

Also, the phase distribution reveals that the phase varies by 2π (b(2),c(2)) or by 4π (d(2))
and this value of phase change by multiples of 2π corresponds to the l value of the mode.
An interference of the LG mode with a plane wave results in either fringes (non-collinear
interference) or spirals (collinear interference), where in the earlier case the l value is equal
to the tines of the fork minus one, while in the latter case the l value is determined from
the number of spirals that appear in the interference pattern. Also, for a positive l value the
fork points downward and spiral go anti-clockwise and vice versa for a negative l value.
Besides LG beams, there also exists other beams possessing helical phase structures in their
�eld such as Bessel beams, Mathieu beams and Hypergeometric-Gaussian beams [54–57].
All beams with helical or spiral phase fronts possess an orbital angular momentum (OAM)
of about l~ per photon irrespective of the beams radial distribution.

The quantization of OAM in units of ~ could simply be understood from a geometrical
argument. At any radial distance r from the origin, the phase front inclination or Poynting
vector direction (de�ned as perpendicular to phase fronts surface) with respect to the beam
axis could simply be written as α = lλ/2πr [58]. A photon linear momentum p = ~k
can be resolved into it’s azimuthal and axial components, and it is the azimuthal compo-
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nent (equal to ~kα [59]) what is responsible for angular momentum along the beam axis.
Thus multiplying the azimuthal component by r1 and inserting k = 2π/λ, one obtains or-
bital angular momentum (OAM) of about l~ per photon around the axis of the beam [60].
For paraxial light beams, the angular momentum separation into orbital and spin part is
well developed [61–63]. Also by deriving the orbital and spin angular momentum from
Maxwell’s equations without assuming them as quantized, one can obtain ratios of angu-
lar momentum to energy equal to l/ω and σ/ω for a helically phased beam and circularly
polarized beam respectively [62], where σ = ±1 indicates right and left circularly polar-
ized wave. Now by multiplying the numerator and denominator of the above two ratios
by ~ and assuming each photon energy is equal to ~ω, one obtains the expected values of
orbital angular momentum (OAM) equal to l~ and spin angular momentum (SAM) equal
to σ~ [56]. SAM has only two states i.e. spin-up or spin-down as SAM arises from the
circular polarization with σ = +1 or −1. On the other hand, one can generate orthogonal
states of OAM corresponding to any l-value as OAM arises from the consequence of beams
having inclined phase fronts. The fact that each photon carries an integer OAM explic-
itly implies that it is a quantum property. Also as OAM is a consequence of the azimuthal
phase structure eilφ of the beams, the presence of OAM properties at the single photon level
is expected. The OAM properties have been utilized in many advanced applications such
as in optical tweezers[64–66], optical communication [13, 67, 68], quantum entanglement
[14, 15, 69, 70], nonlinear optics [71, 72], nanotechnology [73–75], bio-medicine [66, 76],
metrology [77–79], astronomy [80] and with recent progress in nanophotonics enabling the
generation and detection of OAM beams, novel application prospects are arising in many
other disciplinary and interdisciplinary �elds [1, 3, 81, 82].

As mentioned above, the OAM of any beam corresponds to the azimuthal component
of linear momentum acting at a radius vector from the axis of the beam. Now if the value
of OAM depends on the choice of the beam axis then it is called extrinsic OAM, such is the
case for Laguerre-Gaussian beam. However it has been shown by Berry that for particular
scenarios, it is also possible for beams to have intrinsic OAM i.e. the value of OAM is inde-
pendent of the choice of the beam axis [83, 84]. Beams possessing helical phase fronts with
a certain OAM value are also termed as optical vortices, as there is a phase singularity at
the center with an integer topological charge value. For instance, the azimuthal index l in
LG beams also represents the topological charge of the central vortex. Optical vortex in LG
beams is longitudinally a line singularity exactly on the beam axis. The concept of optical
vortices was introduced in 1989 by Coullet and his colleagues [85]. They drew inspiration
from hydrodynamical vortices and determined vortex solutions of the Maxwell-Bloch equa-
tions. Even before their proposal of optical vortices, the analogies between laser physics and
�uids was already reported in some work, where the laser equations were reduced to com-
plex Ginzburg–Landau equations (CGLEs). The CGLEs consists of universal models that
describe pattern formations in Bose-Einstein condensate and other peculiar phenomenons.
These investigations instigated researchers to study chaos, multistability and turbulence in
optical wave-�elds [86–89]. Similar to �uid vortex possessing �ow singularity in the center,
optical vortex soliton has phase singularity at a point of zero intensity with a certain value
of topological charge [90]. For a phase distribution φ around a singularity, the topological

1Remember that the angular momentum of a particle is de�ned as the cross product of its radius vector
(equal to its radial position from the origin) with the linear momentum i.e. L = r× p.
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charge is de�ned as below

l =
1

2π

∮

c

∇φ(r)dr, (1.2)

here C represents a closed loop around a singularity. Optical beams with helical phase
fronts and an OAM of l~ possess a topological charge of l for their phase singularity. It is
pertinent to mention that optical vortices with non-integer topological charge have already
been investigated [91]. It is possible for beams to have non-integer or fractional charged
OAM value. The OAM value of the beams investigated in this thesis are also fractional. It
has been shown theoretically and experimentally that non-integer vortices do not exist [91,
92]. Also interestingly vortices in a fractional charged OAM beam have been investigated
at the quantum level as well [81].

Numerous experimental method exists for generating beams with optical vortices such
as with spiral phase plates, forked gratings and many others, including the most convenient
one by using a spatial light modulator (SLM) 2. One simple method involves recording a
hologram of an interference pattern between a beam of desired structure and plane wave
on a photographic �lm, this �lm upon illumination by a plane wave generates the beam
with desired phase and amplitude in it’s �rst di�raction order. Alternatively, a calculated
interference pattern is displayed on SLM and the Gaussian beam or plane wave impinging
the display of SLM is easily converted into desired beams of exotic structures in phase and
amplitude. The displayed interference pattern on the SLM can be updated electronically
and hence SLM provides an extra ability of tunability. SLM have been widely used for
applications such as in generating optical tweezers [66], optical vortex links and knots [93],
in adaptive optics [94] and others [81].

As discussed earlier for LG beams, the azimuthal phase variations in any beam of light
can be observed experimentally by interference experiments. In these experiments, a fun-
damental beam mode (or plane wave) is interfered with beam of helical phase fronts, which
results in either spiral like pattern (collinear interference) representing constant phase dif-
ference positions or a fringe pattern (non-collinear interference) with forks representing
the location of phase singularity. Such interference patterns for few LG beams has been
shown in the third and fourth row of Fig. 1.2 for non-collinear and collinear interference
of those LG modes. A forked grating with particular value of ldif could also be utilized
to determine the individual photons l-component amplitude in a superposition of OAM
eigenstates. In this method, a single mode optical �ber is used to detect the di�racted mode
with l = 0. Since ldif = linc +mlfork, thus this implies that the unknown incident mode is
linc = −mlfork [15].

Optical vortices exist in nonlinear media as optical solitons and they are also wavelength
dependent. Thus investigations with white light as well as with ultrashort pulses is also an
interesting regime for them [95–102]. It has been shown that it is possible to generate vor-
tex free beams with well de�ned but unquantized OAM as here [103]. By superposition of
various eigenmodes of OAM, beams with composite vortices can be generated, in which
the location and number of new vortices is based on the nature of superposed OAM eigen-
modes. Also, it is possible to generate beams where the phase variation around the vortex

2There are di�erent type of spatial light modulators (SLM) but the most common are pixelated liquid
crystal device on which the required interference pattern can simply be displayed.
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is nonlinear with the azimuth angle [104].

An object placed in the cross-section of beam possessing OAM experiences an opti-
cal tweezing force. It is possible to tailor beams possessing composite vortices with non-
uniform variation of phase along the cross-section, the object inside such a �eld would
experience kicks rather than uniform push or rotational force. The potential for beams
with tailored vortices inside their cross-section is huge as these could be utilized for clas-
sical communication purposes or for quantum information purposes [104]. It is pertinent
to mention here that optical vortices of charge higher than one usually splits into single
charge vortices upon perturbation in the �eld. Overall, the OAM vortices are resilient to
propagation and the topological charge is always conserved [1, 104, 105]. Optical vortices
exist in three dimensions and in recent decades lots of investigations have been made on the
vortices that are wrapped around the beam axis in transverse direction. They are known
as torus loops. Also, there are axial vortices, which are present in the beam axis itself and
can make connections with the loops forming the so called “vertex knots” [17, 93, 106].

1.1.2 Polarization singularities

In this subsection, the concept of polarization in electromagnetic wave is brie�y presented.
For a monochromatic electromagnetic wave, it can be shown that the electric �eld vector
traces out an elliptical or closed path within a transverse plane of that �eld [17]. This
elliptical path is referred to as the polarization ellipse. A polarization ellipse for a general
elliptically polarized �eld for an observer looking into the �eld (observer direction matters3)
is shown in Fig. 1.3. The rectangular box around the polarization ellipse in Fig. 1.3(a) with
side lengths equal to twice the amplitudes of the two orthogonal components of the �eld
(Ex andEy), gives the information about the share of the �eld provided by each component.
This share is quanti�ed by the diagonal angle (α) of this rectangular box with sides lengths
2Ex0 and 2Ey0. In order to retrieve information about a polarization state, one requires
knowledge of the length of the semi-major and semi-minor axis (aM and am respectively)
as well as the orientation of the polarization ellipse Ψ, which is de�ned as the rotation of
the semi-major axis with respect to the Ex axis. The orientation angle Ψ varies between
+π/2 and−π/2. For the case, whereEx0 = Ey0 the orientation angle Ψ = ±π/4. From the
information of the axis length of the polarization ellipse, the ellipticity χ can be determined,
as it is the arc-tangent of the ratio of the length of the semi-minor axis to semi-major
axis i.e. χ = arctan [∓am/aM ]. As the light �eld propagates, the tip of its electric �eld
vector can rotate either clockwise or anti-clockwise. This sense of rotation is termed as
the handedness or light helicity. It can be determined by acquiring the values of E at time
t = 0 and t = T/4, then by taking Et=0 × Et=T/4 if one obtains a vector pointing in
the �eld propagation direction, then the sense of rotation is anti-clockwise (left handed)
otherwise it is clockwise (right handed). Also the ∓ sign infront of the ellipticity indicates
the path taken by the electric �eld vector around the polarization ellipse, thus a positive
value of the ellipticity represents right handedness while negative ellipticity represents left

3The perspective of polarization ellipse is di�erent for an observer looking into the �eld with respect to
the observer looking from the opposite direction.
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Figure 1.3 – Polarization ellipse is depicted in terms of its �eld properties (a) and geometric properties
(b).

handedness4.

Linear and circular polarization represent two special cases of the polarization ellipse.
For linearly polarized state, the polarization ellipse geometric parameters de�ne a straight
line equation, whose handedness is unde�ned. Similarly for circularly polarized light, the
geometric parameters of the polarization ellipse would de�ne the equation of a circle, whose
orientation in unde�ned [107]. In order to have a speci�c information about the polarization
state, the phase di�erence (∆φ = φy − φx) between the two components of E-�eld must
be considered as well. All the geometric parameters of the polarization ellipse (aM , am, Ψ)
can easily be related with the amplitude (Ex0 , Ey0) and phase di�erence (∆φ = φy − φx)
of the �eld [17]. However both of these two descriptions for polarization states i.e �eld
parameters and geometric parameters are not directly measurable experimentally 5. G. G.
Stokes (in 1852) described a set of four parameters, which were experimentally measurable.
These four parameter in terms of the �eld parameters are,

S0 = E2
x0

+ E2
y0
, (1.3)

S1 = E2
x0
− E2

y0
, (1.4)

S2 = 2Ex0Ey0 cos ∆φ (1.5)
S3 = 2Ex0Ey0 sin ∆φ (1.6)

It can be shown that the above four Stokes parameters obey, S2
0 = S2

1 + S2
2 + S2

3 . Which
implies that they are not independent. With the aid of a polarizer and quarter-wave plate,
one can determine cycle average intensity of six experimental measurements to �nd out the
three �eld parameters. S0 is the total intensity and it has no connection with the orientation
or ellipticity of the polarization ellipse. For such reasons, generally a set of normalized stoke

4Since the ratio 0 ≤ |am/aM | ≥ 1 gives the values of ellipticity χ ranging from −π/4 to π/4.
5In the optical domain, the oscillation of the �eld is too rapid for any such measurement.
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parameters are introduced as below

s1 = S1/S0 (1.7)
s2 = S2/S0 (1.8)
s3 = S3/S0 (1.9)

which also satisfy the relation of fully polarized light; s2
1+s2

2+s2
3 = 1. The �eld parameters,

geometric parameters and Stokes parameters can be collectively used to characterize any
polarization state of the �eld. The above three set of parameters can be elegantly related to
each other in a geometrical construction known as "Poincaré Sphere" 6. Figure 1.4 shows
a Poincaré sphere, which illustrates that each point on the sphere gives information about
the Stokes parameters as well as the geometric parameters of the polarization ellipse, which
ultimately can be used to determine �eld parameters. It can be shown that the positions
on the Poincaré sphere and normalized Stokes parameters are related by the expressions
below [17],

s1 = cos(2χ) cos(2Ψ) (1.10)
s2 = cos(2χ) sin(2Ψ) (1.11)
s3 = sin(2χ). (1.12)

In the above expressions (Eqs. (1.10) - (1.12)), Ψ and χ represent the orientation and el-
lipticity of the polarization ellipse. While the surface of the Poincaré sphere is connected to
fully polarized waves, points inside the sphere indicate partially polarized light. Any point
on the surface or within the Poincaré sphere is speci�ed by a radius, azimuth and ellipticity.
The radius for any coordinate point tells the degree of polarization and its values ranges
from 0 to 1. The degree of polarization is de�ned as the ratio of the polarized light intensity
to total light intensity. This implies that the points within the Poincaré sphere represent
partially polarized light, thus a point with radius equal to 1 represent fully polarized light.
The azimuth (longitude) and ellipticity (latitude) angles on the sphere are expressed by 2Ψ
and 2χ (see Fig. 1.4) and their values are obtained from the polarization ellipse. The az-
imuth angle (also known as orientation angle) is measured from the S1-axis of the Poincaré
sphere and it has a value ranging between −π/2 and +π/2. While the ellipticity (χ) is
also measured in angular values from the equator of the sphere and it has values ranging
between −π/4 to π/4.

For a linearly polarized light, the phase di�erence ∆φ = 0 or pπ, with p = 0,±1,±2, ....
This explicitly results to all the points on the equator line of the Poincaré sphere. Figure 1.4
shows four blue circles on the equator line for linear polarized states of 0° (horizontal po-
larization), 45°, 90° (vertical polarization) and 135°. Similarly, circular polarization requires
�eld amplitudes to be Ex0 = Ey0 = E0 and phase di�erence to be ∆φ = (2p + 1)π/2,
with p = 0,±1,±2, .... By inserting these values in Eqs. (1.10) - (1.12), one �nds that cir-
cular polarization is represented by the points on the poles (North and South). Right and
left handed circularly polarized states are depicted by green circles (top and bottom respec-
tively) on the Poincaré sphere in Fig. 1.4. All the rest of the points on the sphere represent

6The Poincaré sphere of optical polarization has a direct equivalence with the Bloch sphere used in quan-
tum mechanics.
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Figure 1.4 – Poincaré sphere illustrating the relationship between Stokes parameters and geometric
parameters of the polarization ellipse. Linearly polarized states are represented by the equator line
(blue line). Horizontal, vertical and two oblique linear states of +45° and +135° are depicted by blue
dots on this line. Right and left circularly polarized states occupy the two poles (depicted by two
green dots) on the Poincaré sphere. All other positions on the surface of the Poincaré sphere are
occupied by elliptically polarized states.

elliptical polarizations with right and left handed elliptical polarization above and below the
equator respectively. A certain polarization state such as the red circle in the Fig.1.4 possess
a unique azimuth and ellipticity values. An arc can connect this polarization state to any
other state on the surface of the Poincaré sphere and thus the di�erence in the azimuth
and ellipticity of the two polarization states could be calculated via spherical trigonometry.
Thus it is possible to predict the transformation of a polarized state after interaction with
a polarizing element and also how to achieve a desired polarization state by setting the
polarizing element for that speci�c transformation [17, 107–109].

From the above discussion, it follows that in a transverse plane for a monochromatic
wave with general state of polarization being elliptical, there are two polarization singu-
larities that are de�ned: C-points and L-lines. The C-points refer to the states of circular
polarization, which are represented by two points on the poles of Poincaré sphere. Im-
portantly, the polarization ellipse orientation (Ψ) is unde�ned at these points. Thus the
C-points (left and right handed) are regarded as singularity of direction. Similarly, the lin-
ear polarization states represented by the equator line on the Poincaré sphere, divide the
sphere into northern (right handed) and southern (left handed) hemispheres. Thus in a
transverse plane, they are represented by lines which are closed or stretched o� to in�nity
separating the corresponding regions of the plane into right and left handed polarization.
The handedness of the polarization on these lines is unde�ned and is �ipped across them,
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thus these are known as L-lines of singularity resulting from the singularity of handedness.
These two polarization singularities are generic singularities of the optical �elds and it has
already been well established that the polarization singularities possess distinct features
and unique topological properties. The singularity of orientation (C-points) and handed-
ness (L-points) were initially discussed and presented by Nye [110]. The theoretical aspect
of these singularities were discussed further in [51, 111] and treated experimentally �rst in
[112].

The �eld structure in the neighbourhood of polarization singularity is non-trivial and
possess few standard generic features. By looking at the distribution of polarization ellipses
around a C-point singularity (shown with red circles in Fig. 1.5) in a transverse plane (�xed
z), it can be observed that there are only three possible distinct distributions. These three
distinct distributions known as star, monstar and lemon are depicted in Fig.1.5. These three
distributions are constructed by considering stream of lines that join the major axis of the
polarization ellipses around the singularity. A closed path in the clockwise direction around
the origin (C-point singularity), it can be observed that the polarization ellipses rotates
anticlockwise for the star case (see distribution in Fig.1.5(a)), while a similar closed path
in clockwise direction for the monstar and lemon shows that polarization ellipse rotate
clockwise (see the distributions in Fig.1.5(b) and Fig.1.5(c)). Since, they rotate by a half
revolution, thus it is deduced that the singularity index (or topological index) is −1/2 for
star (Fig.1.5(a)) while it is +1/2 for monstar (Fig.1.5(b)) and lemon (Fig.1.5(c)). This rotation
of polarization ellipse orientation implies that it is discontinuous around a singularity. It is
pertinent to mention here that there are three straight lines joining the major axis of the
polarization ellipses for a star and monstar patterns, while there is only one straight line
for the lemon case. These straight lines are also known as separatrix and are shown by blue
lines in Fig. 1.5 [17, 49].

Figure 1.5 – Polarization ellipse �eld topology around a C-point singularity in a transverse plane
with �xed z. (a) star ; index = -1/2 (b) monstar ; index = +1/2 (c) lemon; index = +1/2.

An overlap of these fundamental polarization singularities would result in a higher or-
der polarization singularity [17, 113]. The merging of two stars or two lemons would result
in a singularity with topological index of −1 and +1 respectively. Lastly, it is important
to mention here that polarization singularities resulting from the non-uniform polariza-
tion distribution are the ones that have turned out to be extremely useful for fundamental
and application oriented purposes. Radially and azimuthally polarized beams are the most
common vector beams, which possess a distribution of linear polarization across a cross-
section. Their topological index is +1. Thus, they can be thought of as a superposition of
two fundamental polarization singularities (such as lemon) each with topological index of
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+1/2. One should be careful in the interpretation as radial and azimuthal vector beams have
quite unique distribution of polarizations in their transverse plane. This is quite di�erent
as compared with general elliptic polarization distribution around the nodes and centers in
fundamental polarization singularities. Vector beams including the radial and azimuthally
polarized beams are brie�y discussed in the next section.

1.2 Vector beams

Polarization is a beautiful manifestation of light that enables it for a myriad of applications
ranging from microscopy, spectroscopy, optical trapping of particles, quantum entangle-
ment, optical communication and many more [16, 114–116]. Besides conventional scalar
beams, which have uniform distribution of polarization i.e. linear, circular or elliptic polar-
ization, other unconventional beams also exist. Among these unconventional beams, one
peculiar type consists of “vector beams”, which possess a spatially varying or non-uniform
polarization. Vector beams have aroused a lot of curiosity in the last few decades as the
non-uniform polarization in vector beams gives them a special attribute for utilization in
several applications for instance for tight focusing [114, 117], high-resolution imaging [118,
119], high-precision sensing [120], high-quality machining [121] and in many other key ap-
plications [9, 115].

The advent of lasers also brought plethora of quite complex spatial modes. The most
familiar of all are the Hermite-Gauss and Laguerre-Gauss families of beams, which are wave
equation solutions in Cartesian and cylindrical coordinates respectively. These two families
of beams are the scalar solutions of the paraxial wave equation, thus all the beams generated
are scalar beams i.e. with uniform polarization distribution. It has been demonstrated via π
mode converters (a pair of afocal cylindrical lens) that Hermite-Gauss and Laguerre-Gauss
beams can be converted into each other as both of them form a complete set of functions,
thus they can be easily expressed in terms of each other [122–124]. The earliest vector
beams demonstrated, which had non-uniform polarization in their �eld are constructed
from a non-separable superposition of spatial and polarization modes. The super-imposing
of two spatial modes (from either Hermite-Gauss or Laguerre-Gauss families of beams)
with orthogonal polarization results into a vector beam [115]. One can write a general
expression representing the super-position of two Laguerre-Gaussian beams as follows:

Uθ,χ(p1, l1, p2, l2) = (LGl1
p1
eiθêR cosχ+ LGl2

p2
e−iθêL sinχ), (1.13)

here êR and êL denote the right and left circular polarization states. These can be expressed
in terms of linear polarization states along x and y axis (êx and êy respectively) as below:

êR =
1√
2

(êx − iêy), (1.14)

êL =
1√
2

(êx + iêy). (1.15)

For the discussion below, superposition of LG modes with equal amplitudes is considered
thus χ = π/4. In order to generate �rst order vector beams such as radial and azimuthal
vector beams, one needs to keep p1 = p2 = 0. A radial vector mode is obtained by keeping
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θ = 0,χ = π/4 and p1 = 0, l1 = 1, p2 = 0, l2 = −1. It is shown in Fig. 1.6(a1)-(a3). The
radial vector beam has an intensity distribution of a single ring with polarization vectors
pointing radially outwards with the azimuthal angle (see Fig. 1.6(a3)). The relative phase
di�erence ∆φ = φy − φx i.e the phase di�erence between the y− and x−components is
also shown for this radial vector mode in Fig. 1.6(a2). It can be observed that ∆φ only
takes values of 0° (gray colour) or 180° (black colour) indicating the presence of only lin-
ear polarization. The linear polarization direction relative to the x-axis is de�ned by an
angle θ, which is given as the ratio of the y− and x−components of the �eld via the re-
lation θ = arctan [(|Uy|/|Ux|) expi(φy−φx)]. The value of angle θ giving the direction of
linear polarization matches with the azimuthal angle for the radial vector beam (see Fig.
1.6(a3)). This was the �rst vector beam that attracted interest among the research com-
munity due to its ability of producing a tighter waist [125–127], which could be utilized
for optical tweezing. The other aspect was that upon focusing a longitudinal component
of the electric �eld appears, which could be utilized for acceleration of electrons or other
charged particles [128]. Azimuthal vector beams with polarization vectors such that they
are always tangential to the ring of the mode are obtained by having θ = π/2,χ = π/4 and
p1 = 0, l1 = 1, p2 = 0, l2 = −1 (see Fig. 1.6(b1)-(b3)). Again it can be observed that ∆φ
only takes values of 0° (gray colour) or 180° (black colour) indicating the presence of only
linear polarization (see Fig. 1.6(b2)). Also, the value of angle θ giving linear polarization
direction di�ers by 90° with the azimuthal angle in a way that each point on the ring has
tangential direction of the linear polarization. Radial and azimuthal vector beams are cate-
gorized within the cylindrically symmetric vector beams as the polarization distribution in
them follows such a symmetry [114, 115]. Radial and azimuthal vector beams are the most

Figure 1.6 – Generation of �rst order vector beams by superposition of two zero order Laguerre-
Gaussian beam according to Eq. (1.13). First row:[(a1)-(a3)] corresponds to the radial polarization
mode while second row:[(b2)-(b3)] corresponds to the azimuthal polarization mode. Intensity, rel-
ative phase and linear polarization distribution are shown in the �rst,second and third column re-
spectively.

common and ubiquitously deployed beams. However, one can generate more exotic vector
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beams by using higher order spatial modes. Such higher order vector modes constructed
from a super-position of two Laguerre-Gaussian modes with polarization states are shown
in the Fig. 1.7. By considering p 6= 0, as expected one gets a series of p+1 concentric rings of
alternating opposite absolute phases. The case in Fig. 1.7(a1)-(a3) is a higher order analogue
of radial vector beams and similarly the case in Fig. 1.7(b1)-(b3) represents a higher order
analogue of azimuthal vector beams. As can be observed that the polarization distribution
is the same on both the rings of these higher order modes. The case in Fig. 1.7(c1)-(c3)
considers l1 = 2, l2 = −2 and since phase advances l times in comparison with circular
polarization states, the polarization distribution is no longer radial anymore on both rings.
Finally, the case in Fig. 1.7(d1)-(d3) considers a fundamental LG mode (p1 = 0, l1 = 0)
superposed with an LG mode having p2 = 0, l2 = 2. This superposition results in a vector
beam where the polarization state varies along the radial coordinate (see Fig. 1.7(d2)-(d3)).
There is a certain position along the radial distance, below which fundamental mode has
higher amplitude and above which the other has higher amplitude. At exactly this radial
distance one gets a linear polarization (black and white colour in Fig. 1.7(d2)), thus if one
move inward from this radial position the polarization state become elliptical but this ellip-
ticity increases such that at the center there is left circular polarization state (brown colour
in Fig. 1.7(d2)). Similarly, if one moves outwards from that radial position the polarization
state changes to elliptical and the ellipticity increases towards circular until the polariza-
tion state becomes right circular polarization at r = ∞ (blue colour with ∆φ = 90° in
Fig. 1.7(d2)). Hence this beam contains all the states of polarization and it is termed as
“full-Poincaré beam” [129, 130].

Figure 1.7 – Superposition of Laguerre-Gaussian modes and circular polarization states by keeping
relative amplitude χ and phase 2θ respectively. Intensity (�rst row), relative phase (second row) and
polarization distribution (third row) are shown with values of the various parameters mentioned on
top of each column.
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Numerous experimental methods exists to generate vector beams including but not lim-
ited to free-space and optical �ber propagation, inside a laser cavity via utilizing intra-cavity
elements, by displaying computer generated holograms on SLMs, naturally via birefringent
crystals and plenty of others [6, 9]. Many detailed reviews and textbooks on the generation
techniques of vector beams have been written and the interested reader is referred to them
[6, 9, 17, 105, 114, 115, 131]. The most common methods in free space includes a Mach-
Zehnder interferometer, where in both arms an optical element (such as dove prisms or
spiral phase plates) is utilized to encode the spatial modes which are then superimposed on
the output of the interferometer. There also exists some direct methods for conversion into
radially or azimuthally polarized beams. Such direct con�gurations employ a waveplate di-
vided into four sectors, with each sector converting the linearly polarized input beam into
a corresponding radially outward polarization state. In this con�guration, commercially
available liquid crystal retarders are available as well, which provide a customized rotation
of the polarization. Finally, the advent of spatial light modulators (SLMs), which possess the
ability to modify the amplitude, phase and polarization of the beams, have opened a whole
new dimension to generate all sorts of complex vectorial optical �elds. An SLM is based
on a translucent or re�ective liquid crystal display and their versatility comes from the fact
that both spatial modes can be encoded. Thus the required vector modes are adequately
collected after di�raction or re�ection from the SLM display. The limitation of SLM comes
from a fact that the di�raction or re�ection e�ciencies are dependent on the orientation of
the polarization [105, 114]. It is pertinent to mention here that interferometric techniques
require a precise phase control. For instance the two situations in Fig. 1.6 and the �rst two
columns of Fig. 1.7 di�er only by a π/2 relative phase shift between the LG beams.

Finally, the vector beams can be generated via the birefringent crystals, which are at the
heart of my thesis. It has been shown via two methods [132], that internal conical di�raction
(CD) beam can be used to generate a radially polarized beam by passing the CD beam in a
certain con�guration of an interferometer. Biaxial crystals (BCs) have high optical quality
thus the radially polarized beams generated by this method have high �delity. It has also
been demonstrated that uniaxial crystals can also be utilized for spatial engineering of beam
shapes and polarization in a mono and polychromatic light beams [133].

The simplest method of detection and identi�cation of vector beams involves the pro-
jection of polarization states via an analyser (linear polarizer). The transmitted beam mode
possess intensity nodes and the rotation of these intensity nodes with the rotation of anal-
yser can give an idea of the distribution of the polarization inside the mode and hence the
mode is easily identi�ed. The polarization of higher order complex modes can be deter-
mined via a spatial light modulator. Poincaré sphere is used to represent all the possible
polarization states of light beams. In addition to that a higher order Poincaré sphere can
be constructed as discussed in [134], to represent higher order states of polarization of vec-
tor vortex beams, including the above discussed radially and azimuthally polarized vector
beams as well as other exotic vector beams.
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1.3 Perspectives for applications of structured light

Recently, a lot of attention is given to the fundamental investigation on structured light
as its true potential has been demonstrated in applications as diverse as quantum infor-
mation processing, metrology, communication, optical trapping, super-resolution imaging,
material processing and several others [1, 135, 136]. These application prospects have only
come up with the ability to tailor or structure light beyond the two-dimensional transverse
�elds to four-dimensional structured light or even from the linear regime to include also the
nonlinear light matter interactions of structured light [2]. The explosion in research in this
�eld of structured light is partly owned by invention of devices such as liquid crystal spa-
tial light modulators (SLM), digital micro-mirror devices and other elements like geometric
phase plates etc. However, the research for generating structured light from conventional
approaches have also thrilled to an extent that beams with desired intensity, phase and
polarization distributions are generated readily in laboratories for fundamental or applied
purposes.

