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General Introduction

This journey starts with one of the greatest achievements of solid state physics which is its ability
to predict the electrical properties of solids. The exploration of these properties bring to light the
fundamental role of the geometric periodicity forming a crystalline structure. Indeed, crystalline
solids are formed by a periodic arrangement of ions inducing periodic potentials that will deeply
a ect the movement of electrons within the crystal. Electrons are in this context described
by wave functions that are governed by the Schrddinger equation. As a consequence of the
periodic potentials, the wave function is found using Bloch's theorem which postulates that the
solution of the Schrodinger equation in a periodic potential is a periodic function, with the same
periodicity as the potential, modulated by a plane wave. These solutions are eigenstates. Bloch
theory not only explains how electrons propagate through periodic potentials but also reveals the
origin of energy bands in solids. Due to the periodic potential, electron energy levels split into
band structures, known as energy bands. And the band structures correspond to the eigenvalues
of the eigenstates and feature ranges of energy where electrons can not propagate, which are
called band gaps. The shape, width, and relative positions of these band gaps determine many
critical electronic properties of solids, for instance whether they are conductors, semiconductors
or insulators. Since the electrons are described by wave functions, these theoretical developments
can be applied to others eld of wave physics such as acoustics where the analogous of the

crystalline solids are called phononic crystals.

The analysis of band structures is rich of informations but fails to explain one speci ¢ phe-
nomenon. Two equivalent periodic crystals can feature the same band structures when they are
considered in nite. But when they are considered nite, localized states can exist in one of the
band gaps in one case whereas it does not in the other one. The explanation of this behavior
does not reside in the analysis of the eigenvalues forming the band structure but in the analysis

of the corresponding eigenfunctions. This is the core of topology. Topology is a mathemati-
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General Introduction

cal classi cation of geometrical objects which can be applied to the wave functions in periodic
lattices. Using the tools of topology, a distinction can be made between two in nite periodic
lattices, which appear to be equivalent outside of their topology. They will thus belong to two
di erent topological phases. The topological phases are called trivial or non-trivial. In the case
of a lattice in the non-trivial phase, a topological localized state will exist at the boundaries of a
nite structure. This striking materialization of topology explains why a solid can be insulating

in the bulk but can still be conductor, the conduction being localized at the boundaries. In
addition, the topological states are robust against perturbations, disorder and defects. Topology
insures a topological protection. This robustness makes topological phononic crystals partic-
ularly appealing for applications in acoustics. The fact that the spectrum of localized states
is predicted from the properties of the periodic lattice or the bulk is the principle called the
bulk boundary correspondence. The bulk boundary correspondence is well de ned in Hermitian
systems. However, in non-Hermitian systems, the bulk boundary correspondence may break,
making the study of the topology of non-Hermitian systems delicate. Requiring the Hermiticity
of the system imposes constraints and expanding topological physics to non-Hermitian systems

leads to some intriguing e ects and can even profoundly a ect the behaviors of the systems.

The motivation for this doctoral project arises from the need to bridge the gap between the
Hermitian frameworks and the non-Hermitian frameworks. This research is driven by the poten-
tial to harness non-Hermitian e ects not as detrimental but as tools to enhance and control the
behavior of topological insulators, focusing on the acoustic implementation with acoustic meta-
materials. By integrating elements such as gain, loss, and non-reciprocal interactions, which
imply the nonHermiticity of the system, new functionalities can be unlocked that go beyond
the capabilities of Hermitian systems. This exploration bene ts technological applications that
require precise control over wave propagation, such as the development of unidirectional waveg-
uides, noise-immune sensors, and computing elements that utilize wave dynamics for information

processing.

This present project is organized into six chapters. The state of the art and literature review
on acoustic metamaterials, topology in Hermitian systems, topology in non-Hermitian systems
and the acoustic implementations of theses ideas are presented in Chapter 1. Chapter 2 presents
a description of the theoretical and numerical approaches employed in this thesis. The specic
designs and demonstrations of our topological modulation within Hermitian and non-Hermitian

systems are the objects of three chapters, i.e., Chapter 3, Chapter 4 and Chapter 5.
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Chapter 3 consider the case of one-dimensional lattice where the sites are coupled by nonrecip-
rocal couplings. The case where the couplings are nonreciprocal in amplitude is well documented
in the literature as a classic example of non-Hermitian system. Here we consider the case of
nonreciprocal couplings in phase which allows us to explore di erent cases of Hermitian, non-
Hermitian topologically trivial and non-trivial systems. The non-reciprocity in phase is then
obtained in an acoustic chain by incorporating a uid ow in the couplings.

Chapter 4 focuses on the e ect of a distribution of onsite losses in an one-dimensional chain,
which can trigger the topological phase transition on their own. Di erent unit cells can be build,
which lead to the emergence of three di erent types of interface states at an interface between
two chains composed of di erent unit cells. The robustness against disorder of these di erent
types of interface states is analyzed.

In Chapter 5, the acoustic Hermitian Chern insulator is extended to the non-Hermitian case
by incorporating onsite losses. The topological edge states of the Chern insulator are deeply
a ected by the non-Hermitian components. They becomes hybrid skin-topological states which
localize on one corner of a nite lattice instead of only one edge for the Hermitian topological
states.

Chapter 6 provides a brief summary of this project and prospects for future research.
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1.1. Acoustic metamaterials

1.1 Acoustic metamaterials

In recent years, acoustic metamaterials have emerged as novel structures with unique acous-
tic functionalities, introducing new avenues for controlling sound waves [1 5]. These materials
belong to the category of acoustic arti cial structural materials, and their physical e ects are
intricately linked to the characteristics of dispersive wave. Based on band dispersion relation,
they can achieve remarkable e ects such as negative refraction [1, 2, 6, 7], self-collimation [3], and
slow sound propagation [4, 5]. The integration of advanced materials engineering with acous-
tic principles holds promise for revolutionizing various industries, including telecommunications,
healthcare, and environmental acoustics.

The acoustic lattice is a classic acoustic metamaterial, characterized by periodic variations
in internal modulus constants or density. Acoustic lattices can be composed of solid/solid,
solid/ uid, or uid/ uid systems, and may also consist of systems with periodic voids or pores.
These materials are structured with interconnected background materials serving as the ma-
trix, and non-interconnected materials acting as scatterers. Depending on their dimensions of
periodic extension, acoustic lattices can be categorized into one-dimensional, two-dimensional,

and three-dimensional structures. In one-dimensional acoustic lattices, di erent materials are

@ (b) (c)

Figure 1.1: Acoustic lattices of one-dimensional (a), two-dimensional (b), and three-dimensional
structures (c).

arranged periodically along a single direction. Two-dimensional acoustic lattices feature scat-
terers with a variety of lattice types. For instance, the lattice con gurations can be square,

rectangular, triangular, hexagonal, or Kagome. Three-dimensional acoustic lattices consist of
scatterers arranged in a particle-like fashion, and typical examples include cubic, face-centered

cubic, and body-centered cubic structures. Acoustic lattices can also be classi ed based on their
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propagation modes into bulk wave acoustic lattices, Lamb wave acoustic lattices, and surface
wave acoustic lattices. Bulk wave acoustic lattices refer to structures where sound waves/elastic
waves propagate within the periodic medium. Surface wave acoustic lattices involve waves prop-
agating along the surface of a medium. Lamb wave acoustic lattices occur when waves propagate

between upper and lower interfaces of a acoustic lattices.

In analogy with solid state physics, wave propagation in these structures is categorized by
band structures that exhibit di erent acoustic/elastic wave states. Thus, acoustic lattices are
further categorized based on the mechanism of gap generation into Bragg scattering type and
local resonance type acoustic lattices. Bragg scattering type acoustic lattices exhibit periodic
arrangements of scatters that scatter sound waves/elastic waves, leading to phase cancellation
within certain frequency ranges and resulting in band gaps [8, 9]. These band gaps correspond
to frequencies where sound waves/elastic waves cannot propagate through the acoustic lattices.
The gap frequency in Bragg scattering type acoustic lattices is comparable to the lattice constant
of the unit. Ref. [8] discussed the fundamental properties of acoustic lattice made up of rigid
cylinders in a two-dimensional array in 1998, focusing on their ability to attenuate sound through
Bragg scattering. Then, Ref. [10] did meaningful work for understanding broader implications of
negative refraction and its potential interaction with Bragg theory in certain applications. But

it is di cult to produce bandgap in low frequency with Bragg scattering.

Properties induced by local resonances can be introduced in acoustic lattices with sub-
wavelength resonantors. In locally resonant acoustic lattices, gap frequencies are determined
by the resonance frequencies of individual units. Thus, careful selection of resonators can sig-
ni cantly lower the gap frequency. Thus, local resonant type acoustic lattices enable "small size
controlling large wavelengths”. In 2000, Ref. [11] rst proposed research on local resonance into
metamaterials, achieving low-frequency band gaps through the local resonant e ect of structural
units. Subsequent studies explored the propagation properties of sound waves within this local
resonant framework, revealing novel physical e ects like defect states, non-linear wider bandgap,
asymmetric transmission, negative refraction, etc, all intricately linked to band dispersion [12
24]. Among them, Refs. [13 15] discussed the necessary conditions for enabling waveguiding
through the defects embedded within acoustic crystal dots, thoroughly examining the profound
in uence of these following defect states on the propagation of waves. Refs. [26 18] imple-
mented non-linear dynamical designs, successfully manifesting wider bandgaps that suppress

wave propagation within speci ¢ frequency bands. Refs. [19 24] explored the the acoustic meta-
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materials that exhibit abnormal modulus of resonators, providing insights into the underlying
mechanisms and possibilities in wave asymmetry transmission.

Overall, acoustic metamaterials represent a frontier in materials science and acoustics re-
search, o ering unprecedented control over wave propagation and manipulation. The ability
to precisely control acoustic wave propagation opens up new possibilities in designing quieter,
more acoustically e cient environments and devices. After entering the 21st century, designing
acoustic metamaterials using topological theory has attracted more attention [25 27]. Topology
is the central concepts describing in more details in Sec. 1.2. The interplay between acoustic
metamaterials and topology represents a particularly compelling area of research, merging the
elds of classical wave manipulation with quantum mechanical properties. This integration has
described a new class of materials known as topological acoustic insulators [28 30], which leads
to robust edge states that are immune to defects and disorder. As research progresses, the fusion
of topology and acoustics promises not only deeper understanding but also broader applications,
enhancing our ability to manipulate sound with unprecedented precision akin to that of light in

optical metamaterials [31, 32].

1.2 Hermitian topology

1.2.1 From geometry to wave physics

(@) (b) (c)

Genus=0 1 2

Figure 1.2: Dierent geometries can be sorted into three types of topologies. (a) Genus=0, (b)
Genus=1, (c) Genus=2. Extracted from [33].

Topology is one branch of mathematics relating to geometry, classifying objects into fam-

ilies. Equivalent objects identi ed by topology denote that they can be transformed to each

9



Chapter 1. Topology and non-Hermiticity: state of the art

other continuously, including stretching, twisting, and bending [33 38]. On the contrary, if the
connection behaviors include closing holes, opening holes, tearing, gluing, or passing through
themselves denote that these objects have completely di erent typologies. For example: sphere,
torus and double torus are classic objects with di erent topologies as shown in Fig. 1.2. A
sphere can not be deformed into any torus or double torus without any opening holes. The pro-
cess of deforming an object from one topology to another one must pass through a topological
phase transition. A relation named Gauss-Bonnet connect these geometric characteristics and

topological mathematics together. The Gauss-Bonnet theorem can be expressed as [39]

Z

0=2(1 g)= KdS (1.1)

2 surface

where ¢ is the Euler number, which is the topological invariant. g is genus(g), corresponding to
the total number of holes in these objects themselves, anddsS is the integration of the Gaussian
curvature K over the surfaceS (K is related to the principal radius. e. g. ,K = 1=R? of a
spherical surface whose radius iR). Topological invariants are crucial mathematical concepts
that describe properties of a geometric object or physical system that remains unchanged under
continuous deformations. Here, the topological invariant, the Euler number, is an integer value
that describes the number of singular points where the vector eld is not continuous. For instance,
a continuous function that assigns a tangent vector to every point on the surface of a sphere,
there are two singular points at both the northern and southern poles where the eld vanishes
as shown in 1.3(a). Thus, the Euler number of a sphere is two. However, a continuous function
can assign tangents vector without singular points onto the surface of a torus, denoting that its
Euler number is zero, as shown in 1.3(b). The topological invariants change through the process
called "topological phase transition". Topological phase transitions are marked by changes in

properties that are highlighted by the topological invariants.

The connection between the topology of geometrical objects and wave physics is made via the
geometrical description of the Brillouin zone (BZ), which is fundamental to the description of the
wave propagation in periodic structure. It is de ned as the primitive cell in the reciprocal lattice,
representing the basic periodicity of wave vectors compatible with a lattice structure. And it is
particularly signi cant in the band theory, where it helps in identifying allowed and forbidden
frequency ranges of wave propagation. The BZ is periodic. For instance, the 2D BZ has the

same geometrical characteristics as a torus, as shown in Fig. 1.3 (e), and they are topologically
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Figure 1.3: (a) and (b) are vector eld on the sphere and torus surfaces, respectively. (c) and
(d) are square and diamond Brillouin zone. (e) The 2D Brillouin zone is equivalent to a torus
within periodic boundary condition. (f) Band structure of a 2D lattice. The Chern numbers of
rst three band are labeled in red. (g) The evolution of the Berry phase of rst three bands
along with g¢. Top: the rst band; middle: the second band; bottom: the third band. (c) (g)

are extracted from [33].

equivalent. Therefore, there is a direct analogy between the topology of closed surface and the
wave propagation in periodic structures. The topology of a vector eld at its surface is de ned
directly by the operator that generates this vector eld, which is the Hamiltonian in wave physics.

The solutions for the wave propagation in periodic media are found by determining the eigenstates
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of the Hamiltonian and the derivation of the topological invariants of this vector eld is related

to Berry's theory [40] with the Berry connection , the Berry phase and the Berry curvature

ihj@j i,
. Q

= dg; (1.2)

where q is the wave vector in BZ, and is the eigenvectors of the Hamiltonian. From the
inspiration of integrating the Gaussian curvature, integrating the Berry curvature over BZ can

get to the topological invariant named the Chern number

Z
C= zi dq ( q): (1.3)

In Figs. 1.3 (f) and (g), Ref. [41] shows the band structures of a two dimensional crystal, and
describe the evolution of the Berry phase of the rst three bands with di erent Chern numbers.
Within periodic boundary condition (PBC), di erent Chen numbers come from di erent tangent
vector elds and integration paths, indicating di erent loops of phase integration. When the
Chern number is zero, it denotes that the global phase integration is also zero, and the structure
is de ned as one trivial topological structure. When the Chern number is non-zero, the global
phase integration is an integer multiple of 2, and the structure is de ned as one non-trivial
topological structure. Moreover, the sum of Chern number of all bands is zero.

If a composite structure is assembled by multiple sub-structure with di erent Chern numbers,
a gapless interface state will emerge. This is the "Bulk-Boundary-correspondence (BBC)", a
principle stating that the topological characteristics of the bulk of a material (its interior) dictate
the behavior at its boundaries (edges or surfaces). Speci cally, the BBC posits that if a material
has a non-trivial topological invariant in the bulk, then there must be corresponding states at
its boundaries. These boundary states are robust against certain types of perturbations and
disorder due to their topological protection. Open boundary condition (OBC) can be regarded
as an interface with a trivial media (air for acoustics, vacuum for electromagnetics) [42].

These properties are at the core of topological insulators. Topological insulators are unique
objects that behaves as insulators in its bulk but possesses conducting surface or edge states.

Comparing to conventional insulators who are insulating completely within bandgaps, the topo-
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logical insulators, which also feature the bandgaps, but the surface or edge states enable the
conduction along the boundary of the material [43].

The topological phase transition for wave is revealed by a Dirac cone, which is a crossing
of two linear dispersion bands. A Dirac cone degeneracy can be lifted and generate bandgap
by any perturbation that break symmetry, as shown in Fig. 1.4 (b) and (c). The bandgap
corresponds to topological trivial phase or topological non-trivial phase, which depends on the
broken symmetry. For instance, the bandgap opened by breakin symmetry and T symmetry

individually are topologically inequivalent, as the bulk bands in these two cases carry di erent
topological invariants [44 47].

R
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Figure 1.4: (a) Band structure with Dirac cones of a structure periodic in thex direction and
nite in the y direction . (b) Left: Band structure under broken P. Right: bidirectional edge
states at both boundary. (c) Left: Band structure under broken T. Right: bidirectional edge

states at both boundary. The gray color represent bulk states. The blue lines represent edge
states.

P symmetry, known as Parity-reversal symmetry, refers to the property of a physical system
remaining unchanged under spatial inversion or re ection [44, 45]T symmetry, known as Time-
reversal symmetry, refers to the property of a physical system remaining unchanged under the

reversal of the direction of time [46, 47]. For example, if you were observing a movie of a
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normal process and then play it backward, the behavior of the system would appear consistent
if the system exhibits T symmetry. In classical mechanics,T symmetry is closely related to
the conservation of energy and the reversibility of mechanical processes. In quantum mechanics,
T symmetry is associated with the unitary evolution of quantum states, where the evolution
operator is symmetric with respect to time reversal. Thus, bandgaps from brokef® and T are
topologically inequivalent. Berry curvature is zero if P and T are both maintained. WhenT is
broken underP, ( )= ( (), denoting the total phase of Berry ux additionally accumulate

2 and the Chern number is a non-zero integer. Whew® is broken underT , Berry curvature ( Q)

= (@), and there is a pair of Dirac points atq and q with opposite signs, that denotes
integration over the Brillouin zone is zero, the Chern number is zero. But the integration of
( g over a small region of the BZ, called Valley, gives the Valley Chern number, which is a
topological quantity and can be di erent from zero. The speci c relation betweenP and T with
their corresponding BBC characteristics is shown in Fig. 1.4.

With the development of theories and experiments, more attractive phenomena including
charge transport [35, 36], the quantum Hall e ect [48], the quantum spin Hall e ect [49] and
quantum valley e ect [50] are presented within topological insulator. Topological properties such
as topological robustness, topological edge states, and topological orders greatly promoted the

development of topological semiconductors or other metastructure.

1.2.2 One-dimensional topological insulator

Figure 1.5: Diagram of SSH chain with open boundary.

To introduce some fundamental concepts related with topology, we consider one of the sim-
plest model, the Su-Schrie er-Heeger (SSH) in one dimension. The SSH model is a seminal
one-dimensional topological insulator model [51]. It was initially proposed by Su, Schrie er
and Heeger [52, 53] in 1979 and named after them. This model is used to describe the system
whose electrons are tightly bounded within surrounding neighborhood and environment, provid-
ing framework of hopping localization. The analogous in acoustic corresponds to acoustic waves

in di erent resonant cavities coupled by tubes with small radius. In 2015, Ref. [54] adjusted the
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length of resonant cavities to achieve band inversion, thereby successfully constructing topologi-
cal protected edge states within non-trivial topological phase. Ref. [55] structures a 1D periodic

acoustic system composed of unit cells of two resonators, that precisely mirrors the SSH model.
They tune the intercell and intracell coupling strength by changing the radii of connection tubes.

And a topological phase transition happens in a certain speci c radius.

In Fig. 1.5, one classic SSH chain is constructed by periodically arraying subuni and B

periodically. The Hamiltonian in real space is

X X
Hssy = (tocx;pcg;p + Hic)) + (tlcé;pcA;p+1 + H:c) (1.4)
p=1 p=1

Wherecx and cg;p are the annihilation and creation operators ofA (B) resonators in the py,

P
unit cell within the SSH chain, tg and t; are the coupling strengths between resonators. And we
can get its Bloch Hamiltonian within PBC
2 -3
H=4 O orueg (1.5)
to + t1€92 0

whereq and a are the Bloch wavenumber of one-dimensional BZ and lattice constant, respectively.
Due to the chiral symmetry of Eq. (1.5),i. e. , 3 H(q) 3= H(Q), the two chiral bands are

symmetric, and the topological phase transition is well de ned. The bands are expressed as

q
E(g) = t3+ t2  2tot; cos@a) (1.6)

From Eq. (1.6), there are two energy bands with a bandgap whose width is2(g). When
to = t1, the width of bandgap is zero and a Dirac cone emerges as shown in Fig. 1.6 (b). When
to < t1, the Dirac cone opens as shown in Fig. 1.6 (a). Inversing the values t§ and t;, the
band structure remains unchanged as shown in Fig. 1.6 (c). Then, to distinguish the condition
of tp > t1 and tg < t 1, we consider the evolution of eigenvectors phases along with When
to < t1, the eigenvectors phases experience a whole loop of @ithin a period, as shown in
Fig. 1.6 (d), so the integration of vector phase over one period is a non-zero integer. When
to >t 1, the eigenvector phases oscillate at an equilibrium position, as shown in Fig. 1.6 (e), so

the integration is zero.