Structured light has already demonstrated a profound impact across various disciplines,
as evidenced by the 2014 Nobel Prize in Chemistry [137]. Therefore, when considering the
future prospects of structured light, it is evident that there is considerable progress yet to
unfold in this captivating �eld. This progress may manifest in fundamental aspects such as
singularities in light �elds, interactions between phase or polarization structured light and
matter, the application of structured �elds for micro-level optical trapping or optical tweez-
ers, holographic shaping of light enabling the generation of intricate light �elds applicable
from classical to quantum physics, polarization-tailored light leading to strong electric �eld
con�nement and intriguing phenomena at the nano-scale, imaging or microscopy employ-
ing structured light for broader spectral coverage and enhanced time resolution compared
to single-pixel detectors, advancements in metrology facilitating e�cient measurements in
�uid dynamics, remote sensing, optical activity of chiral molecules, and thin �lm measure-
ments, the development of atomtronics devices aiming to establish analogous systems of
electronic devices in super�uid systems, and the realm of quantum information processing
where structured light holds the potential for quantum computations in higher dimensions.
Additionally, structured light is poised to contribute to classical optical communication sys-
tems by leveraging its unique characteristics. The discussion is limited here for brevity but
the new avenues of research for fundamental and application oriented prospects of struc-
tured light has just started [1, 3, 104].
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Chapter 2

Optically anisotropic materials

An optically anisotropic material is a medium whose optical properties are a function of the
polarization of light and eventually of the propagation direction. In most cases such mate-
rials are crystalline in nature and the branch of optics dealing with them is called “Crystal
Optics”. Indeed crystals can exhibit interesting optical phenomena upon propagation of
electromagnetic waves through them, such as double refraction, conical di�raction (CD),
optical activity and so on. The Danish scientist E. Bartholin observed the phenomena of
double refraction in 1669 in a crystal of Iceland spar (Calcite), this is considered as the start
of the �eld of crystal optics. There also exists crystals, which are anisotropic as well as
nonlinear in their response to the e�ect of applying electric �eld, magnetic �eld, mechan-
ical stress or sound waves, thus giving rise to a whole sub-�eld of investigations namely
electro-optics, magneto-optics, acousto-optics, nonlinear optics, photorefractivity, etc. This
rich potential of linear and nonlinear anisotropic crystals has been thoroughly investigated
and implemented in the last century for making novel optical devices. This thesis is con-
cerned with one of the peculiar phenomena that happens in anisotropic biaxial crystal. Thus
in this chapter I give �rst a brief introduction to crystal optics, followed by the discussion
on the propagation of electromagnetic waves through anisotropic crystals and brie�y ex-
plain some curious optical e�ects in anisotropic crystals. I also introduce brie�y nonlinear
photorefractive e�ect which is most often encountered in non-centrosymmetric crystals
possessing also an optical anisotropy. This is in view of the treatment of the photorefrac-
tive holographic recording of CD waves that will be presented in chapter 6.
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2.1 Preliminaries of electrodynamics

The Maxwell’s equation in their di�erential form can be written as [138, 139]

∇ ·D = ρ, (2.1)
∇ ·B = 0, (2.2)

∇× E = −∂B
∂t

, (2.3)

∇×H = J +
∂D

∂t
. (2.4)

In these equations, E and H represent the electric �eld vector and magnetic �eld vector
of the wave respectively. The e�ect of this �eld on the material requires the introduction of
D and B, which represent the electric displacement and magnetic induction, respectively.
J and ρ represents the electric current density and electric charge density respectively. The
propagation of electromagnetic waves can be fully described with the above four Maxwell’s
equations. Besides these coupled di�erential equations, to describe the e�ect of the �eld on
the material media, there are constitutive equations expressed as

D = ε0E + P = ε0
←→ε · E, (2.5)

B = µ0H + µ0M = µ0
←→µ ·H, (2.6)

J =←→σ · E. (2.7)

Again here←→ε and←→µ are second rank tensors, known as dielectric tensor (or permit-
tivity tensor) and permeability tensor, respectively. While σ represents the conductivity of
the medium. P and M represent the electric polarization and the magnetization respec-
tively. ε0 and µ0 represent the permittivity and permeability of the vacuum respectively.
By assuming charge free or current free medium (perfect dielectric) leads to ρ = 0 and also
consideration of non-magnetic medium would imply that µ = 1. In an isotropic medium,
←→ε and←→µ reduce to scalars. Also in most of the cases←→ε and←→µ are independent of the
�eld strengths but under the presence of strong �eld strengths their dependence on the
�eld becomes signi�cant. In such cases the induced polarization is written as below,

P(ω) = ε0
←→χe (1)(ω) · E(ω) + ε0

←→χe (2)(ω) · E2(ω) + ε0
←→χe (3)(ω) · E3(ω) + ..., (2.8)

where←→χe (n) are in general tensors of the n + 1 rank. The above equation implies that the
induced polarization in a material is not proportional to the electric �eld but it is rather
expressed in Taylor series expansion. The �rst term on the right correspond to the linear
response while the rest of the terms correspond to the nonlinear response of the material
in response to the electric �eld. The tensors ←→χe (n) in Eq. (2.8) are the nth order optical
susceptibilities of the medium. Thus there exits a classi�cation of nonlinear materials based
on their relation with higher powers of←→χe (n). The nonlinear response leads to interesting
optical e�ects such as crystals exhibiting a ←→χe (2) nonlinearity are utilized for parametric
nonlinear frequency conversion and those exhibiting a ←→χe (3) nonlinearity are exploited
for instance for their optical Kerr e�ect. Similarly, there are plenty of other optical e�ects1

1For a more profound discussion on nonlinear optical e�ects, the reader is referred to the textbooks in
Refs. [140, 141]
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regarding the refractive index changes in the crystal with the intensity of the incident light,
such as photorefractive e�ect [142] and many others. The photorefractive e�ect is discussed
brie�y in the last section of this chapter.

2.2 Dielectric tensor of an anisotropic medium

In an isotropic linear medium, the macroscopic relation between induced polarization and
the applied electric �eld involves a scalar quantity i.e. P = ε0χE. Here χ is the scalar
electric susceptibility and independent of the applied �eld direction. In contrast for an
anisotropic medium, the induced polarization depends on the polarization of the applied
electromagnetic wave and the above relation is generalized to

Px = ε0(χ11Ex + χ12Ey + χ13Ez),

Py = ε0(χ21Ex + χ22Ey + χ23Ez), (2.9)
Pz = ε0(χ31Ex + χ32Ey + χ33Ez),

with←→χ being a second rank tensor. One can also write the constitutive relation between
the electric displacement vector D and electric �eld E guided by the dielectric response of
the crystal as below

Dx = ε0(ε11Ex + ε12Ey + ε13Ez)

Dy = ε0(ε21Ex + ε22Ey + ε23Ez) (2.10)
Dz = ε0(ε31Ex + ε32Ey + ε33Ez)

since D = ε0E + P, it follows from Eqs. (2.9) and (2.10) that

εij = (δij + χij). (2.11)

Thus the dielectric response of the material is also expressed by the second rank dielectric
tensor ←→ε and the values of its coe�cients are properties of the medium. The nine (3x3)
elements of this second rank tensor depends on the choice of coordinates - x,y & z. In loss-
less and non optically active materials the dielectric tensor is real and symmetric (εij = εji)
and one can always choose a coordinate system aligned such that the o�-diagonal elements
vanish. Thus Eq. (2.10) becomes in this case



Dx

Dy

Dz


 = ε0



ε11 0 0,
0 ε22 0
0 0 ε33





Ex
Ey
Ez


 . (2.12)

The axes directions in such a coordinate system correspond to the principal dielectric axes
of the crystal. In tensor notation Eq. (2.10) can be written as

Di = ε0εijEj, (2.13)

where the Einstein summation rule over equal indices is followed2.
2Note that for all lossless media (eventually possessing optical activity), the dielectric tensor is hermitian

(εij = ε∗ij ) as a result of conservation of electromagnetic energy. Eventual losses are thus connected to the
non-hermitian components of the tensor [143].
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For a medium which is non-absorbing and non-optically active, the←→ε tensor is real and
symmetric, which also allows the diagonalization as in Eq. (2.12). Even in the case of lossless
medium, where the complex dielectric tensor is considered as opposed to a real, it turn out
that the dielectric tensor is hermitian i.e. εij = ε∗ij . In principle, it is the conservation of
electromagnetic energy that demands the dielectric tensor to be hermitian [143].

2.3 Plane-wave propagation in anisotropic medium

For an anisotropic crystal, in general there exists two eigenwaves for a particular direction
of propagation. Each of the two eigenwaves possess well de�ned phase velocity and po-
larization direction. A propagating wave corresponding to an eigenwave polarization will
retain its polarization as it propagates through the crystal. The expressions for these eigen-
polarizations and eigen-phase velocities are brie�y discussed below. Let’s consider �rst the
electric and magnetic �elds for a monochromatic plane wave of angular frequency ω

E = E0 e
i(k·r−ωt), (2.14)

H = H0 e
i(k·r−ωt) (2.15)

where k = (nω/c)k̂ is the wave-vector, with k̂ representing a unit vector in the propagation
direction. n represents the refractive indices to be determined. Substituting the above E
and H into the Maxwell’s equations (2.3) and (2.4), and applying the constitutive relations
(2.5) and (2.6) results in the following relationships,

k× E = −ωµ0µH, k×H = ωε0
←→ε · E.

By utilizing relations, c2 = 1
µ0ε0

and n2
i = µεi (with i = x, y, z) and then substituting the

value of H from the �rst equation into the second equation results into a wave equation
for the E-�eld,

k× (k× E) +
ω2

c2
n2
iE = 0. (2.16)

By expanding the �rst term in (2.16) with a vector triple product identity, it follows

(k · E)k− (k · k)E +
ω2

c2
n2
iE = 0, (2.17)

that is

(kxEx + kyEy + kzEz)(kxx̂+ kyŷ + kz ẑ)

− (k2
x + k2

y + k2
z)(Exx̂+ Eyŷ + Ez ẑ)

+
ω2

c2
n2
i (Exx̂+ Eyŷ + Ez ẑ) = 0. (2.18)

As each x, y and z component of Eq. (2.18) must be individually equal to zero, this leads to a
system of three homogeneous equations. By de�ning e�ective refractive index asn = kc/ω,
one can re-write the three homogenous equations in matrix notation as below,



n2
x − n2(k̂2

y + k̂2
z) n2k̂xk̂y n2k̂xk̂z

n2k̂yk̂x n2
y − n2(k̂2

x + k̂2
z) n2k̂yk̂z

n2k̂zk̂x n2k̂zk̂y n2
z − n2(k̂2

x + k̂2
y)






Ex
Ey
Ez


 = 0. (2.19)

24



Plane-wave propagation in anisotropic medium

A nontrivial solution (other than k = ω = 0 or other than E = 0) requires that the
determinant of the above matrix system should vanish,

det



n2
x − n2(k̂2

y + k̂2
z) n2k̂xk̂y n2k̂xk̂z

n2k̂yk̂x n2
y − n2(k̂2

x + k̂2
z) n2k̂yk̂z

n2k̂zk̂x n2k̂zk̂y n2
z − n2(k̂2

x + k̂2
y)


 = 0,

which simpli�es to the below expression,

(n2
x − n2)(n2

y − n2)(n2
z − n2) + n2[k2

x(n
2
y − n2)(n2

z − n2)

+ k2
y(n

2
x − n2)(n2

z − n2) + k2
z(n

2
x − n2)(n2

y − n2)] = 0 (2.20)

The terms in the 6th power of n in the above equation vanish because k̂2
x + k̂2

y + k̂2
z =

1. Equation (2.20) is thus a quadratic equation in n2, which explicitly implies that there
are two eigen modes for a given propagation direction k̂. Also, this leads to an implicit
relation between ω and k, which represents a three dimensional surface known as “wave
normal surface” (or wave surface). This wave normal surface in k space (momentum space)
is shown in the Fig. 2.1. It consists of two sheets of surface or in other words has two
shells, which in general can intersect each other at four points. These can be separated into
two pairs, with the points of a pair being on opposite sides of the surface. The two lines
that pass through the origin and join the two points on opposite side of the surfaces are
called the optic axes. A wave with a certain propagation direction would result into two k

Figure 2.1 – Wave normal surface of a biaxial crystal.

values, which correspond to the intersection points of the propagation direction with the
two sheets of the normal surface. Hence, in general for a wave incident on an anisotropic
medium along a certain propagation direction, it would result into two waves propagating
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with two di�erent phase velocities corresponding to mutually orthogonal polarizations. By
considering n 6= ni, one can rewrite Eq. (2.20) in a more familiar form given as,

k̂2
x

n2 − n2
x

+
k̂2
y

n2 − n2
y

+
k̂2
z

n2 − n2
z

=
1

n2
, (2.21)

or the equivalent homogeneous form [21]

k̂2
x

1
n2 − 1

n2
x

+
k̂2
y

1
n2 − 1

n2
y

+
k̂2
z

1
n2 − 1

n2
z

= 0. (2.22)

In the above equations, k̂i = ki
|k| and also k̂2

x + k̂2
y + k̂2

z = 1 . Equation (2.21) and (2.22) are
known as Fresnel’s equation of wave normals and can be solved for the values of the eigen-
phase velocities of the two waves. If E1 and E2 correspond to the electric �eld vectors
and D1 and D2 correspond to the electric displacement vectors of the n2

1 and n2
2 eigen-

waves respectively, then it can be shown from Maxwell equations that D1, D2, k̂ form an
orthogonal triad. Maxwell equations also imply the following two relations

D = −n
c
k̂ ×H (2.23)

H =
n

µc
k̂ × E (2.24)

thus H is perpendicular to D, E, and propagation direction k̂. Which implicitly implies that
D, E and k̂ are co-planar. In addition also the direction of energy �ow (Poynting vector
S = E × H) in anisotropic medium is non-collinear with propagation direction k̂. The
relative orientation of �eld vectors, wave vector and Poynting vector for an anisotropic
medium is shown in the Fig. 2.2. The walk-o� angle ρ can be zero for some special prop-

Figure 2.2 – General orientation of vectors in an optically anisotropic medium. The propagation
vector k is co-planar with electric displacement vector (D), electric �eld vector (E) and Poynting
vector (S). Also, D⊥k and E⊥S. ρ denotes the walk o� angle between k and S as well as between
E and D.

agation directions in the anisotropic medium. It is also important to mention here that
propagation along the principal planes and optic axis results into di�erent scenarios. For
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instance, propagation along the optic axis in a biaxial crystal would result into a singular
case i.e there is just one phase velocity corresponding to a single value of k. As the normal
surfaces are degenerate with conical region surrounding this direction, a beam propagat-
ing along this direction would spread out conically. Up to now, we have only established
that each direction k̂ is associated to two phase velocities (and two values of the refrac-
tive index), each corresponding to one of the two surfaces being the solution of Eq. (2.21)
and (2.22). Next we discuss the corresponding polarization directions (directions of vector
D) with the help of the geometrical method (optical indicatrix) as introduced in the next
section.

2.4 Optical indicatrix

Optical indicatrix (also known as index ellipsoid) is a geometrical construction for deter-
mining the direction of vibrations as well as phase velocities and eventually indirectly ray
velocities. The components of D at a particular energy density obey the relation

D2
x

εx
+
D2
y

εy
+
D2
z

εz
= C, (2.25)

where C = 2ε0Ue = ε0E · D = ε0EiεijEj . Here Ue represents the electric energy den-
sity for an anisotropic medium, which is assumed to be homogeneous, non-absorbing and
magnetically isotropic. By replacing Dx√

C
, Dy√
C

and Dz√
C

by x, y and z respectively, the above
equation becomes an equation of an ellipsoid

x2

εx
+
y2

εy
+
z2

εz
= 1. (2.26)

It can be observed that the semiaxes of this ellipsoid are square roots of the principal di-
electric constants and are parallel with the principal dielectric axes directions. For any
wave-normal direction in a crystal, the optical indicatrix can be used to determine the two
vibration directions of D as well as two indices of refraction corresponding to the two prop-
agating plane waves. This is done by performing the following steps: Finding the plane that
is perpendicular to the wave-normal direction k̂. The ellipse that is formed by the inter-
section curve of the plane with the ellipsoid surface, has principal semiaxes equal in length
to the two indices of refraction (n1 and n2 values) and the direction of these semiaxes cor-
respond to the two vibration directions (D1,2 directions). For the two eigenwaves, these
values of n1 and n2 also correspond to the solutions of the Fresnel equation of wave nor-
mals for the same k̂ direction (Eq. (2.21). The elliptical curve formed by the intersection of
that plane with the ellipsoid is shown in the Fig. 2.3. A rigorous veri�cation of this method
can be found in various textbooks as for instance in Born & wolf [21]. In summary, for a
wave propagating in an arbitrary direction k̂, there exist two linearly plane polarized prop-
agating waves with phase velocities ±c/n1 and ±c/n2 with n1 and n2 being solutions of
the Fresnel equation of wave normals. The surface ω(k̂) = constant also gives valuable
information of phase and group velocities, vp and vg, respectively. Both of them can be
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Figure 2.3 – Optical indicatrix and geometrical construction for determining the vibration directions
D1 and D2 as well as the n1 and n2 for the two eigenwaves associated to the propagation direction
k̂.

de�ned as below,

vp =
ω

k
k̂ (2.27)

vg = ∇kω(k) (2.28)

Also, the energy �ow is propagated at

ve =
S
Ue

(2.29)

Here S and Ue represent the Poynting vector and the electromagnetic energy density, re-
spectively. The above de�nition of group velocity states that it corresponds to a vector
perpendicular to the normal surface. It can be shown that vg = ve for a wave-packet in
an anisotropic medium and thus it also represents the energy transport in an anisotropic
medium [143].

2.5 Classi�cation of anisotropic crystals

In terms of their optical properties all crystalline materials can be classi�ed into three cat-
egories i.e. isotropic, uniaxial and biaxial crystals. The wave normal surface is based on

28



Classi�cation of anisotropic crystals

Table 2.1 – A Table showing the relation of optical symmetry with crystal systems and the corre-
sponding diagonal dielectric tensor in the coordinate system of the principle dielectric axes [143].

Optical 
Symmetry 

Crystal 
System 

Point 
Groups Dielectric Tensor 

Isotropic Cubic 

4"3𝑚 
432	
m3	
23	
m3m  

Uniaxial 

Tetragonal 

4	
4"	

4/m	
422	
4mm	
4"2m	

4/mmm 

 
Hexagonal 

6	
6"	

6/m	
622	
6mm	
6"m2	

6/mmm	

Trigonal 

3	
3"	
32	
3m	
3"m	

Biaxial 

Triclinic 1	
1"	

 

Monoclinic 
2	
m	
2/m	

Orthorhombic 
222	
2mm	
mmm	
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the values of the principal refractive indices. In the case, where all the three principal re-
fractive indices have di�erent values i.e. nx 6= ny 6= nz , such a material is called biaxial
crystal. The optical indicatrix for a biaxial crystal is an ellipsoid (triaxial) and there exists
two planes at the center of the ellipsoid for which the intersection curve of the plane and
the ellipsoid results into a circle. The directions corresponding to these planes represent
the two singular directions (optic axes) i.e. for any wave propagating in this direction pos-
sess same phase velocity for all the polarizations. As discussed earlier, the two sheets of
the wave normal surface for a biaxial crystal intersect at four points and two straight lines
passing through the center and joining two intersection points located diagonally opposite
to each other correspond to the optic axis direction. Fig 2.4(a) shows the cross-section of
the wave-normal surface in xz-plane for a biaxial crystal system with the assumption that
nx < ny < nz .

A biaxial crystal can be either monoclinic, orthorhombic or triclinic. In contrast if two
of the principal refractive indices are equal for instance i.e. nx = ny = no and nz = ne3, it
is a unixial crystal. In uniaxial crystals, the two refractive indices are termed as ordinary
and extraordinary (hence the subscript in no and ne). The optical indicatrix for a uniaxial
crystal is an ellipsoid of revolution and the two optic axis merge. The two sheets of wave

3Note that it is not always nz which is ne, even if most often so.
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normal surface in a uniaxial crystal intersect each other at only two point. For a crystal
with nz as the unique refractive index, these two points will be along the z-axis. Thus the
z-axis is the only optic axis for such uniaxial crystals. Fig 2.4 (b)-(c) shows the cross-section
of the wave-normal surface in xz-plane for a positive uniaxial and negative uniaxial crystal
systems. A uniaxial crystal belongs to either trigonal, tetragonal or hexagonal system. Also,
if ne > no the crystal is said to be positive uniaxial otherwise negative uniaxial (for ne <
no). Finally, if all the principal refractive indices in a crystal are equal i.e. nx = ny = nz ,
the material is optically isotropic. All the diametrical sections of the index ellipsoid are
circular and the wave normal surfaces degenerates to a sphere. Crystals belonging to the
cubic system show this property. It is apparent from the above discussion that the point
group symmetry of a crystal holds the information of its optical symmetry. For instance a
crystal belonging to a cubic system possess three physically equivalent axis and thus it is
optically isotropic. Table 2.1 relates the optical symmetry with crystal systems.

Figure 2.4 – The wave normal suface intersection with the xz-plane for the cases of (a) biaxial crystal
(b) positive uniaxial crystal (c) negative uniaxial crystal.

2.6 Double refraction

A basic phenomenon of double refraction that occurs at the interface of an anisotropic
medium is a consequence of the existence of the two eigenwaves discussed above. An inci-
dent plane wave on an anisotropic medium results into two refracted waves, which prop-
agate with di�erent phase velocities in general and eventually under di�erent directions.
For a uniaxial crystal, the refracted waves are composed of an ordinary and an extraordi-
nary wave. Let ki be the incident propagating wave vector and k1, k2 represents the wave
vectors of the refracted waves. The boundary conditions state that all wave vectors must
lie in the plane of incidence and the tangential component (k‖) of all wave vectors should
be identical. These are the properties of ki, k1 and k2 onto the interface. These boundary
conditions hold for refracted waves at any interface of an anisotropic medium including the
case where one of the two media is isotropic or both media are anisotropic4. An example is
shown schematically in Fig. 2.5, where the conservation of k‖ is clearly seen,

|ki| sin θi = |k1| sin θo = |k2| sin θe (2.30)

4Note that the conservation of the tangential component of the wave vector holds also for the re�ected
wave(s).
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Figure 2.5 – Double refraction at the interface of an anisotropic medium

The algebraic solution for θo and θe could require solving a quartic equation. Thus a
graphical method is always preferred. The Eq. (2.30) is nothing else than a generalized
Snell law. Indeed |k1| and |k2| depend on the direction of incident propagating wave vector
ki. For a uniaxial crystal, one of the shell of normal surface is a sphere while the other
shell is an ellipsoid of revolution. Thus the shell consisting of sphere leads to a constant
wave vector k for all possible propagation directions. This direction independent wave is
the ordinary wave and it obeys Snell’s law

ni sin θi = no sin θo (2.31)

Here ni represents incident medium refractive index and no represents ordinary refractive
index of the uniaxial crystal. The direction dependent wave corresponding to the ellip-
soid of revolution shell in the wave normal surface is called the extra-ordinary wave. The
expression for the extra-ordinary refractive index (ne) of a uniaxial crystal is given in the
next section. The next two sections discuss light propagation through uniaxial and biaxial
crystal.

2.7 Light propagation through uniaxial crystal

Quartz, calcite and lithium niobate are some of the familiar uniaxial crystals that have
been investigated thoroughly for utilization in many optical devices. The equation of index
ellipsoid reduces for a uniaxial crystal to

x2

n2
o

+
y2

n2
o

+
z2

n2
e

= 1. (2.32)
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We assume here nx = ny = no and nz = ne. By substituting these values into the Eq.
(2.20), two factors are obtained as below,

(n2
o − n2)

(
1

n2
−

(k2
x + k2

y)

n2
e

− k2
z

n2
o

)
= 0 (2.33)

In the above equation, the �rst factor corresponds to the sphere of the normal surface (ordi-
nary wave) while the second factor corresponds to the ellipsoid of the normal surface (extra-
ordinary wave). The sphere and ellipsoid have a one common point along z-direction. In
conclusion, the light propagating in a uniaxial crystal results into an ordinary and an ex-
traordinary wave travelling with phase velocities c/no and c/ne respectively. The phase
velocity for ordinary wave is independent of the propagation direction. The electric dis-
placement vector Do and electric �eld vector E0 for ordinary wave are always perpendicu-
lar to the wave propagation vector k. For an extraordinary wave, the electric displacement
vector De is perpendicular to the propagation direction (ke) but in general the electric �eld
vector Ee is not. Although Ee lies in the plane formed by the De and ke. Both Eo and Ee

are mutually orthogonal. The refractive index of the extraordinary wave can be deduced as

1

n2(θ)
=

cos2 θ

n2
o

+
sin2 θ

n2
e

. (2.34)

It can easily be seen that the refractive index of the extraordinary wave varies from being
n(θ) = no at θ = 0° to n(θ) = ne at θ = 90°.

2.8 Light propagation through biaxial crystal

The wave normal surface for a biaxial crystal is shown in the �gure 2.1. The simplest way
to investigate this surface is to visualize it’s intersection with the three coordinate planes
i.e. set kx = 0 for visualizing the kykz plane, set ky = 0 for visualizing kxkz plane and
set kz = 0 for visualizing kxky plane. These three planes are shown in Fig. 2.6. It can be

Figure 2.6 – Intersection of biaxial crystal wave normal surface with the three coordinate planes by
assuming nx < ny < nz . (a)kxky plane, (b)kxkz plane, (c)kzky plane.

observed that the intersection of the wave normal surface with the coordinate planes results

32



Light propagation through biaxial crystal

in the formation of a circle and an ellipse. The circle has a radius equal to niω/cwith i equal
to the coordinate set equal to zero (in the case where kx = 0, ni = nx) and the ellipse has
semi-axes equal to the njω/c and nkω/c, with j and k being the two remaining coordinates
(for instance nj = ny, nk = nz). The circle and ellipse intersect only (at four points) in
the plane kxkz , that is the plane associated with the intermediate refractive index for the
case nx < ny < nz . As already mentioned before, the line passing through the origin and
joining any of the two points is an optic axis. It can be observed that for a biaxial crystal
there are two such directions and hence the name “biaxial”.

Let’s consider wave propagating along a line OS in the coordinate plane formed by
ky = 0. It can be observed that the line intersects the wave normal surface at two points,
thus corresponding to two wave-vectors with lengths equal to the distance between origin
and intersection points (see Fig. 2.6(b)). The two modes corresponding to the circle and
ellipse are polarized perpendicular and parallel respectively to the coordinate plane ky = 0.
Generally, the wave propagation in any other direction or in any other coordinate plane
follows the similar behaviour, except the waves propagating along the optic axes directions.
It has been shown analytically that when the wave vector coincides with the optic axis
there exists in�nite number of Poynting vectors dictating the �ow of energy in the form
of a cone [143]. In this method by considering in�nite number of unit normal vectors (as
schematically depicted in Fig. 2.6(b)) perpendicular to the wave normal surface ω(k) in
the in�nitesimal neighbourhood around singular point, it is possible to show that the wave
normal surface is a cone around the singularity. More details on this analytical treatment
can be found in [143]. Alternative to this method, we present below a short geometric
explanation for a wave propagating along one of the optical axes of the biaxial crystal
and leading to the situation of conical di�raction. The interested reader to understand
the consequences of wave propagation in a general direction or in the principal planes of a
biaxial crystal is referred to [144], where a complete treatment is presented with expressions
for the �eld directions and walk-o� angles between the �elds.

2.8.1 Conical refraction/di�raction

The wave propagating along the optic axes direction possess a single phase velocity re-
gardless of the state of polarization. In biaxial crystals the two sheets of wave normal
surface cross in four points along the two optic axes directions, thus the electromagnetic
energy �ow represented by group velocity is unde�ned in this direction. The wave prop-
agating along this direction undergoes a peculiar refraction known as “conical refraction”
or “conical di�raction”, the e�ect at the origin of the investigations in this thesis. Here
we give a geometric argumentation that follows closely the one in [21], that explains why
the Poynting vectors distribute on a cone surface. We can assume that the optical axis is
in the xz-plane5. A propagation vector along one of the optic axes has therefore the form
k = (kx, 0, kz). Since k is always perpendicular to D, one can write

k ·D = 0 ⇒ kxDx + kzDz = 0. (2.35)

5This corresponds to the case where the middle refractive index is associated to the y-direction of polar-
ization.
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Equation (2.35) de�nes a plane Π, which contains all the possible D vectors and is perpen-
dicular to the propagation vector k (see Fig. 2.7). Also D = ε0

←→ε · E thus

ε0(k · ←→ε · E) = 0

kxεxEx + kzεzEz = 0. (2.36)

Equation (2.36) de�nes a second plane Λ, which contains all the E vectors. This plane is
perpendicular to the vector S0 = (kxεx, 0, kzεz), which points in the direction of a possible
Poynting vector S (the one with the maximum walk-o� with k). We place the origin O of
the reference frame on the plane Λ. The lines passing throughO and containing the electric
�eld vector E cross the plane Π in points P lying on the straight line AB (A and B go to
in�nity) representing the intersection of the planes Π and Λ. As we have discussed in Sect.

Figure 2.7 – Geometrical origin of conical di�raction phenomena happening in a biaxial crystal.
Illustration of �eld vectors directions as the wave vector propagates along the optic axis of the
biaxial crystal.

2.3, the Poynting vector S is co-planar with k, D and E but also perpendicular to E. Let’s
call K the point of intersection of the k vector direction (starting at O) with the plane Π.
For a given direction of E in Λ the corresponding point of intersection of the vector S is S.
It is easy to see that the triangles OKS and OKP are similar thus

KS

OK
=
OK

KP
⇒ KS ·KP = constant. (2.37)

As the locus of P is a straight line AB, thus the locus of S is the inverse of AB which
means it is a circle containing point K as center of inversion and a circle has tangents in
every direction. The conclusion is that there exists an in�nite number of Poynting vectors
S (intersecting the plane Π in all points S on the circle in Fig. 2.7). The Poynting vectors are
thus on the surface of a cone with circular base that contains the direction of the k vector.
As the foot of the perpendicular from O to the Π plane does not pass through the center of
the circle, thus the cone is slanted. By considering S, k and E to be in xz-plane, it is also
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possible to determine easily the half-aperture angle of this cone as below [21],

α ∼=
1

2ngnp

√
(n2

g − n2
m)(n2

m − n2
p). (2.38)

Here ng,nm and np represent the three main refractive indices with ng > nm > np.

2.9 Optical Activity

“Optical Activity” refers to the phenomena by which some crystals rotate the plane of polar-
ization of a linearly polarized light passing through them6. It was �rst observed in Quartz.
Fresnel explained in 1825 that circular birefringence (a di�erent refractive index for right
and left circular polarized light) gives rise to optical activity. The eigenwaves in this case
are right and left circular polarization. The magnitude of rotation is proportional to prop-
agation distance in that medium. Thus, the speci�c rotatory power is measured as the
amount of rotation per unit length. A crystal is called dextrorotatory (right handed) and
levorotatory (left handed), if the sense of rotation of the plane of polarization is counter-
clockwise and clockwise, respectively. It is important to mention here that optical activity
in itself provides an extremely sensitive method of quantitatively determining circular bire-
fringence [109, 143, 145]. The speci�c rotatory power is expressed as below,

ρ =
π

λ
(nl − nr) (2.39)

The above equation implies that if nl > nr then the optical rotation is counterclockwise
(right handed) otherwise clockwise (left handed) as viewed by an observer facing the ap-
proaching light beam. Thus the circularly polarized wave with greater phase velocity dic-
tates the rotation sense of the plane of polarization. Quartz and certain other materials,
which possess a helical molecular structure show optical activity. As the origin of this opti-
cal activity is the induced dipole moment of the helical molecule resulting via the changing
magnetic �ux through it. To include the existence of optical activity, the displacement vec-
tor D involves an additional contribution in a direction perpendicular to E �eld

D = ε0εE + iε0G× E. (2.40)

Here G = (gijkikj/k
2
0)k̂ is called the gyration vector and it is parallel to the propagation

direction. gij represent the matrix elements of the gyration tensor and they describe the
optical activity of the corresponding crystal. The gyration tensor is symmetric with only
six independent components and some of which disappear due to crystal symmetry. Here
it is worth to mention that centrosymmetric crystal cannot be optically active. The vector
product G× E can be re-written as below,

G× E =




0 −Gz Gy

Gz 0 −Gx

−Gy Gx 0





Ex
Ey
Ez


 = [

←→
G ] · E. (2.41)

6Optical activity is a manifestation of spatial dispersion in the medium.
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The [
←→
G ] is an antisymmetric tensor. Now it’s convenient to de�ne an e�ective dielectric

tensor as follow,
←→ε ′ = ε0(←→ε + i[

←→
G ]) (2.42)

Thus
D =←→ε ′ · E (2.43)

Hence, this allows for solving the wave equation for the determination of eigen polariza-
tions of propagation and two [

←→
G ] dependent corresponding refractive indices. It is perti-

nent to mention here that for directions where the waves experience a linear birefringence,
this usually dominates over the optical activity and the eigenwaves are practically always
linearly polarized or very weakly elliptical. Only for crystals lacking birefringence or for
corresponding speci�c directions the optical activity is really relevant.

2.10 Nonlinear photorefractive crystals

Photorefractive (PR) crystals are those which possess the properties of being electro-optic
and photoconductive at the same time. An electro-optic material shows changes in its
refractive indices by the application of an external electric �eld, a phenomena termed as
Pockel’s e�ect, when the change is linear to the applied electric �eld. Whereas a photo-
conductive material has the ability to generate mobile charge carriers upon light excitation
at certain wavelengths. The movement of these charge carriers could be by di�usion, by a
drift under the action of an electric �eld and in some cases, due to an internal asymmetry
associated to a photovoltaic e�ect. Photorefractive crystals besides being electro-optic and
photoconductive are also in most cases anisotropic (either with or without the presence
of an externally applied electric �eld) in addition of being piezo-electric, elasto-optic, and
optically active among other interesting properties [142, 146, 147].

Even though photorefraction is a nonlinear e�ect, we introduce it in this chapter on
optically anisotropic materials because most PR crystals are anisotropic. However, some
isotropic (but non-centrosymmetric) PR crystals do exist. In a photorefractive material, a
spatially modulated intensity of light created by the interference of two coherent beams
can excite electrons and/or holes from photoactive centers (donor and acceptor states or
localized states inside forbidden energy bandgap) to the conduction band (CB) and/or the
valence band (VB), respectively. These charge carriers (electrons and holes) upon reaching
the extended states (CB and VB) have the ability to di�use away due to the presence of
di�usion gradient or can also experience an electric drift due to the application of an ex-
ternally applied electric �eld. They are then retrapped after drifting an average distance of
LD (via di�usion gradient) or LE (via external applied electric �eld). In the following they
can eventually be excited again out of the traps. This process of retrapping and excitation
continues and leads to the accumulation of charges in the less illuminated region, while
the more illuminated region accumulates oppositely charged carriers. This spatial modu-
lation of charges is responsible for creating a space charge �eld, which in turn spatially
modify the refractive index via the electro-optic e�ect. As the space charge �eld continues
to build-up, it also starts counteracting the di�usion process, until an equilibrium between
the space charge �eld and charges carriers motion is achieved. It is evident from the above
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discussion that the space charge �eld is able to build up thanks to the presence of local-
ized states (or defects) inside the band gap of the photorefractive material. These defects
could be intrinsic or extrinsic, which implies that in the former case they appear due to the
growing process and in the later case they are created by intentional doping with certain
materials [142, 146].

An interference of coherent laser beams can generate modulated sinusoidal intensity
patterns with spatial periods of the order of the recording wavelength, thus generating
large di�usion gradients and enabling space charge �elds of a few kV/cm, which conse-
quently results in the observation of relatively large refractive index changes. It is also
pertinent to mention here that the photons in the recording wavelengths should merely
be energetic enough to excite charge carriers from the localized states but not from VB to
CB7. Thus the material stays transparent to the radiation enabling recording in the whole
volume of the crystal. Also, the recording beams can be di�racted in real time from the
refractive index variations created by themselves. A time constant with dependence on
dielectric relaxation time (τ ∝ 1/σ, here σ represents the conductivity) among other pa-
rameters characterizes the charge carrier transport and hence the build-up of space-charge
modulation. Since holographic build-up and conductivity are related, it is possible to de-
termine the conductivity of a material by studying the holographic build-up and decay.

It needs to be pointed out here that some samples exhibit behaviour which could be un-
derstood by simple models such as the one-center/two-valence/one-charge-carrier model.
However, there are other photorefractive materials exhibiting more complex behaviour,
such as a coexistence of shallow and deep traps or photochromic e�ects 8 and even electron-
hole competition. In such cases a quantitative analysis is more complex. Electron and hole
participation in this process depends on the applied external electric �eld, concentration of
donor and acceptor states, their corresponding cross-sections for the incident light wave-
length as well as their mobilities in the CB and VB, respectively. Here the objective of the
discussion is to give a rapid summary of the photorefractive process. Deeper details can be
found in references [142, 146].

2.10.1 Refractive index modulation via electro-optic e�ect

The photorefractive space-charge �eld modulation generates a refractive index modulation
via the linear electro-optic e�ect. The indicatrix equation (2.26) represents an ellipsoid in
the principal coordinate system and its expression can be given in the general form ([149]),

Bijxixj = 1 with Bij =
1

εij
. (2.44)

The electro-optic e�ect describes the (small) changes induced in the refractive index by an
electric �eld and is described by a third-order electro-optic tensor rijk that modi�es the

7Interband photorefraction using photons exceeding the bandgap energy is possible and gives rise to PR
gratings limited to a thin layer near the material surface but having a much faster response time [148].

8Materials exhibiting photochromic e�ects require two-center model with shallow traps. As they can’t be
explained by the one-center/two-valence model
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tensor Bij according to
∆Bij = rijkEk (2.45)

Due to the symmetry of the Bij tensor (Bij = Bji), it follows immediately that rijk = rjik.
This symmetry is often used to reduce the number of indices in the electro-optic tensor to
two rijk ⇒ rmk with m = 1, 2, ..6 values relates to the ij indices values

m 1 2 3 4 5 6
ij 11 22 33 23,32 13,31 12,21

This allows to represent the electro-optic relation in the reduced form



∆B1

∆B2

∆B3

...
∆B6




=




r11 r12 r13

r21 r22 r23

r31 r32 r33

... ... ...
r61 r62 r63






E1

E2

E3


 . (2.46)

Note that the number of non-vanishing elements in rijk (or rmk) depends on the symmetry
(point group) of the crystalline lattice. The higher the symmetry the smaller the number of
non-zero independent elements. The above expression describes the electro-optic response
for a homogeneous electric �eld and for a crystal being free to move. The corresponding
electro-optic tensor is called the unclamped electro-optic tensor. For photorefraction the
use of this tensor represents only an approximation. Indeed, in a photorefractive exper-
iments the space charge electric �eld is generally periodic in space and the electro-optic
response is neither unclamped nor clamped, but partially clamped. In this case this re-
sponse is signi�cantly more complex and its full description involves the knowledge of the
clamped electro-optic coe�cients, and of the elastic, elasto-optic and piezo-electric prop-
erties of the crystal. The interested reader is referred to the reference [150].

2.10.2 Holographic recording

Photorefractive materials are an excellent choice for holographic recording as they possess
good advantages such as reversibility, real-time recording with in�nite number of recording
and erasure cycles and very high spatial resolution of the recorded holograms. Above all the
recording is done for the illuminated light patterns and is independent from the irradiance
and total energy. Thus allowing the interesting perspective of recording holograms with
low levels of irradiance. A schematic setup used for holographic recording and readout is
shown in Fig. 2.8 and is explained brie�y in the caption.

The holographic recording and read-out process is qualitatively depicted in Fig. 2.9.
Firstly, as described above two interfering beams of wavelength λ inside the crystal gen-
erate a pattern of fringes9, which enables excitation of electrons (electrons are considered
just for the sake of simplicity) from the localized states (photoactive centers) to the CB.
These electrons upon reaching CB, di�use along their di�usion gradient direction with a

9The fringe spacing is Λ = λ
2 sin θ .

38



Nonlinear photorefractive crystals

Figure 2.8 – Holographic setup for recording and read-out of phase volume holograms created by
the interference of two beams. A laser beam is split into two beams via a beams splitter and both the
beams are made to interfere at an angle 2θ generating a sinusoidal intensity pattern in the volume
inside the photorefractive crystal. The optical shutters can be placed in both arms to block either of
them and read-out from the other. Typically the read-out gives rise to a progressive erasure of the
hologram, which can be further accelerated by shining additional spatially homogeneous light on
the crystal.

characteristic di�usion length of LD =
√
Dτ , where D and τ are the di�usion constant10

and the average excited lifetime of the charge carriers respectively. As already mentioned,
the electrons are free and can be re-trapped, re-excited and re-trapped again several times.
This leads to a generation of spatially modulated distribution of charges, i.e. the positive
charges are accumulated in the brighter region and negative charges in the darker regions
of the light fringe pattern. This spatial modulation of charges results in the generation of
an associated space-charge �eld. It is important to mention here that the space-charge �eld
modulation and the charges modulation are generally π/2 phase shifted with respect to
each other due to Poisson’s equation that relates charge and electric �eld. Also, if there is
additionally an externally applied electric �eld there is an electron drift in addition to the
di�usion gradient, what has the consequence that the charge modulation is no longer in-
phase with the incident light pattern. Finally, a photorefractive material being electro-optic
as well helps to produce an in phase index of refraction modulation from the space-charge
�eld modulation. This refractive index modulation representing a hologram or “phase vol-
ume grating” is either in phase or in antiphase with the space charge �eld. In the simplest
approximation the di�raction e�ciency η of such a volume phase grating can be expressed

10It refers to the rate of di�usion, which in turn depends on how fast the charge carrier move and on the
spatial distance between their scattering events. It is measured in cm2/s.
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Figure 2.9 – Scheme of holographic recording process in a photorefractive crystal in the absence of
any externally applied electric �eld. Firstly the interference of two coherent beams inside photore-
fractive crystal creates dark and bright fringes (see w(x)). This results in the excitation of electrons
(holes) from the illuminated regions to the conduction band (valence band). After some time, due to
the di�usion gradient, a spatial charge modulation is created (ρ(x)), which results in a modulated
space-charge electric �eld (E(x)). The space charge �eld modulation enables a corresponding re-
fractive index modulation (∆n(x)) via the electro-optic e�ect. The resulting phase volume grating
can be read-out by either of the interfering beams or by a third beam at another wavelength arriving
under the appropriate Bragg angle. The recorded grating is generally gradually erased during the
read-out process and after some time only the transmitted beam persists. The whole process can be
re-done an in�nite number of times.

by Kogelnik’s formula [151]

η = sin2

[
πn1d

λ cos θ

]
, (2.47)
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where
n1 = −(n3/2)reffEsc. (2.48)

Here reff represents the e�ective electro-optic coe�cient in the given con�guration, Esc
represents the amplitude of space-charge �eld modulation, n is the average undisturbed
refractive index and d is the interaction distance inside the crystal. Equation (2.47) for
calculating di�raction e�ciency assumes that the refractive modulation along the sample
thickness is uniform. This approximation works well for samples with low di�raction ef-
�ciencies and where there is very little energy exchange involved between the interfering
beams as they propagate along the sample thickness.

2.10.3 Two-wave mixing

As mentioned above, the refractive index grating is generally out-of-phase with respect
to the intensity fringes. The phase shift is π/2 in the case where di�usion is the domi-
nant charge transport mechanism. Under these conditions coupled wave theory predicts
that the two interfering beams will exchange energy as they propagate through the grating
they themselves generate. Let’s distinguish the two interfering beams as a pump and a sig-
nal beam. Importantly, whether the pump ampli�es or deampli�es the signal beam depends
on the propagation direction of the interfering beams as well as on the crystal orientation
and on whether electrons or holes are the dominant moving carrier. The two-wave mix-
ing e�ect is analogous to an ampli�er in electronic circuits. Importantly, two-wave mixing
is a relative phenomenon, meaning that the light coupling modi�es on its turn the grat-
ing recording beams, which modi�es again the grating, and so on in a rather complicated
feedback process. Two-wave mixing will be discussed together with grating di�raction in
Chapter 6, where we will present photorefractive holography of CD beams.

2.10.4 Four-wave mixing

In a two-wave mixing phenomena, due to the presence of feedback mechanism between the
interfering beams and the nonlinear material, the phase and amplitude of the interfering
beams is coupled and thus it can be modi�ed. In a similar fashion, one can mix four waves
of same frequency to perform “degenerate four-wave mixing” (DFWM) (see Fig. 2.10). In
DFWM two mutually coherent interfering beams (S and R) create a real time hologram
inside the medium. If a strong pump beam P with similar wavefront as R but incoherent to
R is injected in opposite direction, this wave is di�racted by the hologram to create a con-
jugate S∗ beam travelling in opposite direction to S. The wave S∗ reproduces the wavefront
S as it was travelling back in time and the whole system behaves like a “phase conjugate
mirror”. This mechanism is schematically shown in Fig. 2.10.
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Figure 2.10 – Degenerate four-wave mixing phenomena in photorefractive materials. Two inter-
fering beams S and R are used to generate a phase volume grating inside the material and a high
intensity pump beam P travelling in the opposite direction to R di�racts to create a conjugate beam
S∗ [146].
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Chapter 3

Conical diffraction: theory and fun-
damental aspects

In this chapter, the phenomena of conical di�raction (CD) is discussed in detail. Thus,
besides a short introductory discussion on the history of the phenomena, a brief review of
the di�ractive theory of CD in paraxial regime is presented both for a single biaxial crystal
and for a cascade ofN biaxial crystals. This is followed by a discussion of the main features
characterising conical di�raction, which have been observed in recent years [18, 20, 24, 30,
39, 152–155]. The last section is devoted to the overview of the recent developments and
applications that have emerged in the investigations of CD.

3.1 History of conical di�raction phenomenon

In this section, the major milestones achieved in the exploration of the conical di�rac-
tion phenomenon, since its prediction almost 200 years ago by Hamilton are brie�y dis-
cussed. Hamiltion’s prediction dates in 1832 [156] and the �rst experimental observation
came soon after by Lloyd in 1833 [157, 158]. Hamilton realized that the propagation of a
bundle of rays along the optic axis direction of an anisotropic biaxial crystal should result in
a slanted light cone inside the crystal and emerge as hollow cylinder of light. Hamilton also
thought of another solution, in which a light cone propagates as pencil of light inside the
crystal and emerges as light cone. These two peculiar singular propagation of waves were
termed as “Internal Conical Di�raction” and “External Conical Di�raction” [156], respec-
tively. Hamilton convinced Lloyd to investigate these two phenomena, who successfully
observed experimentally both the internal and external conical di�raction phenomena in
an aragonite biaxial crystal. The prediction by Hamilton and observation by Lloyd was
certainly not the last words on CD phenomena. A few years later in 1839 Poggendor� used
�re lamp as a light source and found that there are actually two light rings separated by
a dark ring [159], known today as Poggendor� dark ring. At the start of twentieth cen-
tury, Voigt presented a comprehensive investigations on the theoretical and experimental
aspects of conical di�raction, as known at that time [160]. He also tried to explain the origin
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of the Poggendor� ring. In 1930 Nobel laureate Raman used Naphthalene for experiments
with conical di�raction. Naphthalene had ten times larger birefringence than aragonite.
Raman con�rmed the presence of the Poggendor� ring and also reported that the conical
di�raction beam transverse intensity pattern changes along the propagation direction. The
Poggendor� ring is clearly visible in a certain plane, if one moves away from that plane
then the rings become broader and at a certain distance the inner ring converts into an
axial spot [161, 162]. These observations of Raman could only be explained by the di�rac-
tive theory of conical di�raction, which started developing atleast four decades after these
observations.

With the advent of lasers, the explosion of research in nonlinear crystals also brought
some researchers to investigate the phenomena of conical di�raction in nonlinear crystals.
The �rst attempts to describe the conical di�raction with di�ractive formalism was put
forward in the seventies by Lalor et al. [163–165] and also by Schell and Bloembergen[166,
167]. However, the full di�ractive theory in which the input beam is decomposed into
transverse plane waves propagated and �nally back Fourier transformed to obtain the �eld
of the wave behind the crystal was presented by Belsky and Khapalyuk in 1978 [168]. This
di�ractive theory was able to explain most of the phenomenology associated with conical
di�raction phenomenon. Further modi�cation of this theory to include gyroscopic crystals
was reported by Belsky and Stepanov [169, 170]. The �nal breakthrough was presented by
Sir Michael Berry in 2004, who reformulated the di�ractive theory with paraxial optics and
deduced analytical formulas for the two bright rings as well as the Raman spot [19]. Later
on (in 2010), he also gave analytical expressions for the �eld transmitted from a cascade of
N biaxial crystals with aligned optic axis [22]. The theoretical models proposed by Berry,
opened a whole new dimension for investigating fundamental aspects and �nding potential
applications of conical di�raction beams in modern photonics.

3.2 Principle of conical di�raction

As already mentioned, the CD phenomenon is observed when a su�ciently tightly focused
beam is incident on an optically biaxial crystal (BC) with its wave-vector k parallel to one
of the optical axes of the crystal [19]. For this singular k-direction, the Poynting vector di-
rections are degenerate and lie on the surface of a slanted cone with circular base inside the
crystal. The section of this cone can be easily visualized in the plane of tighter focusing of
the incident wave (focal image plane, FIP), where as already mentioned, one observes two
closely spaced circularly shaped bright rings (double rings) separated by the dark Poggen-
dor� ring. Two diametrically opposite points always possess orthogonal linear polariza-
tions, leading to the vector beam character [18–20]. The CD phenomenon is schematically
illustrated in the Fig. 3.1. An elegant geometrical explanation on how the Poynting vector
directions on the cone depend on the local electric (E) and electric displacement vectors
(D) of the wave is given in Born and Wolf ’s book [21] and was described in Sect. 2.8.1.
For a single crystal the radius of the CD double ring corresponds to the product R0 = αL
of the half-angle of aperture α of the CD cone (that depends on the material birefringence
according to Eq. (2.38)) and on the crystal length L. A single dimensionless parameter ρ0,
de�ned as the ratio of the radius of the ring to the beam width (i.e. ρ0 = R0/w) is used to
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describe all the features of conical di�raction both qualitatively and quantitatively. In order
to observe the �ne features associated to CD one requires ρ0 � 1, otherwise most of the
features will be obscured by the beam width.

Figure 3.1 – Schematic illustration of the phenomenon of internal conical di�raction in a biaxial
crystal.

3.3 Theoretical model

As mentioned in the last section, the primary features of the conical di�raction rings can
only be explained with di�raction theory, which was �rst proposed by Belskii and Kha-
paluyk. This theory is later on reformulated by Berry and this reformulation which is based
on paraxial optics will be presented brie�y in Sect. 3.3.1 [19]. After that, propagation of an
incident beam through a cascade of biaxial crystals is considered in Sect. 3.3.2 [22].

3.3.1 Conical di�raction in a single biaxial crystal

Conical di�raction (CD) phenomenon happening in a single biaxial crystal is schematically
illustrated in Fig. 3.2. Firstly, the dimensionless variables used in the theoretical model are

ρ = {ξ, η} = ρ{cosϕ, sinϕ} ≡ 1

w
{x+R0, y}, (3.1)

κ = {κx, κy} = κ{cosφ, sinφ} ≡ w{kx, ky}, (3.2)

ρ0 ≡
R0

w
≡ αL

w
, (3.3)

ζ ≡ L+ n2(z − L)

n2k0ω2
. (3.4)

Here ρ represents the transverse position from the axis of the cylinder, κ represents the
normalized transverse wavevectors, ρ0 is the radius of the cylinder and ζ is a measure of
the distance from the beam waist position or focal image plane i.e. from z = L(1− 1/n2)
(see Fig. 3.2). All these four parameters (ρ,κ, ρ0, ζ) are measured in units of beam width
w. The latter is de�ned in our case as 1/e intensity radius of the incident beam focused by
a spherical lens and measured in its focal plane. The parameter ρ0 is the most important
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Figure 3.2 – Dimensionless parameters are used to describe the conical di�raction through a single
biaxial crystal.

qualitative parameter as it replaces �ve other parameters i.e. n1,n2,n3,L,w. By considering
the superposition of plane waves (each of which is operated by a unitary transformation
matrix U(κ, φ)) acting on the initial wavevector amplitude a(κ), one can write the complex
D = {Dx, Dy} �eld beyond the crystal as a double integral as below,

D =
1

2π

∫∫
eiκ·ρU(κ)a(κ)dκ (3.5)

Here U(κ) is a 2× 2 unitary transformation matrix and it’s expression for a single crystal
CD satisfying certain requirements is [154],

U(κ) = exp
[
−1

2
iκ2ζ

](
cos ρ0κI− i

sin ρ0κ

κ
[κxσ3 + κyσ1]

)
. (3.6)

Here I =

(
1 0
0 1

)
is the identity matrix, σ1 =

(
0 1
1 0

)
and σ3 =

(
1 0
0 −1

)
being two of the

Pauli spin matrices. By the consideration of uniformly polarized and circularly symmetric
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incident beam, one can write initial wave-vector amplitude as below,

a(κ) = a(κ)

(
d0x

d0y

)
= a(κ)d0, (3.7)

here d0 is the unit vector of the input polarization. While a(κ) is the Fourier transform of
the incident beam transverse amplitude and for a circularly polarized Gaussian beam with
width (w) de�ned at the 1/e of intensity, it is equal

a(κ) = exp
(
−1

2
κ2

)
. (3.8)

It’s relation to the transverse pro�le of the incident beam D0(ρ) is as follows,

D0 = d0D0(ρ) = d0

∫ ∞

0

κJ0(κρ)a(κ)dκ. (3.9)

Now after combining Eqs. (3.5),(3.6) and (3.9) and performing some elementary integrations
over the azimuthal variable φ , one can write the output D-�eld as,

D(ρ, ϕ, ζ; ρ0) =

(
B0 +B1 cosϕ B1 sinϕ
B1 sinϕ B0 −B1 cosϕ

)(
d0x

d0y

)
. (3.10)

Here B0(ρ, ζ; ρ0) and B1(ρ, ζ; ρ0) are the so called Belsky-Khapalyuk integrals [168] ex-
pressed as

B0(ρ, ζ; ρ0) =

∫ ∞

0

κa(κ)exp{−1

2
iζκ2}J0(κ, ρ) cos(κρ0)dκ, (3.11)

B1(ρ, ζ; ρ0) =

∫ ∞

0

κa(κ)exp{−1

2
iζκ2}J1(κ, ρ) sin(κρ0)dκ. (3.12)

In the case of circularly polarized light with

d0 =
1√
2

[
1
±i

]
, (3.13)

the intensity distribution from Eq. (3.10) is proportional to

I ∝ D∗ ·D = |B0|2 + |B1|2. (3.14)

Some of the features of conical di�raction beam emerging from a single biaxial crystal
by an incident circularly polarized Gaussian beam are shown in the �g. 3.3. The focal
image plane corresponds to ζ = 0 (Fig. 3.3(a)), the rings are sharpest in this plane. By
increasing the distance ζ , the rings become wider in width and some weak inner rings start
to appear as seen in �g. 3.3(b-c). These weak inner rings or oscillations were �rst predicted
by theoretical calculations in [171] and later observed by many others [18, 154]. By further
increasing ζ , the inner ring would collapse into a central spot known as “Raman spot”[161,
162](see �g. 3.3(d)). This central spot in the far �eld becomes just the incident Gaussian
beam.
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Figure 3.3 – Primary features of conical di�raction with parameters as follows: ρo = 15 for all the
cases with (a) ζ = 0 (b) ζ = 4 (c) ζ = 8 (d) ζ = 12. In the focal plane with ζ = 0, the rings intensity
is the sharpest and the rings becomes wider as one looks at planes away from the focal plane. The
transverse coordinates are x = ρ cosϕ, y = ρ sinϕ.

Figure 3.4 – Intensity (a) and polarization (b) distribution for a CD in a single BC with parameters
ρo = 15, ζ = 0 (observation in the focal image plane) and γ = 0°. The white arrows indicate the
orientation of linear polarization at various positions on the ring.

The intensity and polarization distribution for a conical di�raction beam in the focal
image plane (ζ = 0) is shown in Fig. 3.4. It can be observed that any two diametrically
opposite points on the rings possess orthogonal linear polarization. The position where
the polarization is tangent to the ring (vertical linear polarization in the present case) is
the one for which the k and S vectors overlap. The position where the local polarization is
perpendicular to the ring (horizontal polarization in the present case) is the one for which
the k and S vectors have the maximum walk-o� (Smax). One can de�ne a vector γ point-
ing between these two positions (see Fig. 3.4(a)). The angle γ between this vector and
the laboratory x-axis (γ = 0 here) is an important parameter to characterize the crystal
orientations.

3.3.2 Conical di�raction in a cascade

Here we discuss how the above model is extended to the case of a cascade of N aligned
biaxial crystals (BC’s). This situation was �rst analyzed theoretically by Berry in [22]. We
consider a cascade ofN biaxial crystals (represented by n = 1, 2...N ) with arbitrary lengths
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Figure 3.5 – Illustration of anN crystal cascade with arbitrary orientations of the γn vector for each
crystal.

Ln, possibly di�erent cone semi-angles (αn) and aligned optic axes in the z-direction. In
developing the single crystal CD theoretical model, the orientation of the optic axis plane or
the BC rotation around the optic axis de�ned by γn angle was assumed zero (see Fig. 3.4(a)).
For a cascade, it is essential to de�ne the γn angles as the intensity and polarization in the
generated CD pattern depend on the orientation of the BCs in the cascade. This rotation
angle γn for each crystal in the cascade is de�ned as the angle between the space �xed x-
axis and the direction of the displacement of the cone (expressed by γn). This direction of
displacement of the cone is explicitly given by γn ∝ k× (Smax×k) where Smax is a unique
Poynting vector on the ring, which has a maximum walk-o� angle from k. A schematic
illustration of the shifting of the CD cone for the �rst BC in an extended cascade of BCs is
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shown in Fig. 3.5. Here, we consider an extended cascade of BCs for CD with aligned optic
axes and arbitrary orientations (γn) around the optic axis as in Fig. 3.5. For an incident
beam with beam width w (de�ned as 1/e of the intensity), each crystal in the cascade can
be characterized by the parameter ρn = αnLn/ω. As, the radius of the conical di�raction
ring is equal to R = αnLn, thus the parameter ρn quanti�es ring radius in terms of beam
width. The cascade of biaxial crystals transforms a plane wave identi�ed by the transverse
normalized wave-number κ with a 2 × 2 unitary matrix denoted by Utot(κ) = Utot(κ, φ).
As before all of the parameters are normalized with the beam width. An incident Gaussian
beam with Fourier amplitude represented by D0(κ, φ) is transformed by the unitary matrix
of the cascade and the output electric displacement �eld DN(ρ, ϕ, ζ) in planes at scaled
distances of ζ are obtained by Fourier transformation as below

DN(ρ, ϕ, ζ) =
1

2π

∫ 2π

0

∫ ∞

0

ei(k·ρ−
1
2
κ2ζ)Utot(κ, φ) ·D0(κ, φ)κ dκ dφ (3.15)

The matrix Utot(κ, φ) is expressed as the product of the individual unitary matrices asso-
ciated to each crystal in the cascade.

Utot(κ, φ) = UN(κ, φ)UN−1(κ, φ) ... U2(κ, φ)U1(κ, φ), (3.16)

whereas each individual unitary matrix of the cascade with it’s orientation γn is given as

Un(κ, φ) = exp
[
−iρnκ

(
cosφ− γn sinφ− γn
sinφ− γn − cosφ− γn

)]

=

[
cos(κnρn)− i sin(κnρn) cos(φn − γn) −i sin(κnρn) sin(φn − γn)

−i sin(κnρn) sin(φn − γn) cos(κnρn) + i sin(κnρn) cos(φn − γn)

]
.

(3.17)

Each of the individual unitary matrix describes the direction dependent dephasing for wave-
vectors departing slightly away from the exact optical axis. Thus the �nal intensity distri-
bution in the plane after the N crystal cascade for a homogeneous and circularly polarized
input �eld (given by Eqs. (3.7),(3.8)) can be obtained as the square of the module of the �nal
D-vector distribution

IN(ρ, ϕ, ζ) ∝ D∗N(ρ, ϕ, ζ) ·DN(ρ, ϕ, ζ) = |D|2. (3.18)

From the above formalism, it can be shown that the resulting CD pattern from an N-crystal
cascade can be expressed as a coherent superposition of the parameter ρn for individual
crystals in the cascade

|ρtot| = |ρ1 ± ρ2 ± ρ3 ... ± ρN−1 ± ρN |. (3.19)

By combining all the possible ± signs, this gives a total of 2N−1 values. Hence, there will
be 2N−1 concentric double rings in the focal image plane for a cascade of N crystals. The
amplitudes of these rings would depend on the relative orientations of the successive crys-
tals in the cascade (i.e. on Γmn = 1

2
(γm − γn)). An illustrative examples of CD cascades of

two, three and four biaxial crystals are shown in Fig. 3.6. All the values of the parameters
for the three cascades are given in the caption of the �gure.
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Figure 3.6 – Intensity and polarization distribution in the ζ = 0 plane for a cascade of two [(a1),(a2)],
three [(b1),(b2)] and four biaxial [(c1),(c2)] crystals. The parameter are as follows: two crystal cas-
cade ρ values are ρ1 = 5, ρ2 = 15 and γ values are γ1 = 0, γ2 = 90; three crystal cascade ρ values
are ρ1 = 8, ρ2 = 12, ρ3 = 14 and γ values are γ1 = 0, γ2 = 90, γ3 = 180; four crystal cascade ρ
values are ρ1 = 5, ρ2 = 10, ρ3 = 20, ρ4 = 40 and γ values are γ1 = 0, γ2 = 90, γ3 = 0, γ4 = 90.
The number of double rings in each cascade correspond to the 2N−1 rule i.e. two, four and eight
double rings for the cascade of two, three and four crystals respectively.

In all cases the γ values (crossed crystals con�gurations) are chosen such that each ring
gets equal contribution of energy but this allows for the most internal ring to have more
intensity than the external ones as its radius is smaller than others. A choice of crossed
crystal con�gurations also allows all the rings to be observed in the focal images plane and
any other choice of γ values could allow to change the corresponding intensities on each
ring or even get some rings to disappear. This would be illustrated in detail in the next
chapter.

Figure 3.7 – Illustration of the longitudinal evolution of the CD pattern for a cascade of two crystals.
The ζ values for the di�erent cases are: (a) ζ = 0, (b) ζ = 3, (c) ζ = 6, and (d) ζ = 9 while the rest
of the parameters are same for all cases: ρ1 = 5, ρ2 = 15 and γ1 = 0°, γ2 = 90°.
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The evolution of a CD pattern longitudinally for a cascade of two crystals is shown in
Fig. 3.7. It can be observed that at focal image plane (ζ = 0) there are two sharp double
rings at radii of |ρ1−ρ2| = 10 and ρ1 +ρ2 = 20. As before for the case of conical di�raction
from a single biaxial crystal, as the observation plane is moved away i.e. with increasing ζ
values internal rings/oscillations start to appear and also the two double rings increase in
their width as they diverge. At ζ = 9 a single spike (central spot) appears and dominates
as one moves further away from the focal image plane.

3.4 Recent developments and applications

In the preceding sections, conical di�raction phenomena has been discussed thoroughly
with particular focus on the recent developments of the theoretical models for a single as
well as a cascade of N biaxial crystals [19, 22]. These theoretical tools have permitted to
open a rich and wide range of possibilities for exploring conical di�raction vector beams in
fundamental and applied purposes. Below, I give a short overview of the recent progress
in conical di�raction phenomena in fundamental aspects as well as application oriented
prospects.

3.4.1 Review of fundamental progress in conical di�raction

A major recent development in the �eld of CD consists in the study of cascaded con�gu-
rations where two or more crystals are put in series with their optical axes being aligned
[22–24, 152, 172–174]. As discussed in the last section, such a cascaded CD leads to a mul-
tiplication of the number of observed rings in the FIP, for N crystals one gets 2N−1 double
rings [22]. Importantly, for two BCs in cascade of the same kind (same α) of lengths L1 and
L2 the external and internal double rings have a radiusRext ∝ L1+L2 andRint ∝ |L1−L2|,
respectively [22, 174]. Obviously, if the lengths of the two crystals are identical, the internal
double-ring will degenerate into a central spot. There is, however, an elegant way intro-
duced recently by Peet [23] to modify these radii by a technique called variable two-crystals
cascade. A spherical lens is intercalated between the two cascaded crystals in such a way
as to image the FIP near the �rst crystal into a second FIP near the second BC. It was shown
that the magni�cation factorM of this imaging modi�es the relative values of the observed
double ring radii according toRext ∝ML1 + L2 andRint ∝ |ML1 − L2| [23]. This make
the e�ect much more versatile and allows the continuous tuning of the actual cascade pa-
rameters despite using crystals of �xed lengths.

With respect to the intensity distribution, if the input wave has circular polarization the
intensity along the rings is homogeneous. An inhomogeneous azimuthal distribution can
be achieved by linearly polarizing the light at the input or output [18] or, more drastically,
by scrambling the polarization between two or more BCs in cascade [24], in which case also
polarization patterns of increased complexity are obtained. Nevertheless, despite for all the
above described developments, the CD patterns obtained before this thesis work possess an
intrinsic circular shape. This form is associated to the section of the CD cone with a plane
perpendicular to the central light wavevector and the optical axis of the BCs.
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Biaxial crystals are inherently capable of spin-orbit coupling, thus besides this vector
character of the CD beam, the generated beam has an orbital angular momentum (OAM)
which is the half of the total incident momentum. Thus an incident circularly polarized
beam would generate CD beam with ±1

2
(sign depending on the incident light being right

or left handed circularly polarized) OAM[18, 26–30, 175]. The phase distribution for a non-
integer OAM beam is extremely complex and intricate. Recently, several investigations
have addressed the continuous scaling of the fractional OAM of CD beams [26–28].

3.4.2 Some applications of conical di�raction

Figure 3.8 – Examples of four applications of conical di�raction demonstrated in the last decade.
(A) conical di�raction as optical tweezers [35, 176, 177], (B) super-resolution imaging [40, 178], (C)
Free-space optical communication [37] and (D) Polarization sensing via CD [179].

In the last two decades, a renewed interest in conical di�raction has resulted in opening
a variety of new regimes for conical di�raction beams such as in optical trapping [35, 180],
beam shaping [24, 36], free-space multiplexing for communication [37], polarimetric ap-
plications [38, 181], super-resolution imaging [40] or OAM management [26, 27]. Conical
di�raction (CD) beams can be used e�ciently to rotate or circulate or even levitate micron
sized particle [35, 176, 177]. An example for particle control and optical tweezing is shown
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in Fig. 3.8(A). The �rst row shows the anti-clockwise rotation of melamine formaldehyde
(5.3 µm) particles, the second row shows the circular motion of red blood cell 8 µm in size,
the third row shows the rotation of two particles at diagonally opposite position on the
ring while a particle is held in the center and �nally, the fourth row show optical levitation
of a micron-sized particle near the second Raman spot. In super-resolution imaging, it has
been demonstrated that conical di�raction phenomena in a thin biaxial crystal enable ac-
quisitions of super-resolved images of biological samples with very low intensity of light.
This avoids the big hurdle of photo-toxicity in those samples due to the high light intensity
used in other techniques [40]. An example is shown in Fig. 3.8(B). By utilizing various spa-
tial distributions of conical di�raction patterns as shown in the �rst row, one can achieve
super-resolution images of biological samples in comparison with conventional or confocal
microscope. In free-space optical communication, it has been demonstrated that a degen-
erate cascade of two biaxial crystals (equal lengths and oriented such that the γ vectors are
anti-parallel) can be used quite e�ciently for multiplexing and de-multiplexing of conical
di�raction beams [37]. This example is illustrated in Fig. 3.8(C). The two biaxial crystals are
anti-parallel to each other. This implies that an incident Gaussian beam is converted into
a CD beam by the �rst crystal (acts as a multiplexer). Then by the utilization of amplitude
masks, one can separate certain polarizations on the rings and eventually propagate them
in air or �ber. Finally, the last crystal can be used to convert the CD beam back into the
incident Gaussian beam (acts as a de-multiplexer). Finally it has been shown in [179], that
unique polarization distribution in CD beams can be utilized to construct a novel optical
sensor for detecting the plane of polarization of a linearly polarized light. This CD based po-
larization sensor determined the amount of rotation of the plane of polarization by the two
liquids Carvone and Limonene, which possess the property of being able to rotate the plane
of polarization of linearly polarized light passing through them. The obtained results show
excellent agreement between theoretical predictions and experimentally obtained values
via CD based polarization sensor (see Fig. 3.8(D)).
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Chapter 4

Tailored conical diffraction beams

As described with examples in the last chapter, a cascade of two or more biaxial crystals
leads to a multiplication of the number of observed rings in the FIP, i.e. for N crystals one
gets 2N−1 double rings [22, 172–174]. Despite of all the described developments in the
Sect. 3.4 of chapter 3, the CD patterns preserve an intrinsic circular shape. This form is
associated to the section of the CD cone with a plane perpendicular to the central light
wavevector and the optical axis of the BCs.