The integration results are corresponding to the topological invariant, which is there the Zak
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Figure 1.6: Band structures of SSH model with (a)t; = 12;tg = 8, (b) tp = t; = 10 and (c)
t1 = 8;tp = 12. Phase between the two components of the eigenvectors with (d) = 12;to =8
and (e)t; =8;tp=12.

phase. In 1989, Zak [56] rst proposed this topological invariant, and expressed it as
L Z
Z= > doh j@) i a.7)
Here, the Zak phase is zero ity > t1 and Zak phase is non-zero ity < t 41, denoting trivial

insulator and non-trivial insulator, respectively. The di erences between the two topological

phases appear if a nite chain is considered with open boundaries. As shown in Fig. 1.7 (a),

(@) (b) (©)
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Figure 1.7: Eigenfrequencies of (a) and (b) are eigenfrequencies of nite chain composed of 24
identical unit with (a) t; =12;tg =8 and (b) t; = 8;tg = 12. Gray domains are the bandgap.
(c) Topological edge states of the non-trivial chain.

there are two in-gap edge states if all the unit cells are topologically non-trivial. On the contrary,
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there is no in-gap states if all unit cells are trivial, as shown in Fig. 1.7 (b). Fig. 1.7 (c) exhibit the
two in-gap states has strong localization at the boundaries, named edge states . The topological

edge states are robust against disorders due to the topological protection.

1.2.3 Two-dimensional topological insulators

This section introduces the basic characteristics, research status and application prospects of

two-dimensional topological insulators.
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Figure 1.8: (a) lllustration of anomalous Quantum Hall E ct. (b) QHE observed in graphene.

Extracted from [57, 58].

The topic of topological two-dimensional insulators trace back to 1980 when Ref. [59] demon-
strated the quantum hall e ect (QHE). In a two-dimensional electron gas which is subject to
a perpendicular, homogeneous magnetic eld, they observed that the Hall resistance exhibits
plateaus at certain quantized values when plotted along the strength of the magnetic eld. These
plateaus occur at integer multiples of the (:onstant%2 as shown in Fig. 1.8 (b) whereh is Planck’s
constant and e is the elementary charge. The appearance of these quantized plateaus indicates
that the Hall conductance is quantized, which means that the conductance of the material is
determined solely by fundamental constants of nature and is independent of the material prop-
erties [57 60]. Then, Ref. [61] rst de ned a topological invariant corresponding to this quantum

hall states in 1982, which is the early origin of the Chern number. In 1988, Ref. [48] constructed
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a honeycomb lattice with real nearest-neighbor coupling strength and complex next-neighbor
coupling strength. The total ux enclosed in the honeycomb is zero, but the imaginary part of
next-nearest coupling strength introduce a phase eld. This model is named "Haldane model"
later and is the rst example of a Chern insulator. Chern insulator is de ned as an insulator
who presents a quantized Hall e ect and breaks thel symmetry. Its topology can be connected
with the Berry curvature  over the two dimensional BZ, and the Chern number is expressed as
Eq. (1.6). According to the BBC, the Chen number is also equivalent to the number of one-way
propagating edge states within the bandgap domain. Harnessing the similarity of wave, related
research has been expanded from condensed matter physics to photonic lattice [62, 63], cold

atoms [64, 65], electric circuit [66, 67], and elastic wave [68]. In acoustics, Refs [25, 26, 69, 70]
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Figure 1.9: (a) Geometry of circulators (left) and inner velocity distribution eld. (b) One-way
edge mode and its propagation. (c¢) Edge mode propagates along di erent defeat, exhibiting
robustness. Extracted from [25, 26, 69, 70].

used an angular-momentum-biased circulators array to design acoustic Chern insulators. They
introduced a ow eld around the motors with opposite directions to mimic magnetic eld as
shown in Fig. 1.9 (a). The air channel between every nearest-neighbor circulator has no air
ow, which makes the nearest-neighbor coupling strength real. However, the circulating air ow
eld introduced an equivalent "next-nearest-neighbor couplings” which only present as imaginary
numbers. This coupling breaks theT symmetry of their system, determining the nal topology.

Their results exhibit the strong edge state with one-way propagation, also immune to disorder
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1.2. Hermitian topology

as shown in Figs. 1.9 (b) and (c).

Another topological e ect is the Quantum spin hall e ect (QSHE) . Compared to QHE, the
existence of QSHE has no additional eld, maintaining theT symmetry. The most common way

to achieve QSHE is coupling Bloch fermions with opposite spi%n degree of freedom. In general,

Quantum Hall system
(B < 0 for upspin)

s

% o |

Spin Quantum Hall system
QuantumSpinHall system (B < 0 for downspin)

Figure 1.10: Quantum spin Hall system can be regarded as a system composited of two Quantum
Hall systems with opposite propagating directions.

QSHE can be regarded as coupling two QHE with opposite propagating directions together [27].
With this condition, the topological invariants under up spin direction(n ") and down spin
direction(n #) have the relation

n"= n# (1.8)

so the total Chern number is zero. And this property subjects them to the Pauli Exclusion

Principle, which states that no two identical fermions can occupy the same quantum state,
exhibiting half-integer spins topological characteristic. This principle is key to understanding

the structure and stability of atoms. Aiming to de ne this topological phase, Ref. [49] developed
a novel topological invariant Z,. Topological invariant Z, under T symmetry, is analogous

to the Chern number from QHE. The corresponding energy bands show that there is a pair
of edge states with spin up (down) directions in bandgap domain. Then, Refs. [71 75] veri ed
QSHE in HgTe/CdTe, InAs/GaShb and perovskite lattice, showing applicability in multiple elds.

Unlike fermions, bosons can occupy the same quantum state, allowing them to "condense" into
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Figure 1.11: (a) Band inversion process with a decreasing lling ratio.(b) Real cross-waveguide
splitter in experiment.(c) and (d) are acoustic pressure eld distribution with an input from port
1 and port 2, respectively. Extracted from [76].

a single state. Under certain conditions, a large number of bosons can occupy the lowest energy
state, forming a basic condensate a state of matter that exhibits quantum phenomena, like
lasers. Acoustics is one type of Bosons, because acoustic wave only propagates with longitudinal
wave with 0 spins. For mimicking the phenomenon that two identical fermions can occupy the
same quantum state, we need to excite the half-integer spins in acoustics. In 2016, Ref. [76]
designed acoustic topological insulator constructed with two types of phononic 'graphene’ with
the same lattice constant but di erent "atom' (stainless-steel pillar) radius. These insulators
achieved QSHE based on quadruple degeneracy composed of two pairs of double degeneracy at
the point in the BZ. Every degeneracy is composed of two states with orthogonal polarization
directions, thus presenting a pseudo spin. At the meantime, another degeneracy presents the
opposite pseudo spin. Thus coupling the two degeneracies together is equivalent to the e ect
of QSHE. They changed the size of steel pillars to achieve the quadruple degeneracy of energy
bands. Then, they opened the quadruple Dirac and got the non trivial topological edge states.

The topological states are also immune to di erent defects including disorder, empty cavities and

20
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bending. Their honeycomb lattice, is the rst experimental realization of the acoustic quantum
spin Hall e ect model. It is particularly worth mentioning that they solve the di cult problem

of preparing a single spin sound source that topological insulators often face, and very cleverly
constructs an "X" type splitter model, which naturally separates two types of pseudos spin in

space, as shown in Fig. 1.11 (b) (d).

(@  Normal insulator (b) Cherninsulator

() QSH insulator (d) QVH insulator

Spin+' 1 Spin Spin+/ I l Spin

Figure 1.12: Comparison of normal insulator (a), Chern insulator (b), QSH insulator (¢) and
QVH insulator (d). Blue and red lines represent edge states. Gray color represents bulk states.

The Quantum Valley Hall E ect (QVHE) is a quantum phenomenon observed in certain
materials, where electrons are transported in a way that is dependent on their "valley" degree of
freedom [77, 78]. Valleys refer to the distinct energy minima in the electronic band structure of
materials. These valleys, typically emerge ak and K °. In the QVHE, an external perturbation
breaks theP symmetry of the material, leading to a valley-dependent Hall e ect. QVHE has been
presented in photonics [79 81] and elastic eld [82 84]. In acoustics, sound waves exhibit valley-
dependent transport properties similar to the behavior of electrons in materials. The valleys in
the acoustic band structure are analogous to the valleys in electronic band structures, with each
valley acting as a distinct state in momentum space. In acoustic systems, valley-dependent edge

states based on the QVHE are topologically protected, meaning that they are robust against
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certain types of defects and disorder, and they enable the unidirectional propagation of sound
along the edges of the material [85, 86]. There is a good comparison between normal insulator,
quantum hall insulator, quantum spin hall insulator and quantum valley hall insulator as shown

in Fig. 1.12 [87].

(a) (b) (c)

(d)

Figure 1.13: (a) The process of topological phase inversion with increasing. (b) Energy
bands for the interfaces separating two types of Valley Hall insulators with identical topological
phase(upper panel) and distinct topological phase(lower panel). (c) Transmitted pressure mea-
sured for the zigzag path. Red curve denotes re ection, and black curve denotes transmission.

Extracted from [28].

Refs. [28, 88] arrayed triangular pillars in honeycomb periods, and tuned the angle of triangles
to modulate the valley hall e ect characteristics. They showed that the valley hall relates to
the broken P symmetry from the rotation of triangular pillars, and the pseudo spin direction
depending on the rotation together. From perturbation theory, the Hamiltonian of the system

around the K point can be written
@H= up@g x + Up @¢l y + MUB (1.9)

where up is the Dirac velocity, @gy is the wave vector deviation from theK point, and are
the Pauli matrices. The e ective mass ism = (! * ! )=2u2D varying with the angle . The

nontrivial Berry Curvature of the rst band can be obtained with

22 2=
_ muD(@R+2m v3) 3=2 (1.10)

The Valley Chern number is found by only integrating eigenvectors around or K °and the value
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is sgn(m). So they obtained non trivial topological edge states when they couple honeycomb
lattices with opposite topological phase as in Fig. 1.13. And within this condition, the di erences
between the Valley Chern numbers of lattices on both sides of the interface are quantized, and

chiral edge states propagate along the interface.

1.2.4 Higher-order topological insulator

Firstorder o o
Dipole l T
[ [ T
Second order l l
.« o vt
Quadrupole "
g [ J
Third order %
o [ ]
°
Octupole

Figure 1.14: Types of topological insulator category.

Previous discussions all belong to the rst order topological insulator. It means that ad-
dimension insulator whose Chern number isx, owns thed 1 dimensional topological edge
states with total number of x. Along with it, it was then proposed another topology with a
new bulk boundary correspondence. The new-dimensional insulator can exhibitd n (d n)
dimension topological edge states [89 94]. For example, a two-dimension insulator can present
two-order topological states: edge states and corner states as shown in Fig. 1.14. This in-
sulator is named Higher-Order Topological Insulator (HOTI). In 2017, Ref. [90] con rmed the
existence of a second-order topological insulator with quadrupole moment in a square lattice.
This quadrupole moment show electric chargee=2 at its four corner, requiring two anti-mirror
symmetry. These symmetries induce a - ux going around the whole lattice and zero of the
global dipole moment. Then, three-dimensional third order topological insulator was also pro-
posed [91]. It shows octupole moment requiring zero for both dipole and quadrupole moments.

And corresponding - ux and localization present at related surfaces and corners. Fig. 1.14
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describes the speci ¢ quadrupole and octupole model within quantum mechanics. However, the

D E
K<0 1675 Hz
l .
~
ai-
~
P 1606 Hz
[
4010
k>0 1648 Hz 6076 Hz 6076 Hz
~/
o corner corner
. A
¢ . 1594 Hz
L\\‘ e

®» \
5658 Hz 5658 Hz
Experiment Simulation

Figure 1.15: (a) Acoustic realizations of the negative (positive) coupling strength with coupled
resonators. (b) Pressure distributions of the bulk (upper panel), edge (middle panel), and corner
states (lower panel), respectively. Extracted from [30].

anti-symmetry and - ux is di cult to achieve physically. In acoustics, Ref. [30] uses the mis-
match connection between acoustic cavities, exhibiting acoustic quadrupole moment insulator.
The system presents both positive and negative coupling strength, that introduce - ux going
around the square lattice. Fig. 1.15 exhibits the specic coupling strength position and the

following edge (corner) state.

Considering other structure, HOTI can be obtained in the Kagome lattice [29, 95, 96]. The
Kagome lattice satis es C3 symmetry without inner ux. For example, Ref. [29] couples three
equal acoustic cavities together to design the Kagome lattice, and modulate its topology by
tuning the intracell and intercell couplings. Their results show that they obtained corner states
and edge states when the intercell coupling strength is bigger than intracell coupling strength.
Fig. 1.16 shows the position of di erent states (bulk, edge and corner) and their corresponding
frequency domain. Both edge states and corner states exhibit topological characteristics and are

not a ected by common defects.
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Figure 1.16: (a) left: The kagome lattice. The dashed hexagon denotes the unit cell; Right:
the real model. (b) Eigenfrequencies of bulk, edge and corner states. (c) Typical acoustic
eigenstates of the corner (upper panel), edge (middle panel) and bulk (lower panel) states. Color

scale indicates the sound pressure eld. Extracted from [29].

1.3 Non-Hermiticity and its development

All the topological e ects described in Sec. 1.2 are based on Hermitian system satisfyiht) = HY (y
denotes the operation combining matrix transposition with complex conjugation). Hermitian op-
erators model conservative systems, which are based on adiabatic ideal environments, and their
Hermiticity guarantees that all the eigenvalues are real and their corresponding eigenvectors are
orthogonal. Compared to Hermitian systems, non-Hermitian systems are more meaningful on

mimicking real environment that usually accompany with elements including energy loss in var-
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ious formation. Therefore, non-Hermitian systems open one more accurate way to mimic real
environment. In addition, non-Hermitian systems are known to feature intriguing e ects that do
not have equivalent in the Hermitian world.

Non-Hermiticity, dened as H 6 HY, generally breaks the conservation of the original
system and deliver complex eigenvalues with nonorthgonal eigenvectors. Non-Hermiticity has
a dramatic e ect on the topological description of systems. The BBC in its conventional Her-
mitian form is found to be inapplicable in general for non-Hermitian systems [97 99], thus,
their topological description is delicate. The interaction between topological properties and non-
Hermiticity is a pivotal question. Non-Hermiticity in topological systems can be considered
within two approaches. First, non-Hermitian components can be applied as perturbations to
systems whose topological properties derive from Hermitian components [100 104]. Second, the
topological phase transition can be triggered only by the non-Hermitian components, which are
not anymore perturbations to Hermitian systems [63, 105 113].

In the following, we describe three phenomenas that are unique in non-Hermitian systems,
which are Parity-Time (PT) symmetry, and the implication in terms of topology, topological
phase transition induced solely by non-Hermitian onsite potentials and the non-Hermitian skin
e ect (NHSE). PT symmetry is examined in Sec. 1.3.1, where it is shown to act as a perturbation
capable of transitioning Hermitian systems into the domain of non-Hermitian topology. Sec.
1.3.2 provides a detailed exposition of the mechanisms and applications of topological phase
transitions that are induced by non-Hermitian components, which are no longer viewed as mere
perturbations within the system. Finally, in Sec. 1.3.3, we discuss how the extreme sensitivity
of non-Hermitian systems to boundary conditions, which manifests itself by the NHSE, can
be utilized to understand the broken BBC and to outline strategies for re-establishing the BBC
within the context of non-Hermitian systems. These phenomena highlight the unique topological

properties of non-Hermitian systems.

1.3.1 PT symmetry and Exceptional Points

The topological properties of Hermitian systems are maintained with non-HermitianPT sym-
metric onsite potentials [L0? 104]. A PT symmetric system is invariant under combined parity
P and time reversalT operations which translates into a symmetric distribution of balanced gain
and loss. TheP operation, which involves spatial inversion, ensures that if a system has gain

at a certain location, it will have an equivalent loss at the mirrored location. The T operation,
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1.3. Non-Hermiticity and its development

which involves reversing the direction of time and taking the complex conjugate, transforms gain

into loss and vice versa.

A PT symmetric Hamiltonian is one that commutes with the PT operator
[PT;H]= PTH HPT =0 (1.11)

Considering a simplePT symmetric non-Hermitian 2 O 2 matrix

2 3
o o0 to
H=24 5 (1.12)
to lo+i o
wherei ¢ represents the onsite gain or loss. The corresponding eigenvalues ﬁ%z =1y

P t5 3. Fig. 1.17 show the evolution of eigenvalues along witho=to. If the subsystems are

weakly coupled ( o=ty > 1), then the eigenvalues are complex and the system is not in equi-
librium. This is the region of broken PT -symmetric phase. However, if the subsystems are
strongly coupled ( ¢o=tp < 1), then the eigenvalues of the matrix become real and the entire
system is in equilibrium. This is the region of PT -symmetric phase. In between these regimes,

a real-to-complex spectral phase transition takes place at point ofp=tp = 1, named Exceptional
point (EP). This coalescence of eigenvalues can never happen in a system described by a Her-
mitian Hamiltonian [114]. This is because a Hermitian perturbation of a Hamiltonian system
causes the eigenvalues to repel; that is, the distance between adjacent eigenvalues increases. The

distance between the eigenvaluek? and E decreases as, approachest.
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Figure 1.17: The distribution of Real (a) and imaginary (b) eigenvalues of Hamiltonian in

Eqg. (1.12) as a function of g=tg. o=tg =1 corresponds to th exceptional point. Yellow part and
white part correspond to PT symmetric phase and brokerPT symmetric phase, respectively.

When combined with topological concepts,PT symmetry manipulates the edge states and
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bulk properties, leading to unigue e ects such as the higher-order states [115], ariT symmetry
[116, 117]. For instance, Ref. [115] have demonstrated an acoustic second-order topological
insulator with its EP points. As depicted in Fig. 1.18 (a), they obtained corner states within the

2D lattice. And there is an EP point marking the evolution of real corner states into diagonal
and o -diagonal complex corner states Cs and Cy), as shown in Figs. 1.18 (b) and (c). In this
system, the second-order topological invariants inrPT symmetric systems can be extended to
account for non-Hermitian characteristics, ensuring that the original Hermitian BBC remains
valid. As for the broken PT phase, its complex eigenvalue leads to break BBC. The more details

of how to re-establish BBC are exhibited in Sec. 1.3.2.

(@) (b) (c)
PD[

PLQ

Figure 1.18: (a) Within diagonal non-Hermiticity, there are topological corner statesC1, C,, C3

and C4 acting as sound ampli ers at the o -diagonal corners of the non-Hermitian CSC. (b) The
corner states are calculated with varying amplitude of gain and loss. (c) Enlarged view of the
PT symmetry phase transition of C3 and C4 within the black dashed frame in (b). Extracted

from [115]

In general, PT symmetry, through the balanced interplay of gain and loss, o ers a unique
and powerful framework for exploring non-Hermitian systems and relevant topological properties.
Their application in optics, acoustics, and other elds promises to drive innovative advancements

in material topological design and functional device development [115 124].

1.3.2 Non-Hermitian topological phase transition

In Sec. 1.3.1, the topological phase transition is induced by the Hermitian components. Gain and
loss which can change systems into non-Hermitian system, are used to tune the eld intensity
and the band structure [125 127]. Does the onsite gain/loss trigger topological phase transition?

Yes, it can and this expand the topological phase transition into non-Hermitian frameworks
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Figure 1.19: (a) Finite Non Hermitian topological chain with open boundary. (b) Eigenfrequen-
cies of chain in (a). Insets: Corresponding imaginary eigenvalues. Red squares are topological
edge states. Bulk dots are bulk states. (c) Intensity distributions for the edge states in (b) [106].
(d) Acoustic non-Hermitian non-trivial chain. (e) Acoustic non-Hermitian trivial chain. Ex-
tracted from [107].

[63, 106 112, 128, 129].

One non-Hermitian Hamiltonian with onsite gain or loss can be represented as:

H(d) = Ho(q) + igl (1.13)

where Hg is the Hermitian component within the total Hamiltonian, and | is a diagonal matrix
representing the distribution of gain or loss at di erent lattice sites. The eigenvalues of Eq. (1.13)
are generally complex after the introduction of non-zerd . Therefore, the right and left eigen-
states are no longer equivalent to each other, leading to break orthogonal basis and conventional
BBC.

igl with certain distributions of onsite gain and loss is proved e ective in solely opening Dirac
cones instead of coalescence of eigenvalues. For instance, Ref. [106, 107, 128, 130] designed a
four-site system with gain-loss balance, as shown in Fig. 1.19. The Bloch Hamiltonian is

2 -3
ig to 0 toe '@
t i t 0
H@=8 ° 9 ' (1.14)
0 to ig to

koeiqa 0 to ig
where g, g, a and to are wave vector, onsite potential, unit cell constant and hopping between
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ajacent sites, respectively. Fig. 1.20 shows the band structures with di erent onsite potentials. If
we consider the unit cell without losses, the case correspnds to the Hermitian Hamiltonian. The
band structure show Dirac cone at the center of the BZ and Dirac cones at the boundaries of the
BZ, due to the band folding, due to the fact that there are four cavities. If we put small losses
then we have complex eigenvalues where we see EPs are parrying the eigenvalues and starting
to open the bandgap. If we increase the amount of losses, the EPs in the eigenvalues disappear

and we have the big gap between bands.
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Figure 1.20: Band structures of Hamiltonian in Eq. 1.14 with (a)g=0, (b) g=1 and (c) g = 3.
to = 2,a=1.

The eigenvalues within non-Hermitian framework are all complex but satisfying a biorthogo-
nal basis. All the solutions can be categorized by into regions with di erent state characteristics.
Among these solutions, those non-trivial topological states emerge at boundaries, as shown in
Fig. 1.19 (b). The determination of non-trivial topology is based on the calculation of non-
Hermitian topological invariants corresponding to BBC. However, non-Hermiticity might break
the conventional BBC and the calculation of the topological invariants becomes delicate. For
rebuilding BBC and capturing the topological invariants, researchers found that biorthogonal
method can be e ective [106, 107, 111, 128, 130, 131]. They used the biorthogonal polarization

Z _y4

P o= i @ia@ "(@idg (1.15)

where - and R are left and right eigenvector, respectively. A real-valued polarization is
obtained with P; = (P+ + P )=2. P; = 0 denotes trivial topology while P; = 1=2 denotes non-
trivial topology. More details of biorthogonal approaches are described in Chapter 2. In acoustics,
Ref. [107] introduced acoustic loss into certain resonant cavities to design non-Hermitian topolog-
ical non-trivial and trivial systems as shown in Figs. 1.19 (d) and (e). These new non-Hermitian

topological states are also robust against certain perturbations.
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Then, high-order non-Hermitian topological phase solely induced by onsite potentials are
demonstrated [109, 132]. Ref. [109] introduced the arti cial loss on the corner sites of square unit
cells, as shown in Fig. 1.21 (a). This model originated from a quadrupole topological insulator.
Their results showed the expected in-gap edge states and corner states emerged together after
the introduction of diagonal loss as shown in Fig. 1.21 (c). Ref. [132] designs a honeycomb unit
cell with onsite balanced gain-loss potential. This unit cell exhibits the anti-symmetrical onsite
potential distribution as shown in Fig. 1.21 (d). Their results show two Dirac cones in the
Brillouin zone and purely real energy bands in the absence of additional loss or gain. As the
amplitude of loss and gain increasing, the two Dirac cones move towards to each other. When
the potential reaches a threshold, the two Dirac cones merge at a symmetric point. Beyond this
threshold, the merged Dirac cone opens, creating a bandgap. The whole evolution is presented

in Fig. 1.21 (e). Fig. 1.21 (f) shown the topological corner state. These investigation proved the
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Figure 1.21: (a) Considerable square unit cell exhibiting quadrupoleg; and g, mean di erent
onsite potentials. (b) Intensity spectrum of a 12 12 supercell. (c) Energy distribution of the
in-gap topological state. (d) Considerable honeycomb unit cell. Purple color square and circle
denote gaing; and g, while white color square and circle denote loss gz and g,. (e) Band
structure with dierent gain or loss. Left: ¢gi1=@=0. Middle: g;=g,=1.6. Right: g;=0g,=2.5.
(f) Energy distribution of corner states. Coupling ko=1, g1 = g = 0. (@) (c) are extracted
from [109]. (d) (f) are extracted from [132].
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potentials of non-Hermitian topological phase transition induced by onsite gain or loss, opening
up a novel and rich area of study within the interaction between non-Hermiticity and topological

phase transition.

1.3.3 Non-Hermitian skin e ect and failure of the BBC due to non-Hermiticity

The non-Hermitian skin e ect (NHSE) is a phenomenon that does not have any equivalent in
Hermitian system [133 136]. Before looking at the implications in terms of topology, we rst
describe this e ect with the Hatano-Nelson model (HN) which is a single particle, spinless,

prototypical 1D non-Hermitian lattice with nonreciprocal hopping, as shown in Fig. 1.22.
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Figure 1.22: HN model with asymmetric coupling with OBC. The dashed box corresponds to a
unit cell
The Hamiltonian under PBC is
to, ; t i
Hun =(to+ )™ + (to  Z)e 9 (1.16)

And the Hamiltonian of the nite chain with OBC is

2 3
0 to+t2 0 0 0 0
to 2 0 t+% 0 0 0
0 to % 0 t+% 0 0
Hy = ° 2 A (1.17)
0 0 0 to 2 0 tot+i2
0 0 0 0 t 2 o0
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Figure 1.23: (a) Energy band of the HN model under PBC. Blue and red curves are the real
and imaginary components, respectively. (b) Intensity of the all states under OBCs. The total

number of sites 30.tg = 20, and t, = 20.

Fig. 1.23 (a) shows the single band structure agia sweeps the 1D BZ. In this non-Hermitian
system, the eigenenergy becomes complex, with the real part remaining symmetrical with respect
to the wave number ga, while the imaginary part exhibits asymmetry. This asymmetry directly
indicates the systems nonreciprocity of the HN model, implying an unequal probability for left
and right coupling. As a result, under OBC, eigenstates accumulate at the left boundary, as
shown in Fig. 1.23 (a) for the example wherdg = t, = 20 . This accumulation and localization

is the NHSE.

The NHSE break the conventional Bloch theory and BBC, necessitating new methods to
rebuild these concepts and subsequently explore topology. To address this problem, researchers
then introduce the concepts of non-Bloch and generalized Brillouin zone (GBZ) to reconnect
the PBC and OBC cases [137 139]. The more details and analysis of the non-Bloch method
can be obtained in Chapter 2. The NHSE has been experimentally veri ed on multiple plat-
forms, including circuits, optics and elasticity [142 147]. In acoustics, Ref. [140] describes a
non-reciprocal coupling by using a combination of unidirectional ampli ers, speakers and micro-
phones, as shown in Fig. 1.24 (a). Their measurements showed that the system exhibited NHSE
with winding loops. Ref. [141] excited the NHSE within a two-dimensional system, as shown
in Fig. 1.24 (d). Depending on the spin polarization, wave localization can occur at di erent
open boundaries and can be modulated by various loss con gurations, exhibiting an intriguing

spin-dependent and boundary-selective NHSE.

This section explores the profound impact of non-Hermiticity on topological systems, re-
vealing new avenues for research and application. The interaction between non-Hermiticity and

non-reciprocity has led to the emergence of the unique phenomenon NHSE. The emergence of
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Figure 1.24: (a) Left: The sample of the non-reciprocal unit cell. Right: Magnitude of the
transmission coe cients from left and right incidences. (b) Measured non-Hermitian skin e ect.
(c) The complex eigenfrequency spectrum under non-reciprocal coupling, forms winding loops.
(d) Left: Eigenfrequencies of a box-shaped system with OBC. Right: Measured non-Hermitian
skin e ect with decoupling. (a)-(c) are extracted from Ref. [140]. (d) is extracted from [141].

NHSE may challenge the conventional BBC, necessitating new theoretical frameworks such as
the non-Bloch analysis based on the GBZ. The developments discussed form a comprehensive
foundation for further exploration of NHSE, emphasizing their relevance in capturing the com-

plexities of real world environments.

1.4 Conclusion

Sec. 1.1 introduces the concept and development of acoustic metamaterials. It presents a de-

tailed examination of acoustic metamaterials, focusing on their capabilities to manipulate sound
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waves through engineered acoustic lattices. Acoustic lattices as one classic acoustic metama-
terials, are periodic structures that manipulate sound waves by creating band gaps specic
frequency ranges where sound propagation is prohibited. These structures are diversi ed into
one-dimensional, two-dimensional, and three-dimensional lattices, each providing pathways for
controlling acoustic wave propagation through mechanisms such as Bragg scattering and local
resonance. This allows for tailored acoustic wave manipulation, enabling applications such as
acoustic cloaking, where an object becomes invisible to sound waves, and advanced beam steering

capabilities essential for precise targeting in medical treatments.

Sec. 1.2 introduces topology and relevant phenomena from quantum mechanics to acoustics
within the Hermitian framework. Topological insulators represent a class of metamaterials that
challenge conventional notions in material science and physics. Conventional insulators are in-
sulating in the bulk, when the system is considered in nite, as well as at their boundaries when
the system is nite. Topological insulators are unique object that behave as insulator in the
bulk, but can still conduct the wave at their boundaries. These edge states are crucial as they
are robust to backscattering and defects, providing a pathway towards robust acoustic devices
that can operate under disruptive conditions. Notable achievements such as the realizations of
acoustic quantum Hall states, acoustic quantum spin Hall states, acoustic valley Hall states and
higher-order acoustic topological states have emerged as a pioneering platform for exploring and
harnessing acoustic topological e ects. The evolution of acoustic topology represents a transfor-
mative phase in acoustic metamaterial research, paving the way for innovative applications and

discoveries.

Sec. 1.3 introduce the innovative eld of nhon-Hermitian topology, a domain where the Hamil-
tonian satis es H 6 HY. This novel area leads to the emergence of phenomenons that are absent
in conventional Hermitian physics. In this section, we explore several groundbreaking phenomena
unique to non-Hermitian topology, such as the combination of topology withP T symmetry, non-
Hermitian topological phase transitions, and the NHSE. These phenomena challenge and expand
the conventional understanding of wave behavior, revealing new dimensions of control and manip-
ulation in acoustic systems. Moreover, we introduce analytical methods like the biorthogonal and
non-Bloch approaches, which are crucial for reestablishing the BBC within the non-Hermitian
framework for which more details are given in Chapter 2. These methods are powerful tools
for investigating the complex interplay between topological phases and non-Hermiticity, o ering

new insights into the underlying physics. These advancements underscore the transformative
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potential of non-Hermitian physics in broadening the acoustic research and applications.

in

Overall, this chapter, we provides an in-depth introduction of the cutting-edge developments

acoustic topological insulators. It underscores the theoretical and practical implications of

these advancements, particularly highlighting how non-Hermitian physics could optimize the

design and functionality of future materials and devices in acoustics and beyond.

B
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2.1. Tight-binding model of topological insulator

In this chapter, we introduce the classic methods of tight-binding modeling and nite element
modeling, to analyze Hermitian and non-Hermitian acoustic systems. Tight-binding models are
ideal simple models used to calculate the band structures via coupling strength parameters. This
method adapts the system within the signi cant localization of subunits but cannot overcome
the challenges associated with new or complex systems. Finite element analysis segments a
continuous medium into numerous small elements, representing continuously distributed physical
guantities as a combination of values at discrete nodes, thereby transforming the continuous
problem into one of solving for discrete quantities.

Here, we explain the computational strategies and logical ideas of theses three methods in
acoustics. The complex interactions within acoustic topological insulators when exposed to non-

reciprocal and non-conservative e ects are also discussed in this chapter.

2.1 Tight-binding model of topological insulator

The tight-binding (TB) model is a foundational pillar within condensed matter physics and
a ords profound insights into electronic characteristics of solid [1, 2]. This model presents a
simpli ed and e cient methodology for comprehending electron behavior within a periodic po-
tential. This technique proves exceptionally practicable for materials with electrons localized
near atoms, such as insulators and semiconductors [3].

The simplicity and broad applicability signi cantly contribute to the popularity of the TB
model. Apart from condensed matter physics, the TB model can be used well to describe the
behaviors of acoustic system. The TB model in cavities assume the localization of energy eld
with sites. This is indeed the case when resonant cavities are coupled by small waveguide as
shown in Fig. 2.1 (a) [4]. The coupling strength is tuned by changing the radius of the connecting
tubes. Even negative couplings can be realized by connecting two cavities with opposite eld
phase as shown in Figs. 2.1 (d) and (e). However, this assumption might not hold in systems
which exhibit signi cant delocalization, such as the cavities in Fig 2.1 (b). Furthermore, the
precision of the TB model depends heavily on the selection of parameters, including coupling
strength and overlap resonance, which often require precise parameters, presenting challenges in
exploring new or complex systems.

While providing insights into the symmetry and topological properties of materials, com-

plex phenomena such as topological transitions and edge states might be explained in this TB
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Chapter 2. Method

Figure 2.1. (@) Unit cell of coupled cavities that can be described by TB model. (b) Unit
cell of crystal composed of AB layers with di erent cross-sectional areas. (c) Positive coupling
between two cavities with z-direction polarization. (d) Negative coupling between two cavities
with z-direction polarization. (e) Negative coupling between two cavities withx; y-direction
polarization. This gure is extracted from Ref. [4].

theoretical frameworks. Through comparison with experimental descriptions, integration with
theoretical methods, and leveraging advancements in computational technology, the TB model
maintains an indispensable role in the development and optimization of new materials. Its con-
tinued importance in advancing the eld of materials science highlights a lasting contribution to
the development of the discipline. Here, we introduce di erent TB models within Hermitian and

non-Hermitian frameworks as below subsections.

2.1.1 Evaluation of the topology of Hermitian systems using the tight-binding

models

a) The one-dimensional case

XQEW "W~ """\

Figure 2.2: Diagram of one dimensional TB model with open boundary.

We rst de ne a simple one-dimensional Hermitian TB model as shown in Fig 2.2. Its
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2.1. Tight-binding model of topological insulator

Hamiltonian can be written as

x X 1
Htg = to CX;pCB;p +t1
p=1 p=1

pCAp+L T H:c: (2.1)
And the corresponding Bloch Hamiltonian from Chapter 1 is
2 3
0 to+ tye 193
H(Q)=4 0 s (2.2)
to + t,€498 0

Chapter 1 shows the calculation process of Zak phase in Eq. (1.6), that is e ective for continuous
wave vectors within Brillouin zone. When the eigenvectors of the TB model are found numeri-

cally, Eq. (1.6) can not be used as is because of the numerical jumping phase. Thus, in this case,

we introduce the calculation of the Zak phase for the discretized Brillouin zone

Y

Z= Fimiog ¥ (3 (2.3)

where (q) is the eigenvector corresponding to wavenumbey. We show the evolution of eigenen-
ergy along with t1 in Fig 2.3(a). We observe the existence of topological zero statestif=ty < 1.
Then we select two conditionst;=ty = 0:5 and t;=ty = 1:5, and calculate the eigenvector corre-
sponding to the central eigenfrequencies marked by triangle. The results in Fig 2.3(b) prove that
zero states have energy localization at the boundaries, agreeing with the BBC from Eq. (2.3).

(@) (b)
1

[}
©
=]
0.5 =
<
0
0 1 2 B .12 24
R R Site number

Figure 2.3: (a) Evolution of eigenfrequencies along witht;. Blue curves correspond to bulk
states. Red curves correspond to edge states. (b) Amplitude of eigenvector corresponding to the
eigenfrequencies marked by triangle in (a). Blue curve corresponds tig=t; = 0:5. Red curve
corresponds toti=ty = 1:5.
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b) The two-dimensional Haldane model

The Haldane model origins from graphene lattice, showing how a two-dimensional (2D) hon-
eycomb lattice can exhibit the quantum Hall e ect [5 8]. This section aims to o er a concise
derivation from the theoretical Haldane model to its topological invariant, the Chern number,

which is crucial for understanding its topological properties.

Figure 2.4: Unit cell of Haldane model

In Brillouin zone, the TB Bloch Hamiltonian of Haldane model in Fig 2.4 is

2 3
P ) P —
H (q) = 4|\/| 2t3 j3=1 sin( j) to 1-3:1 e '98

. P (2.4)
to o €% M +2tg °, sin( )

where M are the potentials on the two sites(A and B), that can break theP symmetry. a;
denotes the nearest-neighbor vectorfy denotes the nearest neighbor coupling ands denotes
the next-nearest-neighbor coupling incorporating the phase depending on the coupling di-
rection. Notably, the nearest-neighbor coupling between nearest neighbors does not bredk
symmetry. The next-nearest-neighbor coupling between next-nearest neighbors acquire a phase

, e ectively mimicking the e ect of a magnetic eld, which breaks T symmetry locally.

The topology of the Haldane model is captured by its Chern number (Chapter 1 describes
in more details the Chern number for each band). This topological invariant, the Chern number
can be calculated from the Berry curvature in Eq. (1.6), C = zi d?q ( q). In the discretized
BZ, the Chern number on the lattice which is associated to thenth band is de ned as [9]

1 X
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2.1. Tight-binding model of topological insulator

where Fq .q, is the eld strength at point (dx;dy) (The specic de nition of eld strength F is

in Ref. [9]). Chern number serves as an index, quantifying how many times the wavefunction
of the system encircles the Brillouin zone. The results show that Chern numbe€C = 1 if
"iMj < 3p 3ts;jta=toj < 1=3", predicting the existence of topological in-gap edge states with
robust topological protection [5].

In acoustics, the complex next-nearest-neighbor coupling which introduces a staggered mag-

netic ux in the lattice, can be achieved by a circulating air ow within resonant cavities [10 14].
This method is con rmed e ective in breaking T symmetry and mimicking Haldane model in

acoustics (The related nite analysis is described in Sec. 2.2).

2.1.2 Evaluation of the topology of non-Hermitian systems

a) Biorthogonal approach

XQLW™"Ww~""""W&
;AMBﬂ,A».... B4 A4 B
1

Figure 2.5: Diagram of one dimensional non-Hermitian TB model with open boundary. Orange

color denotes onsite gairi . Gray color denotes onsite loss i .

The biorthogonal approach is described in [15 22]. The development are reproduced here. We
introduce onsite potentials as shown in Fig 2.5, and write the non-Hermitian Hamiltonian as
2 3

. . i o to+ tie ™
H = Huermian +1 0 z= hx(q) x+ hy(Q) y+i o 2= 4 S (2.6)

to+ tleiq i o

where Hyermitian IS the Hermitian component. H is PT symmetric, i. e. ,[H; PT]=0, and the

corresponding eigenvalues are

q
E(@=  hf(@+ hi@ § (2.7)

On the one hand, the solution of these eigenstates BT symmetric phase ifhZ(q) + h§(q) >
g, but the states correspond to the brokenPT phase ifh3(q) + hZ(q) < §. Thus, there is

an exceptional point whenh2(q) + h§(q) = 2. On the other hand, these eigenstates are not
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orthogonal in general, denoting that the conventional BBC is broken. To rebuild the BBC,
a biorthogonal approach can be followed [21, 22]. The eigenvector§q) of H, called right
eigenvectors, can be written as [15 17]

2 3
i(Q) - 4hx(q) ihY(Q)S

E (@ io

(2.8)

wherei = 1;2 corresponds toE. , E , respectively. The eigenvectors (q) of HY, called left
eigenvectors, can be written as

2 - 3
_ 4@ ihy(a

(@)= , (2.9)
E (@+io

Away from exceptional degeneracies, and form a biorthogonal basis by requiring the normal-

ization : ,
i = W (2.10)
A complex polarization from Eq. 1.15 can be introduced within a period as
SO o
where
h (@@ (i = @h+hy@h+ihy@h h@W+(E i 0)@E; 2.12)
h (@j (@i=2E (E i)
Introducing Eqg. (2.12) to Eq. (2.11), we can get
where
| h@h heh,
! ZE@g; : hy;) "
:I = éEE i o)dq (2.14)
= mdq
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2.1. Tight-binding model of topological insulator

H H
2(E@7Eio)dq and ?E—Edq both have singularities outside the integration path, which correspond

to Cauchy's Integral Theorem that the integral result is zero, if the integration path does not
encircle any of the singularities. Thus, Eq. (2.13) becomes

' h@b n@h

I2E (E i 0) | (2.15)
_1 h@p h@h, o h@ h@h, '
2 E2+ § "2 E (E2+ §)
Then, the global topological invariant of this non-Hermitian system is
I I I
_ _ @k h@h ~ h@h hy@h 1
pp=p +ps = S 8 dg= o h§ dg= > d arctan g(q) (2.16)

where g(q) = hy=hy. The integral of Eq. (2.16) can be approached by recognizing that this
integral depends on the winding number or the number of times the argument of thearctan
function winds around its singularities. In case oftg > t i, the function g(qg) remains smooth
and well-behaved across the entire BZ [; ]. In this case, there are no points within this
interval where the denominatorhy = tg+ t;cosgabecomes zero, meaning no singularities or
poles occur. As a result, the integral of thearctan of g(g) over the BZ does not encounter any
discontinuities, leading to a net result of zero. This implies that the function does not exhibit
any winding around singularities, re ecting the absence of any topological contribution in this
case. In case ofy < ti, the behavior of the function g(q) changes signi cantly. The condition
hy = 0 (to+ ticosga = 0) now has real solutions within the interval [ ; ], meaning that
the function g(qg) becomes singular at certain points. These singularities correspond to locations
where the function is unde ned, leading to discontinuities in thearctan function. As the integral
crosses these singular points, tharctan function exhibits a jump, contributing a non-zero value
to the integral. Speci cally, the integral yields a result of 2n , indicating that the function g(q)

wraps around the singularities, re ecting a non-trivial topological contribution.

b) Non-Bloch approach

Introducing non-reciprocity is another method to design non-Hermitian system. This method
always bring NHSE at the same time, which is an unique phenomenon in non-Hermitian sys-
tem. NHSE is the tendency of all bulk states to locate their energy near the open boundary

and decreases exponentially with greater depths in the system [23 25]. Within non-reciprocal
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Figure 2.6: Non-Hermitian SSH chain. The dotted box denotes the unit cell.

topological systems, the conventional BBC and the topological invariants need to be reconsid-
ered. Recent years, One-dimensional, two-dimensional, even three-dimensional systems all found
NHSE, and it is also available in photonics, acoustic and electric circuits [26 30]. Here, we repro-
duce a classic non-reciprocal coupling system to derive the NHSE [31]. The system is composed

of two-atom unit cells as shown in Fig 2.6, and its Hamiltonian in Bloch space is

2 -3
H=4 0 hrbrile Ty
t1  to+ tpedd 0
(2.17)
= (t1+ tocosqa) x +(tosinga+ itz) y = hy(q) x + hy(d) y
=(ty + to + toe iqa) +H(tp to+ toeiqa)
where () are Pauli matrices, =( x i y)=2. The corresponding eigenvalues are
q__
E(a) = hz(q) + h3(q) (2.18)

Thus, we can get that energy band without bandgap ift; = tg txort; = tg to. We design

a nite chain with Hamiltonian He5 in OBC, composed of this unit cell in real space. And the
. P —0> .

topological zero states ofH 5, emerge whent; = t% + t%, that does not satisfy the BBC

in Bloch space. For digging the problem and rebuilding Bloch theory, we consider a similar

transformation
Her =S 'HieaS
»* . »* X 1 (2.19)
=r(t1+ t2) CX;pCB;p +r S(ty to) Cé;pCA;p + to( Cé;pCA;pﬂ + H:cl)
p=1 p=1 p=1
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2.1. Tight-binding model of topological insulator

where the S is diagonal matrix with diagonal elements (;r;r;r %;r?;:ort Lrt 1rb). Through
this similarity transformation, the non-Hermitian Hamiltonian H,.; can be converted into a

Hermitian Hamiltonian Her. The elementst; t in Hyea correspond tor 1(t;  to) in Her. If

r is de ned asp (t1  t2)=(t1 + tp) and jtyj > jtoj, Her is written as

p x X 1
Her = (ti+ t2)(t1 t2) i GBp+to  CGh,Capsr + Hic (2.20)
p=1 p=1
We transform this Hamiltonian Hg; into He in the Bloch space
2 p . 3
H, = 4 0 (t1 + t2)(t1  t2) + toe 'an

(t+ to) (1 to) + toe®? 0
2.21)

(p (ti+ t)(t1  to) + toe %) | +(p (tr+ ta)(t1 1) + toe)

r(ty+ to+ to(re) ) 4 +r Yty to+ kore'®)

The Hamiltonian He shows a phase transition point oft; = t5+ t5. Bulk statesj i of the

Hermitian Hamiltonian He, are extended states, so the bulk states dfl ez
ji=9j e (2.22)

will be localized at one boundary with an exponential distribution if r 6 0. It also implies
the conventional Bloch phase = €92 s replaced by = rel9@ in He from the third line
of Eq. (2.21). The revised Bloch coe cient re'% induces a revised Brillouin zone, which is
called the Generalized Brillouin zone. Fig. 2.7 compares the conventional Brillouin zone and the
Generalized Brillouin zone. Then we investigate the topological invariants in this framework.