In this chapter, it is shown that the circular symmetry can be dramatically broken by a
proper manipulation in the wave-vector space between the BCs in a cascade. This leads to
CD patterns with highly increased complexity, both in terms of the shapes and of the polar-
ization distribution. The resulting vector beams can be modi�ed in an extremely versatile
way by changing the positions of the elements inserted in the cascade that will be described
below. What follows gives a detailed analysis of the peculiar non-circular vectorial struc-
tures by concentrating on the in�uence of the cascade parameters, on the structure’s general
shapes and on their polarization distribution. While the structure forms can be predicted
by numerical integration of a properly adapted paraxial di�raction model, simple analytical
expressions describing the structure shapes in the last focal image plane cannot be given.
However, it is shown that the general shape can be qualitatively predicted with the help
of structure parameters (X and Y ), which are associated to each individual structure for
the horizontal and vertical transverse dimensions, respectively. These structure parame-
ters depend on the birefringence and length of the BCs and on the magni�cation factors
Mx andMy associated to the imaging between pairs of focal image planes. Also, it is shown
that the hierarchy of the structure parameters allows a reliable prediction as whether in-
tersections between structures will occur or not. The structure parameters also in�uence
the polarization distribution on the patterns and its change under variation of experimen-
tal parameters, such as the input polarization, an intermediate polarization �ltering, or a
relative rotation of the BCs around the common optical axis. In single crystal CD and in
conventional CD cascades, the local polarization on the rings is linear [18, 22, 24]. This is
still true in large extent for the non-circular structures studied in this work. However, we
show that some exceptions exist for which elliptical or even circular polarizations can lo-
cally occur. It is the case at intersections between structures or when di�erent branches of a

55



Tailored conical di�raction beams

single structure occupy the same spatial position due to degeneracy. The results presented
in this chapter correspond in large extent to those contained in Refs. [182] and [152]. The
chapter is constructed as follows. Section 4.1 recalls some properties and useful parameters
for the description of CD and illustrates the design concept underlying the theoretical and
experimental treatment. Section 4.2 gives the theoretical model allowing to calculate the
expected patterns numerically, while Sect.4.3 introduces the structure parameters as well
as their product parameter and discusses the correlation with the general structure shape
with the help of few examples for up to N = 4. Finally Sect. 4.4 discusses the output
polarization distribution and its change under varying experimental arrangements. This
is illustrated theoretically for a three-crystals cascade, as well as theoretically and exper-
imentally for a two-crystals cascade, showing very good agreements. The latter case is
simpler because only two structures without intersections can exist. We show that the pos-
sible types of patterns as well as their polarization distributions can be classi�ed in three
major categories on the basis of the structure parameters. Few other aspects of conjugate
cascades such as non-commutation property, possibility to select individual structures and
longitudinal evolution of non-circular patterns are also presented.

4.1 Basic concepts and conjugate cascade design

Before describing the speci�c approach for the conjugate cascade leading to the non-circular
patterns we �rst recall some basic concepts and some formalisms useful to understand CD
and the model approach in the theoretical section. Most of these concepts have already
been introduced in chapter 3.

A biaxial crystal is characterized by three principal refractive indices, their values de-
termine the cone semi-angle αn in CD [18, 24], here the index n identi�es an individual
BC in a cascade. Importantly, for one speci�c linear polarization the wavevector k (always
aligned to one of the optical axes) and the corresponding Poynting vector S remains paral-
lel, meaning that the direction of k lies on the surface of the CD cone formed by all possible
S-vectors. In contrast, for the polarization perpendicular to the previous one, the walk-
o� angle between k and S ≡ Smax is maximum. The angle αn equals half this maximum
walk-o� angle. Propagation along an optic axis leaves a free experimental parameter as
the whole crystalline sample can be rotated around this axis without preventing the oc-
currence of the CD e�ect, but causing a di�erent direction of the slanting of the cone. In
the simplest approach the orientation of the BCs can be associated to a vector γn, which
gives this cone displacement direction and is de�ned as γ ∝ +k × (Smax × k) (see Fig.
3.5). Here we take k||z so that γn is in the xy-plane and we de�ne the angle γn as the one
between γn and the laboratory x-axis. Without loss of generality we assume γ1 = 0 for the
�rst BC. For standard single crystal CD, the radius of the observable cone ring depends not
only on the semi-angle αn but also on the BC sample length Ln and its sharpness depends
on the focusing conditions. It is useful to de�ne a normalized CD strength parameter ρn
for each crystal given as ρn ≡ αnLn/w, which is the radius of the emerging ring in units
of the beam width w. As in [22, 24], w is de�ned here as the 1/e intensity radius of the
incident beam focused by a spherical lens and measured in its focal plane. Importantly w
corresponds to the incident beam radius in the �rst focal image plane (FIP1) near the �rst
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Figure 4.1 – Arrangement and wavevector manipulation in conjugate cascades for generating non-
circular CD beams. (a) Schematic set-up for two-crystals cascade. QWP: quarter wave plate, SL:
spherical lens,C1/C2: biaxial crystals,CLx/CLy : crossed cylindrical lenses, FIP1/FIP2: focal image
planes, IL: imaging lens. (b) Wavevector space manipulation and magni�cations by the two crossed
cylindrical lenses, both imaging the plane FIP1 into FIP2. (c) Wavevector manipulation in transverse
Fourier space. (d) Extended conjugate cascade of N crystals with N − 1 pairs of cylindrical lenses.

BC in the cascade. All spatial transverse distances are normalized to w. Similarly, the small
transverse components of the k vector (associated to the paraxial beam in Fourier space)
are normalized to 1/w, that is κ = (κx, κy) ≡ (kxw, kyw).

The principle and simpli�ed set-up for generating non-circular CD patterns by conju-
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gated cascades via crossed cylindrical lenses is illustrated in Fig. 4.1. Figure 4.1(a) shows
schematically the simplest case of a two-crystals cascade. A well collimated laser beam is
made circularly polarized and focused by a spherical lens (SL) onto the �rst focal image
plane FIP1 near the �rst BC (C1). The two BCs have their optic axes aligned to the propa-
gation direction of the incident beam, however the crystal C2 may be rotated to an angle
γ2 6= 0, most often γ2 = π/2 in this work. The two crossed cylindrical lenses CLx and CLy
are arranged in such a way as to make a common image plane FIP2 of the plane FIP1, what
is most easily achieved if the focal lengths of the two lenses are di�erent. The principal
concept lies in splitting the 2D k-space into two orthogonal 1D k-spaces. This allows to
independently manipulate the two 1D k-spaces, as the imaging between FIP1 and FIP2 is
associated to independent magni�cations, as shown in Fig. 4.1(b). If this imaging would be
accomplished by a spherical lens, the module κ ≡ |κ| of the normalized transverse wavevec-
tor would generally change and the sign of each component would be reversed (rotation of
the azimuthal polar coordinate angle φ by π, φ′ = φ + π). In our case (Fig. 4.1(c)), due to
the asymmetry in which the x and y components are treated, not only there is a change of
κ, but also φ is transformed in a more complex way, as discussed in the next section. As
illustrated in Fig. 4.1(d), the basic element (dashed box in Fig. 4.1(a)) can be repeated many
times to get an extended cascade of N BCs, generally with di�erent magni�cation pairs
Mx,i and My,i between each couple of them. In all cases the pattern observation occurs on
the last focal image plane, experimentally (in the case N = 2 here) by imaging this plane
by a spherical lens (IL) onto a CCD (charge-coupled device) camera.

4.2 Theoretical model

The model presented here builds on Berry’s paraxial di�raction theory for a conical di�rac-
tion cascade [22]. It is based on a Fourier optics approach and takes into account the asym-
metric k-space manipulations by the CLs as well as the e�ect of each BC on the phase of
the vectorial wave by means of the appropriate transfer function. The latter is a complex
matrix in Fourier space. It incorporates the e�ect of propagation through the correspond-
ing BC with the arguments respecting the k-space transformation between the crystals. We
consider an incident paraxial wave �eld whose electric displacement vector D in Fourier
space is given by D0(κ, φ), with φ and κ designating a normalized transverse wavevector in
polar coordinates corresponding to a speci�c plane-wave component (see Fig. 4.1(c)). The
emerging D-�eld as a result of the cascade is given by the integral;

D(ρ, ϕ) =
1

2π

∫ 2π

0

∫ ∞

0

eiκρ cos(φ−ϕ)Utot ·D0(κ, φ)κ dκ dφ . (4.1)

Here ρ is the normalized radial distance and ϕ is the azimuthal angle in real space. The
above real space D-�eld is calculated at the plane FIP1 at which the input �eld D0 and the
beam width w are de�ned. The key element in the above integral is the transfer matrix Utot
that contains the e�ect of the cascade on each plane wave component composing the input
beam. This transfer function for a conjugate cascade of N crystals is expressed as

Utot(κ, φ) = UN(κN , φN , ρN , γN) · · ·U2(κ2, φ2, ρ2, γ2) · U1(κ1, φ1, ρ1, γ1) , (4.2)
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where the individual unitary matrices Ui(κi, φi, ρi, γi) for i = 1, 2...N are as in Eq. 3.17

Ui =

[
cos(κiρi)− i sin(κiρi) cos(φi − γi) −i sin(κiρi) sin(φi − γi)

−i sin(κiρi) sin(φi − γi) cos(κiρi) + i sin(κiρi) cos(φi − γi)

]
(4.3)

and describe the direction-dependent dephasing of the D-�eld x− and y-components for
wavevectors slightly departing from the exact optical axis. Equation (4.2) includes the trans-
formations in wavevector space of the arguments from (κi, φi) to (κi+1, φi+1) between two
adjacent matrices, what re�ects the action of the crossed CLs. These transformations cor-
respond to the diagram of Fig. 4.1(c) and are a function of the magni�cations Mx,i and My,i

for the i-th CL pair, i.e.

κi+1 = κi

√
cos2 φi
M2

x,i

+
sin2 φi
M2

y,i

(4.4)

and
φi+1 = arctan

[
Mx,i

My,i

(
− sinφi
− cosφi

)]
. (4.5)

In Eq. (4.5), special care should be taken to determine the correct quadrant for the arctan-
gent function in accordance with the signs of numerator and denominator. As mentioned
above, Eq. (4.1) gives the calculated complex D-�eld at FIP1 and would correspond to the
observation at FIPN back-imaged to FIP1 through the series of conjugate planes. Thus, in
order to compare with experiments one needs to forward-image the calculated results from
FIP1 to FIPN. This is better done in cartesian coordinates by taking the calculated �eld at a
position (x1, y1) = (ρ cosϕ, ρ sinϕ) at FIP1 and assigning it to the corresponding imaged
position (xN , yN) at FIPN, with xN = x1

∏N−1
i=1 (−Mx,i) and yN = y1

∏N−1
i=1 (−My,i). To

simplify the notation, these values of xN and yN will be simply called x and y in the follow-
ing theoretically calculated pictures. We remind that imaging by a single lens gives rise to a
quadratic phase that depends on the out-of-axis position, on the lens focal length and imag-
ing magni�cation, and on the light wavelength [183, 184]. For our case with crossed CLs
one has independent quadratic phase terms in x- and y-directions for each passage to the
next conjugate plane. However, this spatially-varying phase is common to both cartesian
components of the D-�eld. Therefore it does not in�uence neither the local polarization,
nor the intensity distribution, and it can be safely neglected for the sake of the present
investigations.

The theoretical patterns in the following sections are obtained by numerical integration
of the two-dimensional complex integral of Eq. (4.1) by considering an incident circularly
polarized Gaussian beam with an input electric displacement �eld;

D0 = 1/
√

2 exp(−κ2/2)(1, i)T . (4.6)

The local intensity for any point on FIPN is determined as I ∝ |D|2 after the above de-
scribed forward imaging. It is important to mention here that the integrals in Eq. 4.1 in-
volve a complex vector quantity (2-dimensional vector) to be integrated over two variables
(therefore the equivalent of 4 integrals for each point). For all the obtained theoretical
images, a square raster of at least 400 × 400 integration points have been considered in
order to have a su�cient resolution. The integration for such a raster grid could not be
performed on a normal computer as it would take upto a week to compute just one raster
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Figure 4.2 – Examples of patterns obtained by conjugate cascades of two (a) three (b) and four (c)
biaxial crystals. The CD strength parameters are assumed identical for all BCs, ρ1 = ρ2 = ρ3 = ρ4 =

12. The BC orientation angles are γ1 = 0, γ2 = π/2, γ3 = π and γ4 = 3π/2. The magni�cation
values Mx,i and My,i for each case are given in Table 4.1. The yellow stars and plus signs give the
X and Y structure parameters corresponding to the intersection points of the individual structures
with the x and y axis, respectively. Their values are also given in Table 4.1. The color scale gives
the calculated normalized intensity.

grid for a particular case. Hence integration is performed on a computational cluster and
the code for solving this double integral is written in python language involving packages
such as SciPy, mpi4py, numba, multiprocessing etc. Gauss- Kronrod quadrature algorithm
provided by the QUADPACK library is utilized for numerical computation of the double
integral. In order to parallelize the code, MPI (message passing interface) library is utilized,
which is pretty standard for parallelizing the computational parts of the code. The compu-
tation time is reduced massively by running the codes on the cluster, for instance a raster
gird of 400× 400 integration points could be calculated in just under 3 hours, by utilizing
25 nodes each with 40 CPU (processors or threads utilized for parallel processing) allowed
to calculate 1000 integration points in parallel. Thus decreasing the processing time by
atleast 1000 times in comparison with serial computation on a normal computer.

4.3 Structure parameters and general pattern shape

This section aims at understanding qualitatively the various general pattern shapes being
observable with our type of CD cascade. This will be done with the help of structure pa-
rameters and their hierarchy, which permit to derive some "rules of thumb" for the type of
pattern that can be expected. Before entering this discussion, we present in Fig. 4.2 three
examples of calculated patterns for a conjugate cascade of two, three and four crystals, re-
spectively. Figure 4.2(a) is for a two-BC cascade. If we place ourselves in the center of the
pattern, the external non-elliptical structure is concave, what is also the case for all con-
ventional ring structures obtained by CD in absence of the wavevector manipulation by
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the CLs. The internal rectangle-like structure, in contrast, is surprisingly convex and has
therefore a reversed curvature. Note that each of the two structures is actually doubled,
similarly to the double rings separated by a dark Poggendorf ring observed in conventional
CD. Interestingly, the concave external double structure has most of its intensity outside
(as in conventional CD [19]), while the internal curvature-reversed convex double structure
has most of its intensity on the inside. In Fig. 4.2(b) for N = 3 we have four concentric
structures, all are concave but two of them intersect each other. Finally, in Fig. 4.2(c) for
N = 4 we have a total of eight structures with several crossings. In the center region one of
the structures is actually convex, even though this is hardly seen due to the local multiple
interferences. The complexity obviously increases if one would increase the number N of
BCs further. It is worth noting that, in terms of intensity, all patterns of Fig. 4.2 loose a
mirror symmetry with respect to the horizontal or vertical axis, but still possess a point
symmetry with respect to the central point at x = y = 0.

We will now attempt to understand under which conditions one has the appearance
of concave or convex structures and in which case one or multiple crossings do occur. To
this aim we introduce the so called structure parameters X±±...± and Y±±...± associated to
the x- and y-dimensions. These parameters correspond to the intersection points of the
structures with the x- and y-axis and are indicated in Fig. 4.2 with yellow stars and plus
signs, respectively. The structure parameters depend on the CD strength parameters ρi and
on the x and y magni�cations Mx,i and My,i. For a two-crystals cascade they are expressed
as

X± = Mx,1 ρ1 ± ρ2 ; Y± = My,1 ρ1 ± ρ2 . (4.7)
The pattern in Fig. 4.2(a) has actually four intersections with each of the axis occurring at
±X−,±X+,±Y− and±Y+. Even though the parametersX− and Y− in Eq. (4.7) can become
negative, this could suggest that only their module would be actually important. This is not
true and, as will become clear below, the sign of the structure parameters is a key element
for identifying the kind of structure. The corresponding expressions to Eq. (4.7) for the case
N = 3 are

X±± = Mx,2(Mx,1 ρ1 ± ρ2)± ρ3 ; Y±± = My,2(My,1 ρ1 ± ρ2)± ρ3 , (4.8)

and for the general case of conjugate cascades of N crystals one has

X±±···±︸ ︷︷ ︸
N−1

= Mx,N−1(Mx,N−2(· · · ± ρN−1))± ρN = Mx,N−1(X±···±︸︷︷︸
N−2

)± ρN (4.9)

and an equivalent relation for Y±±...±. Note that in the absence of any lenses (equivalent
to the condition where all magni�cations Mx and My are unity), the absolute values of the
above structure parameters give the CD ring radii of the 2N−1 concentric rings in a N -
crystal cascade [22, 174]. Also, by replacing the crossed CLs by a spherical lens (equivalent
to puttingMx,i = My,i for all values of i), the absolute values of the above expressions give
the radii of the concentric rings obtained by a so called variable cascade introduced by Peet
[23].

A speci�c structure of a given CD pattern like those shown in Fig. 4.2 is associated to a
speci�c and same combination of "+" and "−" in the X and Y structure parameters among
the 2N−1 possibilities. For instance, the most external structure in Fig. 4.2(b) is associated to
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Table 4.1 – Magni�cation valuesMx,i andMy,i, structure parametersX±...± and Y±...± and signs
of product parameters P±...± for the structures contained in the patterns of Fig. 4.2. The ranks rx
and ry for the structure parameters are given in the parenthesis.

X++ and Y++, while the vertically oriented ellipse-like structure among the two crossing
each other is associated to X+− and Y+−. For each structure it is useful to de�ne also a
product parameter P±±...± as

P±±...± ≡ X±±...± · Y±±...± , (4.10)

where again the same combination should be taken in X and Y . Only the sign of the prod-
uct parameter P will be of importance for our purposes. It is found that a given structure is
concave whenever the corresponding value of P is positive, while it is convex if P is nega-
tive, meaning that either X±±...± or Y±±...± is negative, but not both. The above conditions
can be applied as rules of thumb to determine the general shape of a structure. The case
where P is positive can be obtained in two di�erent ways, either bothX and Y positive, or
both negative. While both cases give a concave structure, the corresponding distribution
and behavior of the light polarization is di�erent in the two cases, as it will be illustrated in
the next section in the case of a two-crystals conjugate cascade. The values of all structure
parameters and the sign of the P -parameter are listed in Table 4.1 for all the structures
contained in Fig. 4.2 and con�rm the above rules.

It remains to �nd a rule predicting whether two structures will intersect or not. To
this purpose it is useful to assign to each structure parameter also a rank rx, resp. ry.
The structure parameter X±±...± possessing the largest module will get the rank rx = 1
and the others will get increasing rank with descending value of their module until rx =
N . The same procedure is made independently for the ordering of the Y parameters and
the assignment of the ry rank. A given structure is therefore identi�ed not only by the
combination of the "+" and "-" indices, but also by the two ranks. For instance, one of the
structures in Fig. 4.2(c) corresponds to X+−+(5) and Y+−+(3), meaning that this structure
is 5th in rank along x and 3rd in rank along y. Crossing of structures can be avoided
only when all the ranks correspond, i.e. rx = ry for all pairs of structure parameters.
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This is obviously always satis�ed for N = 2 and crossing are not possible in this case.
In contrast, intersections are possible for any N ≥ 3. Evidently, a given structure can
intersect several other ones if the corresponding ranks are very di�erent. The ranks of
all structures of Fig. 4.2 are also given in Table 4.1 and con�rm the above argumentation.
For instance, the crossing observed in Fig. 4.2(b) is explained by the fact that the ranks 2
and 3 are switched for X and Y . Note that the most internal structure parameters X−−+

and X−−− have the same rank rx. This means that the two corresponding structures of
Fig. 4.2(c) are degenerate. They occupy the same region of space near the x-axis intersection
and interfere in this region. Let us �nally remark that changing the orientation angles γi of
the BCs does not change the general structure shapes and the above rules of thumb remain
valid. However, this would change the intensity and polarization distribution, as discussed
later.

4.4 Intensity and polarization distribution

In this section we discuss the intensity and polarization distribution of the non-circular
patterns generated by the conjugate cascades of Fig. 4.1. This will be done by providing
examples for the cases of three BCs and two BCs in the cascade, in the latter case including
some experimental comparisons. The polarization is locally linear in most parts of the
pattern and the discussion will include the local orientation of this linear polarization (or
the main axis orientation of the polarization ellipse), the local phase shift between the y−
and x−components of the D vector, and an eventual elliptical S3 component of the Stokes
vector, where it exists. The impact of a variation of the sample orientation angles γ on
the intensity and polarization distribution, as well as the e�ect of a polarization �ltering
at various stages in the set-up are also discussed. Few interesting features of conjugate
cascades such as non-commutation property, possibility to select individual structures and
longitudinal evolution of non-circular patterns are also discussed with illustrative examples.

4.4.1 Local polarization

As discussed earlier, the pattern complexity increases many folds as the number of crystals
in the cascade is increased. Due to this reason we limit here our discussion to the cases
N ≤ 3. We start by a three BCs cascade for which two examples are given in Fig. 4.3. The
�rst row gives the relative intensity distribution of the patterns with the position of the
stars and plus symbols corresponding to the structure parameters. The argumentations in
the last section about the shapes can be applied again. For the pattern in the left column one
has two convex internal structures forming together a "Malta cross"-like ensemble. These
structures are associated to negative values of P+− and P−+, while the concave structure
second in rank is actually associated to negative values of bothX−− and Y−−. The pattern in
the right column of Fig. 4.3 is speci�c with respect to two aspects. First, the central structure
is associated to a zero value of Y−+, which results locally on a horizontal straight line in the
center (x = y = 0). Second, the absolute values of two of the Y structure parameters are
degenerate (Y+− = −Y−− = 24). This means that the corresponding structures have the
same rank ry = 2 and interfere near the values y = ±24, leading to the horizontal nearly
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straight lines at these levels.

The second row in Fig. 4.3 gives the color-coded values of the local polarization direc-
tion θ on the light pattern observable on FIP3. The angle θ is related to the ratio of the y-
and x-components of the D-�eld. These components are in general complex, i.e. Dx =
Rx exp(iφx), Dy = Ry exp(iφy) and θ is de�ned as θ ≡ arctan [(Ry/Rx)sign(cos ∆φ)],
with ∆φ ≡ (φy − φx). At most positions the polarization is linear and θ gives simply the
polarization direction with respect to the laboratory x-axis. At positions where an ellipti-
cal component exists, the angle θ gives the orientation of the polarization ellipse, i.e. the
direction of a linear polarizer giving maximum local transmission of the light at the cor-
responding position on the pattern. Note that, in order to maintain the visibility of the
underlying structures, in Fig. 4.3(b) and Fig. 4.3(f) the polarization angle θ is plotted only
for positions where the local intensity exceeds a threshold of 0.3% of the maximum one.
First, it can be seen that the polarization evolves in the same way in both parts of a single
double-structure, this is the case also for the double circular rings in conventional CD. An-
other common feature with conventional CD is the fact that two opposite points on a given
individual structure (connected through a central point re�ection) always have orthogonal
polarizations. Looking more closely, it can be recognized that here increasing values of θ
(from blue to black to brown) are found by moving clockwise on the concave structures
and by moving counter clockwise on the convex ones (see Fig. 4.3(b)). This is true also
for the more complex pattern in Fig. 4.3(f) that contains only one convex structure, whose
intensity for the vertically oriented sections is very faint in Fig. 4.3(e). Interestingly, in the
regions of strong degeneracy (on the y-axis near y = 0 and y = ±24), zones with strongly
di�erent θ exist in near proximity. It is also important to note that for both patterns the
change in the angle θ is not a linear function of the azimuthal polar angleϕ, the relationship
between these two angles can vary strongly for di�erent structures. In contrast, in the case
of circular patterns in conventional CD one has always the linear relationship ∆θ = ∆ϕ/2
[18].

The predominantly linear polarization on the patterns can be easily visualized with
the help of the relative phase shift ∆φ between the phases of the local cartesian y- and
x-components of the electric displacement �eld D. The light is exactly linearly polarized
whenever ∆φ = 0° or ∆φ = 180°. These two values are represented in the third row
of Fig. 4.3 as gray and black colors and span most of the pattern’s areas. However, relative
phase shifts ∆φ departing from these two values (bluish or brownish colors), and thus local
elliptical polarization, can be observed in regions of interferences where di�erent structures
overlap, for instance at intersections. The same conclusions can be drawn by evaluating the
elliptical component S3 of the polarization Stokes vector de�ned as S3 ≡ IR−IL, where IR
(IL) are the right (left) circularly polarized components of the local intensity (light intensity
transmitted through a right (left) circular polarizer). The S3 components are depicted in the
last row (Fig. 4.3(d) and Fig. 4.3(h)). Since the S3 components are proportional to the local
intensity, intense regions gain in importance with respect to the representation based on
the phase shift ∆φ. This is clearly apparent in Fig. 4.3(h) by considering the three intense
horizontal zones of Fig. 4.3(e) arising from structure merging due to the above discussed
degeneracies along the y-axis.

Next we concentrate on the somewhat simpler case where the cascade is composed of
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Figure 4.3 – Examples of polarization distributions for two patterns obtained by conjugate cascade
of three BCs. Both patterns are for ρ1 = ρ2 = ρ3 = 12 and crystal orientation angles γ1 =

0, γ2 = π/2, γ3 = π. For the left column pattern in (a)-(d) the pair of magni�cation values are
(Mx,1;My,1) = (0.4; 0.7) and (Mx,2;My,2) = (2; 0.5). For the right column pattern in (e)-(h):
(Mx,1;My,1) = (2; 0.5) and (Mx,2;My,2) = (4; 2). (a) and (e): Distribution of normalized intensity
I and calculated positions for the X and Y structure parameters (stars and plus signs). (b) and (f):
Angle θ for the orientation of the local polarization ellipse. (c) and (g): Relative phase shift ∆φ for
the two components of the D-vector. ∆φ = 0° (gray) and ∆φ = 180° (black) indicate exact linear
polarization. (d) and (h): Local S3 Stokes vector component for the patterns in (a) and (e). The color
scale for each row is given on the right side.

only two BCs, for which structure intersections are absent. Here the CD strength param-
eters are ρ1 = 17.9 for crystal C1 and ρ2 = 13.9 for crystal C2 are chosen to be consistent
with our input beam focusing conditions and with the lengths L1 = 22.6 mm and L2 =
17.6 mm of two KGd(WO4)2

1 BC samples used for experiments. We choose γ1 = 0 and
γ2 = π/2, which implies that the two crystals are oriented in a crossed con�guration. The
interesting role of the relative orientation angles γ will be discussed in the next subsection.
Figure 4.4 illustrates the polarization behavior for three representative patterns correspond-
ing to three distinct cases called respectively case A (left column), case B (central column)
and case C (right column). The corresponding calculated and experimentally observed pat-

1The three main indices for KGW at 633 nm are ng = 2.0860, nm = 2.0458 and np = 2.0135 and the
optical axes lie therefore in the plane containing the indices ng and np. By calculating the direction of the
optical axes of KGW, one �nds that these axes make an angle of 47.4° with the axis associated to the index
np and thus an angle of 42.6° with the axis associated to the largest index ng . The above refractive indices
values also allow the calculation of CD cone aperture angle, α = 19.6 mrad (via Eq. 2.38).
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Figure 4.4 – Intensity and polarization distribution for three distinct cases of a two-crystal conjugate
cascade. All patterns are for ρ1 = 17.9, ρ2 = 13.9, γ1 = 0 and γ2 = π/2. Case A [left column, (a1)-
(a4)] is for magni�cations (Mx;My) = (2.5; 4.3), case B [central column, (b1)-(b4)] for (Mx;My) =

(1.25; 0.325) and case C [right column, (c1)-(c4)] for (Mx;My) = (0.4; 0.232). First line [(a1)-(c1)]:
Calculated normalized intensity Ith and positions for the X and Y structure parameters (stars and
plus signs). Second line [(a2)-(c2)]: Corresponding experimentally observed intensity patterns (Iexp).
Third line [(a3)-(c3)]: Orientation angle θ for the local polarization. Fourth line [(a4)-(c4)]: Relative
phase shift ∆φ for the two components of the D-vector. The color scale for each row is given on
the right side.

terns (upon illumination of the cascade at the wavelength of 633 nm) are given in the �rst
((a1)-(c1)) and second line ((a2)-(c2)) of Fig. 4.4. In case A both structures are concave and all
structure parameters are positive. For case B the internal structure is convex with Y− being
negative. Finally, for case C both structures are again concave. However, this case is dis-
tinct from case A because here both internal structure parameters X− and Y− are negative.
For this speci�c case one observes strong intensity spots on top and bottom of the internal
structure. The local polarization angle θ is shown in the third line (Fig. 4.4(a3)-(c3)). As in
the case N = 3 discussed above, here increasing values of θ are again observed by turning
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Figure 4.5 – Circular polarization analysis for a two-BC cascade pattern with branches overlap. The
pattern is obtained for (Mx;My) = (0.778; 0.323) with all remaining parameters as in Fig. 4.4.
First line (a1)-(a3): theory. Second line (b1)-(b3): experiments. The four panels on the right show
the region of the small rectangles in (a1) and (b1) after �ltering with a right ((a2) and (b2)) or a left
((a3) and (b3)) circular polarizer. The center is purely left circularly polarized and the neighboring
pair of vertical lines are right circularly polarized.

clockwise for all concave structures and by turning in counter clockwise direction in the
internal convex structure of case B. The cases A and C di�er by the fact that the positions
with a common polarization on the two structures are in phase for case C, while they are
in anti-phase for case A. For instance, the vertical polarization (θ = 90°) is on top for both
structures in Fig. 4.4(c3), while this polarization is once on top and once on bottom of the
two structures in Fig. 4.4(a3). Finally, it is important to note that for these non overlapping
structures the local polarization remains linear all over, as in the case of conventional CD.
This is easily recognized in the fourth line of Fig. 4.4, where the relative phase shift between
the two components of the D vector assumes only the values ∆φ = 0° or ∆φ = 180°.

The structures in Fig. 4.4 do not cross each other, what prevents the observation of
local elliptical components of the polarization. Nevertheless, it is possible to obtain local
interferences even for N = 2 if di�erent branches of a same structure overlap in the same
region of space. This is possible if one of the internal structure parameters (X− or Y−) is
zero or close to zero, such a case is shown in Fig. 4.5 where X− ≈ 0.03. Here one obtains
an elongated vertically oriented central structure resembling a letter I, with strong branch
overlap in the region identi�ed by the rectangles in Fig. 4.5(a1) (calculated pattern) and
Fig. 4.5(b1) (experimental pattern). The four panels on the right side of Fig. 4.5 show the
zoomed region of these rectangles after the output light goes through a right or left cir-
cular polarizer. Experimentally this is composed of a linear polarizer sandwiched between
two quarter-wave plates. It is observed both theoretically (Fig. 4.5(a2)) and experimentally
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(Fig. 4.5(b2)) that the right circularly polarized component splits into two vertical sections
with a zero intensity node in between. This central region is thus occupied by purely left
circularly polarized light, as seen by the central vertical line in Fig. 4.5(a3) and (b3). This
spatial separation between the right and left circularly polarized components proves that
the output pattern cannot be locally linearly polarized in the corresponding spatial region.