The Hamiltonian is rede ned with = re'% as
H()=(ta+ta+to 1) 4 +(t1 ta+to) (2.23)
Its right and left eigenvectors are

H()j ri=E( )] ri
HY( )i Li=EBY( )i i

(2.24)
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Figure 2.7: (a) Complex-valued = re'92 form a closed loop, which can be viewed as a
deformed Brillouin zone. The dashed line is a unit circle, corresponding to Hermiticity. The
solid line is a circle with trajectory = re'9?, corresponding to non-Hermiticity. (b) Diagram

of zero state(main gure) and eight randomly chosen bulk eigenstates (inset), illustrating the
non-Hermitian skin e ect found in the analytic solution, namely, all the bulk eigenstates are
localized near the boundary.to = 1, t1 =1, t, = 1/2.

These eigenvectors also obey the chiral characteristics,

j~Ri zj Ri
(2.25)
j~Li zj Li

wherej i andj7i are eigenvalues of E( ) and EY( ) repectively. These eigenvectors satisfy

orthogonal normalization

hijri=1;hjRri=1;hjri=hjRri=0 (2.26)

Then, a generalizedQ matrix can be de ned as

Q=JRIhTL j rih (2.27)

(2.28)

The topological invariant-winding number [32] can be expressed as
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2.2. Finite element method

4

W= pidp (2.29)
2 ¢

where C is the generalized Brillouin zone in Fig. 2.7(a). Fig. 2.8 show the winding number

. F/—46E—5t
.\

Figure 2.8: Topological invariant along with t1 increasing. to=1, to = 1=2.

trajectory along with the increasing oft1. 2W is the number of zero states localized at boundaries.

. . . p p
In conclusion, this two-atom system owns edge state, ify 2 [ t5+ t5; t5+ t5]. Among the
. . . P——0s
domain, edge states are both localized at left boundary if; 2 [to t2; t5+ t3]; edge states are
, . . P—s , .
both localized at right boundary if t; 2 [~ t§+ t5; to+ t2]; each edge state is localized at one

boundary ifty; 2 [ to+ t;tg t2]. Within the domain, the behavior of edge states is captured by

their localization relative to the boundaries. Whent; 2 [ P t5 + t3; P t5 + t3], the edge states
become localized exclusively at the left boundary, forming a boundary phenomenon. Conversely,
if t1 2 [ P %+—t§; to + t2], the edge states are con ned to the right boundary, mirroring the
localization observed on the opposite side. Whemy 2 [ tg+ to;tg ty], a balance is reached
where each edge state is localized at one of the boundaries.. This nuanced distribution of edge

states provides a clear demarcation of their spatial characteristics based on the value of coupling.

2.2 Finite element method

2.2.1 The process of FEM

Finite Element method (FEM) is an e cient tool for solving complex engineering and physical
problems. It is based on numerical solving of partial di erential equations (PDE) on nite
discretized systems and is widely used in various elds such as mechanical engineering, civil

engineering, and physics to analyze and predict the performance of a products or systems [33

63



Chapter 2. Method

35]. The FEM discretizes the continuous physical domain, where the continuous domain is

divided into a nite number of smaller, manageable elements ;, collectively forming a mesh
= i (2.30)

whereN; represents the total number of elements. Each element is interconnected through nodes,
forming the foundational structure of the nite element model. After discretization, appropriate
element types are selected based on the geometry and nature of the problem. The choice of the
elements can essentially be arbitrary, but for two-dimensional system problems, triangular or
rectangular elements are generally chosen. For three-dimensional system problems, tetrahedral
elements are usually selected. Several nodes are set within each element, typically located at the

vertices of the elements.

Next, an appropriate interpolation function is selected as the approximate function within
the elements, based on the number of nodes and speci ¢ accuracy requirements. The discretized
element equations are then assembled into a global system that encompasses the entire problem
domain. The solution involves applying boundary conditions to the global system to ensure the

model accurately represents the real physical environment.

Finally, postprocessing, involves interpreting the results obtained from the solution phase.
The accuracy and reliability of the results are validated by comparing them with known solutions,

experimental data, or engineering judgment.

Uexact UFEM (2.31)

Uexact

where is the error estimate, Uexact iS the exact solution, anduggy is the computed solution
based on FEM. FEM demonstrates its importance and e ectiveness in solving complex problems.
This approach, however, also has drawbacks, such as increased computational complexity and
the need for ne mesh resolution near walls, which can lead to higher computational costs and
longer simulation times. Despite these challenges, the ability to model and analyze the complex
environments provides invaluable insights for engineers and researchers in various elds, o ering
essential support for both practical applications and research through the numerical solution of

discretized elements.
This thesis primarily utilizes the FEM based on the COMSOL Multiphysics commercial
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software for numerical calculations. The software-speci ¢ process involves several critical com-
ponents: the geometry creation, the de nition of material properties, the selection of physical
interface, the generation of mesh and running the simulation. The speci ¢ FEM simulation used

in this thesis are described in the next subsection.

2.2.2 Multi- eld coupling

Here, we use two examples to exhibit the process (the related geometrical parameters are de-
scribed in Fig 2.9. The rst example involves the strategic placement of a block adjacent to one
of the cavity ports, rmly secured to the outer boundary, as shown in Fig 2.9 (a). This block
acts as a perturbation to the air ow generated by the internal motor, thereby inducing localized
turbulence. The aim of this example is to examine the e ects of turbulence on acoustic wave
propagation, with a focus on exploring the potential for achieving acoustic gain. Subsequently,
this investigation can be used to design non-Hermitian insulators. A speci ¢ application of this
research would be the development of non-Hermitian insulators that exhibit a balanced onsite
gain-loss. In the second example, we present a unit cell composed of two circulators with iden-
tical internal air ow elds, as shown in Fig 2.9 (b). The focus here is on examining the e ects
of internal air ow dynamics on the energy band structure, with the goal of uncovering whether

these ows have the capacity to induce the formation of acoustic Chern insulators.

(@) -/cu(sb)
4o
I .06 H <

s [

Figure 2.9: Geometry of example 1 (a) and example 2 (b)Rc =30 mm, Ry =15 mm, L;1=8
mm, La2=10mm, Lo, =5mm, Rc1 =92 mm, Rci2=71 mm, L1 =92 mm, L:2 =50 mm,
Il =5mmand |, =16 mm.

In mesh generation, mesh refers to the discretization of the computational domain into a

nite number of elements or cells that are used to solve the governing equations. The most
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common type of element is automatic mesh generation. It is convenient for operators, because
the software de ne meshes adapting to geometries by itself. Manual mesh generation requires
operators to de ne meshes without any assistance. For more accurate calculations, domains
near the de ned boundaries always requires more meshes to mimic the real model. Sometimes,
we even need to de ne more boundary layers which have a high aspect ratio and are gradually

stretched away from the wall. The mesh pro les of our two examples are shown in Fig 2.10.

(@ (b)

o

Figure 2.10: The mesh generations of example 1 (a) and example 2 (b). Boundary layers are all
de ned as six layers, and these layers are gradually stretched away from the wall.

Our two examples both involve the interaction between ow and acoustic elds. Therefore,
we should de ne two physical interface to analyze the e ect of the two di erent elds, and then
couple them together. This process is referred to as "multi- eld coupling.” Speci cally, Compu-
tational Fluid Dynamics (CFD) is used to determine the background eld after introducing ow.
The computed background eld is then incorporated into the aeroacoustic interface, where it is

coupled with the acoustic source to obtain the nal aeroacoustic eld properties.

CFD analysis

With in the ow framework, we do nite element analysis based on CFD. CFD is a branch of
uid mechanics that uses numerical analysis and data structures to solve and analyze problems
involving uid ows. It is a powerful tool that has revolutionized the ability to predict uid
behavior in complex environments, ranging from aerodynamics and weather forecasting to med-

ical research and environmental studies [36, 37]. The combination of the FEM and CFD opens
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up vast potentials for simulating and solving complex uid dynamics problems across multiple
industries.

Choosing the appropriate uid ow physics interface, typically the 'Laminar Flow' or "Tur-
bulent Flow' interfaces under the CFD Module, depends on whether the ow is laminar or
turbulent. Compared to the ‘Laminar Flow' interface, the "Turbulent Flow' interface requires
more computational resources but is more versatile, as it can handle a wider range of ow condi-
tions, including both laminar and turbulent ow. The "Turbulent Flow" interface in COMSOL

Multiphysics includes three of the most common turbulence models:
1. turbulent kinetic energy (k)-corresponding dissipation rate () model
2. turbulent kinetic energy (k)-speci c dissipation rate (! ) model
3. Shear Stress Transport (SST) model

k model is widely used for general-purpose turbulence modeling, solving farand , and is
particularly e ective for free-shear ows. k I model solves fork and ! and provides better
accuracy near walls for low-Reynolds-number ows ("Low Reynolds number” refers to the region
close to the wall where viscous e ects dominate). The and k I models, are both parts

of the Reynolds-Averaged Navier-Stokes (RANS) family. The SST model combines the

and k I models. It utilizes the k I formulation near walls for the improved boundary
layer predictions and the k formulation in the free stream to handle a wide range of ow
conditions. This combination makes it ideal for complex ow cases, such as those with ow
separation and adverse pressure gradients. Therefore, we select the SST model and de ne the
fan rotation speeds in our examples within the Turbulent Flow' interface for analysis. Within

SST model, calculation obeys the turbulent kinetic energy and speci ¢ dissipation rate equations:

glt(+ urk=r ((+ twr kK)+ Pg k!

@!+ ur!=r ((+ I 2 2 12 (2.:32)
— I = t)r )+ —Pyg I “+(1 Fy) rtrk

@t t !

whereu is the velocity vector, is the density,! is the speci c dissipation rate, is the kinematic
viscosity, ¢ is the bulk viscosity,  is the turbulent Prandtl number for k,  is the turbulent
Prandtl number for ! (|, is the modi ed turbulent Prandtl number), Py is the production term
of k, is ratio of speci c heats, is the model constant( is the modi ed model constant), and

F1 is the blending function that determines the transition between thek andk ! models.
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When implementing the SST model in COMSOL Multiphysics, above equations are discretized

and solved numerically based FEM.

(@) (b)
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Speed(mp ™
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Figure 2.11: The velocity elds of example 1 (a) and example 2 (b). The rotating velocities of the
fan are 40 rad/s(higher pannel) and 2000 rad/s(lower pannel) in (a). The rotating velocities
of the fan in (b) is 4 rad/s.

The solver operates with a choice of stationary or time-dependent approaches, with adaptive
time stepping for unsteady simulations, which is designed to handle the nonlinearity of the
coupled equations through linearization techniques such as Newton method. Solver monitors
provide real-time feedback on the solution process, and once the simulation is complete, post-
processing tools of COMSOL facilitate the analysis and visualization of the results, such as
velocity vectors, pressure distribution, and turbulence characteristics. In our examples, the
velocity elds are presented in Fig 2.11. The simulations demonstrate that the velocity eld near
the boundary, adapts to the velocity of boundary due to the viscosity. Fig 2.11 (a) describes
that in example 1, the introduction of a block can induce turbulent ow upstream of the sharp
edge, particularly when the ow velocity is high enough. Fig 2.11 (b) describes the velocity eld
in example 2, where the ow velocity gradually decreases with increasing radius, presenting a

laminar ow pro le.

Aeroacoustic analysis

We use the "Linearized Navier-stokes, Frequency Domain" interface to analyze the aeroacoustic

behaviors of our two examples. Navier-Stokes equations are the fundamental core of this interface
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to calculate the acoustic behaviors within viscous ow. The integration of the SST turbulent
model and Navier-Stokes equations in COMSOL Multiphysics o ers a powerful approach to
simulate complex uid dynamics phenomena over a range of frequencies. The advantages of this
interaction include coupling pre-background ow eld, which enhance accuracy in predicting
acoustic behaviors within a wide range of ow conditions. This interface is based on solving the

governing equation (Adiabatic formulation)

@+r (up+ ou)=M
@t (2.33)
@
0(@t+(u rJup+(ug r)u)+ (u r)ug=r +F ugM

where is stress tensor,F is the force source, andV is the mass source. The subscript 0"

refers to the background acoustics.
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Figure 2.12: (a) Transmission in example 1 for di erent rotating velocities of the inner fan. (b)
Pressure elds corresponding to the rotating velocities of 40 rad/s (higher panel) and 2000
rad/s (lower panel). (¢) Band structures of example 2 with ow (red points) and without ow
(blue point). (d) Pressure eld of the central two states at K corresponding to zero velocity
eld(higher panel) and non-zero velocity eld(lower panel).
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The results are shown in Fig. 2.11. In example 1, the acoustic magnitude pressure trans-
mission curves indicate that di erent background ow elds alter the transmission, as shown in
2.11 (a). The blue, green, and red curves correspond to cases where the rotating velocities of the
fan are 40 rad/s, 1000 rad/s and 2000 rad/s, respectively. The acoustic pressure magnitude
transmission, under various ow conditions, remains less than unity, indicating that turbulence
does not generate acoustic gain in this example. Therefore, this case is not appropriate for serv-
ing as a basis to develop non-Hermitian insulators with balanced onsite gain-loss. Fig. 2.11 (b)
shows the pressure eld at the transmission peak. It can be observed that the turbulent ow
near the obstruction creates pressure perturbations below the turbulent ow domain when the
ow velocity is high enough. In example 2, the results shown in Fig. 2.11 (c) reveal Dirac points
atthe K and points in the absence of ow. However, the introduced annular ow eld breaks
the T symmetry and opens the Dirac points, resulting in a bandgap. The eigen elds of the two
coupled states at theK show opposite state characteristics when the background ow eld is
zero. The introduced ow split the coupling and change the eld, as shown in 2.11 (d). There-
fore, the internal ows possess the ability to engineer the acoustic Chern insulators. Utilizing

this idea, Chapter 5 is dedicated to the design of non-Hermitian acoustic Chern insulators.

2.3 Conclusion

This chapter has provided an in-depth review of topological insulators, focusing on the TB model
and the FEM as crucial tools for analyzing their properties. The TB model, conventionally used
in solid-state physics, has been adapted to o er insights into acoustic systems, particularly those
systems with the signi cant interface between subunits. The FEM has been highlighted as a
numerical technique, pivotal for solving complex engineering and physical problems, especially
in handling PDEs. These methods have been useful in understanding the behavior of topological
insulators and simulating their responses to various physical excitement.

Furthermore, the tools has been applied into the novel area of non-Hermitian systems, uncov-
ering the non-Hermitian skin e ect and its topological states. The multi- eld coupling approach
based on FEM has been e ectively used to model the interaction between uid dynamics and
acoustics, leading to the development of innovative acoustic topological designs. Collectively,
this tools have laid a foundation for future explorations in non-Hermitian physics, promising

signi cant contributions to science and technology.
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3.1. Background

3.1 Background

In this chapter, we study the topological properties based on the Su Schrie er Heeger (SSH)
model. The unit cell of this one-dimensional crystal is composed of two sites that are coupled
by intracell and intercell hoppings. The topological phases of a SSH chain are triggered by the
dimerization induced by the couplings. By varying the relative real amplitudes of the couplings,
one can travel from a trivial phase to a topological non-trivial phase passing through a topological
phase transition when the amplitude of the coupling are equal. The e ect of the topological non-
trivial phase manifests itself when a nite chain is considered and where edge states are visible
at the boundaries. The existence of these edge states are connected to the bulk via the bulk-

boundary correspondence which is one central concept of topology.

As extensively studied in the Hermitian cases, the SSH model is also largely used to explore
the topology of non-Hermitian systems. Non-Hermiticity can be introduced in two dierent
ways in the SSH model. In the rst one, imaginary parts are added to the onsite potentials
representing either gain or loss following the sign of the imaginary part [16]. Chapter 4
introduce more details and analyze topological properties based on this type of non-Hermitian
framework. The second way to introduce non-Hermiticity is to consider non-reciprocal couplings
between each site. In this case, the band structures with periodic boundary conditions can be
drastically di erent from those with open boundary conditions, thus breaking the conventional
bulk boundary correspondence [7 9]. This is attributed to the non-Hermitian skin e ect. The
non-Hermitian skin e ect has been extensively studied [10, 11] and is in stark contrast to the
Hermitian wave physics. It has been experimentally observed in mechanics [12, 13], optics [14],
acoustics [15 17] and electronic circuit [18, 19]. The non-Hermitian skin e ect can reshape the
spatial form of the topological edge state by delocalizing them [20 22]. The reciprocity is usually
broken with di erent real parts of the coupling depending of the direction of propagation, which
corresponds to an ampli cation in one direction of propagation and a decrease in the other.
Alternatively, the reciprocity of the wave propagation can be broken by considering imaginary
parts in the coupling, which corresponds to phase non-reciprocity, which has been is much less

explored [23].

In this chapter, we consider an acoustic SSH model with nonreciprocal couplings where the
non-reciprocity is introduced in the imaginary parts of the couplings. The imaginary parts of

the couplings, by acting on the magnitude of the coupling, can induce the dimerization of the
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SSH chain, which can leads to topological phase transition. Three types of con gurations can be
obtained in this system. This system can be non-reciprocal and non-Hermitian, non-reciprocal

but Hermitian and, nally, non-Hermitian but reciprocal.

This Chapter is organized as follows. We start in Sec. 3.2 by describing the acoustic SSH
model and the tight-binding model that is considered to describe it. Then, the topological
properties of the Hermitian case are speci cally studied before generalizing to the non-Hermitian
case. In Sec. 3.3, the Hermitian acoustic SSH is modeled with the transfer matrix method. The
phase non-reciprocity is induced by a mean air ow in one of the couplings of the unit cells. The
band structures are then derived by considering the acoustic SSH chain as a nonreciprocal Willis
materials [24 26]. The topological edge states are then exposed with nite element numerical

simulations.

3.2 Topology of the SSH model with non-reciprocal couplings

HFER 4 Chain 1
<+ A EE%B<—I>A““B<—>A=!B<—>
FER 2 A ER Chain 2
?AHB?A““B;ZAHB;!
2 B R 3 BB

___________________

Figure 3.1: Schematics of the acoustic SSH chain with the unit cell; and the unit cell U,

The acoustic SSH unit cell is composed of two site& and B with resonant cylindrical cavities
of length L;es = 8 cm and radius Res = 1:64 cm connected by tubes of lengthL, =7 cm and
radius R¢e = 0:8 cm. The length of the unit cell isa = 2L s+ 2L¢o. The resonators have a
dipolar resonance atf o = 4027 Hz. The tubes induce a real coupling strengthto = 120. Going
beyond the standard model, the reciprocity of wave propagation in one of the connecting tubes is
broken by adding imaginary partsit 1 in the forward direction and it, in the backward direction
which corresponds to phase non-reciprocity. Here, the parameteffy, to, tg, t, and ty are kept
real. We consider two unit cellsU; and U,. In the rst unit cell U, the intracell connection is

non-reciprocal while keeping a reciprocal intercell connection as shown in Fig. 3.1 and where the
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Bloch Hamiltonian is written using a tight binding model
2 3

fo (to%+ it1) + toe 92

Hy=4 S (3.1)

(t00+ ity) + '[oeiqa fo
whereq is the Bloch wavenumber.to = to®when the internal radiuses of the coupling waveguides
are equal,tg 6 to®otherwise. In the second unit cellU,, the intercell connection is non-reciprocal
while keeping a reciprocal intracell connection as shown in Fig. 3.1 and where the Bloch Hamil-
tonian is written

2 3
fo to + t00+ it1)e 'aa
H,=4 , ( ) S: (3.2)

to+ (to"+ itp)ed? fo

Finite chains with open boundary condition on each ends composed dff unit cells U; are

described by the Hamiltonian

0 . )(\I 0 . >(\I
HOl = (t0+ It 1) C\é;n Ca:n +( t0+ It 2) Cx;n Ca:n
n=1 n=1
K 1
+ tO Cxln +1 CB,n + Cé’n CA,n +1 (3-3)
n=1

where can and cj.

., are the creation and annihilation operator of siteA, respectively, and for

the chain composed of unit celldJ,, the Hamiltonian is written

H02 - tO Cx;n CB;n + Cé;n CA,n
n=1
0 . ”( !
(to+it1)  ChpaetCein

+
>

1

[y

+

( too + ity) Cé;n CAn+1 . (3.4)

n=1

In this work, the nite chains with open boundaries are composed of 15 unit cells. Before

analyzing the general non-Hermitian case, we rst consider a special case which is Hermitian.
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3.2.1 Hermitian case

The model in Egs. (3.1) and (3.2) becomes Hermitian whei, = t1 and the eigenvalues of the

Hamiltonian H; read

@ ) (b (c)
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é4.027 =
3.7 0
0 15
2 1 2
State number g R

>
=

)

c

[J]

2

=

0 10 20 30
Site number

Figure 3.2: Band structures of the SSH model (a) with no phase non-reciprocitytg = tg =120
and tﬁ =0, (b) with phase non-reciprocity and the Dirac cone still closedty = 120, toO =70 and

ty = 12 702, (c) with phase non-reciprocity and a frequency bandgapto = tg =120 and

t; = 70for the unit cell U; (blue dots) and the unit cell U, (red curve). (d) Eigenfrequencies of
nite chains with open boundaries composed of 15 unit cell&J; (blue circles) andU, (red stars)
with the same parameters as in (¢). Two topological edges states are visible in the bandgap when
the nite chain is composed of the cellU,. Topological phase diagram of the unit cells (e)U,
and (f) U1. (g) Mode shape of the topological edge state with the same parameters as in (c).

E1 fo 3+ (to+ity)(ty ity)+ to(ty+ ity)ed

o . ; 1
to(ty itg)e Iqa 2

+

. . 1
fo 3+ ttY+ totde® + tote 92 2: (3.5)
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with t = to + it; and the eigenvalues oH read
. . 1
Eio="fo t5+ ttY+ tote'¥ + totYe 92 2: (3.6)

The Dirac cone is located at the Brillouin zone boundary only ift; =0 as shown in Fig. 3.2 (a).
As a result of the non-reciprocity whent; 6 0 giving Im(t) 6 0, the bands are not symmetric
anymore with respect toq = 0. With jtj = to, the Dirac cone is visible away from the Brillouin
zone boundary as shown in Fig. 3.2 (b). The Dirac cone opens whgtj & ty as shown in Fig.
3.2 (c). This denotes that a topological phase transition occurs whejtj = to. Since the model
is Hermitian, the topological phase can be characterized by the Zak phase
i 4
Z = — huhj@uniddq; (3.7)

2
q

where u,, is the eigenvector of the bandn. The dependence of the Zak phases of the two unit
cells U; and U as a function ofto® and t1 is shown in Figs. 3.2(e) and (f). One can see that
the cell is topologically trivial when the magnitude of the intercell coupling is smaller than the
one of the intracell coupling, while being topologically nontrivial otherwise. In the case where
the intracell and intercell couplings have the same radiuses givingg = tg, the unit cell Uy is
trivial and the unit cell U, is nontrivial if t1 6 0. Using Egs. (3.3) or (3.4), the eigenfrequencies
of nite chains with open boundaries exhibit two topological edge states states in the nontrivial
case, while no edge state are visible when the nite chain is composed of trivial unit as shown in
Fig. 3.2 (d). The mode shape of the topological edge state is shown in Fig. 3.2 (g). An acoustic

implementation of this Hermitian case with the transfer matrix method is shown in Sec. 3.3.

3.2.2 General non-Hermitian case

In the case wheret; 6 tq1, the model is non-Hermitian with complex eigenfrequencies and where
the conventional Bulk Boundary Correspondence (BBC) is broken as expected for non-Hermitian
SSH model with non-reciprocal couplings [8, 27 29]. Taking the case of couplings having equal
real parts, i.e. tg = to and under Periodic Boundary Condition (PBC), the gap between the
two bands given by the complex eigenfrequencies of Egs. (3.1) and (3.2) closes when either
ty=0o0rt, =0 atg= =a. This is in contradiction when Open Boundary Condition (OBC)

are considered where the gap is still opened when eithég = 0 or t, = 0. This inequivalence
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between PBC and OBC is stemming from the non-Bloch wave nature of the eigenstates due
to the non-Hermitian skin e ect (NHSE) [27]. The BBC can be re-established following the
non-Bloch approach in the Generalized Brillouin Zone using the similarity transformation of the
Hamiltonians Ho1.2 [27]

H01;2 =S 1H01;28 (38)

whereS is a diagonal matrix whose diagonal elements arer; r; r 2; r2; @ rN: rNgand f1; r; r;

r2; r2; ;N 1. rNgwhen the similarity transformation is applied to Ho, and Ho», respec-

tively. Taking the case wherer = (tg + it 1)=(tg + it2), Ho1:2 are still non-Hermitian in general
but become reciprocal, thus, it annihilates the NHSE. The di erent couplings are transformed

following

q
to) to; (to+ity)) ti= (t5+ ita)(th+ ita);
q

and (tg+ itp) ) ty=  (tg+ ity)(t]+ ito): (3.9)

Since the NHSE is annihilated, the, the BBC is restored and the associated Bulk Hamiltonians

then can be written as

3
i ty + toe 9@
Hy= 4 °o T 5 (3.10)
tq + toed? fo
and
3
f to + tie 192
H,= 4 ° T 5. (3.11)
to + t1€92 fo

The conditions for gap closingqand topological phase transition can then be generalized to the

nqon-Hermitian case withtg = j (tg+ it1)(ty+ it2)j. The unit cell U is non-trivial when tg >

j (tg+ it 1)(tg + it,)j and is trivial otherwise as shown in Fig. 3.3 (a) where the topological

edge qstates are visible in the non-trivial phase. Conversely, the unit cell, is non-trivial when

to< ] (tg+ it1)(tg+ it2)j and is trivial otherwise as shown in Fig. 3.3 (b).

In the general non-Hermitian case, the eld localization under OBC is importantly in uenced
by the NHSE. The eigenfrequencies of the bulk Hamiltonians in Egs. (3.10) and (3.11) form closed

loops in the complex frequency plane. The winding direction of the loop is characterized by the
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Figure 3.3: Eigenfrequencies of the nites chain under OBC (a) composed of the unit cell;
and (b) composed of the unit cellU,. The blue points denote bulk states, the red points denote
topological edge states

spectral winding number with respect to a reference frequencf, [20]
I

1 d
w(fy)= — ——argdet[H1.2(q) f;]dq: (3.12)
2 gz dq

The spectral winding numberw(f ) is +1(-1) if the winding direction is anti-clockwise (clockwise)
around the reference frequency ,, respectively, and is 0 in the absence of NHSE [11, 30, 31].
A spectral winding number of +1 (-1) indicates that the eigenstates localize on the right (left)
side of the open chain, respectively. In our system, whejt;j > jtoj, the winding direction is
anti-clockwise and the eigenstates localize on the right side the open chain as shown in Figs. 3.4
(@), (b), (g) and (h). It should be noticed that the NHSE can compete with the localization

of the topological edge states [20 22]. Two transition points occur where the eigenfrequencies
form only one-dimensional lines instead of closed loop and the spectral winding number is zero.
The rst one is found when the system is Hermitian, i.e.,t; = t», which corresponds to the
case in Fig. 3.2. Thus, the imaginary components of the eigenfrequencies are vanishing and the
eigenfrequencies are one-dimensional lines in the complex frequency plane. The second one is
found when the system system is reciprocal but still non-Hermitian, i.e.t; = t, as shown in
Figs. 3.4 (e) and (f). Whenjtij < jtoj, the winding direction in clockwise, thus, the spectral
winding number is -1 and the eigenstates localize to the left of chain as shown in Figs. 3.4 (c)

and (d).

83



Chapter 3. Acoustic Su-Schrie er-Heeger chain with phase nonreciprocal couplings

@ go ® © 10 @ 1
1 =
BOFR zzt — < 2
s v > &2 ¥ w=1 g
= 2 oL = £
IS £ 00 O%_ @@ = ite number
= — Sifeiifuftsap = >
w=-1 p
-80, 0 -10, 0.
3 4.027 4.4 0 10 20 30 3.7 4.027 4.4 0 10 20 30
Re(f), kHz Site number Re(f), kHz Site number
& 1
— = w=-1 2
~ w=0 > £ N N >
~ b ~ @ 2
Zo 5 Yite numbét’ o & = 20
E £ E = Lite numbdl
v
-80, 0 -150 0
3.7 4.027 4.4 0 10 20 30 3.7 4.027 4.4 0 10 20 30
Re(f), kHz Site number Re(f), kHz Site number

Figure 3.4: Complex band structures of the Bloch HamiltonianH, with to = tg = 120, (a)

ty <to, jtaj > jtg), () t1 <tp, jtaj < jtgj, (€) t1 = tz and (g) t1 <ty jtij < jtzj. Mode shape
of the topological edge states in a nite chain under OBC comosed of 15 unit celld, with (b)

the same parameters as in (a), (d) the same parameters as in (c), (f) the same parameters as in
(e), (h) the same parameters as in (g). Insets in (b), (d), (f) and (g), mode shape of the bulk
eigenmodes.

3.3 Acoustic model of the Hermitian SSH with non reciprocal

couplings

In this section, we describe the acoustic implementation that corresponds to the tight binding
model. Assuming the one-dimensional character of the acoustic wave propagation in the waveg-
uides, the acoustic eld at one point of the chain is given by the state vectoW T = [P; U], where
P is the acoustic pressurelJ is the acoustic velocity andT is the transpose operator. The state
vector at the right end of a cell of lengthd is deduced from the state vector at the left end of

the cell via the transfer matrix T
W (d) = TW (0): (3.13)

The total transfer matrix of a cell is found by multiplying the transfer matrices of each individual

elements that compose it. Here, the transfer matrix of a waveguidd ,, of radius R and length
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L is given by
0 1
coskL iZ ¢ sin(kL
T,z @ kL) csin(kL) (3.14)
i sin(kL)=Z. coskL)
where the time convention ise " and Z. = oco=S is the characteristic impedance of the

waveguide whereS = R 2,  is the air mass density andc is the sound velocity. The transfer
matrices T es and T, of the resonators and the reciprocal couplings, respectively, are found
using Eqg. (3.14) by applying the corresponding dimensions, i.eRyes, Les, Rco @and Lco. When

a mean air ow is introduced in a waveguide, the acoustic wave propagation becomes phase
non-reciprocal. Neglecting the ow-acoustic instabilities, the transfer matrix is then written as
[32]

0 1
Tg(r) - e kiML @ cosks L) iZ csin(ks L) A
i sin(kiL)=Zc  cos(s L)

(3.15)

whereks = k=(1 M?) is the convective wavenumber andM is the Mach number of the mean
air ow. Combining Egs. (3.14) and (3.15), the transfer matricesT ; and T , of the unit cells U;

and U,, can be build with

T1

TeoTresT ¢oT resT ¢p and (3.16)

To

TeoTresT oo TresT co; (3.17)

respectively. To ensure that the unit cells have the correct length, the transfer matrices of the
couplings on both ends of the unit cells, i.e.. T (T¢,) for the cell Uy (U), respectively, are
derived using half of the length of the intercell coupling. The transmission coe cients of the
scattering matrix for left t, and right tg incidence are deduced from the inverse of the total

transfer matrix with

A B
Tl=-@ A (3.18)
C D
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with

2
A+ B=Z.+272.C+D’
2(AD BC)
A+ B=Z.+272.C+D’

t|_=

tr (3.19)

where the characteristic impedanceZ. is the one of the intercell coupling. The transmission
coe cients have equal amplitudes between the reciprocal case with no mean ow wittM =0
and the non-reciprocal case with a mean ow in one of the coupling withM = 0:15 as shown
in Figs. 3.5 (a) and (b). Furthermore, the amplitudes are equal for left and right incidence,
con rming that the non-reciprocity induced by the mean ow does not a ect the amplitude as
shown in Figs. 3.5 (a) and (b). The amplitudes are equal to one between 3997 Hz and 4212 Hz.
The unity transmission corresponds to the frequency range of the two modes predicted by the
tight bonding model. In the non-reciprocal case, the tight-binding model predicts the existence
of a bandgap, which is not visible in Fig. 3.5 (b) because one can see the transmission coe cients
of one single unit cell. The bandgap becomes visible when the transmission coe cient is derived
for several unit cells (not shown here). The mean ow induces a phase non-reciprocity as can
be seen in Fig. 3.5 (d) where the phases of the transmission coe cients di er for left and right
incidences, contrary to the reciprocal case where the phase of the transmission coe cients are

equal between left and right incidences.

Stemming from the mass and momentum conservation laws, the acoustic state vecta¥
satis es [24 26]
d

W = AW (3.20)

where the matrix A is written for nonreciprocal Willis materials as
0 1
. et e
A=i @ A (3.21)

Ce e + nr

where ¢ is the e ective density, Cg is the e ective compressibility, ¢ is the even Willis coupling
and p, is the nonreciprocal Willis coupling. It follows from Eq. (3.21) that for a cell of length
d

W (d) = € %W (0): (3.22)

By comparing Egs. (3.13) and (3.22), the matrix exponential ofA d identi es with the transfer
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Figure 3.5: Amplitudes of the transmission coe cients under left incidence (red curve) and right
incidence (blue circles) of one unit cell with (a) M=0 and (b) M=0.15. Phases of the transmission
coe cients under left incidence (red curve) and right incidence (blue circles) of one unit cell with
(a) M=0 and (b) M=0.15. The unit cells U; and U, share the same transmission coe cients.

matrix T. Therefore, the dispersion relations of the acoustic wave propagating in the periodic
non-reciprocal acoustic SSH model can be retrieved by calculating the wave humbers using the

Willis parameters with [33]

P
k = ! ! j ei?+ eCe (3.23)

The wave numbers calculated with Eq. (3.23) are in good agreement the eigenfrequencies of the
Hermitian tight binding model in Eqgs. (3.5) and (3.6) as shown in Fig. 3.6. The additional mean
ow in one of the coupling breaks the reciprocity of the wave propagation and opens the Dirac
cones as can be seen in Figs. 3.6 (c) and (d). To further explore on the topological properties of
the acoustic SSH model, we construct a nite element model composed of 30 unit cells with open
boundaries. An acoustic plane wave is excited at one of the open boundaries and the amplitude of
the acoustic pressure at that boundary is measured. Using the geometrical parameters established
in our preceding theoretical work, we set up ow elds with a Mach number of 0.15 along the
x-axis within the interconnecting tubes. The acoustic pressure spectrum is then meticulously
recorded by positioning both the source and receiver at the side-resonant cavities. As can be

seen in Fig. 3.7 (a) where the acoustic amplitude drops in the frequency bandgap when the nite
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Figure 3.6: Band structures of the SSH unit cells derived with the transfer matrix method
(blue circle) compared to the tight binding method (red curves). (a) and (c) Real parts of the
wavenumbers. (b) and (d) Imaginary parts of the real number. (a) and (b)m =0. (c) and (d)

M =0:15. The gray area denotes the bandgap.

chain is composed of unit cells in the topological trivial phase. When the nite chain is composed
of unit cells in the non-trivial topological phase, a peak in the acoustic amplitude denotes the
presence of the topological edge state. Furthermore, this topological edge states is observed on

both ends of the nite chain as shown in Fig. 3.7 (b). These results con rm that the phase

—

a) (b)
1 1

Amplitude
Amplitude

4.1 4.1
f (kHz) f (kH2)
Figure 3.7: Acoustic response of the acoustic SSH chain at the open boundaries from the nite
element numerical calculations. (a) Amplitude of the acoustic pressure at the left open boundary
when the wave excited that boundary. The SSH chain is composed of unit celld; in the trivial
phase (red curve), of unit cellsU, in the nontrivial phase (red curve). The peak of amplitude of
the red curve in the gray area corresponds to the topological edge state. (b) Amplitude of the
edge state at the left (red dots) and right (blue curve) open boundaries.

non-reciprocal SSH can be realized experimentally and that the acoustic implementation provide

a convenient platform to emulate the results found in Sec. 3.2.1. The general non-Hermitian case
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with phase non-reciprocity is more delicate to realize in a real model but it might be implemented

using the non-reciprocal control of the phase in a Janus acoustic metamaterials [34].

3.4 Conclusion

In this chapter, we have shown that the introduction of phase non-reciprocity in the coupling can
induce the dimerization to build an SSH chain. The phase non-reciprocity is modeled in a tight
binding model by adding imaginary parts to the coupling between sites. When the imaginary
parts are opposite between the two directions of propagation, the model remains Hermitian. The
bands are not symmetric anymore around the center of the Brillouin zone and the bandgap can
be opened because the magnitudes of the couplings di er, hence the dimerization. Topological
non-trivial phases are found and the topological edge states are visible at the open boundaries.
This Hermitian SSH chain can be mimicked in an acoustic model by introducing a mean air
ow in one of the couplings, which induce the phase non-reciprocity between the two direction
of propagation. When the values of the imaginary parts of the coupling are not opposite, the
model becomes non-Hermitian. The chain experiences the non-Hermitian skin e ect and the
conventional bulk boundary correspondence is broken, which can be be reestablished through
the non-Bloch approach that allows us to describe the di erent topological phases of the chain.
When the imaginary parts of the coupling are equal (but di erent from zero), the model remains
non-Hermitian but becomes reciprocal which annihilates the non-Hermitian skin e ect. The
direction of the skin e ect depends on the ratio of the two imaginary parts with the two transition

points where it is annihilated, the Hermitian case and the reciprocal case.
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4.1. Background

4.1 Background

In this chapter, we sudy the domain walls bridging two distinct non-Hermitian SSH lattices,
studying the diverse spectrum of interface states birthed from topology, local domain wall sym-
metries, and the global symmetry of the lattice structure. Employing an acoustic model of

coupled resonators, we regard onsite losses as a non-Hermitian parameter.

The surge of interest in topology, characterized by its unparalleled capability to manipulate
interface states, has revolutionized elds such as condensed matter physics [1], photonics [2, 3],
mechanics and acoustics [4, 5]. At the forefront of this revolution is the one-dimensional Su
Schrie er Heeger (SSH) model, a seminal construct that demonstrates the existence of topolog-
ically protected zero modes, also referred to as in-gap modes, at both the open boundaries of
a lattice with non-trivial topology and at domain walls between lattices of di ering topological
phases. This transition to topological phases is primarily facilitated by the dimerization e ect

within the chain, a process inherently in uenced by the interaction couplings [6 11].

A particularly intriguing aspect of this model is its acoustic analogs, which mirror the SSH
Hamiltonian and thereby provide a tangible medium through which the complex properties of the
SSH model can be explored. Thanks to the macroscopic nature of acoustic systems, these analogs
present a more accessible platform for investigation. Central to the discourse on the SSH model
is the principle of bulk boundary correspondence (BBC), a concept that bridges the gap between
periodic and open boundary conditions or domain walls [12, 13]. This principle underscores the
necessity of Hermiticity within the model to preserve the integrity of topological invariants, whose
computation becomes markedly complex in the presence of non-Hermiticity. However, through
methodologies such as the non-Bloch or biorthogonal approaches, it is possible to integrate non-
Hermitian parameters as novel elements, thereby enriching the study of topological e ects within

such systems [12 14].

The integration of non-Hermiticity within topological systems introduces a dichotomy in
approach. On one side, non-Hermitian elements can act as mere perturbations to inherently
Hermitian systems, preserving their topological characteristics through the inclusion of non-
Hermitian Parity-Time ( PT) symmetric onsite potentials [15, 16]. This ensures that a system
remains invariant under the combined operations of parity P) and time reversal (T ), manifesting
in a symmetrical distribution of gain and loss. A simpli ed experimental realization can forgo

the challenging implementation of gain by uniformly applying loss across every site, adhering to
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a passivePT symmetry framework [17]. This paradigm has unveiled a plethora of fascinating
phenomena, including non-Hermitian higher-order states [18], topological lasing [19], and the

concept of antiPT symmetry [20].