4.4.2 Variation of crystal orientation angles

The relative orientation γ of the various BCs around the common optical axis is a free
parameter and in�uences both, the pattern intensity as well as polarization distribution.
This is illustrated in the following with the help of two examples for N = 2 (Fig. 4.6(a1)-
(b5)) and N = 3 (Fig. 4.6(c1)-(d5)), respectively. Each line in Fig. 4.6 shows the intensity
and polarization distribution for values of γ2 increasing from 0 to 180° in steps of 45°, with
�xed γ1 (always) and γ3 (for N = 3). The pattern for N = 2 is similar to case B in Fig. 4.4

Figure 4.6 – Pattern intensity (1st and 3rd column) and distribution of polarization angle θ (2nd and
4th column) upon variation from 0 to 180° of the orientation angle γ2 of the second BC in the cascade
(given on the right side of each row). The angles γ1 = 0 and γ3 = 180° (two right columns) are �xed.
(a1)-(b5): N = 2 with (Mx;My) = (1.25; 0.325). (c1)-(d5): N = 3 with (Mx,1;My,1) = (2; 4) and
(Mx,2;My,2) = (2; 0.5). All CD strength parameters are assumed equal, ρ1 = ρ2 = ρ3 = 12.
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and the corresponding relative orientation with crossed crystals (γ2 = 90°) is found in
Fig. 4.6(a3)+(b3). In contrast, if the two crystals are parallel (γ1 = γ2 = 0, Fig. 4.6(a1)+(b1))
the pattern intensity conserves a horizontal and vertical symmetry axis and the individual
polarization orientations θ are at azimuthal position rotated by ±90° to the previous case.
Remarkably, here the internal structure is dominant with only very faint and hardly visible
external one (Fig. 4.6(a1)). This feature is exactly opposite to the case of a conventional
two-BCs CD cascade, where for parallel crystals only the external ring survives and the
internal one completely vanishes [22, 174]. The reason lies in the inversion of the sign of
each transverse κ component occurring upon imaging between the FIPs. In the opposite
case of anti-parallel BCS (γ2 = 180°, Fig. 4.6(a5)) it is the other way round with the external
structure dominating and a very faint internal one, again in opposition to the conventional
cascade case. For the intermediate angles γ2 one gets a di�erent balance and intensity
distribution in the two structures (left column in Fig. 4.6) and an overall rotation of the
positions of individual polarization angles θ by +γ2 for the internal structure and by−γ2 for
the external one (Fig. 4.6(b1)-(b5)), as compared to the case γ2 = 0. Note that the situations
for angles γ2 exceeding 180° are not given explicitly because they can be obtained from
those depicted here by trivial symmetry operations.

The above argumentation shows that individual structures can be enhanced or "switched
o�" by a proper choice of the relative angle γ2− γ1. The in�uence of the γi values remains
valid for N ≥ 3, as seen in the two right columns of Fig. 4.6 for a pattern similar to the one
in Fig. 4.2(b). Here γ1 = 0° and γ3 = 180° and the four structures are evident for γ2 = 90°
(Fig. 4.6(c3)). If the γ2 value is equal or near to γ1 the most internal structure is enhanced
as compared to all others (Fig. 4.6(c1)). In contrast, if γ2 ≈ γ3 it is the structure second in
rank along x being highly enhanced, as seen in Fig. 4.6(c5). Promoting the two remaining
structures is not possible with this combination of the angles γ1 and γ3 but would be pos-
sible with other choices. For example, the combination γ1 = 0°, γ2 = 180° and γ3 = 0°
would promote the most external structure. Unlike in the above example for N = 2, here
the relative orientation of the �rst and last crystal in the cascade is not changed. As it can
be veri�ed in Fig. 4.6(d1)-(d5), this has the interesting consequence that the θ angles for
the local polarization are not modi�ed by changing the intermediate angle γ2, apart for the
regions of structure overlap where the polarization is no longer exactly linear, as we have
discussed in Sect. 4.4.1. This is due to the fact that the polarization distribution is largely
determined by the last crystal in the cascade. Indeed, the polarization orientation pattern
would move drastically if instead of γ2 one would turn the angle γ3.

4.4.3 Non-commutation of the conjugate cascade

Here we discuss a property that is related to the non-commutation of the cylindrical lenses
in the conjugate cascades resulting into totally di�erent CD patterns at the focal image
plane. Two calculated examples for the case of a cascade of three mutually crossed crystals
with wave-vector space manipulation between each pair of them are shown in Fig. 4.7. Fig-
ure 4.7 depicts the intensity distribution observable at FIP3. The case of Fig. 4.7(a) shows
four structures looking like planetary orbits with two of them intersecting each other is
obtained for Mx1 = 2.50, My1 = 4.30 and Mx2 = 1.25, My2 = 0.325. Remarkably, the
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mere permutation of the Mx1 and My1 values with the Mx2 and My2 leads to a completely
di�erent beam shape. This situation is shown in Fig. 4.7(b), where one observes an internal
Maltese cross-like shape formed by the two intersecting convex internal structures, com-
bined with two concave external ones. The above permutation of the magni�cation values
corresponds in practice to exchanging the cylindrical lenses between the �rst and second
BC with those between the second and the third. The fact that this operation leads to fully
di�erent patterns is related to the lack of commutation of the matrices within the integral
in Eq. (4.1) associated to a generalization of Eq. (4.2). The eight intersection points ±X±±
and±Y±± of the four structures with the x- and y-axes are found via Eq. 4.8 and the values
are listed in Table 4.2. It can be observed that the ordering and the signs of the eight values
X++,X+−,X−+,X−−, Y++, Y+−, Y−+ and Y−− give a direct answer that one should expect
completely di�erent patterns in these two cases.

Figure 4.7 – Theoretically calculated intensity distribution of non-circular CD patterns for a cascade
of three mutually crossed crystals (γ1 = 0, γ2 = π/2, γ3 = π) with CD strengths ρ1 = 12.0,
ρ2 = 9.3 and ρ3 = 7.3. The magni�cation factors associated to the k-space manipulations between
each pair of BCs are: (a) Mx1 = 2.50, My1 = 4.30, Mx2 = 1.25, My2 = 0.325; (b) Mx1 = 1.25,
My1 = 0.325, Mx2 = 2.50, My2 = 4.30. Therefore the manipulation in (b) between the second and
third BC is the same as the one in (a) between the �rst and second BC, and vice versa.

For the case in Fig. 4.7(a), we identify from the structure parameter values that the ranks
of the second and third structure are di�erent along x-axis and y-axis (see Table 4.2 case
(a)), thus these two structures cross each other. However, for the case in Fig. 4.7(b), it is the
third and fourth rank structures that are di�erent along x-axis and y-axis (see Table 4.2 case
(b)) and hence cross each other. Similarly the sign of the product parameter dictates that
all structures in Fig. 4.7(a) possess concave curvature as it is positive for all of them, while
the case in Fig. 4.7(b) possess two structures with negative value of the product parameter
and thus has two structures with convex curvature (see last column of table 4.2 for product
parameter sign).

4.4.4 Possibility to select individual structures

As mentioned above, the intensity on individual structures depends on the given choice
of the γn angles. Here we discuss brie�y how any given structure can be made dominant
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Table 4.2 – The values of structure parameters X±...± and Y±...± and signs of product parameters
P±...± for the structures contained in the two cases of Fig. 4.7(a) and (b). The ranks rx and ry for
the structure parameters are given in the parenthesis.

Case Magnification 
values 

X-structure 
parameter and 
rank [X± … (rx)] 

Y-structure 
parameter and 
rank [Y± … (ry)] 

Sign of product 
parameter P± … ± 

 
(a) 

Mx,1 2.50 X++(1) 56 Y++(1) 27 pos. 
My,1 4.30 X+−(2) 42 Y+−(3) 13 pos. 
Mx,2 1.25 X−+(3) 33 Y−+(2) 21 pos. 
My,2 0.325 X−−(4) 19 Y−−(4) 6 pos. 

        

 
(b) 

Mx,1 1.25 X++(1) 68 Y++(1) 64 pos. 
My,1 0.325 X+−(2) 54 Y+−(2) 50 pos. 
Mx,2 2.50 X−+(3) 22 Y−+(4) −16 neg. 
My,2 4.30 X−−(4) 7 Y−−(3) −31 neg. 

 
 
 
 over all others. This is done by the same three BCs cascade example as in Fig. 4.6(c1)-(d5).

The key is to choose the proper γn angles of the BCs in the cascade. In experiment, this
situation is achieved by orienting each crystal to a speci�c orientation (γ angle) required
to obtain that corresponding structure. This possibility is illustrated in Fig. 4.8. The choice
for the second and third BCs must be either parallel (γn = 0°) or anti-parallel (γn = 180°)
to the orientation of the �rst one (assumed γ1 = 0°). There are four possible combinations
for the γ2 and γ3 angles under these conditions. Each one permits to select one of the four
structures as the dominant one, as illustrated in Fig. 4.8.

In the speci�c case shown here, an interesting non-intuitive observation is that the
choice of γ1 = γ2 = γ3 = 0 (all BCs parallel) results in selection of the second inner most
structure (third in rank along x-axis). Similarly, a choice of γ1 = γ3 = 0 and γ2 = 180
results in selection of the outermost structure (�rst rank structure along x-axis and y-axis).
It is important to point out that the same kind of approach can be used to select individual
structures in a cascade ofN BCs by choosing the γ2...γN orientation angles of the lastN−1
BCs between the values 0° and 180°.

4.4.5 Polarization �ltering at di�erent stages

The patterns given in the preceding sections were obtained with circular polarized input
wave and without additional polarizing elements in the cascade. However, the insertion of
a linear polarizer at the input, between the BCs or at the output of the cascade modi�es
the pattern intensity distribution. In this section, we use again the cases A, B and C for a
two-crystals conjugate cascade to illustrate this e�ect in Fig. 4.9, which is associated to the
same cascade parameters as Fig. 4.4. There are obviously many possible combinations for
the polarizer positions and orientation angles β. For all cases investigated, good agreements
between theoretical expectations and experiments have been found, as illustrated below for
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Figure 4.8 – A three crystal cascade with variations in γ angles in order to select individual struc-
tures. The values of the γ angles for each crystal in the cascade are mentioned on top of each
pattern. Other parameters are as follows: ρ1 = ρ2 = ρ3 = 12 and (Mx,1;My,1) = (2; 4) and
(Mx,2;My,2) = (2; 0.5).

the case where the polarizer is at the input of the cascade. The e�ects observed when the
polarizer is either in the middle (between the BCs) or at the end (after FIP2) of the cascade
are discussed here only by experiments but agree with our simulations.

Let us address �rst the case where an input linear polarizer is inserted before the cas-
cade, this case is shown in Fig. 4.9(a1)-(c2) for the theory and Fig. 4.9(a3)-(c4) for the exper-
iments. A careful observation shows that for all three cases A, B and C a linearly polarized
input leads to a zero intensity node on each of the two structures composing the pattern.
These nodes have the same origin as the intensity node on the ring observed in conven-
tional CD with linear, rather than circular, input light polarization [18]. For a polarizer
angle β = 0° (1st and 3rd rows in Fig. 4.9) the nodes are on the same side for the two
structures for cases A and B, while for case C the internal node is on the left side and the
external one on the right side. If the input polarizer is rotated by an angle β (β = 45° in 2nd
and 4th rows of Fig. 4.9), the node positions rotate by −2β = −90° for case A and case C.
For case B the nodes rotate by +2β for the internal structure and by −2β for the external
one, leading to nodes on opposite sides in Fig. 4.9(b2) and (b4). These opposite directions
for the node positions are associated to the opposite evolution of the polarization angle θ
in the two structures of case B, discussed above in connection to Fig. 4.4(b3).

The situation where the polarizer (analyzer) is inserted at the output of the cascade
is shown in the 5th and 6th rows (Fig. 4.9(a5)-(c6)) and is easy to understand. Here the
transmitted pattern is the output polarization pattern at FIP2 projected onto the output
analyzer and weighted with the local light intensity. Each structure exhibits one node at
the position where the local polarization is perpendicular to the orientation of the analyzer.
For instance, for case C a horizontal analyzer (β = 0°) leads to attenuation of the top parts of
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Figure 4.9 – Intensity patterns upon �ltering with a linear polarizer at di�erent stages of a two-BC
cascade. The �rst column, (a1)-(a8) is for case A of Fig. 4.4, the second, (b1)-(b8) for case B and the
third (c1)-(c8) for case C. First four rows (a1)-(c4): Filtering of the input polarization under the angle
βin = 0° or βin = 45°, as given on the left. (a1)-(c2): Theory, (a3)-(c4): Corresponding experiments.
(a5)-(c6): Experimental patterns for �ltering at the cascade output with a linear analyzer under the
angles βout = 0° or βout = 45°. (a7)-(c8): Experimental patterns for intermediate �ltering between
the two BCs with polarizer angles βmid = 0° or βmid = 45°. All CD strength parameters and
magni�cation values are as in Fig. 4.4.

both structures, with nodes on the top where the polarization is vertical (Fig. 4.9(c5)). If the
analyzer is turned to β = 45° the left side of both structures is conserved (Fig. 4.9(c6)) while
the right side, associated to polarizations near 135° in Fig. 4.4(c3), is strongly attenuated.
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Similar conclusions can be drawn for cases A and B.

The last two rows of Fig. 4.9 illustrate the case where a polarization �ltering is performed
between the two BCs of the conjugate cascade. This situation is somehow more complex
and is connected to the intermediate polarization scrambling or �ltering that was studied
earlier in Ref. [24] for the case of circular CD patterns. For an intermediate polarization
transformation being a simple linear polarization �ltering like here and for two crossed
crystals, it was shown in [24] that each of the two CD rings gets two intensity nodes. It
was also found that the external ring nodes are azimuthally shifted with respect to those for
the internal ring and that the nodes on a single ring are azimuthally separated by 90°. Such
a double node for each of the two structures obtained for N = 2 is theoretically predicted
also for our non-circular patterns. Nevertheless, since the expected and observed intensity
in the structure regions between the two nodes are often very faint, their existence is hardly
seen by a mere visual inspection, giving the impression of whole dark quadrants. For the
experimental patterns shown in Fig. 4.9 the existence of the double nodes can be recognized
better in Fig. 4.9(a7) (case A, internal nodes on bottom and right and external nodes on top
and right) and Fig. 4.9(b8) (case B, internal nodes on left and top and external nodes on
right and bottom). In all cases the double nodes have the e�ect that on each structure a
given quadrant is dark or nearly dark. Since the relative orientation of these external and
internal quadrants is o� by 90°, also the high intensity regions on the two structures forming
the pattern are shifted by the same amount. This is in contrast to the above discussed
cases where the polarization �ltering is at the entrance or at the output of the cascade.
It is worth noting that, as demonstrated in [24], other types of intermediate polarization
manipulations can also be applied, all resulting in complex and eventually recon�gurable
azimuthal distributions of the intensity and polarizations on the patterns. This is even more
true if the cascade is extended to more than two BCs.

4.4.6 Evolution of non-circular CD patterns beyond ζ = 0 plane

In this section, the evolution of the non-circular CD patterns beyond the focal image plane
(i.e. beyond ζ = 0 plane) of the conjugate cascade are presented. The discussion is limited
to a cascade of two crystals and only the experimental results are presented here. Three
di�erent cases are analysed for the longitudinal evolution of the patterns (see �g. 4.10). It
is important to mention here that CD beams from a convectional cascade would result into
a Raman spot at a certain plane beyond the focal image plane, which is like the incident
Gaussian beam. However a conjugate cascade results into unique evolution of the patterns
depending on the rule of thumb parameters and shape of the structures in the conjugate
focal image planes.

The three patterns in Fig. 4.10 correspond to the three cases A, B and C as discussed
earlier on. The far-�eld patterns in Fig. 4.10(a) correspond to the case where both of the
structures have concave curvature and it can be observed that this pattern keep it’s shape
in the far-�eld, i.e. diverges symmetrically. However, both the inner and outer structures of
the pattern in Fig. 4.10(b) transform into a caustic pattern. Finally, the pattern in Fig. 4.10(c)
behaves like the conventional cascade in the sense that the outer structure develops weak
internal rings in the far-�eld, but the internal structure instead of conversion into an axial
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Figure 4.10 – Experimentally obtained far-�eld images for the conjugate cascade of two biaxial crys-
tals. The parameters for the three cases are as follows: (a) Mx = 2.5 , My = 4.3, (b) Mx = 1.25 ,
My = 0.325 and (c) Mx = 0.4 , My = 0.232. ρ1 = 17.9 and ρ2 = 13.9 for each of the case.

spike (Raman spot) transforms into a caustic with spun cusps [49]. This is interesting from
the point of view that these caustics shapes are polarization dependent. It is worth noting
that interest has arisen recently in generating caustics for fundamental and application
purposes [185, 186].

4.5 Conclusion

We have analyzed theoretically and experimentally the unusual non-circular vector beam
patterns obtained in a conjugate conical di�raction cascade with intermediate manipula-
tion in wave-vector space. It was shown that the intensity and polarization distribution on
the concave or convex structures composing the conical di�raction pattern can be success-
fully predicted by a paraxial model taking into account the asymmetric k-space transforma-
tions. For a N -crystals cascade a total of 2N−1 structure parameters X±±···± and Y±±···± in
each of the Cartesian directions were introduced. These parameters depend on the conical
di�raction strengths of the individual BCs and on all magni�cation values between adjacent
conjugate planes. They allow to �nd rules of thumb for the general shape of the pattern
structures and to predict eventual intersections. It was shown that the local polarization
on the non-circular structures is linear with the exception of regions of structure crossings
or local overlaps of di�erent branches of a same structure, where elliptical or circular po-
larizations can be present. The polarization angle evolution is not a linear function of the
polar angle on the structure and for the case N = 2 three distinct cases for the polariza-
tion distribution were identi�ed on the basis of their structure parameters combination. In
this latter case the modi�ed patterns expected by a linear polarization �ltering at the input,
output or at the intermediate position in the cascade were determined and con�rmed exper-
imentally. Finally, it was shown that the local polarization angles and local intensities on
the individual structures depend on the rotation angles γi of the BCs around the common
optical axis. The orientation of the last crystal determines the polarization distribution,
while the relative orientation of all crystals determines the intensity distribution and the
relative importance of individual structures. Another interesting aspect observed was the
possibility to isolate a speci�c structure out of 2N−1 for a N BC cascade by a careful choice
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of the rotation angles γi of the individual BCs in that cascade. It was also shown that non-
commutation of the cylindrical lenses in the conjugate cascades leads into totally di�erent
CD patterns at the focal image plane and the non-circular patterns evolve in a complex man-
ner longitudinally. The e�ects discussed here lead to an increased vector pattern richness
and versatility as compared to the circular rings of conventional CD cascades.
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Chapter 5

Fractional charged OAM beams

As already discussed in Chapter 1, the orbital angular momentum (OAM) arises naturally
in beams with azimuthal phase structure of eilϕ, where l is an integer and ϕ is the azimuthal
angle. Light beams with integer OAM consists of a stable optical vortex possessing corre-
sponding topological charge in the center of the beam (on propagation axis). However, the
beams with fractional charge OAM in general consists of alternating charge (±1) vortices
around the center of the beam. Another particular feature is that the intensity distribution
contains a low intensity line, which corresponds to the branch cut orientation or phase step
discontinuity of the generating optical device. The number of optical vortices in the cross-
section of a fractional OAM beam are equal to the value of OAM rounded to the nearest
integer i.e. Sα = integer(l+ 1/2) but this excludes the exactly half integer or multiples of
half integer OAM values, as for them there exists an in�nite number of alternating charge
vortices along the direction of low intensity line which corresponds to the phase step dis-
continuity of the spatial phase plate utilized to generate them [56, 91, 187]. This implies
that vortices are created and annihilated in beams with fractional OAM. The creation of
a vortex happens as the OAM value increases from exact half integer and annihilation of
a vortex happens as the OAM value decreases from exact half integer. This has already
been thoroughly investigated both theoretically and experimentally. The theoretical and
experimental work relating to fractional OAM beams has been performed by generating
these sort of beams via spiral phase plate or by a spatial light modulator [91, 187–190]. In
contrast, fractional OAM beams of a natural origin such as those generated via the conical
di�raction (CD) phenomenon still lack profound investigations.

Standard conical di�raction beam possess fractional OAM of exactly ±~/2 per photon,
the sign depends on the handedness of the incident circular polarization (i.e. + for left and
− for right circular) [25]. This is evident from the fact that a conical di�raction beam can be
considered as a superposition of two beams corresponding to the B0 and B1 components
in Eqs. (3.10) - (3.12), which are related to the Bessel functions of zero and �rst order
respectively. The phase and electric �eld distribution in these components depends on the
input polarization such that a left circularly polarized Gaussian incident beam would result
in B0 component with Jorb = 0; Jspin = +1~ and B1 component with Jorb = +1~; Jspin =
−1~. Thus the total angular momentum of conical di�raction beam has spin part equal to
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zero (S = 0) while the orbital part is equal to +~/2 per photon [26–28]. It has already been
shown that the fractional OAM of CD beams can be scaled by all optical means by separating
either B0 or B1 [31–33]. In this chapter, it is demonstrated that the fractional OAM can be
scaled in non-circular conical di�raction beams without separating or selecting any one
component of the beams. This scaling in addition to the non-circular complex distribution
of phase and intensity brings interesting new fundamental aspects into play.

5.1 Experimental methods for measuring OAM

The most familiar method for determining the OAM or observing the vortices in a beam are
plane wave interferences, where the OAM beam is interfered in a collinear or noncollinear
manner with its mirror image or a plane reference wave. The collinear interference results
in spirals in the intensity pattern with the number of spiral equal to the absolute value of the
OAM and the handedness of these spirals indicates the± charge of OAM. Similarly, a non-
collinear interference results in interference fringes with forks appearing at the positions
of the vortices, the charge of the vortex is equal to the number of prongs minus one. The
fractional OAM beams contains an additional degree of complexity as the single charge
vortices in them are displaced across the beam cross-section. Thus, we have resorted to
two additional methods for determining the fractional OAM of our non-circular CD beams.
Firstly, an o�-axis digital holography is used to simultaneously measure the spatial ampli-
tude and phase of the beam and secondly, a quantitative measurement of fractional OAM is
performed by utilizing a cylindrical lens. These three methods and the fundamental physics
involved are described below.

Plane wave interference

Let’s consider an interference of a signal beam Es and reference beam Er of same fre-
quency and amplitude (mutually coherent) but propagating with an angle of 2α between
their wavevectors ks and kr. Our intention is to take a look at the density of the electro-
magnetic energy in a plane perpendicular to the sum of the interfering wavevectors ks+kr.
The signal and reference beams can be written in the complex notations in paraxial regime
as

Es = E0e
i(ωt−ks·r), (5.1)

Er = E0e
i(ωt−kr·r). (5.2)

The free space density of electromagnetic energy can be expressed as

wE =
1

4
ε0E · E∗ (5.3)

where E is the superposition of the interfering waves i.e.

E = Es + Er

= E0e
iωt(e−iks·r + e−ikr·r) (5.4)
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Figure 5.1 – Three experimental techniques are utilized to determine OAM of the non-circular pat-
terns generated in a conjugate cascade of biaxial crystals. (a) shows an optical setup for plane wave
interference technique, (b) shows o�-axis digital holography and (c) shows quantitative measure-
ment of OAM of non-circular CD beams via a single stationary cylindrical lens, while the inset
shows the principle concept of OAM measurement via a cylindrical lens [191].

By calculating the scalar product of the resulting �eld (i.e. E · E∗) and utilizing cartesian
coordinates, it can be shown that the energy density at the projected screen (plane of ob-
servation) can be written as

wE = E2
0ε0 cos2(kx sinα). (5.5)

This expression for energy density clearly indicates that the energy density varies only
along the coordinate (x-axis) that lies in the plane de�ned by the signal and reference beams
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wavevectors 1. The interference pattern on the screen consists of fringes perpendicular to
the x-axis. The corresponding fringe spacing between two minima is

∆x =
λ

2 sinα
. (5.6)

Thus the fringe spacing in the interference pattern gets sparser with increasing wavelength
and denser with increasing angle between the interfering beams wavevectors. This partic-
ular behaviour is of high importance for the o�-axis digital holography (OFDH) measure-
ments, so it would be discussed later on.

The optical setup for plane-wave interference experiments is shown in Fig. 5.1(a). The
incident beam is split into two beams via a beam splitter and then one of the beam (signal
beam) passes through the conjugate cascade setup for generating non-circular CD beams
while the other beam (reference beam) after traversing approximately identical path length2

is combined with the �rst beam via a second beam splitter. The two beams at a slight angle
(non-collinear) with each other are directed via an imaging lens onto the CCD for observing
the interference pattern.

O�-axis digital holography

O�-axis digital holography utilizes the hologram (or interference pattern) recorded onto a
CCD to determine the amplitude and phase of the signal beam[192]. The term o�-axis is
used here as the interference pattern is created by two beams that propagate at small angles,
and the word digital is used as the interference pattern is recorded into a CCD and later on
processed digitally. In our investigations, the plane wave interference patterns recorded via
the method described above are used for determining the spatial phase of the beams. The
recorded intensity (into the CCD) of the interference pattern generated by the interfering
signal and reference beams has four components

|Es + Er|2 = |Es|2 + |Er|2 + Es
∗Er + EsEr

∗. (5.7)

The �rst two terms on the right-hand side correspond to the intensity of the signal and
reference beams respectively and they contain no phase information. The last two terms are
basically the signal beam modulated by the reference beam. These last two terms contain
the full complex �eld of the object and reference beams and they are complex conjugate of
each other. Actually, it is su�cient to isolate the last term and get rid of the other three
terms. In order to separate the termEsEr

∗ (i.e. signal beam times the conjugate of reference
beam), a Fourier transform is performed and indeed, due to the tilt in the reference beam,
it becomes possible to separate o�-axis terms in the Fourier domain. As already discussed
in the last section, the tilt in the reference beam is responsible for creating a cosine fringe
pattern. Such a fringe pattern is composed of straight lines in the background, these lines

1In other words, energy density becomes only the function of the coordinate that lies in the plane formed
by the interfering wavevectors (in the above case wE = wE(x)) and it is independent from the other coordi-
nates.

2In order to have reasonably resolved fringe patterns, the path di�erence between the two beams should
be within the coherence length/coherence time of the laser source.
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can become curved upon interaction with a non-planar signal beam and hence this curving
also captures the phase information of the signal beam. Now, one can also write the Fourier
transform of the interferogram (interference/fringe pattern) as the super-position of the
Fourier transform of each of the four terms above

FT (|Es + Er|2) = FT (|Es|2) + FT (|Er|2)︸ ︷︷ ︸
DC component

+FT (Es
∗Er)︸ ︷︷ ︸

order -1

+FT (EsEr
∗)︸ ︷︷ ︸

order +1

. (5.8)

The 2-D Fourier transform of an interferogram recorded on a CCD has three components,
the �rst two terms are the DC component (or auto-correlation terms and contains no phase
information) and they are located in the center of the Fourier domain as can be seen in
Fig. 5.1(b), which depicts the principle scheme of o�-axis digital holography. The Fourier
transform of the plane wave is a single bright spot in the center and on top of this is the
Fourier transform of the intensity of the signal beam. This central region is not required for
our purpose as it does not contain any phase information. In Fig. 5.1(b), it can be observed
that the o�-axis higher order terms (or cross-correlation terms of order +1 and −1) are
located spatially at di�erent position in the Fourier domain. The Fourier transform of the
term EsEr

∗ (signal times the conjugated reference) can also be written as the convolution
of Fourier transform of signal and reference beams i.e. FT (Es) ∗ FT (Er

∗). As mentioned
earlier the FT (Er

∗) is just a single point in Fourier space thus this term just represents the
Fourier transform of the signal wave shifted in space corresponding to the tilt angle of the
reference wave. Here it is important to mention that the tilt angle of the reference beam
should be reasonable to have well resolved interference fringes but enough to separate
the high order terms (cross-correlations terms) from the DC component (auto-correlation
term). Thus the spatial separation between the higher order components allows to �lter
the order +1 (FT (EsEr

∗)) by cropping this component and then moving it to the center
of the Fourier domain for removing the tilt of the reference wave 3. Finally, an inverse 2-D
Fourier transform allows to go back to the image plane to retrieve the complex wavefront
of the signal beam (see right panel in Fig. 5.1(b)).

Quantitative measurement of the fractional orbital angular momentum

Here a quantitative method for determining the fractional OAM via a cylindrical lens is
presented. Before discussing the experimental setup and presentation of results, a brief
discussion is presented on how a cylindrical lens is utilized for determining the OAM of
a beam. This experimental method is presented in detail in Ref. [191]. From classical
mechanics, a single photon angular momentum with respect to the beam center is de�ned
as

Lz = (r× p)ẑ = xpy − ypx = ~(xky − ykx) (5.9)
Here ẑ is considered as the direction of propagation of the beam, (x, y) represent the Carte-
sian coordinates, (px, py) represent the photon momentum in the transverse plane and

3The tilt of the reference can be removed as a linear phase ramp becomes a shift in the Fourier space. An
alternative way to accomplish this is as follows. One selects the desired higher order component in Fourier
space and inverse Fourier transform this region to go back to the image plane, where one can multiply the
�eld with the reference wave to remove the tilt. Both the methods are equally e�ective in removing the tilt
of the reference wave.
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(kx, ky) are the wavevector transverse components giving the local propagation direction
with respect to the z-direction. By using the formalism of geometrical optics in order to
relate the wavevectors transverse components with the spatial positions in the focal plane
of a cylindrical lens, the average OAM for a collection of photons can be de�ned as [191]

〈Lz〉 =
2π~
fλ

[〈xy′〉 − 〈yx′〉] . (5.10)

A cylindrical lens transforms an incident photon linear momentum to a corresponding spa-
tial position in its focal plane (see inset in Fig. 5.1(c)). Which implies that the two terms
in the parenthesis on the right side of Eq. (5.10) can be determined by orienting the axis
of cylindrical lens horizontally and vertically. By the lens horizontal orientation, the distri-
bution of photons momentum along the y-axis is obtained and vice versa for the vertically
orientation. A cylindrical lens provides a one-dimensional Fourier transform of a mode in
its focal plane, this allows to calculate the average OAM by calculating the covariance terms
according to

Vx′y = 〈yx′〉 =

∫∫∞
∞ I(x′, y)x′ydx′dy∫∫∞
∞ I(x′, y)dx′dy

, (5.11)

and, analogously

Vxy′ = 〈xy′〉 =

∫∫∞
∞ I(x, y′)xy′dxdy′∫∫∞
∞ I(x, y′)dxdy′

. (5.12)

The term Vx′y is the covariance term that calculates the distribution of photons momentum
along the x-axis by orienting the cylindrical lens axis along the y-axis. Analogously, Vxy′
calculates the photon momentum along y-axis for an x-axis oriented cylindrical lens. The
intensities I(x′, y) and I(x, y′) in Eqs. (5.11) and (5.12) represent the spatially resolved
intensities at the cylindrical lens focal plane. Finally, the measured OAM is related to the
above covariance as

lmeasured =
2π

fλ
(Vx′y − Vxy′) (5.13)

The experimental setup is shown in Fig. 5.1(c). The generation part of the non-circular
patterns from a conjugate cascade is exactly the same as discussed earlier on in chapter 4.
For quantitative OAM measurements, the generated non-circular patterns are collimated
by a spherical lens and are then focused by the cylindrical lens onto a CCD. Importantly,
the CCD is placed at the focal plane of the cylindrical lens. Thus by orienting the cylindrical
lens axis horizontally and vertically, both covariance terms Vx′y and Vxy′ can be measured
from the recorded CCD images. Each recorded CCD image is a two-dimensional array of
intensity values, with x′ = y = 0 as a centroid of the reference Gaussian beam traversing
the whole optical system.