Conversely, topological phase transitions may be exclusively instigated by non-Hermitian
components, distinguishing them from mere perturbations of Hermitian systems [21 23]. Within
the non-Hermitian SSH framework, the customary dimerization no longer stems from coupling
interactions but rather from non-Hermitian onsite potentials. Such transitions from di erent
spatial distributions of gain and loss underscore a novel mechanism through which topological

phase transitions are realized.

This chapter is organized to rst introduce the unit cell comprising four resonators and to
discuss the topological phases emergent from various onsite loss distributions. Subsequently, we
assemble nite lattices, exploring the multitude of domain walls achievable with the four distinct
unit cells and examining the spectrum of interface states. The characteristics of edge states at
these interfaces is intricately linked to the topological phase, local symmetry, and the global
symmetry of the whole chain. Our nal analysis evaluates the resilience of these edge modes
against disorder, providing insights into the robustness of topological phenomena against the

backdrop of non-Hermiticity.

4.2 Topology of the dierent SSH unit cells

The SSH unit cell, a fundamental construct of the acoustic Su-Schrie er-Heeger model, incorpo-
rates four cylindrical acoustic cavities exhibiting a dipolar resonance at a frequency of 4325 Hz
as shown in Figs. 4.1 (a) and (b) (lengthL = 40 mm and radius D = 32:8 mm). These cavities
are interconnected by waveguides, exhibiting a square cross-section with dimensions 4 mm
by h =5 mm, gluing a consistent couplingtg = 30 between resonators. The overall lengtha

of the unit cell spans over 0.2 meters. Delving into the modeling aspect, we neglect the in u-
ence of the other resonance modes, focusing on a tight-binding model that accurately captures

the essence of wave propagation within this system. Herein, the Bloch Hamiltoniahl (g) with
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Figure 4.1: (a) Individual acoustic resonator composing the acoustic SSH unit cell with the cou-
pling waveguides with the acoustic pressure distribution of the dipolar resonance (colorscale). (b)
Acoustic SSH unit cell composed of four resonators. (¢) The four considered unit cells with the
di erent distribution of the non-Hermitian onsite potentials. Blue (gray) rectangles are the res-
onators with (without) onsite additional losses, respectively. (d) Analytical (continuous curves)
and numerical (dashed curves) band structure in the Hermitian case (without any additional
onsite losses).

periodic boundary conditions is written as

H(q) = go(Q)+ H1(g)

3 2 3
fo to 0 tge iga inafo 0 0
: to fo to N ingfo 0 0
0 to fo incfo 0
toeiqa 0 to 0 inpfo (4.1)
2 _ 3
(1 + in A)fO to 0 toe '@
_ to (1+ing)fo to 0
0 to fo(1+inc) to
toeiqa 0 to fo(l +in D)

encapsulating both the Hermitian and non-Hermitian dynamics of wave interaction among the
cavities. The Hermitian componentHg, and its non-Hermitian counterpart H1, collectively paint

a detailed picture of the wave propagation mechanism, highlighting the pivotal role of onsite
potentials in dictating the overall system behavior. Speci cally, the non-Hermitian component,
characterized by imaginary onsite potentials, underscores the presence of either gain or loss

within the system, depending on the sign of the non-Hermitian parametem;. If there is no
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onsite loss, i.e.,n; =0, the band structure exhibits four bands with a degeneracy atq = 0, as
shown in Fig. 4.1 (d) coming from the band folding from the one-site unit cell. Then, we
consider four distinct unit cell con gurations as shown in Fig. 4.1 (c), each cell having an
unique loss distribution with the same total amount of losses. The unit cells 1 and 2 ar®
symmetric to each other, with no = ng =0 and nc = np 6 0 for the unit cell 1 and with
Nna = ng 6 0 and nc = np = 0 for the unit cell 2. These two unit cell can be regarded as
PT symmetric. The unit cells 3 and 4 areT symmetric to each other, withnay = np =0 and
ng = nc 6 0 for the unit cell 3 and with no = np 6 0 and ng = nc = 0 for the unit cell
4. These two unit cell possess # symmetry. We plot the band structure with n = 0:005,
n= 001l4andn = 0:02in Fig. 4.2. All four unit cells exhibit identical band structures.
Notably, at jnj = 0:005 the band structures reveal exceptional points, signifying the occurrence of
spontaneous antilinear symmetry breaking [21]. However, whejmj is 0.014, the band structures
are devoid of exceptional points, indicative of complete symmetry. This scenario permits only
dimerized eigenstates across the entire Brillouin zone. Delving deeper into the interplay between
exceptional points and onsite potentials, Fig. 4.2 (a) illustrates the evolution of eigenfrequencies
at the symmetry point (g = 0) as the non-Hermitian parameter n varies from -0.03 to 0.03.
The distinct arrangements of non-Hermitian onsite potentials within the four unit cells lead to
the opening of the Dirac cone, a consequence of dimerization driven by the onsite potentials.
The real portions of the eigenfrequencies align in pairs whejnj is equal to or greater than
0.014. To avoid exceptional points and antilinear symmetry breaking, we consistently opt for
n=-0.02 as the non-Hermitian parameter value throughout this chapter. In this exploration,
attention is directed towards the con gurations where losses predominate, achieved through the
integration of porous foam within the cavities, thereby inducing a uniform loss across all sites
without fundamentally altering the conclusions derived from PT symmetry with gain. This
approach simulates an environment where the acoustic waves experience attenuation, a scenario
common in real-world acoustic applications. Embarking further into the theoretical exploration,
the concept of biorthogonal polarization is introduced, o ering a understanding of the topology.
The biorthogonal basis can be formed by imposing the normalizatiom 5 ()j ff(q)i = b, Where
;E is the eigenvectors for the modes and b, respectively, and where the superscriptd and

R denotes left and right eigenvectors, respectively [24]. The biorthogonal non-Abelian Berry

98



4.2. Topology of the di erent SSH unit cells

a
( )A4.4 100
N N
T I
= 0=
?&34.3 E
-100
-0.03 0 0.03

(b) (c) (d)

4.4 0 4.4 20 44 -5
N n=-0.005 ® N NN ~
T 3 n=-0.014 < = n=-0.02 z
4.3 E 243 E Ras E

-30 -60 -45
-1 0 1 -1 0 1 0
q( @) q( @&) a( @)

(e) ® (9)

4.4 0 4.4 20 4.4 -5
= n=0.005 = N NN N
z g g n=0.014 T \E/ n=0.02 T
©4.3 E 243 E 243 £

) ) -45
1 0 1 1 0 %0 1 0 1
q( @) q( @) q( @)

Figure 4.2: (a) Eigenfrequencies of the four considered unit cells witlh = 0, when n increases
from -0.03 to 0.03. Red dots correspond to real eigenfrequencies and blue dots correspond

to imaginary eigenfrequencies. Band structures with (b)n = 0:005 (c) n = 0:014 (d)
n= 0:02 (e) n=0:005 (f) n=0:014and (g) n =0:02
connection is then de ned as

Am (@=ih5(@i@ Fi (4.2)

The topology of the band structure is captured through the biorthogonal polarization, integrated

over the Brillouin zone 7

1 .
PU = o TAS (@)da;

(4.3)

For the two lower bands, marked asa; b= 1; 2, the biorthogonal polarization satis es the relation
PLR = (PRL) | This yields a real-valued polarizationp = (PR + PRL)=2. p =0 for unit cells 1
and 2, indicating a trivial topology, whereasp = 1=2 for the unit cells 3 and 4, indicating a non-
trivial topology. This exploration, grounded in the principles of biorthogonal basis formation and
the computation of the non-Abelian Berry connection, culminates in the revelation of complex

but coherent polarization behaviors across the spectrum.

Next, we take the non trivial units of cell 3 an 4 as target models to analyze the their
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eigenvectors. Fig. 4.3 shows the specic eigenvector of the above-mentioned four bands at
the symmetry points ofga= 0 and ga= . If ga= 0, Figs. 4.3 (a) and (c) show that the
corresponding eigenvectors of the 3rd and 4th bands are symmetric while eigenvectors of the 1st

and 2nd bands are antisymmetric. However, the symmetries of the 1st and the 3rd bands are

inverted when ga= , verifying the non trivial topology property.
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Figure 4.3: (a) and (b) are the response (eigenvectors) of four bands of unit cell 3 whefa= 0
and ga= . (c) and (d) are the response (eigenvectors) of four bands of unit cell 4 wheia =
0 andga= . Site number is the number of the resonator in the unit cell.

4.3 Interface states in nite SSH chains

This section examines local states of nite chains with open boundaries, utilizing the four dis-
tinct unit cell designs. By merging chains formed of three unit cells of one kind with those of
another type, an interface is established centrally across the chains, each comprising a total of 24
resonators. Fig. 4.4 displays the seven composite chains derivable from the four unit cell types,
positioning the interface consistently between the 12th and 13th resonators. For chains C1-C4,
the left segments are topologically nontrivial, contrasting with their topologically trivial right
counterparts, thereby forming a topological interface. Notably, chains C3 and C4 maintain local
parity ( P) symmetry around this interface, unlike chains C1 and C2. Chains C5 and C6, where
both sides are topologically trivial, exhibit global P symmetry. Chain C7, uniquely comprised
of two topologically nontrivial chains, features global parity-time (PT) symmetry with a locally

broken P symmetry at the interface.
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Figure 4.4: The seven di erent nite composite SSH chains with open boundaries. Every chain
is composed of six unit cells leading to a chain of 24 resonators. The red dashed line denotes the
interface between the 12th and 13th resonators of the chain. The interface is formed by gluing
two chains constructed using two di erent unit cells among the four exposed in Fig. 4.1 (c).

The total Hamiltonian for these composite chaing , represented a#d; = Hy + H4 , combines

the Hermitian Hamiltonian Hy

X
Ho = to (CX;pCB;p + Cé;pCQP + d(,i
p=1
K 1
+ (C}S;DCA;p"'l + HC)
p=1
»*
+fo (CX;pCA;p + ¢ pCBip + Cé;p%;p + Cé;pCD;p)

pCop + H:c:)

p=1
(4.49)

where cx;p and cg;p are the annihilation and creation operators ofA(B) resonators in the pp

unit cell with the non-Hermitian Hamiltonian H, attributed to onsite losses.

X
H4 1= Inf 0 (C)(/;,pCC,p + C)[/)’p CD,p)y
p=1

Ha2=info  (CrpCap + ChpCaip);

p=1
4.5
e (4.5)
Haz=info  (Gh,08p + CCipCeip);
p=1
_ X
Ha4 = infg (CX;pCA;p + (%;pCD;p):
p=1
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whereH,4 1 to H4 4 correlate with the loss distributions in unit cells 1 to 4 respectively, and

nj denotes the non-Hermitian parameter.

Focusing on chain C1, the Hamiltonian integratesHy , H4 4, and Hy 5.

2 3

' to 0 0O 0 O
to fo to 0O 0 O
0 t 1+ in)f t 0O O
Hy = o ( o to ; 4.6)
0O O to fo to O
0O O 0 to fo fto
0O O 0 0 to

This arrangement results in eigenfrequencies showing two in-gap edge modes at 4325 Hz as
shown in Fig. 4.5 (a). And these states in Fig. 4.5 (b) and (c), localized on both sides of the left
subchain of the composite chain, stem from the nontrivial topology of the composing unit cells.

Chain C2 is T symmetric to chain C1, its Hamiltonian integrates Hy, H4 3, and Hy ».
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Figure 4.5: Theoretical (circular markers) and numerical (triangular markers) eigenfrequencies
of nite chains (a) C1 and (d) C2. Black markers correspond to the bulk states. Other colors
correspond to the edge modes. Inset: corresponding loss distribution at the interface. Field
Intensity of edge states in chains (b) C1 and (e) C2. Red dashed line denotes the interface
between 12th and 13th resonators. Simulation eld intensities of the edge states in chains (c) C1
and (f) C2.
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2 3

) to 0 0 0 0
to (L+in)fg to 0 0 0
0 t f t 0 0
H, = 0 0 0 : (4.7)
0 0 to (1+ in)fg to 0
0 0 0 to 1+ in)fg tp
0 0 0 0 to

and the identical calculation show that the state characteristic of Chain C2 is same as the e ect

from chain 1 as shown in Fig. 4.5 (d) (f).

Then, we pay attention on the chain C3 and itsT symmetric counterpart C4. The corre-

sponding Hamiltonians are

2 3
' to 0 0 0 0
to fo to 0 0 0
0 to (L+in)fg to 0 0
Hs = ;
0 O to 1+ in)fo to 0
0O O 0 to 1+ in)fo to
0O O 0 0 to
2 3 (4.8)
' to 0O 0 0O O
to L+in)fg to 0 0 O
0 t fo t 0 O
H4 — 0 0 0
0 0 tg fo to O
0 0 0 to fo to
0 0 0 0 tg

Figure 4.6 shows that the two chains also have the same state characteristics. Except the topo-
logical state as chain 1 or chain 2, chain C3 (C4) introduces two additional cavity modes at
frequencies outside the band gap as shown in Fig. 4.6 (a) and (b), due to the locBl symmetry

at the interface. Fig. 4.6 (c) and (d) show that the eld intensities of there cavity states are

con ned within resonators sharing identical onsite non-Hermitian potentials, and their eigenfre-
guencies correspond to the ones of resonance modes of a system composed of resonators witj the

same potentials at the interface. The simulation results exposed in Fig. 4.6 (e) and (f) show
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good agreement with the theoretical results.
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Figure 4.6: Theoretical (circular markers) and numerical (triangular markers) eigenfrequencies
of nite chains (a) C3 and (b) C4. Black markers correspond to the bulk states. Other colors

correspond to the edge modes. Inset: corresponding loss distribution at the interface. Field
Intensity of edge states in chains (c) C3 and (d) C4. Red dashed line denotes the interface
between 12th and 13th resonators. Simulation eld intensities of the edge states in chains (e) C3

and (f) C4.

Chain C5 (C6), manifesting global P symmetry with respect to the interface, unveils four

cavity modes at the interface. Their corresponding Hamiltonians are

2 3 2 3
' to 0O 0 0 O K to 0 0 0 0
to fo to O 0 O to (1+in)fg to 0 0 0
0 tg fg to O O 0 to L+ in)fg to 0 0
Hg = ‘Hg =
0 0 tg fg to O 0 0 to 1+ in)fg to 0
0 O 0 tg fo to 0 0 0 to @+ in)fg tp
0 O 0 0 tg 0 0 0 0 to
(4.9)

The unit cells on both side of the interface are in the topological trivial phase and induce two
in-gap states at 4306 and 4345 Hz and two out-of-gap states at 4276 and 4375 Hz as shown in
Figs. 4.7 (a) and (b), thus there is no edge states at the open boundaries. As in the case of chains

C3 or C4, the eld intensities of these cavity modes are con ned to resonators with the same
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non-Hermitian onsite potential and their eigenfrequencies correspond to the ones of resonance

modes of a system composed of four coupled resonators as shown in Fig. 4.7 (c) (f).
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Figure 4.7: Theoretical (circular markers) and numerical (triangular markers) eigenfrequencies
of nite chains (a) C5 and (b) C6. Black markers correspond to the bulk states. Other colors

correspond to the edge modes. Inset: corresponding loss distribution at the interface. Field
Intensity of edge states in chains (c) C5 and (d) C6. Red dashed line denotes the interface
between 12th and 13th resonators. Simulation eld intensities of the edge states in chains (e) C5

and (f) C6.

For the case where the nite chain is composed of nontrivial unit cells as in chain C7, the

Hamiltonian H7 integratesHy, Hs 3, and Hy 4 as

2 3

' to 0 0 0 0
to fo to 0 0 0
0 t 1+in)fg t 0 0
Ho= o (+in)fo to : (4.10)
0 0 to fo to 0
0O O 0 to (A+in)fg to
0O O 0 0 to

There are two in-gap topological edge modes, both at 4325 Hz, visible on the two open boundaries
of the chain as shown in Fig. 4.8. Moreover, the globaPT symmetry introduces two PT
symmetric interface states, which are in-gap modes both at the theoretical frequency 4325 Hz,

which is midgap and coincides with the eigenfrequency of the topological interface states visible

105



Chapter 4. Manipulation of edge states in non-Hermitian acoustic Su Schrie er Heeger chains

in chains C1-C4. Numerically, the eigenfrequencies of thedeT interface states slightly shifts
their frequencies at 4316 and 4329 Hz. The existence of these localized modes is con rmed by

the numerical simulations as shown in Fig. 4.8 (c).
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Figure 4.8: (a) Theoretical (circular markers) and numerical (triangular markers) eigenfrequen-
cies of nite chain C7. Black markers correspond to the bulk states. Other colors correspond
to the edge modes. Inset: corresponding loss distribution at the interface. (b) Field Intensity

of edge states in chains C7. Red dashed line denotes the interface between 12th and 13th res-
onators. (c) Simulation eld intensities of the edge states in chain C7.

Measurement in numerical simulations of the acoustic intensities as a function of the frequency
of excitation is a method to capture previous edge states. We arrange an acoustic wave excited
in the SSH chains C4 and C7. When the excitation is localized at the left open boundary in
chain C4, the acoustic intensity measured at that boundary shows a peak within the bandgap at
the frequency of the topological edge state as shown in Fig. 4.9 (a). When the excitation and
the measurement are both localized at the interface, the acoustic intensity spectrum in chain C4
shows the three peaks associated with the topological interface state and the two cavity modes
at 4325, 4269 and 4369 Hz, respectively, as shown in Fig. 4.9 (b). The bandgap between the bulk
modes is visible in the acoustic intensity when measured at the fth resonator as shown in Fig.
4.9 (c). This location is neither the open boundary nor the interface, thus the acoustic intensity
comes from the bulk modes. Using the interface location for the excitation and the measurement
in chain C7, the acoustic intensity shows a peak associated with the twB T -symmetric interface
states as shown in Fig. 4.9 (d). These explorations highlight the inherent nature of localized
interface states in non-Hermitian systems, underscoring the impact of topology, locdP and

global PT symmetries on wave manipulation.
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Figure 4.9: Acoustic frequency spectrum in chain C4 with (a) the excitation and measurement
at the left open boundary showing the edge spectrum, (b) the excitation and measurement at
the interface showing the interface spectrum and (c) the excitation at the left open boundary
and the measurement at the fth resonator showing the bulk spectrum. (d) Acoustic frequency
spectrum in chain C7 with the excitation and measurement at the interface showing the interface
spectrum. Lp, measurement point at the left boundary; Cp, measurement point at the interface;
Bp, measurement point at the fth cavity. The gray regions correspond to the bandgap between
the bulk modes.

4.4 Robustness against disorder of di erent edge states

Verifying the robustness is an e ective method to di er topological states and other states.
Here, we introduce perturbation on coupling strength and the natural frequency of resonators to

analyze the speci c presence of di erent types of edge states against disorder.

4.4.1 Disorder on coupling

The robustness against disorder of the di erent types of edge states is tested by introducing in the
Hamiltonian of the nite chains Hy = Hy + H + Hpc a coupling disorder with the pertubative
Hamiltonian
K 1
Hpk = to ( n:n+1 C%Cn+1 + HICZ) (4.11)

n=1
where .n+1 IS @ random perturbation of the coupling between the resonators and n+1, which
ranges between 0 and 5 %. The eigenfrequencies are evaluated over thirty di erent realizations
of disorder. Since Chains C2 , C4, and C6 have the same state characteristics with théelr

counterpart Chains C1, C3 and C5, respectively, our target models decrease to four chains (C1,
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C3, C5 and C7). The eigenfrequencies of the bulk states are spreading with increasing disorder

as shown in Fig. 4.10 for all the chains.
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Figure 4.10: The eigenfrequencies as a function of the coupling disorder strength of the chains
(a) C1, (b) C3, (c) C5 and (d) C7. Blue dots denote bulk states, red dots denote edge states.
Insets: losses distribution at the interface of the di erent chains.

When the interface at the center of the chain is topologically nontrivial as in the chains
C1 and C3, the topological edge states are weakly a ected by the disorder perturbation as can
be seen in Figs. 4.10 (a) and (b), where the in-gap edge states at 4235 Hz remain stable in
frequency even with deviation visible up to the 5% level of coupling disorder. In the case of the
chain C3 shown in Fig. 4.10 (b), the eigenfrequencies of the defect or cavity states visible at the
frequencies around 4280 and 4370 Hz are spreading with increasing disorder, demonstrating that
these states are much less robust to disorder than the topologically protected states. This lower
protection is visible in the case of the chain C5 where the eigenfrequencies of the four interface
states spread with increasing disorder as can be seen in Fig. 4.10 (c). The case of the chain C7
is shown in Fig. 4.10 (d). The eigenfrequencies of two topological states at the open boundaries
do not deviate up to 5 % of disorder in accordance with the results found for the chains C1 to
C4. Interestingly, the two edge states due to theP T symmetric domain wall remain at the same
eigenfrequency up to a level of disorder of 1.5 %. Above this level of disorder, one can see that
the eigenfrequencies of these two states diverge symmetrically around the initial eigenfrenquency,
showing a di erent evolution with increasing disorder from the classical defect modes. At a level
of disorder of 5 %, an example of realization shows the delocalization of the cavity states is shown
in Fig. 4.11 (a). The two topological edge states exhibit the same eld intensity distribution as

when there is no disorder as shown in Fig. 4.11 (b) in comparison to Fig. 4.8 (b). The two
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edge states due to thePT symmetric domain wall exhibit the same eld intensity as shown in
Fig. 4.11 (c) where one can see the delocalization due to the coupling disorder, which appears to

be less extended than the delocalization of the cavity states.
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Figure 4.11: Field intensity of interface states at a level of coupling disorder of 5 %. (a) Cavity
modes in chain C5. (b) Topological modes at the open boundaries in chain C7. (P)T -symmetric
interface mode in chain C7.