5.2 Examples of OAM determination

In this section, few illustrative examples on how to determine the OAM of hypergeometric-
Gaussian beams (HyGG) and of conical di�raction beams are discussed. The HyGG modes
are modelled based on Ref. [57]. They have azimuthally varying phase pro�le and also pos-
sess an on-axis vortex (the �eld amplitude vanishes at the center where there is an on-axis
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Figure 5.2 – Principle of OAM determination of the HyGG beams via di�erent techniques. First
column (a1)-(c1): intensity distributions of the various modes; Second column (a2)-(c2): intensity
distribution for the modes after focusing by a cylindrical lens (oriented vertically) for quantitative
measurement of OAM; Third (a3)-(c3): and fourth (a4)-(c4) column: collinear and non-collinear
interference patterns of the modes with a plane wave, respectively. Fifth column (a5)-(c5): extracted
phase distribution of each mode via the o�-axis digital holography technique described in Sect. 5.1.

singularity) with topological charge equal to l. Their intensity pro�le consists of a single
ring (for modes with l > 0). In order to verify the techniques, several modes of HyGG
modes are numerically generated with a known OAM value (l value), we then verify this
value by the techniques described above. Figure 5.2 shows the determination of OAM for
Hypergoemetric-Gaussian (HYGG) fundamental mode (l = 0) and two other modes with
l = 1, 2. As mentioned earlier, their intensity distribution is characterized by a single ring
(see Fig. 5.2(a1)-(c1)). The quantitative determination of the OAM value of these modes via
the cylindrical lens method is performed and the results showed that this technique aided
in retrieving the exact OAM value for each of the mode (see Fig. 5.2(a2)-(c2)). Similarly,
a collinear and non-collinear plane wave interference with the modes l = 1 and l = 2
revealed the presence of spirals (see Fig. 5.2(b3)-(c3)) and forks (see Fig. 5.2(b4)-(c4)) at the
center of the beam, respectively. The number of spirals and forks correspond to the l value
of the modes. While for the mode with l = 0, neither spiral nor forks are observed for
the collinear and non-collinear plane wave interference, verifying the topological charge
l = 0 for this fundamental mode (see Fig. 5.2(a3)-(a4)). By utilizing the interference pattern
obtained via non-collinear interference of these modes with the plane wave, the azimuthal
phase of these modes is obtained using the o�-axis digital holography technique. It is ob-
served that, as expected, the azimuthal phase changes by 2π (one turn) around the center
for the l = 1 mode (Fig. 5.2(b5)) and by 4π (two turns) around the center for l = 2 mode
(Fig. 5.2(c5)). Also, again there is no variation or turning of azimuthal phase around the
center for the HyGG fundamental mode, thus verifying its zero OAM value.
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Figure 5.3 – OAM measurement of the conical di�raction beam via various techniques. The �rst
and second row corresponds to a simple CD patterns obtained via left handed and right handed
incident circular polarization respectively. (a1) and (b1) shows CD patterns intensity distribution,
(a2)-(b2) shows the intensity distribution for each CD pattern after focusing by a cylindrical lens
(oriented vertically) for the quantitative measurement of OAM, (a3) and (b3) shows interference
patterns obtained via interfering of CD beams with an o�-axis plane wave, (a4) and (b4) shows the
phase of the CD beams obtained via o�-axis digital holography from the corresponding interference
patterns.

The OAM of the simple conical di�raction beam is also investigated for a further illus-
tration of the three techniques described in the last section. It has already been shown that
a CD beam possess fractional OAM of exactly±~/2 with + charge for left and− charge for
right circularly polarized incident beam [25]. Figure 5.3 shows the determined OAM values
via di�erent techniques for a CD beam obtained by focusing a circularly polarized beam
along the optic axis of a single biaxial crystal. The intensity distributions for CD beam ob-
tained via left and right circular incident beam are identical (see Fig. 5.3(a1) - left and (b1) -
right). A quantitative determination of the OAM value of the CD beam showed that indeed
a CD beam obtained from left(right) circularly polarized incident beam has fractional OAM
of +(−)~/2 (see Fig. 5.3(a2)-(b2)). Similarly, an interference pattern obtained via inter-
fering non-collinearly CD beam and a plane wave is shown in Fig. 5.3(a3)-(b3). Since the
interference patterns can only give qualitative measurement of OAM, the fractional nature
of the CD beams makes it impossible to guess any value of OAM in this case. Nonetheless
the interference patterns reveals slight shifting of the fringes at particular spatial positions
thus indicating the presence of phase discontinuity lines. However an o�-axis digital holog-
raphy measurement obtained from these interference patterns reveals that indeed there is
an azimuthal phase change of 2π along the CD ring circumference. This azimuthal phase
changes is clockwise (anti-clockwise) for CD beam obtained from left (right) circularly po-
larized incident beam (see Fig. 5.3(a4)-(b4)).

It is pertinent to mention few important things about the three techniques that have
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been discussed in the earlier section and illustrated in this section for the OAM of HyGG
and CD beams. CD beams have two intrinsic features that make them unique from other
conventional OAM beams, �rstly they are vectorial in nature, i.e they have a spatially vary-
ing linear polarization, while most of the beam carrying OAM are scalar (like HyGG beams).
Secondly, they possess fractional OAM values. Now, the plane wave interference experi-
ments that give a qualitative sense of OAM are most helpful when the two beams are lin-
early polarized. So it is obvious that CD interference patterns can not give a complete
picture about the fractional OAM value or phase information. On the same line of argu-
ments, o�-axis digital holography which utilizes non-collinear interference patterns also
requires that two beams have same polarization. It is in principle possible to record two
interferograms with orthogonal polarizations and then process them to retrieve phase in-
formation. However, this would still not solve the problem as CD beams possess all linear
polarizations. On the other hand, the quantitative measurement of OAM via cylindrical lens
is the only method that can work e�ciently. It is independent of the polarization nature of
the beam and it is equally e�ective in determining the fractional (non-integer) OAM [191].
Thus, this is the preferred method in our investigations on the OAM of non-circular CD
beams described in the next section.

5.3 OAM of non-circular CD beams

Here, the investigation of the OAM nature of our non-circular CD beams are reported by
the techniques discussed and illustrated with examples earlier on. It is shown that the
fractional charge OAM of the non-circular CD beams can be scaled with the magni�cation
values of the cylindrical lenses utilized in the conjugate cascade. For the purpose of clarity
only two non-circular patterns are being discussed. The results on the investigations of
these two cases via plane wave interference, o�-axis digital holography and quantitative
measurement are shown below.

Figure 5.4 – Intensity distribution for an interference pattern between a non-circular CD wave and
a plane wave. The non-circular CD beam is experimentally generated from an asymmetric cascade
of two biaxial crystals with parameters: Mx = 2.50 and My = 0.233 and ρ1 = 17.9, ρ2 = 13.9.

Figure 5.4 shows the experimental interferogram for a plane wave interference with one
of the non-circular pattern generated by a two-BC conjugate cascade. The zoomed �gure on
the right shows the positions of single charged vortices, two of the vortices are connected
via a single fringe line and possess opposite charges. It is clearly observed that these non-
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Figure 5.5 – Theoretically obtained interference patterns and reconstructed phase for two of the non-
circular CD patterns obtained from the two BCs conjugate cascade with parameters: for ρ1 = 17.9,
ρ2 = 13.9 and crystal orientation angles γ1 = 0, γ2 = π/2. In (a1)-(a3) Mx = 1.25 , My = 0.325

and in (b1)-(b3) Mx = 2.50 and My = 0.233.

Figure 5.6 – Quantitative measurement of OAM for the same two non-circular patterns as in Fig.
5.5. Both patterns are for ρ1 = 17.9 = ρ2 = 13.9 and crystal orientation angles γ1 = 0, γ2 = π/2.
while the magni�cation values are Mx = 1.25 and My = 0.325 [theory (a1)-(a3) and experiment
(b1)-(b3)] and Mx = 2.50 and My = 0.233 [theory (c1)-(c3) and experiment (d1)-(d3)].

circular patterns possess single charge vortices that are distributed in the cross-section of
the beam, which makes it di�cult to reliably determine qualitatively the fractional OAM
per photon. However another interesting feature observed from this interference pattern
is that there are phase discontinuity lines along the four nearly horizontal lines in the pat-
tern. As already mentioned, it has been observed in various investigations that such phase
discontinuity lines possess alternating single charge vortices along them [91].

Theoretically determined non-collinear interference pattern and associated phase on
the two non-circular CD patterns examples are shown in Fig. 5.5. The calculated interfer-
ence patterns also show indications of the presence of phase discontinuity lines or lines
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where the fringes are slighted shifted and appear broken (see the four nearly horizontal
lines in Fig. 5.5(a2),(b2)). As mentioned earlier, whenever the fractional value of OAM is
exactly half integer, an in�nite number of alternating single charge vortices could appear
along these lines. By extracting the phase information from these interference patterns via
o�-axis digital holography, it is observed that indeed there is an azimuthally varying phase
on the structures near to these phase discontinuity lines (see Fig. 5.5(a3),(b3)). These two
qualitative techniques for determining the OAM directly point out the presence of fraction-
ally charged OAM vortices inside the cross-section of these two non-circular patterns.

Table 5.1 – Theoretical OAM values of non-circular CD patterns with varying magni�cation ratios
of the cylindrical lenses along x and y axis. The OAM is determined by the technique of CL
focusing described in Fig. 5.1(c). It can be observed that the fractional OAM value can scale
continuously from less than half integer to around 8.

Sr. # Mx My Mx/My ratio OAM 

1 0.150 0.103 1.456 0.421

2 0.250 0.161 1.553 0.446

4 0.4 0.232 1.7241 0.485

5 0.500 0.268 1.866 0.522

6 0.606 0.295 2.054 0.642

7 0.778 0.323 2.409 0.654

8 0.800 0.326 2.454 0.670

9 1.000 0.333 3.003 0.759

10 1.250 0.325 3.846 0.994

11 1.538 0.303 5.076 1.295

12 2.000 0.268 7.463 1.887

13 2.500 0.233 10.730 2.563

14 3.333 0.189 17.635 4.314

15 4.000 0.162 24.691 5.902

16 5.000 0.134 37.313 8.779

Sr. # Mx My Mx/My ratio OAM 

1 0.150 0.103 1.46 0.42

2 0.250 0.161 1.55 0.45

3 0.400 0.232 1.72 0.49

4 0.500 0.268 1.87 0.52

5 0.606 0.295 2.05 0.64

6 0.778 0.323 2.41 0.65

7 0.800 0.326 2.45 0.67

8 1.000 0.333 3.00 0.76

9 1.250 0.325 3.85 0.99

10 1.538 0.303 5.08 1.30

11 2.000 0.268 7.46 1.89

12 2.500 0.233 10.73 2.56

13 3.333 0.189 17.63 4.31

14 4.000 0.162 24.69 5.90

15 5.000 0.134 37.31 8.78

1

Figure 5.6 shows the quantitative determination of OAM via both the experiment and
theory with the method of Fig. 5.1(c) for the same two non-circular patterns. Since the in-
tensity distribution in these two patterns does not possess a re�ection symmetry, in order to
quantitatively determine OAM, two measurements are needed, one by orienting the CL axis
horizontally and the other by orienting it vertically. The theoretically and experimentally
obtained intensity distribution in the focal plane of the CLs for the case with magni�cation
values Mx = 1.25 and My = 0.325 are shown in Fig. 5.6[theory (a2)-(a3) and experiment
(b2)-(b3)] and for the case with Mx = 2.50 and My = 0.233 in Fig. 5.6[theory (c2)-(c3) and
experiment (d2)-(d3)]. The fractional OAM value is calculated by using Eq. (5.13) by consid-
ering both of the patterns of each case and the obtained fractional OAM values are listed in
the last column of Fig. 5.6. A good match between experimentally (lmeas) and theoretically
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obtained (ldet) fractional OAM values can be observed. Similarly, the fractional OAM is de-
termined for other non-circular patterns and the obtained values are listed in table 5.1. It is
observed that the fractional OAM value increases with the ratio of the magni�cation values
(Mx/My) of the crossed cylindrical lenses. It is pertinent to mention here that the minimum
OAM values observed in our investigations are for the cases, where the ratio of magni�-
cation value Mx/My ≈ 1. For magni�cation ratio values less than one i.e. My/Mx > 1,
the fractional OAM values starts to increase again. Hence, the fractional charge OAM of
these non-circular beams increases with the ratio of the magni�cation values (i.e. either
the increase of Mx/My or My/Mx ratio) of the two CLs utilized to generate them.

5.4 Conclusion

In this chapter, the spatial phase of the non-circular CD beams has been investigated with
di�erent techniques, showing their respective pros and cons. It was shown that there is an
inherent di�culty owing to the vectorial nature of the beams, as well the fractional OAM
character of the non-circular CD beams. Plane wave interference experiments revealed that
these beams possess multiple phase discontinuity lines in the beam cross-section and there
also exists spatially distributed single charge vortices in the beam cross-section. O�-axis
digital holography measurements utilized to determine the phase of the non-circular CD
beams showed that indeed the azimuthal phase evolves in a complex manner on di�erent
spatial regions of the CD pattern, this veri�es the presence of single charged vortices at
di�erent spatial positions and also indirectly hints at the fractional nature of these beams.
Finally in order to determine the de�nite value of the fractional OAM, a quantitative method
based on single cylindrical lens is utilized. This method turned out to be very robust for
determining the OAM value of these beams. The obtained values showed that the fractional
OAM scales with the ratio of the magni�cations (i.e. either increase of Mx/My or My/Mx

values) of the cylindrical lens. These results may provide interesting perspectives for non-
circular CD beams as there is a lot of interest in fractionally charged OAM beams for their
utilization in atom optics [193], quantum communication [194–197], optical tweezing or
manipulation of microscopic particles [198, 199], optical imaging [200, 201] and many oth-
ers [187, 202–205].
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Chapter 6

In-situholographic recording and two-
wave mixing of CD beams

6.1 Introduction

Conical di�raction is a manifestation of the linear optical properties of the crystal and most
of the earlier investigations have all been performed in the linear regime with the BC acting
as passive elements. Nevertheless, few studies have combined CD with nonlinear optics,
where CD at the second-harmonic wave in frequency doubling [206–208] or at the sum-
frequency generation frequency [209] have been studied. Properly doped BC of KGd(WO4)2
or KY(WO4)2 have also been employed as active elements within a cavity for realizing con-
ical di�raction lasers with speci�c polarization properties [39, 210–213].

Some of the BC giving rise to CD also show another nonlinear optical e�ect, the pho-
torefractive e�ect [142, 214]. This is an indirect e�ect leading to refractive index changes
already upon low power light illumination. In this chapter we combine conical di�raction
with photorefraction within the same medium to demonstrate conical di�raction holograms
as well as the selective ampli�cation of the CD wave via dynamic two-wave mixing. Sec-
tion 6.2 describes brie�y the experimental approach and the Sn2P2S6 (SPS) BC used both
as medium giving rise to CD and as nonlinear holographic recording material. Section 6.3
illustrates the major experimental results that show that propagation of the object wave
along one of the optical axes of the BC is crucial and critical. Indeed it is shown that,
provided that the object wave propagates along the optical axis and gives rise to CD, holo-
graphic recording and two-wave mixing ampli�cation can be e�ciently achieved with any
combination of the polarizations of the object and reference waves, including mutually
orthogonal ones. The underlying physical phenomenon is highly complex and involves
the physics of the photorefractive e�ect in strongly anisotropic con�gurations as well as
the constraints associated to the propagation of light in singular directions within the BC.
While a complete theory would require the knowledge of several still unknown material
parameters, it is possible to qualitatively catch the main experimental features with a sim-
pli�ed model which is presented and discussed in Section 6.4. Finally, Sect. 6.5 includes a
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brief discussion and conclusion on the results.

6.2 Crystal sample and experimental approach

The BC used for the investigations is a nominally undoped ferroelectric SPS, which belongs
to the monoclinic point group m at room temperature. SPS is an attractive nonlinear op-
tical material owing to its transparency range extending from 530 to 8000 nm wavelength,
its interesting electro-optical [215, 216] and nonlinear optical properties [217] and the high
photorefractive sensitivity [218]. The anisotropic optical properties and their dispersion
were studied in detail in [219] and optical activity near the ferroelectric-paraelectric phase
transition was evidenced in [220]. A summary of some of the most relevant material pa-
rameters is given in Ref. [218]. A 11.2 mm-long SPS sample was cut from a crystal grown
by the vapour transport method [221] and electrically polarized to insure a ferroelectric
monodomain state. The sample was oriented with the parallel entrance and exit faces of
the beams being nearly perpendicular to one of the two optic axes. These steps were per-
formed by our collaborators at the Uzhhorod National University in the Ukraine.

A simpli�ed scheme of the experimental arrangement for holographic recording and
two-wave mixing is shown in Fig. 6.1. Figure 6.1(a) is for the holographic recording and
read-out of the CD beam created in-situ by the object wave. A He-Ne laser beam at the
wavelength of 632.8 nm is split into a reference and an object wave by taking care that
the path lengths di�erence is within the coherence length of the laser. Their polarizations
are initially left and right circular, respectively. Before each wave reaches the SPS BC, the
polarizations can be individually modi�ed by polarization controllers (Pol-contr) in each
path being composed of linear polarizers, wave-plates or adjustable liquid crystal retarders.
The Gaussian input waves have initially an equal diameter and are focused by the spherical
lenses L1 (focal length f = 200 mm) and L2 (f = 75 mm) inside the SPS crystal, where they
interfere. The di�erent focal lengths insure that the reference wave has a larger diameter
than the object wave inside the BC. The focal plane of lens L2 corresponds to the focal
image plane where the CD ring pattern formed by the object wave is the sharpest. The
spherical lens L3 images this plane onto a CCD camera to observe the transmitted, ampli�ed
or reconstructed CD object wave with the corresponding power being detected in parallel
by a photodiode. For holographic recording (but not for two-wave mixing) the input powers
of the two beams are adjusted in such a way that the reference and object waves have
nearly the same average intensity inside the SPS crystal (I ≈ 30 mW/cm2). For holographic
recording (Fig. 6.1(a)) shutter S1 on the object wave is kept open during 90 seconds. This
allows to record a photorefractive grating composed of a fast primary grating nearly fully
compensated by a slow secondary grating, this behavior is typical for type I nominally
undoped SPS crystals [218]. When the shutter S1 is being closed, the primary gratings
disappears quickly revealing the secondary grating that results in the di�raction of the
reference wave into the reconstructed object wave. For the examples presented in the next
section this reconstructed wave is observed within 5 seconds after closing shutter S1.

The situation for two-wave mixing (Fig. 6.1(b)) is similar, however with di�erent bound-
ary conditions. Here the object wave is �rst attenuated by a neutral density �lter (ND) to an
intensity less than 1/100 (inside the BC) with respect to the one of the reference. In this case,
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Figure 6.1 – Scheme of experimental arrangement for the holographic recording and read-out of
the CD object wave (a) and for its ampli�cation by two-wave mixing (b). SPS: Sn2P2S6 biaxial
crystal; S1, S2: shutters; L1, L2, L3: spherical lenses; Pol-contr.: polarization controller; ND: neutral
density �lter. The optic axis of the SPS crystal is aligned with the object wave (yellow shape). The
dashed shape give an alternative (misaligned) crystal orientation. The polarization controllers in
the reference and object beam paths can be adjusted to excite any polarization combination for the
two waves. This includes the case where one or both waves correspond to pure eigenwaves inside
the SPS crystal.

injection of the reference wave by opening shutter S2 leads to an ampli�cation (or eventual
depletion) of the CD object wave. Importantly, we recall that the object wave produces the
CD vector beams only if it propagates along the optic axis (yellow orientation of SPS in
Fig. 6.1). By misaligning the crystal (dashed orientation) CD no longer occurs and the be-
havior di�ers strongly, as discussed in the next section. In our experiments, the horizontal
laboratory plane is spanned by the optic axis of the crystal and by the x crystallo-physical
axis of the orthogonal cartesian system used to describe the tensorial properties of SPS.
The convention taken is the same one as in Ref. [219] (see Fig. 6.2), the x-axis is close to
the crystallographic a-axis of the monoclinic SPS and to the direction of the spontaneous
polarization (Ps). The examples given below are obtained for an external crossing angle of
31° between the two waves, what corresponds to a spatial grating period of Λ ≈ 1.2 µm,
however other crossing angles give qualitatively similar results.
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Figure 6.2 – Indicatrix position and the direction of spontaneous polarization Ps in the xz-plane.
(a, b, c) represent crystallographic coordinates (non-orhthogonal for monoclinic systems), (x, y, z)
represent cartesian coordinates and (x1, x2, x3) represent dielectric coordinate system (after Ref.
[219]).

6.3 Experiments

As mentioned above, propagation along the optical axis leads to spreading of di�erent lin-
ear polarizations across the CD ring pattern. If the input wave is circularly polarized, all
the linear polarizations are equally important and the ring pattern is homogeneous in in-
tensity. If, in contrast, the input polarization is already linear, the local polarizations on the
ring are the same as for circularly polarized input. However, in this case the local intensity
depends on the azimuthal position on the ring. This local intensity is proportional to the
one obtained by transmitting a wave with a given (local) polarization through an analyzer
oriented in direction of the input polarization, what leaves an intensity node at the posi-
tion on the ring where the local polarization would be perpendicular to the input one (see
for instance the Fig. 4.9). This remarkable property of the CD wave allows to record pho-
torefractive holograms with any combinations of the input beam polarizations. It is indeed
always possible to �nd ring sections of the object wave where the local polarization is such
as to produce strong interference with the uniformly polarized reference wave.

We illustrate �rst this mutual polarization versatility in the case of dynamic two-wave
mixing (TWM). This is shown in Fig. 6.3 which represents the temporal build-up of the
spatially integrated object wave ampli�cation γ̄0 for various polarizations of the reference
wave acting as a pump and a unique polarization of the object wave. The quantity γ̄0 is
de�ned as the transmitted object wave total power in presence of the reference pump wave
divided by the transmitted object wave power without the reference wave. For Fig. 6.3, the
incident object wave is aligned to the optic axis of the BC and is kept right circularly po-
larized (RCP) while the reference wave polarization is either left circular (LCP) or linear at
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Figure 6.3 – Spatially averaged two-wave mixing ampli�cation of the object wave as a function of
time. The input object wave is aligned to the crystal optic axis and is right circularly polarized.
Results for three di�erent polarizations of the incident pumping reference wave are shown: left
circular polarization (solid black curve), linear polarization (LP) at +45 deg (red dashed curve) and
LP at -45 deg (blue dashed curve).

+45° or -45°. Clearly, upon injection of the reference wave at t = 0 (opening of shutter S2 in
Fig. 6.1(b)), a signi�cant ampli�cation is observed for all polarization combinations, includ-
ing the case where the two incident waves are mutually orthogonal (RCP and LCP). The
amount of ampli�cation di�ers slightly for the three cases as the strength of the underlying
photorefractive gratings and the electro-optic coupling is a function of the wave polariza-
tions. The dynamics seen in Fig. 6.3 shows the rise of the primary photorefractive grating
in a time of the order of one second. Here the maximum of γ̄0 does not correspond to a
steady-state because, as mentioned above, for type I SPS crystals a secondary grating starts
to compensate the primary one, resulting in the slight decrease of the ampli�cation seen
after the maximum. This compensation would be nearly complete after a time of ≈ 100
s. It is worth noting that the ampli�cation γ̄0 shown in Fig. 6.3 is an average ampli�cation
over the CD ring as obtained by integrating all the power in the object wave using a photo-
diode. In reality the ampli�cation di�ers for di�erent sections of the ring, that correspond
to di�erent local linear polarizations of the CD wave. This point will be discussed below
in connection with Fig. 6.4. Finally, we would like to point out that larger ampli�cations
than those shown in Fig. 6.3 are possible for situations where the two input waves share a
same polarization. This is the usual condition under which photorefractive holograms are
normally recorded. By choosing a reference wave polarization corresponding to one of the
two eigenwaves in SPS and the corresponding polarization for the input object wave, we
have observed a maximum ampli�cation γ̄0 ≈ 10.2, as compared to a maximum of γ̄0 ≈ 4.3
in Fig. 6.3.
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(a) Transmitted (b) Amplified

Figure 6.4 – Two-wave mixing ampli�cation for interfering linearly polarized orthogonal eigen-
waves. (a) Transmitted CD object wave in absence of the reference pump wave. (b) Ampli�ed CD
object wave.

As mentioned above, the TWM ampli�cation di�ers locally, what can be easily seen
in Fig. 6.4. Here the reference wave polarization is linear and corresponds to one of the
eigenpolarizations in the SPS crystal. The polarization of the object wave is linear as well
but is associated to the other (orthogonal) eigenpolarization when the crystal is slightly
misaligned. Figure 6.4(a) shows the transmitted object wave for the aligned con�guration
in absence of the reference beam (shutter S2 in Fig. 6.1(b) closed). As expected, the observed
CD ring pattern is inhomogeneous in intensity as a result of the linear input polarization.
After ampli�cation (Fig. 6.4(b), three seconds after opening shutter S2) one observes in this
speci�c case a much stronger increase of intensity in the regions on the right side of the
CD ring, that were initially weaker. The ampli�cation for the left side of the ring is signi�-
cantly less pronounced, what give rise to a kind of power equalization within the CD ring.
Importantly, we have veri�ed that the ampli�ed CD conserves the same polarization distri-
bution than the linearly transmitted one, meaning that the light ampli�ed by the nonlinear
process respects the constraints given by the linear properties of the medium. Note also
that in the present example the spatially averaged ampli�cation is γ̄0 ≈ 4.5. It is interest-
ing to compare this value with the one obtained under the same conditions except for the
crystal being turned (misaligned) so that the the object wave no longer propagates along
an optic axis. In this case the orthogonal eigenwaves prevent the creation of an e�cient
photorefractive grating. We have checked this case for an internal misalignment of ≈ 6.5°,
�nding that the object wave is essentially una�ected by the pumping with the reference
beam, the ampli�cation being less than 12% (γ̄0 ≈ 1.12).

The same kind of behavior can be observed for grating di�raction at a photorefractive
hologram recorded with orthogonal eigenwaves, as for the case of Fig. 6.4. Figure 6.5(a)
shows the linear transmission of the object wave under CD conditions, while Fig. 6.5(b)
shows the reconstructed CD wave after closing shutter S1 in Fig. 6.1(a) at the end of the
recording. Clearly, also here a reconstructed CD vector wave (with same local polarization
as the transmitted object wave) is being observed despite for the orthogonal eigenwaves
associated to the object and reference beams. As for TWM, also here one observes a locally
stronger reconstruction on the right side of the ring, corresponding to region where the
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(a) (b)

(c) (d)

Figure 6.5 – Holographic recording with orthogonal eigenwaves. Left column: transmitted object
wave prior to hologram recording for the aligned (a) and misaligned (6° misalignment) (c) con�gu-
rations. Right column: object wave reconstruction at read-out after hologram recording, again for
the aligned (b) and misaligned (d) con�gurations.

transmitted object wave is weaker. Figure 6.5(c) and (d) are for the case where the crystal is
misaligned and the object wave makes an internal angle of about 6° with the optic axis. In
this case the object wave experiences double refraction as seen in Fig. 6.5(c) that shows its
transmission through the SPS crystal. Here the eigenwave corresponding to the saturated
left spot is predominantly excited with only spurious power in the orthogonal eigenwave
associated to the right spot. If a hologram is recorded with the reference wave of the or-
thogonal eigenwave (thus possessing a polarization nearly orthogonal to the one of the
object wave), upon read-out one observes merely a weak di�raction at the position of the
right spot (Fig. 6.5(d)). Under the same conditions used for the aligned con�guration, the
corresponding di�racted power in direction of the object wave is about 30 times weaker,
which con�rms the speci�c importance of propagating the object wave along the optic axis.

The section of the ring which is most strongly reconstructed depends on the input po-
larization of the reference wave. This is illustrated with the help of Fig. 6.6, that shows the
results of hologram recording and read-out with linear horizontal or vertical polarization
(in the laboratory frame) for the reference wave, together with a circular polarized object
input wave at recording. Clearly the horizontal (H-pol) and vertical polarized (V-pol) refer-
ence lead to predominant enhancement of di�erent sections of the CD ring at read-out, as
seen in Fig. 6.6(b) and (c), respectively. The corresponding angular-dependent powers can
be best visualized by integrating the intensity across a narrow radial section across the CD
ring for di�erent azimuthal angles along the ring, what gives the solid red curve (H-pol)
and the dotted blue curve (V-pol) in Fig. 6.6(d). This behavior can be put in relation with
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Figure 6.6 – CD holography with circularly polarized input object wave and linearly polarized (hori-
zontal (H) or vertical (V) in laboratory frame) reference wave. (a) CD object wave transmission prior
to hologram recording; (b) Object wave reconstruction for H-polarized reference; (c) Object wave
reconstruction for V-polarized reference; (d) Normalized azimuthal dependence of local power on
the reconstructed ring for cases (b) and (c).

the expectations of a simpli�ed theory, as discussed in the next section.

6.4 Background theory

The detailed explanation of our above observations in connection with CD holography
and TWM is a tedious task. It involves on one hand the physics related to the anisotropic
optical properties leading to the CD e�ect and, on the other hand, the complex physics re-
lated to the photorefractive e�ect in such a low symmetry monoclinic crystal. The latter is
concerned by the photoinduced charge transport leading to the formation of a space-charge
hologram and by the conversion of this space-charge hologram into a refractive index mod-
ulation (phase hologram) by means of the material’s electro-optic response. However, the
space-charge electric �eld in the case of a photorefractive grating is periodically modulated
in space and the electro-optic response gets an additional level of complexity as compared to
the case where the �eld would be spatially homogeneous. A thorough quantitative descrip-
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tion requires the knowledge of all clamped electro-optic coe�cients, as well as of all the
elastic, elasto-optic and piezo-electric properties of the crystal, a signi�cant part of which
is still unknown for SPS. More details on these aspects can be found in [150, 222] and refer-
ences therein. For the above reasons the purpose of this section is not to �nd a quantitative
agreement between experiments and theory, but rather to con�rm the plausibility of the
observation in the framework of a highly simpli�ed theoretical approach.

As was discussed in Chapter 3 (see Fig. 3.4), the local polarization direction on the CD
varies along the ring circumference and spans an angle θ of 180° over a full revolution of the
polar angle ϕ by 360°, the variation in θ being always half the variation in ϕ. Considering
di�erent spatial positions on the ring is therefore equivalent to considering a given linear
polarization component for the object wave among all the possible ones in the plane per-
pendicular to the object wave k-vector. We recall that for a circularly polarized input object
beam, the di�erent linear polarizations are equally probable giving a complete ring. The
easiest situation is the one where the reference wave is linearly polarized (as for instance in
Fig. 6.6). In this case the problem of estimating the azimuthal dependence of the hologram
di�raction e�ciency and TWM gain reduces essentially to an evaluation of the coupling
strengths between a plane reference wave with a �xed polarization and components of
the object wave with all possible polarization directions taken as a variable parameter. This
coupling strength depends on one hand on the modulation depth amplitude of photorefrac-
tive space-charge �eld created by the two considered wave components. On the other hand
it depends on an e�ective scalar electro-optic coe�cient reff speci�c to the pair of waves
being considered. This coe�cient is a function of the unit vector K̂ in the direction of the
grating vector, of the anisotropic electro-optic properties expressed by a tensor reffijk , and of
the two unit polarization vectors d̂ref and d̂obj for the reference wave and the local object
wave, respectively. The expression for the scalar electro-optic coe�cient determining the
coupling is

reff = d̂obji · (r
eff
ijk K̂k) · d̂refj , (6.1)

where the Einstein summation convention over equal indices is utilized. Importantly, all
the vectors in the above equation have to be expressed in the orthogonal crystallo-physical
reference frame (xyz) in which the electro-optic tensor and other tensorial physical prop-
erties of the crystal are usually expressed. This crystallo-physical system (xyz) is depicted
in Fig. 6.2 and is oblique with respect to the laboratory frame as well as with respect to
the frame de�ned by the principle dielectric axes (x1x2x3). As an example, the unit vec-
tor along the optic axis of propagation of the object wave is expressed in the xyz-system
as (0.4678, 0.7660, 0.4408). In the laboratory frame the same vector would possess only a
unique unity component along the longitudinal coordinate perpendicular to the entrance
surface plane of the crystal. Unfortunately, due to the lack of su�cient data on the elastic,
piezoelectric and elasto-optic properties of SPS, we do not have access to the correct values
to be used for the coe�cients of the tensor reffijk (see discussion in Ref. [150]). Instead we
take a rather rude approximations and we utilize the unclamped (free) electro-optic tensor
elements rTijk that were measured in [215] and [216] for what matters the �rst and third
column of the tensor, respectively. The employed values (in units of pm/V) are: rT111=174,
rT221=92, rT331=140, rT131=-25, rT113=-67, rT223=-22, rT333=-25 and rT133=14. The two still unknown
coe�cients rT322 and rT122 are expected to be rather small as they are associated to electric
�eld directions perpendicular to the crystallographic mirror plane containing the crystal’s
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spontaneous polarization. Both these coe�cients are set equal to 0 for the following evalu-
ation. Note also that the third column (index k = 3) diagonal coe�cients r113, r223 and r333

are taken here with the opposite sign as in the original publication. The reason is the dif-
ferent convention for the positive direction of the z-crystallo-physical axis. Here we stick
to the the convention in Ref. [219] which is consistent with the IEEE Standard on Piezo-
electricity [223], with positive x- and z-direction such that both piezoelectric coe�cients
d111 and d333 are positive, while in [216] a convention with d333 negative was taken. It is
also worth mentioning that for our experimental con�guration the photorefractive space-
charge electric �eld has the largest projection on the x-axis and the elements of the �rst
column (k = 1) of the electro-optic tensor largely determine the resulting scalar electro-
optic coe�cient of Eq. (6.1).

The expected local hologram di�raction e�ciency η is proportional to the square of
the product of reff with the amplitude Esc of the photorefractive space-charge grating
responsible for the coupling of the two waves, i.e. [224]

η ∝ [reff (θ)Esc]
2 . (6.2)

This relation is valid for moderate di�raction e�ciencies of the phase hologram, what is
the case for our gratings where the spatially averaged di�raction e�ciency is typically of
the order of 2-3 %. For what matters the space-charge �eld amplitude, we assume here that
it is proportional to the light modulation index induced by the two local polarizations, i.e.
to the scalar product Esc ∝ (d̂obj · d̂ref ). This is a rather rude approximation for various
reasons, the principal one being associated to the fact that the space-charge �eld saturates
at large modulation (for nearly parallel d̂obj and d̂ref ), what leads to a sublinear dependence
ofEsc on the modulation depth in this regime. Therefore, the use of this approximation may
lead to a somehow larger contrast in the simulated curves for η as a function of the object
wave polarization angle. Such a simulation is shown in Fig. 6.7 for the case of a circularly
polarized input object wave and a linearly polarized reference (horizontal or vertical), as
in Fig. 6.6. It can be easily recognized in Fig. 6.7 that the di�raction for the horizontal and
vertical polarization of the reference beam are nearly (but not exactly) anti-phase, meaning
that their maxima are separated by approximately 90° in the object wave polarization, what
corresponds to 180° on the CD ring. Despite for the many simplifying assumptions, such a
behavior agrees qualitatively with the experimental results shown in Fig. 6.6.

In the case of two-wave mixing with weak signal wave the local ampli�cation γ(θ) is
expected to depend exponentially on the exponential gain Γ(θ) as

γ(θ) = eΓ(θ)d , (6.3)

where d is the propagation distance in the crystal. In absence of an anisotropy of the pho-
toexcitation process [222] the exponential gain can be expressed as

Γ ∼= B(êobj · êref )reff (θ)Ẽsc,im , (6.4)

whereB is a constant that depends on the refractive indices associated to the two waves, on
the light wavelength, and on the weak walk-o� angle for the reference wave. Here Ẽsc,im
is the imaginary part of the space-charge �eld amplitude. This is the nonlocal component
of the space-charge �eld (90° phase shifted with respect to the intensity modulation) and is
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Figure 6.7 – Expected relative di�raction e�ciency based on the simpli�ed model described in Sect.
4. The object input wave is assumed circularly polarized and contain all linear polarization angles
between 0° and 180°. The reference wave is assumed horizontally (red solid curve) or vertically
polarized in the laboratory frame (blue dotted curve).

responsible for the TWM gain. In materials with di�usion dominated charge transport, as
in SPS [218], this is the dominant component of the space-charge �eld. Importantly, this
quantity depends on experimental and materials parameters such as the beams crossing
angles, the trap density in the crystal or its static dielectric properties. However, Ẽsc,im
does not depend on the relative intensity of the two-waves and the corresponding light
modulation depth, so that it can be considered as a constant for our purposes. In Eq. (6.4)
the unit vectors êobj and êref are along the electric �elds of the object and reference waves,
respectively. Due to the weak walk-o� their scalar product can be safely approximated by
the corresponding scalar product of the electric displacement unit vectors, so that

Γ ∼= C(d̂obj · d̂ref )reff (θ) , (6.5)

where C is again a constant that depends on the speci�c experimental arrangement. In this
equation the dependence on the local object wave polarization angle θ appears twice, in the
e�ective scalar electro-optic coe�cient reff (θ) and in the scalar product between the two d̂
vectors. Figure 6.8 shows the expected ampli�cation of the object wave for the case where
the input polarizations of the object and reference wave are linear and mutually orthog-
onal and the reference wave polarization is aligned to one of the eigenpolarizations. This
situation corresponds to the one of Fig. 6.4. The evaluation follows from the simplifying
approach of Eqs. (6.3), (6.5) and (6.1) where the constant C was adjusted to give an average
ampli�cation γ̄0 ≈ 4.5. In Fig. 6.8 the angle θ is given relative to the input polarization angle
θ0,obj of the object wave (θ0,obj = −63.2 deg), so that the input wave intensity distribution
(assumed proportional to cos2(θ− θ0,obj) is centred on the graph (dashed red curve). It can
be recognized that the central region where the object wave has a maximum in absence
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Figure 6.8 – Expected TWM ampli�cation of the CD object wave as a function of the local angle of
polarization θ for the case of orthogonal linearly polarized input waves with the reference wave as
one of the eigenpolarizations. The angle θ0,obj is the polarization angle of the input object wave,
for which the non ampli�ed CD wave is locally maximum. Red dashed curve: non ampli�ed wave;
Blue solid curve: ampli�ed object wave with γ̄0 ≈ 4.5.

of TWM interaction (corresponding to the left region in Fig. 6.4(a)) is not being ampli�ed.
This is due to the vanishing scalar product in (6.5) at this point. The maximum power in the
ampli�ed wave is predicted for two regions with a deviation of roughly ±60° in θ (±120°
along the ring) from this position. These maxima have di�erent heights and are mainly a
result of a combination of the e�ects of reff (θ) together with the initial θ-dependence of
the una�ected CD wave. Even though the gain Γ tends to increase when the polarization
direction θ gets closer to one of the reference (at the two borders of the graph in Fig. 6.8),
from a certain point on the lack of input light possessing such polarization components
becomes dominant, what gives the minimum at ±90 deg in Fig. 6.8) that corresponds to
the dark region on the right-hand side of the circle on Fig. 6.4(b). Again, despite the highly
simplifying assumptions, one can conclude that our modeling gives a satisfactory qualita-
tive agreement with the observations. It is also worth mentioning that, even though here
the average ampli�cation is only slightly more than a factor of 4, locally the light can be
ampli�ed much stronger with peaks exceeding a factor of 40.

6.5 Discussion and conclusion

We have considered conical di�raction vector waves in a nonlinear photorefractive and
optically biaxial material and we have shown, for the �rst time to our knowledge, that
it is possible to amplify locally or record in-situ holograms of such waves. The BC acts
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both as a generator of the CD vector wave and as a recording material. Under aligned
CD conditions of the crystal the recording is possible even for orthogonal polarizations of
the two interacting input beams, owing to the polarization spreading resulting from the
CD process. Under such conditions the e�ect possesses a kind of angular resonance for
the object wave direction parallel to one of the optical axes. It was found that the pattern
reconstruction depends on the combination of recording polarizations and on the read-out
polarization. For two-wave mixing we obtain a varying local ampli�cation across the CD
ring, which can partially lead to a more homogeneous power around the circle. We have
analyzed the situation with the help of a highly simpli�ed theoretical approach based on the
model of the photorefractive e�ect and general features of conical di�raction. Despite its
simplicity and the number of assumptions, the model allows a surprisingly good qualitative
description of the main experimental features. A more thorough modeling would require
the determination of a number of still unknown anisotropic material parameters, as well
as the consideration of details regarding CD under the conditions of optical activity [170,
225], which is little investigated to date and was neglected for the purpose of this work.
The investigations in this chapter have dealt with CD in a single crystal without cascades.
As discussed in Chapt. 4, 5 and Appendices A and B, more complex vector patterns can be
obtained with CD cascades, specially with the conjugate cascades with intermediate crossed
cylindrical lenses. Since the output patterns is obtained in the last focal image plane (near
the last crystal in the cascade), recording and local ampli�cations of such complex patterns
shall be possible if this last crystal is able to store a hologram. This may represent an
interesting evolution of the studies described in the present chapter.
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Chapter 7

Conclusion and Perspectives

In this thesis, conical di�raction (CD) has been studied fundamentally to tailor the shape,
intensity, polarization and orbital angular momentum (OAM) of beams resulting from this
complex phenomenon. Also, CD has been investigated within a photorefractive crystal
allowing for a holographic recording and two wave mixing of the generated CD beams.
Since partial conclusions have been presented at the end of each chapter, here our intention
is to give a brief commentary and to present few perspectives.

The peculiar phenomena of conical di�raction happens as a tightly focused beam is
incident on a biaxial crystal (BC) with its k vector oriented along one of the optic axes,
what leads to an in�nite number of Poynting vectors lying on the surface of a cone. The
beam propagates as a (di�racting) double ring cylinder, after exiting the BC. The rings in
this cylinder are sharpest at the focal plane formed by the focusing lens before the crystal.
Recently CD phenomenon has seen major developments via the exploration of cascaded
con�gurations, whereby two or more crystals are placed in a cascade with their optical
axes aligned. Such a cascade of N crystals leads to 2N−1 multiple concentric double rings
in the focal image plane. In our investigations, it is shown that a conjugate cascade of two
or N biaxial crystals (here N = 2, 3...), which involves a wave-vector space manipula-
tion performed via two crossed cylindrical lenses between any two adjacent BCs, results
in the generation of highly structured vector beams with complex non-circular patterns.
The generated CD patterns lacks the primary circular shape and is no longer characterized
by concentric rings. Instead the pattern is composed of 2N−1 individual structures with
non-homogeneous distribution of intensity and polarization around them. The key aspect
in generating these highly structured non-circular CD patterns lies in the above-mentioned
utilization of two crossed cylindrical lenses (with di�erent focal lengths) for wave-vector
space manipulation. These lenses placed between any two adjacent biaxial crystals, e�ec-
tively split the 2D transverse k-space into two orthogonal 1D k-spaces. This allows the
independent manipulation through the same pair of conjugated planes but independent
magni�cation in the two transverse dimensions x and y. The experiments performed for
a cascade of two biaxial crystals showed good agreements with the predictions of a corre-
sponding paraxial di�raction model. The latter is an extension of Berry’s paraxial di�rac-
tion theory for cascaded CD and takes properly into account the intermediate k-space ma-
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nipulations. It has also been shown that the extension of the conjugate cascade to more than
two crystals leads to CD patterns with increased complexity. Theoretical and experimental
analysis of our unusual non-circular patterns showed that each CD pattern is composed
of individual structures, some of which can be convex as seen from the center of the pat-
tern. This is in sharp contrast with the usual cascades where all the concentric circles are
obviously concave. The intensity and polarization distribution on these concave or convex
structures is successfully predicted by our model. By introducing structure parameters, one
can express some simple rules of thumb which permit to predict qualitatively the shape of
the individual structures without performing the rather heavy calculations required for the
numerical solution of the model. As said, for a N -crystals cascade a total of 2N−1 structure
parameters X±±± and Y±±± in each of the Cartesian directions are introduced. The struc-
ture parameters depend on the ρ values (CD strength parameter) of the individual crystals
in the cascade and on the magni�cation values of the crossed cylindrical lenses placed be-
tween each of the adjacent conjugate planes. The structure parameters not only permit to
qualitatively elucidate the structure general shape but also predict the existence of inter-
sections between the individual structures. It is observed that the local polarization on the
non-circular structures remains linear with the exception of the regions where structures
cross each others or where a local overlap of di�erent branches of a same structure occurs.
These regions may be associated to elliptical or circular polarizations. It was also found that
the polarization angle evolution is not a linear function of the polar angle on the structures.
This is in contrast to CD patterns obtained from conventional cascade. The shapes and po-
larization distributions of non-circular CD patterns have been thoroughly discussed for a
conjugate cascade of two biaxial crystals (N = 2). What has allowed to identify three dis-
tinct cases on the basis of their structure parameters combination. These three cases have
been further investigated both theoretically and experimentally for polarization �ltering at
the input, output or at the intermediate position in the cascade. An excellent agreement
between theory and experiments was observed. The results indicate that such polarization
�ltering can be used to deplete speci�c sections of a given structures and thus emphasizing
other ones.

In addition, the investigation of the e�ect of the mutual rotation angles γi (around the
common optic axis) of the individual BCs in the conjugate cascade was performed. This
study has revealed that the local polarization angles and local intensities on the individual
structures depend on these angles γi. The orientation of the last crystal determines the po-
larization distribution, while the relative orientation of all crystals determines the intensity
distribution and the relative importance of individual structures. It was shown that it is
possible to isolate anyone of the 2N−1 structures by speci�c choices of the orientation an-
gles γi as combinations of the values of 0° and 180° (parallel and anti-parallel orientations).
This has been speci�cally shown as an example in a conjugate cascade of three BCs (see
chapter 4).

Most of our theoretical and experimental investigations are concerned with the last
focal image plane of the conjugate cascade. However we already observed experimentally
in a two BCs conjugate cascade that the non-circular CD beams evolve in a complex way
both in terms of intensity and polarization. This evolution is already expected and besides
the asymmetry associated to the di�raction in the two transverse dimensions, there is also
an asymmetry in longitudinal direction, which has similar origins as the one discussed
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recently in [226] for the case of a single crystal CD upon imaging by a spherical lens. A
deeper investigation of such pseudo-astigmatic e�ects out of the focal image plane will be
an interesting topic for future studies.

Biaxial crystals are inherently capable of spin-orbit coupling. CD vector beams have
been shown in the past to possess half-integer OAM. The phase distribution for a non-
integer OAM beam is generally very complex and intricate. It consists of single charged
vortices round-o� to the nearest integer values i.e. α = l+ 1/2 [91]. Here alpha is equal to
the number of single charge vortices. This rule excludes the exactly half integer or multi-
ples of half integer OAM values, as for them there exists an in�nite number of alternating
charge vortices along the direction of low intensity line which corresponds to the phase
step discontinuity of the spatial phase plate utilized to generate them. Hence CD beams also
present generally very interesting features in terms of the OAM of light. Cylindrical lenses
are known to modify the OAM of beams and in chapter 5, we have studied the e�ects on
the OAM of our special cascades. The OAM of the non-circular CD beams was investigated
via di�erent techniques. Due to the vector nature as well as the possession of fractional
OAM values, the determination of the OAM of non-circular CD beams via conventional
techniques is a tedious task. However by utilizing a quantitative technique introduced in
[191], which utilizes an additional cylindrical lens just before the CCD, the determination
of the fractional charge OAM is possible in a more simple way. The obtained fractional
OAM values of the non-circular CD beams were showed to scale approximately with the
ratio of the magni�cation values (i.e. Mx/My) of the cylindrical lens. Besides determining
the fractional OAM charge, the position of the vortices inside these beams is also observed
by plane wave interference and o�-axis digital holography techniques. It is observed that
vortices are spatially located at particular positions in the beam cross-sections. However
these two techniques are unable to give a complete picture due to the vector nature of the
CD beams. Nevertheless, our investigations permit to conclude that the fractional charge
OAM is easily tunable in the complex non-circular CD beams.

Another interesting aspect of our investigations involved performing holographic record-
ing and two-wave mixing (TWM) of CD beams inside a nonlinear photorefractive crystal.
Conventional holograms record the intensity of an interference pattern and are therefore
usually written using an object and a reference wave sharing a common light polarization,
thus maximizing the fringe contrast. Exceptions to this rule exist in the framework of po-
larization holography[227], which permits to store the polarization state of a wave using
polarization-sensitive media. This approach can be used for instance to generate vector
beams [228] which have non-uniform polarization distribution. Our investigations have
shown for the �rst time that the linear optical e�ect associated to CD can be combined
with the nonlinear recording of dynamic holograms in a photorefractive material, with all
processes taking place within the same medium. The experiments are performed using a
nominally undoped Sn2P2S6 (SPS) crystal sample cut with input and output faces nearly
perpendicular to an optical axis. SPS possesses large electro-optic coe�cients and interest-
ing nonlinear optical and PR properties [142]. A unique scenario is considered in which the
interfering object and reference waves are associated to orthogonal eigenwaves (perpen-
dicular polarizations) of the SPS crystal. It is observed that when object beam propagates
along the optic axis, it is possible to record and read-out holograms or amplify the CD ring
even when the two interfering beams are orthogonal eigenwaves. Any slight rotation of
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the crystal prior to recording, such that the object wave no longer leads to CD, results in
the disappearance of the reconstructed wave for the hologram and negligible ampli�cation
of the object wave for TWM experiments.

Further detailed investigations of photorefractive holograms created by a circularly
polarized input object wave and a linearly polarized input reference wave revealed that
upon read-out the reconstructed conical di�raction wave shows an azimuthal dependence
(crescent-like) that depends on the polarization of the reference wave. The reason for this
kind of behavior lies in the complex structure of the electro-optic tensor of SPS in com-
bination with the PR space-charge �eld orientation [215, 216]. The conclusive statement
from these investigations is that even though the hologram recording is driven by the in-
tensity distribution as in conventional holography, it is possible for CD beams to achieve
e�cient recording with any combination of the input polarizations of the object and refer-
ence waves, including the case of orthogonal linear or circular polarizations. This behavior
can be qualitatively understood by a theoretical model combining the linear optical e�ect
of conical di�raction with the optical nonlinearity associated to the photorefractive e�ect
[142, 224]. Such a corresponding theoretical model veri�es qualitatively the experimental
observations. Finally, by temporally modulating the polarizations of reference and pump
beams via a liquid crystal retarder (LCR), one can dynamically read-out or amplify partic-
ular polarization states on the CD ring. This aspect can lead to polarization multiplexing
and appears promising for potential applications of such CD holography.

Perspectives for future work

We are convinced that our investigations are opening interesting prospects for further in-
vestigations of non-conventional CD beams. The non-circular CD beams generated via
conjugate cascades could also be created inside a rectangular/ring cavity. Some prelimi-
nary investigations in this direction were performed and presented in appendix A. In these
investigations, a single biaxial crystal and a retro-re�ector element are utilized in the fol-
lowing way. A beam propagating along the optic axis of the biaxial crystal is sent back
by a retro-re�ector element placed behind the BC, thus there are two counter-propagating
beams along the optic axis of the BC. Di�erent types of retrore�ector elements are em-
ployed such as prism, two �at mirrors at 45° and special optical elements for instance tri-
hedral prism. The above CD double pass counterpropagating architecture can be thought
as a virtual cascade two BCs. The analysis has to consider the wavevector-space transfor-
mations provided by the retrore�ector element. It is useful in this context to unfold the
situation by performing virtual mirroring of the crystal and the beam at the retrore�ector
mirror surfaces. This allows to determine the unfolded cascade (with the correct orientation
angles γi) that corresponds to a given experimental situation. A combination of a retrore-
�ector element with polarization scrambling elements or any other optical elements could
also be used in such a con�guration. Our investigations of such schemes clearly indicates
the possibility to generate CD patterns which are easily tunable in intensity and polariza-
tion (see appendix A). The further extension of such schemes towards the integration of
the BC within a ring cavity would be extremely appealing as it would permit a multiple
pass through the same BC and a virtually nearly in�nite cascade. Such a ring cavity may
incorporate also cylindrical lenses to break the circular symmetry in a way similar to the
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one investigated in this thesis.

Another promising area for future investigations involves generation of CD beams from
Fibonacci and degenerate cascades. These are special type of cascades where the resulting
CD patterns have superposed multiple rings at the same radius. Some preliminary inves-
tigation on such special type of cascades hints at the possibility to generate rings with
circular polarization or rings, where the ellipticity of the polarization varies along the az-
imuth direction. In this situation the polarization content of the waves extends beyond the
equator of the Poincaré sphere, what could be a path towards the establishment of an al-
ternative technique to generate “Full Poincaré beams”. These special type of cascades such
as Fibonacci and degenerate are discussed in Appendix B.

Investigations on the phase conjugation of CD beams is another interesting route yet to
be explored. Our preliminary investigations show that one can construct a phase conjugate
mirror that acts as a polarization �lter.

In sect. 4.4.6 of chap. 4, the free space evolution outside the last focal image plane is
observed experimentally. It is clearly observed that the non-circular CD beams evolves in
a complex manner longitudinally. A future work in this direction could involve extending
the theoretical model by explicitly taking into account the quadratic phase terms associ-
ated to the multiple conjugate imaging in those cascades. Generation of non-circular CD
beams from conjugate cascade leads to an increased vector pattern richness and versatility
as compared to the circular rings of conventional CD cascades. Also the rule of thumbs
established from geometric parameters provide the knowledge and prediction power that
could be extremely useful for the development of new CD applications and for the modi�-
cation of existing ones. Also, it is possible to modify the conjugate cascades by the addition
of intermediate polarization scrambling by electro-optic elements that can lead to a fast
switching of the sub-structures in a way similar to the one proposed in [24], with speeds
potentially of the order of GHz. The fast commutation of such highly complex structures
is therefore feasible, which may be also used to address resonant phenomena, for instance
in connection with optical trapping. Furthermore, the structured beams obtained by the
technique described here may lead to multi-chamber and dynamically re-con�gurable bot-
tle beams, as an extension to the single chamber bottle beams already demonstrated earlier
with CD [18]. The ability to tune the fractional OAM charge of these beams as well as the
position of single charge vortices could also open doors for interesting applications. It has
been well understood and demonstrated that integer charged OAM beams could be used to
rotate particles or manipulate them in certain fashion [229]. Similarly, half integer charged
vortices are also capable to act as tweezers for trapping particles but in addition if there is a
non-uniform distribution of vortices in the overall �eld of the beam, the particle in that �eld
would experience kicks instead of a constant push. This could result in non-uniform ac-
celeration or rotation around those vortices [41]. The holographic recording and two wave
mixing e�ects also open nice perspectives, such as for instance in multichannel polariza-
tion multiplexing of vector beams. The above discussion clearly suggests that the richness
and complexity of these naturally created vector beams and the versatility to tailor their
properties by just a few parameters allows for a new platform for fundamental and applied
studies of this kind of structured light.
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Appendix A

Conical diffraction inside a double pass
semi-cavity

CD vector beams have already been investigated in a cavity to generate conical di�raction
lasers [39, 230–232]. Such cavities were composed of a concave mirror and a �at mirror.
As mentioned in the perspective section, in future it may be interesting to integrate the BC
also in ring type cavities giving rise to a potentially almost in�nite cascade. In the case of
a ring cavity, the beam can be subjected to more than one re�ection before entering again
the BC. Remarkably, such a situation di�ers intrinsically from the one where the beam is
simply retrore�ected once. In this section, we elucidate this aspect with the help of few
examples and explain the obtained results with the help of an unfolding technique. The
type of semi-cavity that we consider is illustrated in Fig. A.1. The retrore�ector produces a
double pass through the same crystal. Various retrore�ector elements are considered such
as a �at mirror, two �at mirrors oriented at an angle of 90° between them thus constituting
a double mirror retrore�ector, and �nally a trihedral prism1 is also used to retrore�ect the
incident CD wave. In addition to the retrore�ector element, a spherical lens and a linear
polarizer are also placed inside the cavity in some of the experiments. This is used to switch
k-vector components and/or for performing polarization �ltering, respectively.

In Fig. A.1, a He-Ne laser beam (633 nm) is circularly polarized by a quarter wave
plate (QWP) and focused by a spherical lens (f = 200 mm) to enter the KGW biaxial
crystal along one of it’s optical axes. Our experiments are performed under the conditions
of a normalized strength parameter ρ0 = 11.3. The CD double ring obtained at the focal
image plane (see inset in Fig. A.1) is made to counter-propagate along the optic axis via the
retrore�ector element placed at the end of the semi-cavity. A beam splitter placed before
the KGW BC re�ects the counter-propagating beam towards a CCD. A spherical lens is
also placed before the CCD to image the correct plane onto the CCD.

1This is a mounted TIR Retrore�ector Prism commercially obtained from ThorLabs. Such retrore�ectors
are used to re�ect a beam (or an image) back toward its original direction via three re�ections, either total
internal re�ections (TIR) or specular re�ections depending on whether the re�ective faces are coated. The
k-vectors of the corresponding beam will be inverted and re�ected through 180° even for oblique incidence.
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Figure A.1 – Optical setup for a double pass CD cavity utilizing various feedback architectures.
The feedback architecture involves a retro-re�ector element, which could be single �at mirror, two
double mirrors with 90° angle between them, or special corner retrore�ector prism. In addition to
the retrore�ector element, a spherical lens and a linear polarizer can also be used for switching k

wavevector components and polarization �ltering.

The obtained CD patterns for di�erent retrore�ectors are shown in Fig. A.2. By consid-
ering just a simple �at mirror, the second pass through the same crystal e�ectively undoes
the e�ect of the �rst pass. This results in a single central spot identical to the incident
(eventually Gaussian) one (see Fig. A.2(a)). As discussed earlier, the displacement vector γn
(gives the cone displacement direction) is not uniquely a property of the crystal and its ori-
entation depends on the propagation direction of light. A back re�ection from a �at mirror
transforms the right-handed system (x, y, z) into a left-handed one, thus in order to keep
the dielectric coordinate system right-handed, one needs to �ip the direction of the x-axis,
which in turn leads to the switching of the γ vector. Thus the present case of �at mirror
as retrore�ector is equivalent to a CD cascade of two equal length BCs with anti-parallel
γ vectors orientations. A theoretical calculation also veri�es the experimental observation
(see Fig. A.2(e)). This situation has been investigated earlier in the context of conical re-
fraction laser [39]. An equally interesting situation is the one when one inserts a spherical
lens between the BC and the �at mirror. In this case the degenerate situation is being lifted
and one can expect a situation similar to a variable cascade con�guration [23], whereby a
spherical lens placed between a cascade of two BCs provides additional extensive versatility
as the magni�cation associated to the lens can be modi�ed. For a two BC variable cascade,
a value of magni�cation can be chosen for which the inner rings would collapse to give a
central spot (degeneracy). Since there is a double pass through the lens in the present case,
one needs to calculate the e�ective focal length of the two lens combination in order to
determine the magni�cation provided by this arrangement. By standard geometrical optics
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the e�ective focal length f ∗ is given as

1
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f 2
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here d = 50 mm represents the distance between the lens and �at mirror. Also, f = f ′ =
100 mm represents the lens focal length and it’s re�ection. In this speci�c case the e�ective
focal length f ∗ is equal to 100 mm and the e�ective lens is positioned exactly onto the mirror
surface. By placing the spherical lens such that one gets a magni�cation M = 1 i.e. object
distance is equal to image distance, one observes the outer ring with radius double as large
as for a single pass. This radius corresponds to the one for a single pass through a double
as long BC (see Fig. A.2(b)). The spherical lens has the e�ect of switching the transverse k
components while as before the mirror has the e�ect of switching the γ vector orientation
by 180°. Thus in this case, if one assumes that the γ = 0° for the �rst pass through the BC,
then the second pass through the BC would have γ = 180° with the inverted transverse
wavevectors components i.e. the transverse k components should have a negative sign for
the second pass. This combined e�ect is equivalent to a cascade of two BC’s with parallel
orientation of the γ vector but whether this would result in a degenerate cascade (equal
length BCs) or not depends on the magni�cation provided by the spherical lens. In the
presented case M = 1, thus one observes a single CD ring with radius equals to the sum of
the lengths of the two BCs (identical BCs considered). A theoretical calculation considering
the e�ects of mirror (switching of γ vector orientation) and spherical lens (switching of
transverse k components) veri�es the experimental observation (see Fig. A.2(f)).

Figure A.2 – CD patterns obtained from a double pass CD cavity with di�erent retrore�ector optical
elements. The latter are a �at mirror (experiment (a) and theory (e)), a �at mirror with a spherical lens
of focal length 100 mm (experiment (b) and theory (f)), a double mirror retrore�ector (experiment
(c) and theory (g)) and a special trihedral prism (only experiment (d)).

Notably, if instead of a �at mirror one considers a double mirror retrore�ector, consti-
tuted by two mutually orthogonal mirrors at +45° and −45° (see retrore�ector element in
Fig. A.1), the behaviour changes drastically. In absence of intermediate lens, such a double
mirror retrore�ector does not give a single central spot as in Fig. A.2(a), but results in a
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Figure A.3 – Geometrical arrangement corresponding to the case of a double mirror retrore�ector
and corresponding unfolding. It can be noted that to keep the dielectric coordinate system right-
handed the direction of the x-axis is �ipped each time along with the one of the γ vector. The thinner
red and green arrow near the thick blue one denote k-vector components slightly to the right or to
the left of the central one.

single CD ring with radius double as large to the one obtained for a single pass through the
BC (see Fig. A.2(c)). Let’s try to understand the e�ect of this double mirror retrore�ector
on the transverse components of the k wavevector by considering this situation geomet-
rically. Firstly without any loss of generality, we choose the coordinate systems as shown
in Fig. A.3, for the dielectric coordinates (x, y, z) and the laboratory coordinates (x′, y′, z′)
oriented along the crystal sample axes. The yz-plane (and the y′z′-plane) is the plane con-
taining the optical axes. Also the z-axis of the dielectric coordinate system is associated to
the largest index ng and z′ corresponds to the direction of the optical axes parallel to the
incident beam. For the considered convention, the axes z and z′ make an angle of 42.6° (for
KGW BC) between each other while the laboratory x′-axis and the dielectric x-axis are
oriented in the same direction, i.e. x = x′. In order to ease the visualization, the k-vector
components of the incident beam slightly to the right or to the left of the central one (blue)
in the y′z′-plane are depicted with red and green color, respectively (see Fig. A.3). It can be
observed that double re�ection by the two mirrors results in the switching of the sign of
the transverse k wavevector components in the plane of incidence (red and green arrows
have permutated) along with the switching of the γ. It should be carefully noted that only
the transverse k in the plane of incidence is switched, the transverse k departing in vertical
direction (the components along x and −x) do not switch. This comes from the fact that
the plane of incidence (de�ned by the two mirrors) is the same as the plane of the optical
axes (de�ned by how the crystal is placed on the holder). In order to simulate this situation,
the unfolding procedure is illustrated in Fig. A.3. First the BC (as encountered after the
retrore�ection) is unfolded at the second mirror, then the obtained virtual image (on top
in Fig. A.3) is unfolded again on the plane of the �rst mirror. The aim of this unfolding
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is to represent the double pass through the unique crystal as a corresponding two-crystal
cascade with the two BCs aligned on the same straight line. It is useful to perform a proper
unfolding of the second pass through the BC. Upon each unfolding the dielectric axes and
the BC are re�ected, which also results in the switching of the γ (and of the x-axis to keep
the dielectric coordinate system right handed). It can be observed that each unfolding also
results in switching position of the transverse k vector components (red and green arrow).
Thus the two unfolding shows that the present situation is equivalent to a cascade of two
BCs of equal length and oriented parallel to each other. As already explained, such a sit-
uation results in a single CD ring with radius equal to the sum of the lengths of the two
BCs and theoretical simulation veri�es it (see Fig. A.2(g)). The appearance of a weak cen-
tral intensity spot in the corresponding experimental CD pattern relates to the fact that the
re�ections at the two mirrors result in partial depolarization due to di�erent re�ectivities
for the s and p polarizations. Note that the situation can become even more interesting, if
either the crystal or the retrore�ector are rotated around their axes by several degrees such
that the transverse k components departing in vertical direction would also switch.

Finally, a trihedral prism is also utilized as a retrore�ector element and the observed CD
pattern when the incident ring hits the center of this prism is shown in Fig. A.2(d). The ex-
ternal ring has intensity distribution that resembles a petal structure. This trihedral prism
has pyramid like shape with base formed by three orthogonal faces. Any beam that enters
the trihedral prism undergoes three internal re�ections (total internal re�ection) before be-
ing sent out parallel to the incident beam but with lateral shift. One additional feature is
that the output beam is modi�ed in polarization as a linear polarization state is changed
into elliptical polarization state owing to the polarization dependant phase shift upon total
internal re�ection. The (rather complex) theoretical modelling of the situation for this tri-
hedral prism as retrore�ector was not attempted yet. The acquired CD pattern shows quite
interesting features and further experiments to completely understand the output light in-
tensity and polarization are envisaged.

Polarization �ltering performed by placing a linear polarizer between the BC and the
di�erent retrore�ector elements are shown in Fig. A.4. The polarization �ltering is per-
formed at four di�erent orientations of the linear polarizer i.e. at φ = 0°, 45°, 90°, 135°.
For the case of a �at mirror, as expected, the degenerate situation is lifted out and one can
see the external ring with two intensity nodes at diametrically opposite positions on the
external ring (see Fig. A.4(a1)-(a4)). A corresponding theoretical simulation veri�es the
experimental observation, by including additionally a Jones matrix of a polarizer with the
corresponding transmission axis angle ϕ value of the linear polarizer for each situation (see
Fig. A.4(b1)-(b4)). This situation is similar to the one analysed in Ref. [24] for a two-crystal
cascade with intermediate polarizer. The observation of two nodes is obvious as the �at
mirror changes the orientation of the gamma vector by making it anti-parallel to the orig-
inal orientation. Thus the two nodes correspond to two orthogonal polarizations on the
external ring, this is also the reason that one observes same intensity distributions for the
polarizer transmission angles of 0° and 90° as well as at 45° and 135°.

By placing a linear polarizer in the situation of the �at mirror with spherical lens giving
magni�cation of about 1.2 in order to avoid degenerate situation, one observes a single
intensity node on the external ring but there are two intensity nodes on the internal ring
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Figure A.4 – Polarization �ltering via a linear polarizer placed between the crystal and the di�erent
retrore�ector elements. The transmission angle ϕ of the linear polarizer is given on top of each
column. Flat mirror + linear polarizer [experiment (a1)-(a4) and theory (b1)-(b4)] , �at mirror with
a spherical lens (focal length 100 mm, magni�cation≈ 1.2) + a linear polarizer [experiment (c1)-(c4)
and theory (d1)-(d4)] and double mirror retrore�ector + a linear polarizer [experiment (e1)-(e4) and
theory (f1)-(f4)].
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(see Fig. A.4(c1)-(c4)). Also it can be observed that the single node on the external ring
and two nodes on the internal ring are along the same azimuthal angle and all nodes in
the CD pattern rotate in phase as the orientation angle of the linear polarizer is changed.
A modi�ed theoretical model including additionally, the e�ect of the linear polarizer by
adding a Jones matrix for the polarizer with the corresponding transmission axis angle
ϕ of the linear polarizer for each situation veri�es the experimental observation (see Fig.
A.4(d1)-(d4)).