4.4.2 Disorder on resonator

When disorder is introduced on every resonator, the Hamiltonian of the nite chainsH; =

Hy + H + Hye introduces the pertubative Hamiltonian
X _ X
Hpt = fo mCich+ (1 in)fg 0284 Cn (4.12)
p1=1 p2=1

where , is a random disorder of the natural frequency of the resonaton and n+1, which ranges

between 0 and 8~ (the thirty onsite disorder of natural frequency are di erent). From the
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Hamiltonianin in Eqg. (4.12), we can see that this introduction breaks the chiral symmetry which
protects the topology of the system. Thus, the topology is in uenced by this type of disorder,
which is con rmed by the calculation of the eigenfrequencies of the bulk states and edge states,

all spreading with increasing disorder as shown in Fig. 4.12 for all the chains.
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Figure 4.12: The eigenfrequencies as a function of the natural frequency disorder of the chains
(@) C1, (b) C3, (c) C5 and (d) C7. Blue dots denote bulk states, red dots denote edge states.
Insets: losses distribution at the interface of the di erent chains.

In order to further verify the impact factor sensitive to disorder perturbation, dividing
the Eg. (4.12) into two conditions: one denotes the perturbation only in the conservative
P
air cavities owing the pertubative Hamiltonian Hys = fo pr=1 plcynCn; another one denotes
the perturbation only in cavities within gain(loss), owing the pertubative Hamiltonian Hps =

P
(1 in)fyg 1 pzc%cn. We calculate the eigenfrequencies of the same SSH chains along with

p2=
the increasing of perturbation under the above-mentioned two conditions as shown in Figs. 4.13
(a) (h). The results show that the eigenfrequencies of the bulk states are spreading with increas-
ing disorder for all the chains. The domain walls play an pivotal role leading to the instability

of all types of edge states, as shown in Fig. 4.13. The eigenfrequencies of all types of edge
states begin to spread if boundary cavities of the unit cell introduce disorder, and the non-trivial
topological states are deeply a ected when the perturbation of the imaginary frequency is in-
troduced. For comparing topological states and interface wall states, chain C7 with a disorder
level of 8 is considered. This example shows that the two topological edge states demonstrate
less delocalization in Fig. 4.13 (i), compared to thePT interface states. Then, we can see that

the cavity state delocalization, caused by the frequency disorder, is relatively more localized
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than the topological states. Meanwhile, the delocalization of thePT interface states is the most

pronounced.

Figure 4.13: The eigenfrequencies as a function of the natural frequency disorder within air
cavities of the chains (a) C1, (b) C3, (c) C5 and (d) C7. The eigenfrequencies as a function of
the natural frequency disorder within loss cavities of the chains (e) C1, (f) C3, (g) C5 and (h)
C7. Blue dots denote bulk states, red dots denote edge states. Insets: losses distribution at the
interface of the di erent chains. (i) Field intensity of topological and PT interface states at a
level of natural frequency disorder of 8  within every cavity.

45 Conclusion

The research signi cance of this chapter lies in its exploration of edge states within non-Hermitian
composite acoustic SSH chains, o ering insights into how di erent types of edge states arise and
interact within such a framework. By investigating the robustness of these states against di erent
disorder and examining the unique behavior of interface states associated with symmetric domain
walls, this work advances the theoretical understanding of non-Hermitian topological phases,

0 ering several key contributions to the eld:
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Non-Hermitian Physics: The ndings contribute to the broader eld of non-Hermitian physics,
a rapidly growing area that explores systems with biased loss instead of balanced gain-loss, of-

fering new possibilities for wave manipulation and control not possible in Hermitian systems.

Unique edge states: The research provides a deeper understanding of the cases under which
edge states, protected by topology, exist in non trivial non-Hermitian systems. Furthermore, the
presence of locaP symmetry at the interface brings to light cavity modes, while the existence
of aPT symmetric domain wall heralds the appearance of unique interface states attributed to

this global symmetry.

Robustness against coupling disorder: The robustness of topological states is tested against
coupling disorder, revealing their stability with no notable frequency spreading or delocalization,
even at disorder levels up to 5%. This has potential implications for developing devices that
leverage topological protection for enhanced performance and stability. However, the interface
states associated with thePT symmetric domain wall exhibit a distinct behavior under disor-
der, maintaining constant eigenfrequencies until reaching a critical threshold, beyond which a
signi cant divergence is observed. This divergence contrasts with the behavior of cavity states,
which undergo delocalization and frequency spreading akin to bulk states under the in uence of

coupling disorder.

Robustness against frequency disorder: when disorder on frequency is introduced within
the boundary resonators of the unit cell, the eigenfrequencies of all types of edge states begin
to vibrate. The delocalization of cavity states is less extended than the delocalization of the
topological states, while the delocalization ofPT interface states is the largest, due to the

broken chiral symmetry based on this disorder.

Overall, this research helps researchers understanding how to manipulate edge states in non-
Hermitian systems, leading to advancements in designing acoustic devices, such as unidirectional
waveguides, sensors, and metamaterials, with novel functionalities driven by their topological
properties. And it also enriches the theoretical foundations, setting the stage for future exper-
imental investigations and the development of new technologies based on non-Hermitian topo-

logical physics.
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5.1. Background

5.1 Background

In this chapter, we turn our attention to Chern insulators, a two-dimensional topological system.
Chern insulators, often referred to as one type of quantum Hall insulators, represents a ground-
breaking category of two-dimensional topological insulators that exhibit unique topological prop-
erties from breaking T symmetry. In order to break T symmetry, the quantum Hall insulators
are typically accomplished through strong spin-orbit coupling from external magnetic eld within
the material. The emergence of their topological state is related to non-zero Chern number, an
integral topological invariant derived from the Berry curvature across the Brillouin zone. This
number e ectively quanti es the winding of the phase of wave function of the eigenstates, serving
as a robust measure of topological states within the bandgap domain. Such topological states
which are localized at boundaries, not only accompany with the emergence of chirality but also
foster the robustness against disorders, underscoring their potential for revolutionary applica-
tions. However, F.D.M. Haldane introduced a revolutionary concept in 1988 that extended the
application of Chern insulators to a graphite unit, now known as the Haldane model (a simple
model of the QHE in band theory was proposed by Haldane, who introduced the concept of
graphene under a periodic magnetic eld.) [1]. This model demonstrated that it is possible to
achieve similar quantized Hall conductance in a two-dimensional honeycomb lattice. Con gured
as a honeycomb lattice, this model ingeniously provides real nearest-neighbor and complex next-
neighbor coupling strengths. The two-dimensional model has the total magnetic ux within the
lattice remaining zero, while the introduction of a phase eld through the imaginary part of the
next-nearest neighbor coupling strength mimics the in uence of an external eld. This interac-
tion between the nearest and next-nearest couplings captures the essence of a Chern insulator
and illustrates that breaking T symmetry by modulating coupling parameters is potential to
generate topological states characterized by non-zero Chern numbers [2 4]. The characteristic of
the Haldane model has been demonstrated by corresponding experimental realization across di-
verse platforms, including electronic systems [5], photonic lattices [6], cold atoms [7], and elastic
waves [8]. In acoustics, the introduction of a ow around inner motors breakl symmetry, which

is a potential platform to mimic Haldane model [9 13]. In 2014, Ref. [9] designed a three-port
circulator with a circulating uid, that is proved e cient in prompting acoustic non-reciprocal
transmission. Their e ort opens the door of breakingT symmetry in two-dimensional systems.

Then, Refs. [10 12] optimized this design and rebuilt a honeycomb lattice. This lattice exhib-
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Chapter 5. Non-Hermitian acoustic honeycomb Chern insulator

ited real coupling between neighbors and equivalent complex next-neighbor coupling, achieving
Haldane model in acoustics. Their studies connected the ow dynamics with Chern insulator

theoretically, and analyze the corresponding energy band characteristics numerically. In 2019,
Ref. [13] reported the experimental realization of an acoustic Chern insulator, by using an angu-
lar momentum-biased resonator array. Their experimental results show that the acoustic Chern

insulator featured with a stable and uniform meta uid ow bias supports one-way nonreciprocal

transport of sound at its edges, which is topologically immune to various types of defects.

Further investigations step into non-Hermiticity [14 22]. The key of a non-Hermitian case
is the Hamiltonian satisfying H 6 HY. Incorporating non-Hermitian terms introduces new
phenomena not present in Hermitian systems [23 26]. Among them, NHSE is an intriguing one
where bulk eigenstates become exponentially localized at the boundaries of the system under
OBC [27 31]. When considering NHSE in two-dimensional Chern insulators, the NHSE can
coexist with or even enhance the topological edge states in Chern insulators. This coexistence is
predicated on the ability of nhon-Hermitian terms to modify the BBC. Unlike in Hermitian sys-
tems, where edge states are protected by global topological invariants, in non-Hermitian systems,
local properties and boundary conditions become pivotal in determining the presence and nature
of edge states. Speci cally, the emergence of rst-order and second-order topological states within
non-Hermitian Chern insulators go beyond conventional boundary states, integrating complex
interactions that occur in systems with non-Hermitian terms [32 34]. This can dramatically
a ect transport properties, potentially enhancing edge conductivity under certain conditions or
altering the response to external excitation. Second-order topological states extend the concept
of topological protection to corners or hinges of a system. In non-Hermitian Chern insulators,
the interaction of rst-order topology and non-Hermitian terms can induce the second-order skin
e ect, named "hybrid skin-topological state(HSTS)" [35, 36]. The hybrid states combine these
phenomena: the topological robustness of the edge states ensures that they are protected against
certain types of perturbations and disorders, while the skin e ect induces a dramatic localization
of these states. Such states exhibit the typical localization properties of NHSE on topological
states while also maintain extendedness on bulk states [34 37]. This duality allows for the ma-
nipulation of edge state properties through non-Hermitian parameters, potentially leading to

states that are both topologically protected and exhibit enhanced boundary con nement.

Previous study on HSTS within Chern insulators can be split into two components. On

the one hand, the exploration within non-reciprocal coupling has been proved e ective within
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a theoretical framework [38 40]. However, this asymmetric coupling requirement of positive
coupling in one direction and negative coupling in another direction is di cult to achieve. On
the other hand, experimentally introducing onsite gain or loss becomes more attractive. And
some theoretical models reveal that the subtle interaction between topology and onsite potentials
leads to HSTS [35, 36]. They build non-Hermitian Haldane model by introducing onsite gain
or loss. The resulting non-Hermitian Chern bands, despite their non-Hermitian nature, can still
be topologically characterized by Chern numbers due t®®T symmetry. This indicates that
fundamental topological invariants can remain relevant even in systems where onsite gain and
loss play a signi cant role. Moreover, establishing the relationship between the HSTS an&®T
symmetries aids in uncovering® T phase transitions. The development of theoretical model have
not set the stage for experimental implementation. At present, relevant physical assumptions
are proved to be e cient only in some special optical lattices, such as cold atoms [36] and laser
eld [34]. The potential applications in classical elds, particularly in acoustics and mechanics,

have not been explored and designed.

Following the concept of passivePT symmetry, withdrawing the gain component while
keeping the loss component has no direct relevance to the topological properties of the sys-
tem [24, 33, 41]. In this chapter, we verify a pathway to achieving acoustic HSTSs in the
Haldane model without relying on non-reciprocal couplings, by solely applying onsite loss. This
acoustic model based on the device in Ref. [12], which introduce a ow eld within resonant
cavities within a diamond unit cell. Then, we couples onsite loss to speci c resonant cavity to
change the Hermitian model into non-Hermitian Haldane model. The resultant HSTSs manifest
at a distinct type of corner characteristics, exhibiting skin e ect distributions along the edges.
This unique con guration displays the combined characteristics of NHSE and topological edge
modes under OBC, agreeing well with the result of mathematical model. Our approach not only
facilitates HSTS in acoustic systems but also extends the potential for research and applications
in non-Hermitian topological insulators, pushing the boundaries of what can be realized in this

cutting-edge eld.

5.2 Mapping between Haldane model and acoustic model

We present a non-Hermitian Chern insulator based on the unit cell composed of two three-port

annular cavities whose resonant frequencielsy are 7416Hz, as shown in Fig. 5.1 (a). The outer
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Figure 5.1: (a) Geometry of the physical unit cell with annular air ow in the resonant cavities.
The red cavity introduce loss while the gray cavity has no loss. (b) Unit cell of the non-Hermitian
Haldane model. (c) Band structure of The Hermitian case without next-nearest neighbor coupling
and loss. (d) Band structures of Hermitian Haldane model without next-neighbor coupling (blue
curve), physical model without air ow (blue points), Haldane model with next-neighbor cou-
pling (red curve) and physical model with air ow (red points).

and inner radius of the cavities are 16.4 mm and 11.4 mm, and the periodic length and the width
of waveguide are 60 mm and 1.5 mm, respectively (The reason of these geometric parameters
are harnessed from previous acoustic non-reciprocal realization [42]). This model introduces
acoustic loss into the left cavity of the unit cell to break Hermiticity of the whole unit. And

the arrows in the cavities indicate the surrounding directions of the annular air ows, which
break T symmetry in the unit cell. Each cavity is connected to its nearest neighbor through a
channel where there is no air ow, thereby maintaining the nearest-neighbor coupling strength
ty reciprocal. To characterize the impact of the annular air ow within each cavity, we use
an equivalent next-neighbor coupling strength, denoted ag,€' , despite the absence of actual
direct next-neighbor coupling [9 13]. The additional phase is in uenced by the vector potential

associated with the air speed. Here, we require that each cavity possesses an identical internal
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annular air ow of the rotation velocity of 6 rad/s, resulting in the uniform phase , across all
cavities. The implementation of the same internal ow eld in our model guarantees that the
total ux within the unit cell remains zero, while the introduction of the phase eld e ectively
simulates the impact of external elds. Given its physical and mathematical characteristics
and after the introduction of certain onsite loss, our model corresponds to the non-Hermitian
Haldane model as shown in Fig. 5.1 (b). We write the total HamiltonianH (q) in the Bloch space

composed of Hermitian componentHy(g) and non-Hermitian componentH 1(q)

H(q) = Ho(q) + H1(0);
Ho(a) = ho o+ hy x + h2 y T hs ;
X
ho(g) = 2tz cos cos@ aj)+ fo

hi(q) = t1[1 +cos(q az)+cos(q as)] 5.1)

h2(d) = ty[sin(q az) sin(q as)]
X
hs(Q= M  2t,sin sin(q aj);
2 3
inf g 05
0O O

Hi(g)= 4

where are the Pauli matrices, q is wave number(ad;d,), and n is coe cient of the introduced
onsite potentials. The lattice vector area;=( IO§=2; 1=2), a»=(0,1), and asz=( IO§=2; 1=2).
We rst implement the Hermitian acoustic Chern insulator in numerical simulation to tune
the parameters of the Haldane model. We tune the annular speed of the inner air ow and
calculate the corresponding band structures as shown in Fig. 5.1 (d). However, the nite element
calculations exhibit four bands, because each eigenstate can be split into two states who support
clockwise and anticlockwise modes within the circulators. This band structure can be regarded
as the result of folding the band structure of one-order Hamiltonian. Thus, we select the central
two bands to map onto the Haldane model. And the mapping relation is nalized with the
equivalent coupling parameterst; = 22;t, =3:5and = =2. Figs. 5.1 (¢) and (d) describe the
band structures of cases of Haldane model with (without) next-neighbor coupling and physical
model with (without) air ow. These band structures explain that this introduced air ow
corresponding to next-neighbor coupling, opens the Dirac cones and the bandgap. One can see
that the Haldane model can reasonably predict the band structure of the band structure of the

two centre bands obtained from numerical simulation.
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Figure 5.2: (a) Supercell with periodic boundary iny direction and open boundary inx direction.

(b) Honeycomb model with open boundary. (c) Band structure of the supercell without loss. (d)
Theoretical eigenfrequencies of the honeycomb model. (e) Average intensity of the in-gap states
of the honeycomb model. Gray parts in (c) and (d) denote bandgap.

The Haldane model is in non trivial topological phase with the Chern number of 1 if
M=t,j < Bp 3jsin j and jto=t;j < 1=3 [1]. Thus, our model maintain non-trivial topological
phase if there is no loss. Next, we use a ribbon supercell and honeycomb model as shown in Figs.
5.2 (a) and (b) to verify the corresponding topology of this Hermitian case. The ribbon supercell

is periodic in y direction (PBC) but nite in x direction (OBC), while the honeycomb is within
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open boundaries. Fig. 5.2 (c) shows that the ribbon supercell exhibits in-gap states over the
whole bandgap, which veri es the non-trivial topology. And Fig. 5.2 (d) also shows topological
states in the honeycomb model within OBC. We do an average calculation of the intensities of
all the in-gap states of the honeycomb, that exhibit strong edge properties as shown in Fig. 5.2
(e).

Now, we turn to the non-Hermitian case. We introduce acoustic loss by rede ning the acoustic
velocity of the A cavities as343(1 0:005)m/s, transforming the Hermitian system into a non-
Hermitian one. Its two central bands (red circles) shown in Fig. 5.3 (b) correspond closely with
the band structure of the non-Hermitian Haldane model with an onsite loss oh =  0:002 (blue
circles in Fig. 5.3 (b)). This agreement demonstrates the e ectiveness of our acoustic model in

mimicking the Haldane model, regardless of whether the system is Hermitian or non-Hermitian.
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Figure 5.3: (a) 3D band structures of the Hermitian Haldane model (Blue meshes) and the
non-Hermitian Haldane model with onsite loss (red meshes). (b) The central two bands of the
physical model are depicted by red curves for case with air ow but without loss, and by red
circles for case with both air ow and onsite loss. The band structures of Haldane model are
represented by blue curves in the absence of loss, and by blue circles when loss is introduced.

5.3 Interaction of ow eld and onsite loss induces HSTS

Based on Ref. [35], we analyze the relationship between the real and imaginary components of
eigenfrequencies for the unit cell, supercell and honeycomb model in the non-Hermitian cases,
as shown in Figs. 5.4 (a), (b) and (c), respectively. The spectrum in Fig. 5.4 (a) only exhibits
two separated bulk bands of the unit cell within PBC. The spectrum of the ribbon supercell

within PBC-OBC displayed in Fig. 5.4 (b), reveals the presence of chiral edge states along
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with the bulk spectrum, which enclose a nonzero area. This con guration suggests the potential
for a point gap in the system. In Fig. 5.4 (c), the honeycomb model within OBC, continues

to display two separated bulk bands. Between the two components of bulk bands, there exist
gapless topological states connecting these two bulk components. We have conducted an analysis
of the average intensity of these all in-gap states of the honeycomb model, revealing pronounced
skin e ect, as shown in Fig. 5.4 (d). The notable variations in the energies of the edge states,
evident upon shifting from a combination of PBC-OBC to solely OBC, strongly suggest that the
observed corner states are a consequence of the skin e ect localization of these chiral edge states.
Consequently, these states serve as evidences to hybrid skin-topological states, highlighting the

complex interplay between boundary conditions and topological properties.
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Figure 5.4: Relationship between real and imaginary components of eigenfrequencies of unit cell
(a), supercell (b) and honeycomb model (c). (d) Average intensity of the in-gap states of the
honeycomb model with onsite loss. Gray parts in (a), (b) and (c) denote bandgap.

The numerical simulations are carried out via a connection of Navier-stokes equation and
FEM in the commercial software COMSOL Multiphysics (The calculation details are shown in
Sec. 2.2. ). The results show the in-gap states of the honeycomb model within OBC, as shown in

Fig. 5.5 (a). Figs. 5.5 (b) and (c) exhibit the average eld intensity of these in-gap state within
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no-loss and onsite loss cases. When the honeycomb model has no loss, the Hermitian model
produce strong edge states around its outer sides. When the honeycomb model is hon-Hermitian
after the introduction of loss of acoustic speed onto certain resonant cavities as Fig. 5.1 (a), the
intensity eld exhibit the characteristics of hybrid skin-topological state, as shown in Fig. 5.5

(c). This result veri es the e ectiveness of our model to produce hybrid skin-topological state

in acoustics.
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Figure 5.5: (a) Eigenfrequencies of the honeycomb model with loss (blue points), without loss

(red points). Gray part denotes the bandgap. (b) Intensity of the the in-gap states of the
honeycomb model without onsite loss. (c) Intensity of the the in-gap states of the honeycomb

model with onsite loss.
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5.4 Conclusion

In conclusion, our study successfully demonstrates the topological behaviors in a non-Hermitian
Haldane model adapted to a honeycomb structure in acoustics. This model uses a surrounding
annular air ow to disrupt T symmetry and establish an equivalent next-neighbor coupling with
purely imaginary values. The incorporation of loss into certain resonator cavities transitions the
systems into non-Hermitian systems, which manifests HSTS toward to corners, di erent from
the typical edge states observed in Hermitian models. The practical application of our model
in producing the HSTS induced by onsite potentials in acoustics, agrees well with theoretical
predictions, validating its e ectiveness. Looking ahead, further research should continue to
explore the interplay between non-Hermiticity and topology. This could potentially pave the
way for the development of devices that uses non-Hermitian and topologically protected states,

thereby enhancing acoustic performance.
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General conclusion and perspective

This research project presents a comprehensive investigation on topological e ects in acoustic
metamaterials. We focus on the non-Hermitian physics within topological insulators to ma-
nipulate and control the behavior of wave eld, especially protected edge states. Topological
insulators are objects that are insulating in the bulk when we consider in nite periodic systems.
They can still conduct wave elds when nite systems are considered. The conduction is local-
ized at the boundaries. This behavior is drastically di erent to the one of conventional insulator

where nite structures are as insulating than in nite ones.