Finally, by placing the linear polarizer in the situation of the double mirror re�ector, one
observes that for the 0° and 90° orientation of the linear polarizer, a central intensity spot
and a single node in the external ring corresponding to the orthogonal polarization being
�ltered out is observed in the intensity distribution (see Fig. A.4(e1),(e3)). But for the 45°
and 135° orientation of the linear polarizer, one observes nothing at all, as all light is blocked
out in these situations (see Fig. A.4(e2),(e4)). Again as mentioned before, the double mirror
re�ects the dielectric coordinates system two times in a way that this results in a cascade of
two parallel crystals as in Fig. A.3. However here one needs to consider another important
aspect. Indeed, a linearly polarized light oriented at 45° is converted to a 135° polarization
after the two re�ections from the double mirror retrore�ector. In this case all the light would
be blocked at the second pass through the 45° polarizer as seen theoretically in Fig. A.4(f2).
A similar situation occurs for the polarizer at 135° (see Fig. A.4(f4)). Theoretically this is
incorporated by adding two polarizer Jones matrices. For the two cases of linear polarizer
transmission axis oriented at ϕ = 0° and 90° both the Jones matrix have the same value
for the transmission axis (no rotation of polarization upon re�ection) angle ϕ. In contrast,
for the cases ϕ = 45° and 135° the �rst Jones matrix correspond to the initial transmission
axis angle ϕ of the linear polarizer but the second has the orthogonal value to the �rst
one i.e. if ϕ1 = 45° then ϕ2 = 135° and vice versa. Theoretical calculation including this
incorporation verify the experimental observations (see Fig. A.4(f1)-(f4)). As before the
appearance of a weak central intensity spot in the experimentally obtained patterns in Fig.
A.4(e2) and (e4) is due to partial depolarization owing to di�erent re�ectivities by the two
mirrors for the s and p polarizations.

In conclusion, we have shown that our two-pass investigations using various types of
retrore�ectors in a semi-cavity can be well modeled by taking advantage of a simple un-
folding procedure. This relatively simple situations already shows an impressive richness.
It is expected that this will be increased much further by implementing a full ring cavity
including one or more BCs, several mirrors and some imaging lenses. Of particular interest
will be the case where the cavity will contain one or more conjugate cascades based on
cylindrical lenses that we have discussed extensively in this thesis.
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Fibonacci and degenerate cascades of
conical diffraction

Here, we present preliminary investigations on special types of cascades, which exploit the
fact that concentric 2N−1 double rings in an N crystal conventional cascade result from a
superposition of ρ values of the individual biaxial crystals in that cascade. This is mathe-
matically expressed as

ρtot = |ρ1 ± ρ2 ± ρ3 ... ± ρN−1 ± ρN |, (B.1)

which in general leads to 2N−1 di�erent values for ρtot. However, this equation hints at
particular interesting situations, which can happen by choosing the ρi values for the indi-
vidual BCs in a speci�c way. In some cases it is possible that two or more ρtot values are the
same. In this case, the corresponding circular rings have the same radii and are coherently
superposed. Two such special types of cascades are the Fibonacci and fully degenerate cas-
cade, that we discuss brie�y in this appendix. In a Fibonacci cascade, the ρi values follow
a Fibonacci series, while in a degenerate cascade all the individual BCs in the cascade have
the same CD strength, ρi = ρ0.

As an example, a Fibonacci cascade of four and �ve BCs has been investigated with ρ
values following a Fibonacci series starting from �ve (see Fig. B.1). The γ values are chosen
such that each two adjacent BCs are in crossed con�guration but this also implies that each
concentric double ring possess same energy density in terms of intensity of light. By evalu-
ating the radii of the concentric double rings via eq. (B.1) for a four BCs Fibonacci cascade,
it turns out that there are two concentric double rings superposed at radius of ρ = 5 and
two at radius of ρ = 21, so that there are only 6 instead of 8 double rings. One can observe
that the intensity of these two double rings is enhanced in comparison to the other double
rings (Fig. B.1(a1)). Here the relative phase ∆φ between the y and x components of D
still remains either 0° or 180° on these two double rings, thus suggesting a varying linear
polarization with the azimuth direction (see Fig. B.1(a2)). Another interesting observation
consist in the fact that the exact position of either horizontal or vertical linear polarization
on the double ring at ρ = 21 is not aligned with the one for the other double rings (see Fig.
B.1(a3)). Again, it should be kept in mind that the exact spatial position of vertical and hor-
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izontal linear polarization states on the double rings depends primarily on the orientation
of the last BC in the cascade.

Figure B.1 – Intensity (�rst row: (a1),(b1)), relative phase ∆φ (second row: (a2),(b2)) and polarization
angle θ (third row: (a3),(b3)) distributions of a Fibonacci cascade of four (�rst column: (a1)-(a3)) and
�ve (second column: (b1)-(b3)) biaxial crystals. The parameters are as follows: ρi values correspond
to a Fibonacci series starting from 5, i.e. for four BCs cascade ρ values correspond to 5, 8, 13, 21 while
for �ve BCs 5, 8, 13, 21, 34. The γi values follow the series 0°, 90°, 0°, 90°... and so on, depending on
the number of crystals in the cascade.
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Similarly by evaluating the double rings radii via eq. (B.1) in the case of �ve crystals
Fibonacci cascade, it turns out that two double rings are superposed at each of the radial
positions ρ = 3, 29, 39, 55 while there are three double rings superposed at the radial dis-
tance ρ = 13. Again as before the superposed double rings are brighter in comparison to
other double rings (see Fig. B.1(b1)). However an interesting observation is that the super-
position of three double rings at radius of ρ = 13 results in a double ring, which possess
relative phase that vary linearly between 45° and 135° implying the presence of elliptical
polarization with varying ellipticity along the azimuth direction (see Fig. B.1(b2)). As a
consequence of this variation in the relative phase, there exists a spatial position on this
double ring with a relative phase of 90° indicating the presence of circular polarization. The
relative phase ∆φ on all other rings takes only values of either 0° or 180°, thus implying
linear polarization on them. The polarization distribution for all the rings is shown in Fig.
B.1(b3). For the ring possessing elliptical polarization states (at radius ρ = 13), the angle
θ represents the orientation of the polarization ellipse, i.e. the direction of a linear polar-
izer giving maximum local transmission of the light at the corresponding position on the
pattern.

Although the Fibonacci cascade enables superposition of double rings, but the most in-
teresting double rings with three or more superposed rings only happens for a cascade of
more than �ve BCs. On the other hand, a degenerate cascade of three or more crystals
always possesses at least two superposed rings at each of the ring radii except at the out-
ermost ring, where there will always be just one double ring (addition of all the ρi values).

As an example, Fig. B.2 illustrates degenerate cascades of up to �ve BCs with ρ0 = 10
starting from a two BCs degenerate cascade. It has been observed that a degenerate cas-
cade of an even number of BCs always result in a central intensity spot (see Fig. B.2(a1),(c1))
with polarization matching the incident polarization state. As in our case a left circularly
polarized incident beam is considered, it can be observed that the relative phase at this
central spot is 90° corresponding to this circular polarization (see Fig. B.2(a2),(c2)). A de-
generate cascade with odd number of crystals lacks such central intensity spot feature (see
Fig. B.2(b1),(d1)). A degenerate cascade of two BCs has been investigated theoretically
and experimentally earlier and it has been shown that the central intensity spot do possess
polarization that matches with the incident polarization state [23, 184, 233].

For a three BCs degenerate cascade, one gets three superposed double rings at radius of
ρ = 10 and no superposition on the outermost rings for the reason mentioned above (see
Fig. B.2(b1)-(b3)). These three double rings superposition results in a relative phase ∆φ that
varies between 225° and 315° thus implying azimuthally varying elliptic polarization (see
Fig. B.2(b2)). The orientation of the polarization ellipse for these elliptic polarization states
on this double ring can be observed in Fig. B.2(b3). As before, there exists a spatial position
on this ring where the relative phase ∆φ = 270° with the polarization ellipse orientation
of 45°, thus indicating the presence of right circular polarization at this point. Similarly,
an investigation into four and �ve BCs degenerate crystals results in similar interesting
features observed on the internal superposed rings. For Four BCs degenerate cascade, one
gets three double rings merged into a single spot at the center with left circular polariza-
tion state, four double rings superposed onto each other at ρ = 20 resulting into a double
ring with varying elliptic polarization states along the azimuth direction and one outer-
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Figure B.2 – Intensity (�rst column), relative phase ∆φ among D components (second column) and
polarization direction θ (third column) distributions for a degenerate cascade of two (�rst row), three
(second row), four (third row) and �ve (fourth row) BCs. The parameters are: ρ0 = 10 for all crystals
in the cascade. The γ values follow a series of 0°, 90°, 0°, 90° ... , and are therefore in a mutually
crossed con�guration.

most double ring at ρ = 40 with conventional varying linear polarization states (see Fig.
B.2(c1)-(c3)). Finally, for �ve BCs degenerate cascade one gets ten superposed double rings
at ρ = 10 resulting in a double ring with a relative phase ∆φ = 270° implying that this is a
double ring with circular polarization state, �ve double rings superposed at ρ = 30 and one
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outermost ring at ρ = 50 both of which possess a relative phase ∆φ values of either 0° or
180°, thus implying conventional varying linear polarization states (see Fig. B.2(d1)-(d3)).

Figure B.3 – Intensity (�rst column), phase (second column) and polarization (third column) distri-
butions for a degenerate cascade of three (�rst row), four (second row) and �ve (third row) BCs are
presented. The parameters are as follows: ρ = 1 for each biaxial crystal in the cascade and the γ
values follow a series of 0°, 90°, 0°, 90°... and so on, depending on the number of crystals in the
cascade.

It has been shown with few illustrative examples of a degenerate cascade with ρ0 = 10
that it is possible to generate CD rings with varying elliptic polarization or a CD ring with
a circular polarization. Another interesting situation for a degenerate cascade is to choose
ρ0 = 1, that is a less strong focusing of the input wave. A single CD pattern with ρ0 = 1
leads to a donut shaped beam instead of a conventional CD double ring as the Poggendorf
ring is not observed. Degenerate cascades with ρ0 = 1 for a three, four and �ve BCs are
shown in Fig. B.3. It can be observed that the intensity distribution for such a three crystal
cascade is still a donut (see Fig. B.3(a1)) with a relative phase that varies between 225° and
315° but in addition this variation happens not only along azimuth but also radially to some
extent (see Fig. B.3(a2)). An extension of such a degenerate cascade of ρ0 = 1 to four and
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�ve crystals results in a central intensity spot with ring outside and donut inside an outer
ring respectively (see Fig. B.3(b1) and (c1)). The relative phase (∆φ) distributions on the
inner donut and outer ring reveal the presence of varying elliptic polarizations along the
azimuth direction and these elliptic polarization states are not same on the inner donut and
outer ring along any azimuth angle (see Fig. B.3(c2)). The orientation of the polarization
ellipse for these varying elliptic polarization states can be observed in the last column of
Fig. B.3(a3)-(c3).

It is quite evident from these preliminary investigations that these special Fibonacci or
degenerate cascades can lead to CD patterns which possess besides varying linear polar-
ization states, double rings with varying elliptical polarization states or even a double ring
with just circular polarization. Additionally these results also show an interesting potential
towards “Full Poincare kind of beams” with spatially separated linear, circular and elliptical
polarization states in the form of rings. Hence the Fibonacci or degenerate cascades pro-
posed here could greatly improve the versatility of the tailoring of the polarization pro�le
of CD vector beams.
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La mise en forme et la structuration de faisceaux lumineux en termes d’intensité, de phase
et de distribution de polarisation attirent actuellement une grande attention avec des ap-
plications allant de la micromanipulation et de l’imagerie 3D à la communication classique
et quantique[1, 12]. Parmi les structuations lumineuses possibles, on trouve les faisceaux
vectoriels qui possèdent une polarisation variable distribuée spatialement sur la coupe
transverse des faisceaux, ainsi que les faisceaux présentant des singularités de phase et
un moment cinétique orbital (OAM), tels que les vortex optiques. Outre leur fort intérêt
fondamental, de tels faisceaux dits non conventionnels émergent pour un nombre crois-
sant d’applications. Il s’agit notamment de la manipulation optique ou "pince optique" [10,
11], de l’exploitation de l’OAM pour le multiplexage par répartition en modes dans la
communication optique [13] ou pour l’information quantique [14, 15], l’imagerie super-
résolution [16], ainsi que d’autres technologies clés dans des domaines tels que la métrolo-
gie, l’usinage optique, la biomédecine, la chimie... [1, 81].

La di�raction conique interne (CD, également appelée réfraction conique interne) est
un phénomène naturel conduisant à des faisceaux vectoriels de forme circulaire possédant
un OAM fractionnaire. Cet e�et particulier a intrigué la communauté scienti�que depuis sa
prédiction par W. R. Hamilton il y a près de 200 ans et la première observation expérimentale
par H. Lloyd peu après. Le phénomène de CD est observé lorsqu’un faisceau su�samment
focalisé est incident sur un cristal optiquement biaxial (BC) avec son vecteur d’onde k par-
allèle à l’un des axes optiques du cristal [18]. Pour cette direction k singulière, les directions
du vecteur de Poynting sont dégénérées et se trouvent à la surface d’un cône incliné à base
circulaire à l’intérieur du cristal. La section de ce cône peut être facilement visualisée dans
un plan de focalisation particulier de l’onde incidente (plan focal image, FIP), où l’on ob-
serve deux anneaux lumineux rapprochés et séparés par un anneau sombre (appelé anneau
de Poggendor�). Deux points diamétralement opposés possèdent toujours des polarisa-
tions linéaires orthogonales, conduisant au caractère vectoriel du faisceau [18–20]. Une
explication géométrique élégante de la façon dont les directions des vecteurs de Poynting
sur le cône dépendent des vecteurs électriques locaux (E) et de déplacement électrique (D)
de l’onde est donnée dans le livre de Born et Wolf. [21]. Au cours des deux dernières décen-
nies, la recherche sur le CD a été fortement relancée. Ceci est dû d’une part à une meilleure
compréhension théorique du phénomène suite à la théorie de la di�raction paraxiale[19]
et d’autre part à son potentiel pour plusieurs applications photoniques modernes dans le
cadre de la lumière structurée[18] parmi lesquelles on peut citer le piégeage optique [35,
180], la mise en forme de faisceaux [24, 36], le multiplexage en espace libre pour la commu-
nication [37], la polarimétrie [38, 175, 181], l’imagerie super-résolution [40] ou le contrôle
d’ OAM [26, 27, 29].

Un développement récent majeur dans le domaine du CD consiste en l’étude de con-
�gurations dites "en cascade" dans lesquelles deux ou plusieurs cristaux sont mis en série
avec leurs axes optiques alignés [22, 172–174]. Une telle CD en cascade conduit à une mul-
tiplication du nombre d’anneaux observés dans le FIP, pour N cristaux on obtient 2N−1

doubles anneaux [22]. La cascade a comme paramètres libres les angles de rotation relatifs
γn (autour de l’axe optique commun) du nème cristal par rapport au premier de la cascade.
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Par exemple, pour N = 2 les intensités relatives dans les deux doubles anneaux dépen-
dent de cet angle [174], pour γ2 = 0 (cristaux parallèles) seul l’extérieur des deux doubles
anneaux survit, tandis que pour γ2 = π (cristaux antiparallèles), seul celui interne survit.
Pour un monocristal le rayon du double anneau correspond au produit R = αL du demi-
angle d’ouverture α du cône de CD (qui est fonction de la biréfringence du matériau) et de
la longueur du cristal L. Surtout, pour deux BC en cascade du même genre (même α) et de
longueurs L1 et L2 les doubles anneaux externe et interne ont un rayonRext ∝ L1 +L2 et
Rint ∝ |L1−L2|, respectivement [22, 174]. Évidemment, si les longueurs des deux cristaux
sont identiques, le double anneau interne dégénérera en une tache centrale. Il existe cepen-
dant une manière élégante introduite récemment par Peet[23] de modi�er ces rayons par
une technique appelée cascade variable à deux cristaux. Une lentille sphérique est inter-
calée entre les deux cristaux en cascade de manière à imager le FIP proche du premier cristal
dans un second FIP proche du second BC. Il a été montré que le facteur de grossissementM
de cette imagerie modi�e les valeurs relatives des rayons du double anneau observés selon
Rext ∝ML1 +L2 etRint ∝ |ML1−L2|[23]. Cela rend l’e�et beaucoup plus polyvalent et
permet le réglage continu des paramètres réels de la cascade malgré l’utilisation de cristaux
de longueurs �xes.

En ce qui concerne la distribution d’intensité, si l’onde d’entrée a une polarisation cir-
culaire, l’intensité le long des anneaux est homogène. Une distribution azimutale inho-
mogène peut être obtenue en polarisant linéairement la lumière à l’entrée ou à la sortie[18]
ou, de manière plus drastique, en modi�ant la polarisation entre deux ou plusieurs BC en
cascade[24], auquel cas des motifs vectoriels d’une complexité accrue sont obtenus. Néan-
moins, malgré tous les développements décrits ci-dessus, les motifs CD obtenus jusqu’à
présent possèdent toujours intrinsèquement une forme circulaire. Cette forme est associée
à la section du cône CD avec un plan perpendiculaire au vecteur d’onde central et à l’axe
optique des BC.

Ce travail de recherche montre que la symétrie circulaire peut être considérablement
brisée par une manipulation appropriée dans l’espace des vecteurs d’onde entre les BC
dans une cascade. Cela conduit à des motifs CD d’une grande complexité, tant en ter-
mes de formes que de distribution de polarisation. L’aspect clé de cette approche est de
diviser l’espace des vecteurs d’onde 2D (espace k) entre deux BC en deux sous espaces 1D.
Cette manipulation est réalisée en insérant deux lentilles cylindriques (CL) avec leurs axes
perpendiculaires l’un à l’autre. Les deux CL sont disposées de manière à fournir un plan
image commun du premier FIP (FIP1 correspondant au plan focal de l’onde incidente fo-
calisée) dans un deuxième plan placé à proximité du deuxième BC (FIP2). Cette imagerie
est cependant associée à di�érents facteurs de grossissement Mx et My selon les directions
transversales x et y (voir Fig. 4.1 au chapitre 4). La transformation ci-dessus conduit à
des modèles de CD en cascade (observés à FIP2) avec une symétrie circulaire fortement
brisée possédant une distribution complexe d’intensité et de polarisation[152]. Un mod-
èle théorique basé sur l’approche optique de Fourier prend en compte les manipulations
asymétriques de l’espace des k par des lentilles cylindriques croisées ainsi que l’e�et de
chaque BC sur la phase de l’onde vectorielle. Une fonction de transfert appropriée permet
de calculer le champ D de sortie au dernier plan focal image en e�ectuant une intégration
numérique de l’intégrale complexe bidimensionnelle.
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La �gure 1 montre la distribution d’intensité et de polarisation ainsi que la composante
S3 des motifs CD non circulaires acquis à partir d’une cascade conjuguée de deux (Fig. 1(a1)-
(b3 )) et trois (Fig. 1(c1)-(c3)) BC. La première ligne représente la distribution d’intensité
obtenue en calculant l’intensité locale en tout point du plan focal image (FIP) correspon-
dant (I ∝ |D|2). On peut observer que sur la �gure 1, les trois modèles CD non circulaires
possèdent une distribution d’intensité variable de manière non homogène le long de la di-
rection de l’azimut. La deuxième ligne de la �gure 1 donne les valeurs codées par couleur
de la direction de polarisation locale θ sur le motif lumineux observable dans le plan focal
image. L’angle θ est lié au rapport des composantes y et x du champ D de sortie. Ces com-
posantes sont en générale complexes, c’est-à-dire Dx = Rx exp(iφx), Dy = Ry exp(iφy)
et θ est dé�ni comme θ ≡ arctan [(Ry/Rx)sign(cos ∆φ)], avec ∆φ ≡ (φy − φx). Aux po-
sitions où la polarisation est linéaire, θ donne simplement la direction de polarisation par
rapport à l’axe x du laboratoire. Aux positions où une composante elliptique existe, l’angle
θ donne l’orientation du grand axe de l’ellipse de polarisation, c’est-à-dire la direction d’un
polariseur linéaire donnant une transmission locale maximale de la lumière à la position
correspondante sur le motif. On observe que la polarisation locale sur les structures non
circulaires générées est linéaire à l’exception des régions où les structures individuelles non
circulaires se croisent ou se chevauchent localement avec di�érentes branches d’une même
structure: ces régions possèdent alors des polarisations elliptiques ou circulaires. A noter
que la structure interne du motif CD non circulaire sur la Fig. 1(b1) fusionne avec elle-même
en raison de la dégénérescence le long de l’axe des x, de sorte que la région locale au centre
possède une polarisation circulaire ou elliptique. De même, la distribution d’intensité du
motif de la Fig. 1(c1) montre des croisements ou des chevauchements avec d’autres struc-
tures indiquant la présence d’une polarisation circulaire ou elliptique. Ces observations
sont véri�ées en évaluant la composante elliptique S3 du vecteur de polarisation de Stokes
dé�ni commeS3 ≡ IR−IL, où IR (IL) sont les composantes polarisées circulairement droite
(gauche) de l’intensité locale. En�n, on peut observer dans les trois motifs CD non circu-
laires de la Fig. 1 que l’évolution de l’angle de polarisation n’est pas une fonction linéaire
de l’angle polaire sur les structures. Ces observations contrastent fortement avec les mod-
èles CD obtenus à partir d’une cascade conventionnelle, qui aboutissent à la génération de
plusieurs anneaux concentriques avec une intensité uniforme et une polarisation variable
de manière homogène.

Les cristaux biaxiaux sont intrinsèquement capables de couplages spin-orbite. Cela
implique une propriété supplémentaire aux faisceaux vectoriels CD: ils possèdent un mo-
ment cinétique orbital (OAM) demi-entier. La distribution de phase pour un faisceau OAM
non entier est extrêmement complexe. Il se compose de vortex chargés dont la charge
topologique est arrondie aux valeurs entières les plus proches, c’est-à-direα = Lmesur+1/2
[91]. Ici, α est égal au nombre de vortex à charge unique. Il a été démontré que la posi-
tion de ces vortex à charge unique peut également être contrôlée. De plus des faisceaux
OAM chargés entiers peuvent être utilisés pour faire tourner des particules ou les manœu-
vrer d’une certaine manière [229]. En�n, les faisceaux OAM demi-entiers ont des vortex
capables de pincer ou de piéger des particules, ou bien encore s’il y a une distribution non
uniforme des vortex dans le champ global du faisceau, la particule dans ce champ subirait
des à-coups au lieu d’une poussée constante. Cela pourrait entraîner une accélération ou
une rotation non uniforme autour de ces vortex à charges uniques [41].

125



Synthèse de la thèse

Figure 1 – La distribution d’intensité (première ligne), la distribution de polarisation (deuxième ligne)
et la composante S3 Stokes parameter (troisième ligne) sont présentées à titre d’exemple pour trois
modèles de CD non circulaires obtenus via une cascade conjuguée de deux (les deux premières
colonnes, c’est-à-dire (a1)-(b3)) et trois BC (dernière colonne, c’est-à-dire (c1)-(c3)). Ici, ρ1 = 17, 9,
ρ2 = 13, 9 ; γ1 = 0°, γ2 = 90° pour les deux premières colonnes représentant deux BC en cascade,
tandis que ρ1 = 12, ρ2 = 9, 3, ρ3 = 7, 3 ; γ1 = 0°, γ2 = 90°, γ3 = 180° pour la dernière colonne
représentant la cascade de trois BC. Les paramètres de cascade conjuguée sont les suivants: (a1)-(a3)
(Mx,1;My,1) = (1, 25; 0, 325), (b1)-(b3) (Mx,1;My,1) = (0, 778; 0, 323) et (c1)-(c3) (Mx,1;My,1) =

(2, 50; 4, 30) et (Mx,2;My,2) = (1, 25; 0, 325). Les paramètres ρi, γi et Mx, My donnent la force
de di�raction conique de chaque cristal, leur orientation relative et les conditions d’imagerie de la
cascade conjuguée avec lentilles cylindriques croisées respectivement (voir chapitre 4).

En raison de la nature vectorielle ainsi que de leurs OAM à valeurs fractionnaires, il
s’avère di�cile de déterminer l’OAM de faisceaux CD non circulaires via des techniques
conventionnelles. Cependant, en utilisant une technique de mesure quantitative[191], à
base d’une lentille cylindrique (CL) supplémentaire placée juste avant le CCD, on pour-
rait déterminer la charge fractionnaire OAM. La �gure 2 montre la mesure quantitative
de l’OAM pour deux des modèles de CD non circulaires obtenus via une cascade con-
juguée. Étant donné que la distribution d’intensité dans ces deux modèles ne possède pas
de symétrie de ré�exion, a�n de déterminer quantitativement l’OAM, deux mesures sont
nécessaires, c’est-à-dire une avec l’axe horizontal de CL et l’autre avec l’axe vertical de CL.
La distribution d’intensité obtenue théoriquement et expérimentalement dans le plan focal
des CL pour le cas avec des valeurs de grossissement Mx = 1.25 et My = 0.325 est présen-
tée sur la Fig. 2[théorie (a2)-( a3) et expérience (b2)-(b3)] et pour le cas avec Mx = 2.50 et
My = 0.233 sur la Fig. 2[théorie (c2)-(c3) et expérience ( d2)-(d3)]. La valeur OAM fraction-
naire est calculée à l’aide de l’équation. (5.13) en considérant les deux modèles de chaque
cas et les valeurs OAM fractionnaires obtenues sont répertoriées dans la dernière colonne
de la �gure. 2. Une bonne correspondance entre les valeurs OAM fractionnaires obtenues
expérimentalement et théoriquement peut être observée. De même, l’OAM fractionnaire
est mesuré pour d’autres motifs non circulaires et on observe que la charge fractionnaire
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OAM de ces faisceaux non circulaires augmente avec le rapport des valeurs de grossisse-
ment (Mx/My ou My/Mx) des deux lentilles cylindriques utilisées pour les générer. Ces
résultats o�rent des perspectives intéressantes pour les faisceaux CD non circulaires, car
des vortex à charge fractionnaire ont été utilisés en optique atomique [193], communication
quantique [194–197], les pinces optiques ou la manipulation de particules microscopiques
[198, 199] et bien d’autres [187, 202–205].

Figure 2 – OAM pour deux motifs non circulaires générés dans une cascade conjuguée de deux
cristaux biaxiaux. Les deux modèles sont pour ρ1 = 17, 9 = ρ2 = 13, 9 et les angles d’orientation
des cristaux γ1 = 0, γ2 = π/2. tandis que les valeurs de grossissement sont Mx = 1, 25 et My =

0, 325 [théorie (a1)-(a3) et expérience (b1)-(b3)] et Mx = 2, 50 et My = 0, 233 [théorie ( c1)-(c3) et
expérience (d1)-(d3)]. Les valeurs théoriquement déterminées (ldet) et mesurées expérimentalement
(lmeas) de l’OAM sont écrites dans la dernière colonne.

Un autre aspect intéressant de nos recherches consiste à réaliser un enregistrement
holographique d’un faisceau CD et une ampli�cation locale par mélange à deux ondes d’un
tel faisceau à l’intérieur d’un cristal photoréfractif non linéaire. Les hologrammes conven-
tionnels enregistrent l’intensité d’un motif d’interférence et sont donc généralement écrits
à l’aide d’une onde objet et d’une onde de référence partageant une polarisation lumineuse
commune, maximisant ainsi le contraste des franges. Des exceptions à cette règle existent
dans le cadre de l’holographie de polarisation[227], qui permet de stocker l’état de polari-
sation d’une onde à l’aide d’un support sensible à la polarisation. Cette approche peut être
utilisée par exemple pour générer des faisceaux vectoriels [228] de distribution de polari-
sation non uniforme. Dans nos recherches, nous montrons pour la première fois que l’e�et
optique CD linéaire peut être combiné avec l’enregistrement non linéaire d’hologrammes
dynamiques dans un matériau photoréfractif, tous les processus se déroulant dans le même
milieu. Les expériences sont réalisées en utilisant un échantillon de cristal Sn2P2S6 (SPS)
nominalement non dopé, coupé avec des faces d’entrée et de sortie perpendiculaires à un
de deux axes optiques. Le cristal SPS possède de grands coe�cients électro-optiques et des
propriétés optiques et PR non linéaires intéressantes [142].

127



Synthèse de la thèse

Figure 3 – Reconstruction holographique et images d’ampli�cation par mélange à deux ondes pour
le cas où l’onde objet d’entrée et l’onde de référence sont associés à des polarisations orthogonales
(onde de référence correspond à une des deux ondes propres). Premiere ligne: onde objet alignée
sur un axe optique. (a1) et (c1) : onde objet seule ; (a2) onde objet reconstruite après enregistrement
d’hologramme ; (c2) onde objet ampli�ée par mélange à deux ondes. Longueur d’onde = 633 nm.
La deuxième ligne donne le cas correspondant pour le cristal désaligné de façon que l’onde objet ne
donne pas lieu à une CD.

Un exemple illustrant la lecture d’un hologramme pré-enregistré ainsi que l’ampli�cation
dynamique par mélange à deux ondes est donné sur la Fig. 3. Il s’agit du pire des cas dans
lequel l’onde objet et de référence sont associées à des ondes propres orthogonales (polar-
isations perpendiculaires). Les �gures 3(a1) et (c1) montrent l’onde objet en régime aligné
(menant à CD) et en absence de l’onde de référence. La �gure 3(a2), montre l’onde objet
reconstruite par l’onde de référence polarisée orthogonalement après l’enregistrement de
l’hologramme à la longueur d’onde de 633 nm. Ici la reconstruction est plus forte sur la
partie droite de l’anneau où l’onde objet est plus faible. Cependant, cette dépendance en in-
tensité azimutale peut être modi�ée en modi�ant les orientations relatives des polarisations
des deux ondes ou en utilisant une lumière polarisée circulairement. Il en va de même pour
l’ampli�cation par mélange à deux ondes (TWM) d’une onde d’objet initialement à faible
intensité illustrée sur la �gure 3(c2). Ici, on obtient une distribution d’intensité azimu-
tale presque homogène malgré l’inhomogénéité du faisceau objet non ampli�é sur la �gure
3(c1). La raison de ce type de comportement réside dans la structure complexe du tenseur
électro-optique du SPS [215, 216] en combinaison avec l’orientation du champ de charge
d’espace associé à l’e�et photorefractif (PR). Il est important de noter que l’alignement
de l’onde objet sur l’axe optique est crucial. Toute légère rotation de l’échantillon avant
l’enregistrement, de telle sorte que l’onde objet ne mène plus a une di�raction conique, of-
fre une e�cacité de di�raction insigni�ante lors de la lecture (environ 30 fois plus faible,
Fig. 3(b2)) et une ampli�cation quasi-indétectable en TWM (Fig. 3(d2)), par rapport à une
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ampli�cation de 450 % pour le cas aligné. Cet e�et ouvre de belles perspectives, par exemple
pour le multiplexage multicanal en polarisation de faisceaux vectoriels.

Quelques investigations préliminaires réalisées au cours de cette thèse sont également
présentées en annexe. L’annexe A présente les résultats sur les motifs CD obtenus à partir
d’une demi-cavité, qui impliquent un monocristal avec di�raction conique à double passage
dans une architecture à simple rétroaction optique. Ces investigations avec di�érents types
de rétroré�ecteurs dans une semi-cavité sont bien modélisées à l’aide d’une procédure de
dépliage simple. Les recherches sur de telles con�gurations indiquent clairement la possi-
bilité de générer des modèles CD facilement réglables en intensité et en polarisation. En
outre, l’extension de tels schémas vers l’intégration du BC dans une cavité annulaire serait
extrêmement attrayante car elle permettrait un passage multiple à travers le même BC et
une cascade pratiquement in�nie. Une telle cavité annulaire peut également incorporer
des lentilles cylindriques pour briser la symétrie circulaire d’une manière similaire à celle
étudiée dans cette thèse. L’annexe B décrit la génération de motifs CD circulaires via un
arrangement des paramètres dits de Fibonacci ou des cascades dégénérées. Il est montré
avec quelques exemples que ces types spéciaux de cascades peuvent aider à générer des
doubles anneaux CD avec une polarisation elliptique dont l’ellipticité varie le long de la
direction de l’azimut. Il ressort clairement de cette recherche que Fibonacci ou les cascades
dégénérées pourraient grandement améliorer la polyvalence en permettant une adaptation
plus poussée du pro�l de polarisation des faisceaux de vecteurs CD.
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