A key element elucidate topology is that the link between the topological invariants calcu-
lated in in nite systems and the physical edge states observed in nite systems. This is the
bulk-boundary-correspondence. The bulk-boundary-correspondence is well de ned in Hermitian

systems. In non-Hermitian systems, the bulk-boundary-correspondence is broken in general.

Non-Hermiticity in topological systems can be considered within two approaches. On one
hand, non-Hermitian components can be applied as perturbations to systems whose topological
properties derive from Hermitian components. The topological properties of Hermitian systems
are maintained with non-Hermitian parity-time symmetric onsite potentials. A parity-time-
symmetric system is invariant under combined parity parity and time reversal operations which
translates into a symmetric distribution of balanced gain and loss. On the other hand, the
topological phase transition can be triggered only by the non-Hermitian components, which are
not anymore perturbations to Hermitian systems. In the case of the non-Hermitian SSH model,
the dimerization no longer comes from the couplings but comes from the non-Hermitian onsite

potentials and topological phase transition occurs between di erent spatial distributions of gain
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and loss in the unit cell.

However, several challenges reamins. In one-dimensional lattices, non-Hermiticity can be
induced by nonreciprocal couplings between sites. The literature primarily focused on the non-
reciprocity in amplitude, whereas the non-reciprocity in phase has been much less explored. Still
in one-dimensional lattices, topological phase transitions can be triggered by the addition of gain
and loss at the di erent sites. This explain the existence of some of the interface states but others
factors have to be taken into account in order to understand the spectrum of interface states.
the identi cation of these di erent factors and their in uence is still needed. Finally, topologly
e ects can be combined to non-Hermitian e ects to obtain a new type of states localized at the

boundaries, but the implementation in acoustics remains challenging.

Addressing the corresponding questions, this doctoral project not only enriches the theoretical
landscape of Hermitian and non-Hermitian topological physics but also establishes practical
methodologies for the design and realization of advanced acoustic devices. The insights gained
hold substantial implications for the development of next-generation materials that can be used
in a range of applications from information processing to energy management. We review this

project and present related conclusions below

In Chapter 1, a thorough historical and theoretical analysis of topological insulators, from
their conventional forms to their evolution under non-Hermitian in uences is o ered. It covers
a broad range of phenomena introduced by non-Hermitian terms, such as parity-time symmetry
phase transition, non-Hermitian topological phase transition and non-Hermitian skin e ect, pro-
viding a detailed overview of their theoretical implications and practical manifestations. This
write review sets a comprehensive framework for understanding the subsequent numerical and
theoretical explorations and underscores the potential for groundbreaking advancements in ma-
terials that exhibit these exotic properties.

Chapter 2 introduces classic methods of tight-binding models and nite element method, to
analyze Hermitian and non-Hermitian acoustic topological insulators. The tight-binding model is
characterized by its simplicity and e ciency in calculating band structures through localized be-
havior and coupling strength parameters within a periodic potential. The nite element method
is a numerical technique used to solve complex problems by discretizing a continuous medium
into smaller elements. This chapter discusses two speci ¢ examples exhibiting the whole process
of nite element calculation based on COMSOL Multiphysics, one involving the introduction of

localized turbulence to explore acoustic gain, and the other examining the in uence of internal
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air ow dynamics on energy band structures to potentially engineer acoustic Chern insulators.
These analyses not only contribute to the following chapters for the design of topological acoustic
insulators but also pave the way for the development of innovative acoustic metamaterials and

devices that leverage the interplay between uid dynamics and acoustics.

Chapter 3 shows that the introduction of nonreciprocal phase in the couplings can induce the
dimerization to build a Su-Schrie er-Heeger chain by introducing an imaginary part in the cou-
plings. Three types of con gurations can be obtained in this system: non-reciprocal but Hermi-
tian, nonreciprocal and non-Hermitian, and non-Hermitian but reciprocal. When the imaginary
parts are opposite between the two directions of propagation, the model remains Hermitian. The
bands are not symmetric anymore around the center of the Brillouin zone and the bandgap can
be opened because the magnitudes of the couplings di er, hence the dimerization. Topological
non-trivial phases are found and the topological edge states are visible at the open boundaries.
This Hermitian Su-Schrie er-Heeger chain can be mimicked in an acoustic model by introducing
a mean air ow in one of the couplings, which induce the nonreciprocal phase between the two
direction of propagation. When the values of the imaginary parts of the coupling are not op-
posite, the model becomes non-Hermitian. The chain experiences the non-Hermitian skin e ect
and the conventional bulk-boundary correspondence is broken, which can be be reestablished
through the non-Bloch approach that allows us to describe the di erent topological phases of the
chain. When the imaginary parts of the coupling are equal (but di erent from zero), the model
remains non-Hermitian but becomes reciprocal which annihilates the non-Hermitian skin e ect.
The direction of the non-Hermitian skin e ect depends on the ratio of the two imaginary parts

with the two transition points where it is annihilated, the Hermitian case and the reciprocal case.

Chapter 4 explores how onsite potentials within acoustic Su-Schrie er-Heeger chains can be
strategically altered to control the topological behavior. Onsite loss or gain can result in the
dimerization and induce topological phase transition. The detailed analysis shows that the vary-
ing degrees of gain and loss modulate states, a ecting their band structures. At the interface
between two nite chains with di erent loss distributions, three di erent types of localized in-
terface states can emerge depending on the topology and the symmetry of the chains. If one
of the chains is topologically nontrivial, a topologically protected mode is visible. If the inter-
face present a local parity symmetry, cavity states are visible at the interface. Finally, if the
interface is a parity-time-symmetric domain wall, interface states are visible due to this domain

wall. When a coupling disorder is introduced in the chain, the topological states appear to be
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robust with no spreading in eigenfrequency and no delocalization visible up to 5%. The interface
states due to the parity-time-symmetric domain wall show a singular evolution against disorder.
First, the eigenfrequencies remain constant and at a certain threshold, the eigenfrequencies im-
portantly diverge. The cavity states delocalize with coupling disorder with a spreading of the
eigenfrequencies similar to the one of the bulk eigenstates. This research provide a clear pathway
for using non-Hermitian elements to enhance or suppress speci ¢ wave behaviors, which is crucial
for the development of devices that require precise control over wave transmission.

Chapter 5 pays attention on the non-Hermitian skin e ect in a honeycomb Chern insulator.
We verify the topological behaviors on the honeycomb model based on a non-Hermitian Haldane
model with losses in acoustics. This model introduces a surrounding annular air ow to break the
time-reversal symmetry and produces an equivalent next-neighbor coupling with a pure imag-
inary value. After the introduction of losses on certain resonator cavities, the system changes
into a non-Hermitian system and exhibits hybrid skin-topological states at corners instead of the
edge states in Hermitian cases. Compared with the hybrid skin-topological states in previous
works, we design this model in a feasible route to achieve them without asymmetric couplings,
by applying solely acoustic losses. The hybrid skin-topological states reveal an interaction be-
tween the rst-order topological states and the second-order topological states. This work veri es
the e ectiveness of our model to mimic the non-Hermitian Haldane model in acoustics. Future
research should continue to explore the interplay between non-Hermiticity and topology, poten-
tially opening new avenues for the design of devices that exploit non-reciprocal and topologically
protected states for enhanced acoustic performance.

The academic impact of this project is broad and multifaceted, opening new avenues for
research across several scienti ¢ disciplines. The detailed exploration of non-Hermitian e ects
on topological insulators provides valuable ways to intelligently control waves. In the future,
research can explore the interplay between non-Hermitian and nonlinear dynamics in topological
insulators, potentially leading to new discoveries in the eld of nonlinear acoustic where these

combined e ects might lead to novel states.
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Résumeé

Métamatériaux topologiques non-Hermitien pour la manipulation des ondes acous-

tiques

Dans la continuité de l'une des grandes réussites de la physique de |'état solide, a savoir sa
capacité a prédire les propriétés électriques d'un solide. L'exploration de ces propriétés met en
lumiére le role fondamental de la périodicité géométrique et des symétries qui forment une struc-
ture cristalline. En e et, les solides cristallins sont constitués d'un arrangement périodique des
ions, ce qui induit un potentiel périodique qui va fortement in uer le mouvement des électrons
dans le cristal. Les electrons sont décrits dans ce contexte comme des fonctions d'ondes dont
I'évolution est décrite par I'équation de Schrédinger. Comme le potentiel est périodique, les
fonctions d'ondes sont déduites a l'aide du Théoréme de Bloch qui postule que la solution de
I'équation de Schrddinger dans un potentiel périodique est une fonction périodique, de méme
périodicité que le potentiel et modulée par une onde plane. Ces solutions sont des états propres.
Non seulement le théoreme de Bloch explique comment les électrons se propagent dans un po-
tentiel périodique mais elle révéle aussi I'existence de bande d'énergie dans les solides. Du fait
du potentiel périodique, les niveaux d'énergie des électrons se séparent en structures de bandes,
connues sous le nom de bandes d'énergie qui sont les valeurs propres des états propres. Elles
présentent des bandes d'énergie dans lesquelles les électrons ne peuvent se propager, celles-ci sont
appelées bandes interdites. La forme, la largeur et la position relative de ces bandes interdites
déterminent de nombreuses propriétés électroniques critiques des solides. Par exemple s'ils sont
isolants, semi-conducteurs ou conducteurs. Comme les électrons sont décrits par des fonctions
d'ondes, ces développement théoriques peuvent s'appliquer aux autres domaines de la physique
des ondes tels que l'acoustique ou l'analogie des solides cristallins est appelée cristaux phonon-

iques.
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Résumé

Les structures de bandes sont riches d'informations mais elles ne permettent pas d'expliquer
un phénomene. Deux cristaux périodiques équivalents peuvent présenter la méme structure
de bande lorsqu'ils sont considérés comme in nis. Mais, dés qu'ils sont considérés nis, des
états localisés peuvent exister dans une des bandes interdites dans un cas et non dans l'autre.
L'explication de ce phénoméne ne se déduit pas de l'analyse des valeurs propres qui forment
les structures de bandes mais de celle des fonctions propres associées. C'est le coeur de la
topologie. La topologie est une classi cation mathématique des objets géométriques qui peut
étre appliguée aux fonctions d'ondes dans un réseau périodique. En utilisant les outils de la
topologie, une distinction peut étre faite entre deux réseaux périodiques in nis en tout point
semblables autrement. Ces deux réseaux vont donc appartenir a deux phases topologiques dif-
férentes. Les phases topologiques sont quali ées de triviales ou non-triviales. Dans le cas d'un
réseau dans une phase non-triviale, un état localisé topologique va exister a la frontiere d'une
structure nie. Cette matérialisation saisissante des propriétés topologiques explique pourquoi
un matériau peut étre isolant dans son volume tout en restant conducteur a la frontiere du solide.
De plus, les états topologiques sont robustes a I'endroit des perturbations, du désordre et des
défauts. La topologie assure une protection. Cette protection ouvre de nombreuses possibilités
d'applications aux cristaux phononiques topologiques. Le fait que le spectre des états localisés
est prédit a partir des propriétés du réseau périodique, ou du volume, est associé au principe dit
de correspondance volume-frontiére. La correspondance Volume-frontiére est bien dé nie dans
les systéemes Hermitiens. Dans le systémes non-Hermitiens par contre, ce principe peut ne plus
étre valide, ce qui rend I'étude de la topologie dans les systémes non-Hermitiens délicate. Se
limiter aux systémes Hermitiens impose cependant beaucoup de contraintes et I'extension de la
topologie aux systémes non-Hermitiens améne des e ets intrigants et peut profondément modi-

er les comportements des systémes.

La non-Hermiticité dans les systémes topologiques peut étre envisagée suivant deux ap-
proches. D'une part, les éléments non-Hermitiens peuvent étre appliqués comme des pertur-
bations a des systemes dont les propriétés topologiques découlent des éléments Hermitiens. En
e et, les propriétés topologiques des systémes Hermitiens sont maintenues dans un systéme qui
respecte la symétrie parité-temps. La symeétrie parité-temps signi e qu'un systéme est invariant
apres le produit de deux transformations, la parité (inversion d'espace) et le renversement du

temps, ce qui se traduit au nal dans le systéme par une distribution équilibrée et symétrique de
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gains et de pertes. D'autre part, la transition de phase topologique peut étre déclenchée unique-
ment par les éléments non-Hermitiens, qui ne sont donc plus vus comme des perturbations a un
systéeme Hermitien.

Cependant, plusieurs dé s subsistent. Dans les réseaux unidimensionnels, la non-Hermiticité
peut étre induite par un couplage non-réciproque entre les sites du réseau. La littérature se con-
centre principalement sur la non-réciprocité en amplitude du couplage, tandis que l'impact de la
non-réciprocité en phase sur les propriétés topologiques reste largement inexploré. Toujours dans
les réseaux unidimensionnels, les transitions de phases topologiques peuvent étre déclenchées par
I'ajout de gains et de pertes aux di érents sites du réseau. Ce qui explique I'apparition de certains
états d'interfaces mais d'autres facteurs sont également a prendre en compte pour comprendre le
spectre des états d'interfaces. Une identi cation de ces di érents facteurs et de leurs in uences
est donc nécessaire. Enn, il est possible de combiner les e ets topologiques aux e ets non-
Hermitiens pour obtenir un nouveau type d'état localisé aux frontiéres, mais la mise en oeuvre

dans un systeme acoustique demeure un dé .

En répondant a ces questions, ce projet doctoral enrichit non seulement le paysage théorique
de la topologie des systémes non-Hermitiens mais établit également des méthodologies pratiques
pour la conception et la réalisation de dispositifs acoustiques avancés. Les connaissances acquises
ont des implications importantes pour le développement de matériaux de prochaine génération,

avec des applications potentielles allant du traitement de l'information a la gestion de I'énergie.

Dans le chapitre 1, un état de l'art approfondi des e ets topologiques dans les cristaux est
présenté, allant des résultats conventionnels dans les systéemes Hermitiens a leur évolution sous
I'in uence des éléments non-Hermitiens. Ce chapitre couvre un large éventail de phénoménes in-
troduits par les termes non-Hermitiens, tels que la symétrie parité-temps et les points exception-
nels, en fournissant un apercu détaillé des théories et des manifestations pratiques. Cette revue
établit un cadre complet pour comprendre les explorations numériques et théoriques ultérieures
et souligne le potentiel pour des avancées dans les matériaux topologiques.

Le chapitre 2 introduit les méthodes théoriques et numériques majoritairement utilisées dans ce
travail doctoral. Du point de vue théorique, la topologie des systémes est décrite a I'aide d'un
modele du type liaisons fortes et les méthodes pour rétablir la correspondance volume-frontiere

dans le cas non-Hermitien sont exposées. Du point de vue numérique, les modeéles acoustiques
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étudiés impliquent une interaction entre I'onde acoustique et un ux d'air, la modélisation par

éléments nis de tels problemes est exposée.

Le chapitre 3 étudie I'impact de l'introduction d'une non-réciprocité en phase dans le cou-
plage entre sites d'un réseau périodique unidimensionnel. Trois types de con gurations peuvent
étre obtenues dans ce systeme : non-réciproque et Hermitien, non-réciproque et non-Hermitien,
et en n non-Hermitien mais réciproque. Dans le cas non-réciproque et Hermitien, les structures
de bandes ne sont plus symétriques autour du centre de la zone de Brillouin, et une bande inter-
dite peut s'ouvrir. Des phases topologiques non-triviales sont trouvées et les états topologiques
sont visibles aux frontiéres libres. Ce cas peut étre reproduit dans un modéle acoustique en
introduisant un ux d'air moyen dans les couplages, ce qui induit la non-réciprocité de phase
entre les deux directions de propagation. Dans le cas non-réciproque et non-Hermitien, le champ
acoustigue va se concentrer sur l'une de deux frontiéres libres du systtme ni. Ce phénoméne
est appeléskin e ect. |l est typique des systémes non-Hermitiens et rend inapplicable le cor-
respondance volume-frontiere conventionnelle. Cette derniére peut étre rétablie par I'approche
dite de non-Bloch qui permet de décrire les di érentes phases topologiques de la chaine. Dans le

cas non-Hermitien mais réciproque, leskin e ect est annihilé.

Le chapitre 4 considére le cas d'un réseau unidimensionnel avec une distribution particuliére
de pertes sur les sites du réseau. Ces pertes rendent le modele non-Hermitien et peuvent entrainer
une transition de phase topologique. A l'interface entre deux chaines nies ayant des distributions
de pertes di érentes, trois types di érents de modes localisés d'interface sont identi és. Le
premier type provient de la topologie. Le deuxiéme type découle de la symétrie locale de parité
a l'interface, ce qui correspond a des modes de cavité. Le troisieme type provient d'une interface
de domaine de symétrie parité-temps. Lorsqu'un désordre dans les couplages est introduit dans
le réseau, les modes topologiques sont robustes, sans étalement des fréquences propres et sans
délocalisation visible jusqu'a un niveau de désordre de 5 %. Les modes a l'interface de domaine
de symétrie parité-temps montrent une évolution singuliére face au désordre. Dans un premier
temps, les fréquences propres restent constantes, puis, a partir d'un certain seuil, elles divergent
de maniére importante. Les modes de cavité se délocalisent immédiatement avec le désordre des

couplages, avec un étalement des fréquences propres similaire a celui des modes de volume.

Le chapitre 5 considére un réseau bidimensionnel de cavités acoustiques couplées dans lesquelles
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un ux d'air est intégré. Ce modéle permet de reproduire le modéle topologique de Haldane ou
des modes topologiquement protégés se propagent de maniére localisée sur les frontiéres du réseau
ni. Lorsque des pertes sont ajoutées dans les cavités, il y a un couplage entre la topologie et
I'e et non-Hermitien skin e ect qui donne des modes hybrides. Ces modes hybrides correspon-
dent a une localisation des modes topologiques sur un coin du réseau ni, alors que, sans les
éléments non-Hermitien, ils sont localisés sur I'ensemble de la frontiere.

Ce projet doctoral est motivé par le potentiel d'exploiter les e ets non-Hermitiens non pas
comme des facteurs nuisibles, mais comme des outils pour améliorer et contréler le comportement
des matériaux topologiques, en particulier dans les métamatériaux acoustiques. En étudiant
I'interaction entre les e ets non-Hermitiens et les e ets topologiques, de nouvelles fonctionnalités
peuvent étre révélées. Cette exploration est particulierement pertinente dans le contexte des
applications technologiques ou le contréle précis de la propagation des ondes est crucial, telles que
le développement de guides d'ondes unidirectionnels, de capteurs résistants au bruit et d'éléments

de calcul qui utilisent la dynamique des ondes pour le traitement de l'information.
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Abstract

This thesis explores the intersection of hon-Hermitian physics and topological acoustic meta-
materials, focusing on the manipulation of acoustic wave propagation in systems such as the Su-
Schrie er-Heeger chains and Chern insulators. Through a combination of theoretical modeling
and numerical simulations, the work demonstrates how onsite loss and non-reciprocal interactions
can be used to control topology and induce non-Hermiticity. The thesis also explore the potential
method to design non-Hermitian Chern insulator and obtain the acoustic hybrid skin-topological
states. By bridging the gap between theoretical concepts and potential applications, this work
advances the understanding of non-Hermitian topological metamaterials and opens new avenues

for future research in both fundamental physics and applied acoustics.

Keywords: Acoustic metamaterials, topology, non-Hermiticity, hybrid skin-topological states

Résumé

Cette these explore l'intersection entre la physique non-Hermitienne et les métamatériaux acous-
tiques topologiques, en se concentrant sur la manipulation de la propagation des ondes acous-
tigues dans des systémes tels que les chaines de Su-Schrie er-Heeger et les isolants de Chern.
A travers une combinaison de modélisation théorique et de simulations numériques, ce travail
démontre comment la perte sur site et les interactions non réciproques peuvent étre utilisées pour
contrdler la topologie et induire la non-Hermiticité. La these explore également une méthode
potentielle pour concevoir des isolants de Chern non-Hermitiens et obtenir des états acoustiques
hybrides de type skin-topologique. En comblant I'écart entre les concepts théoriques et les appli-
cations potentielles, ce travail fait progresser la compréhension des métamatériaux topologiques
non-Hermitiens et ouvre de nouvelles perspectives pour de futures recherches tant en physique

fondamentale qu'en acoustique appliquée.

Mots-clés: Métamatériaux acoustiques, topologie, non-Hermiticité, états hybrides de type skin-

topologique
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